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1. Since u− uh ∈ H, we make use of the definition of the energy norm and
note that a is bilinear:

‖u− uh‖2E = a(u− uh, u− uh)

= a(u− uh, u− vh + vh − uh) ∀vh ∈ Vh
= a(u− uh, u− vh) + a(u− uh, vh − uh).

Next, since a(u− uh, vh) = 0 ∀vh ∈ Vh (G–O) and vh − uh ∈ Vh we get

‖u− uh‖2E = a(u− uh, u− vh).

Finally, using the Cauchy–Schwarz inequality gives

‖u− uh‖2E ≤ ‖u− uh‖E ‖u− vh‖E .

Assuming u 6= uh, we can divide through by ‖u− uh‖E to give

‖u− uh‖E ≤ ‖u− vh‖E .

The result also holds in the case ‖u− uh‖E = 0 ⇐⇒ u = uh. ♥

2. Once again, we start from of the definition of the energy norm of the error
and introduce the enhanced space solution u∗h ∈W :

‖u− uh‖2E = a(u− uh, u− uh)

= a(u− u∗h + u∗h − uh, u− u∗h + u∗h − uh)

= a(u− u∗h, u− u∗h) + a(u∗h − uh, u∗h − uh) + 2a(u− u∗h, u∗h − uh).

Next, since a(u− u∗h, vh) = 0 ∀vh ∈W (G–O) and u∗h − uh ∈W we get

‖u− uh‖2E = ‖u− u∗h‖2E + ‖u∗h − uh‖2E . ♥

Moreover, since ‖u∗h − uh‖
2
E ≥ 0, we see that ‖u− uh‖E ≥ ‖u− u∗h‖E .
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3. The proof is in two steps.

(a) Start from the hint: a(u∗h − uh, zh) = a(eh, zh) for all zh ∈ Z.
Setting zh = eh ∈ Z, and using Cauchy–Schwarz gives

‖eh‖2E = a(eh, eh) = a(u∗h − uh, eh)

≤ ‖u∗h − uh‖E ‖eh‖E .

Hence we obtain the left-hand inequality

‖eh‖E ≤ ‖u∗h − uh‖E . ♥

(b) Next, setting u∗h − uh = vh + zh with vh ∈ X and zh ∈ Z and noting
that a(u∗h − uh, vh) = `(vh)− a(uh, vh) = 0 for vh ∈ X gives

‖u∗h − uh‖2E = a(u∗h − uh, u∗h − uh)

= a(u∗h − uh, vh + zh)

= a(u∗h − uh, vh) + a(u∗h − uh, zh)

= a(u∗h − uh, zh)

= a(eh, zh) (using the hint)

≤ ‖eh‖E ‖zh‖E . (†)

Finally, using the second hint and the strengthened Cauchy–Schwarz
inequality gives

‖u∗h − uh‖2E = a(vh + zh, vh + zh)

= a(vh, vh) + a(zh, zh) + 2a(vh, zh)

≥ ‖vh‖2E + ‖zh‖2E − 2γ ‖vh‖E ‖zh‖E
≥ (1− γ2) ‖zh‖2E . (‡)

Combining (†) with (‡) gives

‖u∗h − uh‖2E ≤ ‖eh‖E ‖zh‖E ≤ (1− γ2)−1/2‖eh‖E ‖u∗h − uh‖E

Thus, assuming u∗h 6= uh, we can divide through by ‖u∗h − uh‖E to
give the right-hand inequality

‖u∗h − uh‖E ≤ (1− γ2)−1/2 ‖eh‖E .

The result also holds in the case ‖u∗h−uh‖E = 0 ⇐⇒ u∗h = uh. ♥
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