MATH46052|66052 Solutions IV

1. Since v — up € H, we make use of the definition of the energy norm and
note that a is bilinear:

= unl|% = alu — un,uw —up)
= a(u — up,u — vy + vy — up) Yoy, € Vi
= a(u — up,u — vp) + a(u — up, vy — up).

Next, since a(u — up,vp) =0 VYo, € V3, (G-0) and vy, — up € Vi, we get
lu —upl| B = alu —un,u—vp).
Finally, using the Cauchy—Schwarz inequality gives
lu—upf < llu—unlle lu —vnl5.
Assuming u # uyp, we can divide through by ||u — up|| g to give
lu—unllp < |lu—vale.
The result also holds in the case ||[u — up||p =0 <= u = uy. v

2. Once again, we start from of the definition of the energy norm of the error
and introduce the enhanced space solution u; € W:

a
= a(u — uj + uj, — up, u — up + uj — up)
a

(u—up,u—uy)+ aluy — up,up —up) + 2a(u — uy, up — up).
Next, since a(u — uy,vy) =0 Vo, € W (G-O) and uj —u, € W we get
lu —unlls = lu = wpllE + lluy, —unl @

Moreover, since ||uj — UhHi; >0, we see that ||u —unllg > |lu —uj 5



3. The proof is in two steps.

(a)

Start from the hint: a(uj — un, 2n) = alen, zp) for all zj, € Z.
Setting zp, = e, € Z, and using Cauchy—Schwarz gives

lenl|E = alen, en) = a(uy, — un, ep)
< lup, — unlle llenlls-

Hence we obtain the left-hand inequality
lenlle < llup —unlle.  ©

Next, setting uy —wuj, = vy + 25, with v, € X and z;, € Z and noting
that a(uj, — up,vp) = L(vy) — alup,vy) = 0 for v, € X gives

luh, = unll % = aluh, — up, uh —up)
= a(uj — up, vy + 2p)
= a(uy, — up, va) + aluj, — up, zp)
= a(uy, — up, 2p)
= a(ep,zn) (using the hint)
<llenlle lznlle- (1)

Finally, using the second hint and the strengthened Cauchy—Schwarz
inequality gives
luf, = wnll = alvn + 2n, on + zn)
= a(vha Uh) + a(zha Zh) + 2@(?]}” Zh)
> |lol + llzall% — 27 lvnll & 28]l 2
> (1 =)zl ()
Combining () with (f) gives

—1/2|

luf, = unllE < llenll e Iznlle < (1 =) "2 llenlle lluj, — unlle

Thus, assuming uj # up, we can divide through by |Juj — up||g to
give the right-hand inequality

uj, — upllp < (1 =272 |en]| 5.

The result also holds in the case ||u; —up||g = 0 <= uj, = up. Q@



