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Let Ω ⊂ R2 be a bounded domain. The spaces L2(Ω) and H1(Ω) are Hilbert
spaces. Such spaces are complete with respect to a norm ∥ · ∥ that is defined in
terms of an inner-product.

• For v ∈ L2(Ω), ∥v∥L2(Ω) :=
√

(v, v) where (u, v) :=
∫
Ω uv.

• For v ∈ H1(Ω), ∥v∥H1(Ω) :=
√
⟨v, v⟩ where ⟨u, v⟩ :=

∫
Ω uv +

∫
Ω∇u · ∇v.

1. Define V := H1(Ω) and let V h ⊂ V be a finite-dimensional subspace (e.g.,
a finite element space). Let a(·, ·) : V × V → R be a bilinear form1 and
let u ∈ V and uh ∈ V h satisfy

a(u, v) = (f, v) ∀ v ∈ V,

a(uh, vh) = (f, vh) ∀ vh ∈ V h,

respectively, where (·, ·) denotes the L2(Ω) inner product. Suppose that
there exist positive constants γ and Γ so that

a(v, v) ≥ γ ∥v∥2H1(Ω) ∀ v ∈ V,

a(u, v) ≤ |a(u, v)| ≤ Γ ∥u∥H1(Ω) ∥v∥H1(Ω) ∀u, v ∈ V.

Show that, if these conditions are satisfied, the following optimal approx-
imation error bound holds:

∥u− uh∥H1(Ω) ≤ C ∥u− vh∥H1(Ω) ∀ vh ∈ V h,

where C > 0 is a constant depending on γ and Γ that you should identify.

2. Consider the model Poisson problem

−∇2u = f in Ω

u = 0 on ∂Ω.

Show that the weak formulation can be written as: Find u ∈ V such that

a(u, v) = (f, v), ∀ v ∈ V

where V =
{
v | v ∈ H1(Ω); v = 0 on ∂Ω

}
. Determine whether the two

conditions on a(·, ·) stated in question 1 are satisfied for this problem
in the norm ∥ · ∥H1(Ω). Hint: Use the Cauchy-Schwarz and Poincaré–
Friedrichs inequalities (where appropriate).

1A linear form ℓ(v) satisfies ℓ(αv1+βv2) = αℓ(v1)+βℓ(v2) for all α, β ∈ R. A bilinear form
is linear in each of the two arguments, a(·, v) and a(u, ·). For example, a(u, v) =

∫
Ω
∇u · ∇v.



3. Let Xh be a finite-dimensional subspace of a Hilbert space X, and let
u ∈ X and uh ∈ Xh satisfy

a(u, v) = ℓ(v) ∀ v ∈ X, (V )

a(uh, vh) = ℓ(vh) ∀ vh ∈ Xh,

respectively, where a : X × X → R is a symmetric bilinear form and
ℓ : X → R is a linear functional.

(a) Show that u satisfying (V ) solves the following minimization prob-
lem: find u ∈ X satisfying

F (u) ≤ F (v) ∀ v ∈ X, (M)

where F : X → R is the “energy functional” given by

F (v) =
1

2
∥v∥2E − ℓ(v),

and ∥v∥2E = a(v, v) is the square of the energy norm of v.

(b) Use the fact that a(u− uh, vh) = 0 for all vh ∈ Xh to show that the
approximation error e = u− uh satisfies

∥u− uh∥2E = ∥u∥2E − ∥uh∥2E .

(c) Deduce then that ∥uh∥E ≤ ∥u∥E and explain why this inequality is
consistent with the associated minimisation problem (M).

This question explores the use of Galerkin finite element approximation
for differential eigenvalue problems.

4. Given a bounded domain Ω, consider the following eigenvalue problem

−∇2u = λu (x, y) ∈ Ω, (E)

together with the Dirichlet boundary condition u = 0 on ∂Ω.

(a) Given the usual function space

X =
{
v | v ∈ H1(Ω); v = 0 on ∂Ω

}
,

show that u satisfying (E) also satisfies the following variational
formulation: find the pair (λ ∈ R, u ∈ X) such that∫

Ω
∇u · ∇v = λ

∫
Ω
uv ∀ v ∈ X. (W )

Show that any eigenvalue λ ∈ R satisfying (W ) must satisfy λ > 0.



(b) Given a finite-dimensional subspace Xh ⊂ X with basis set {ϕj}nj=1,
show that a Galerkin approximation (λh, uh) can be computed by
solving the following generalized eigenvalue problem:

Au = λhQu, (Wh)

where u is the vector of coefficients defining uh in the chosen basis
and A and Q are n × n matrices (known as the stiffness and mass
matrices, respectively) whose entries you should determine.

(c) Choose the square domain Ω = (0, 1) × (0, 1). Divide Ω into n × n
squares of edge length h = 1/n and then draw a diagonal line from
the top left to the bottom right corner of each square. This gives
a uniform mesh of right-angled triangular elements. (It would help
to sketch a picture). Now let uh ∈ Xh be the piecewise linear
approximation to the solution of (W ) that is defined with respect to
the constructed mesh.

Given the usual anticlockwise numbering of the vertices, the 3 × 3
element matrix that contributes to the mass matrix Q is given by

Q⃝k =


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 .

Use this information and the 3×3 element stiffness matrix A⃝k, to set
up the eigenvalue problem (Wh) and solve it to compute the Galerkin
approximation to the smallest eigenvalue λ1 = 2π2 in the cases:

(i) h = 1/2 (that is, for a mesh of 8 triangles)

(ii) h = 1/3 (that is, for a mesh of 18 triangles).

After assembling A and Q, the eigenvalues satisfying (Wh) can be
computed in MATLAB, for example, by calling the function eig.

HINT: In each case, sketch the mesh and number the elements and
the nodes. On each element, assign local numbers 1, 2, 3 to each
vertex using the usual anti-clockwise convention.


