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Abstract. The capacity of the visual system to recognize patterns that have
undergone various transformations may be explained by a scheme in which the
system associates with each pattern certain features and feature-relations that
remain constant under the action of the given transformations . Some of the
characteristics of such a recognition scheme are examined and an approach is
proposed for the analysis of the pattern structure determined by these feature
and feature-relation assignments . Data are presented relating to the stability
of these assignments under changes in recognition criteria .
1 . Introduction
A large class of models for visual pattern recognition involve the representation
of the stimulus in terms of properties or features which remain constant under the
action of certain admissible transformations, for example, translations, rotations,
and dilatations . In such models, two patterns are recognized as being `the same'
if their feature representations coincide . Alternatively, if recognition is regarded
as the assignment of a pattern to a specified class, then a pattern is recognized if its
feature representation fits the class specification .
One of the simplest methods for the visual extraction of invariant features of a
stimulus was proposed by Pitts and McCulloch [1] . The procedure is that of
` averaging over the group ' ; that is, for a finite collection G of transformations
T forming a group under composition, an invariant a of an object A is obtained
thus :
a=N

f(-(A)),

where N is the number of members of G, and f is a suitable function . Some
models (e .g . those by Deutsch [2], Sutherland [3] and Dodwell [4, 5]) have made
use of `encoding' procedures to explain recognition (see also [6]) . For example,
in the model by Sutherland [3], patterns are projected onto a rectangular array
and then processed in terms of their horizontal and vertical components . A
general method for feature abstraction based on autocorrelation has been developed
by Moore and Parker [7] and Moore et al. [8] . Amongst other pattern properties
the characteristic distributions of chord lengths and angles are computed . Other
recognition schemes have made use of techniques similar to those employed in
optical pattern recognition (for review of the latter techniques, see [9]) . For
t Present address : Department of Communication, University of Keele, Keele, Staffordshire ST5 5BG .
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example, the work of Campbell and Robson [10], Blakemore and Campbell [11],
and others has led to the suggestion that patterns are subjected to a Fourier analysis
by a system of linear mechanisms, each selectively sensitive to a different band
of spatial frequencies (but see [12] and [13]) .
Methods in which essentially global invariants are computed have not,
however, been successful in predicting precisely all the ' constancies ' of recognition shown by the human and animal visual systems . In particular, the
classical procedures [14-16] involving transformations like the Fourier transformation, Hadamard transformation, and Karhunen-Loeve transformation,
give rise to representations of the stimulus space in which the canonically associated
distance functions fail to generate ' natural ' object classifications [17] .
An alternative to pattern analysis based on the abstraction of global properties
is analysis based on the abstraction of local properties (local in the sense that
these properties do not depend on the structure of the whole pattern) . The role
of such properties (or ' critical features ') in letter discrimination has been
investigated by Gibson et al . [18] and Gibson et al . [19] (see [20]) . The features
they considered included horizontal, vertical and oblique straight lines and
vertically open, horizontally open and closed curves . (Blesser et al. [21] have
instead proposed that letters are identified by certain underlying ' functional
attributes ', which are strongly context-dependent . A different transformational
approach to letter and word recognition has also been described by Kolers and
Perkins [22-24] .) More generally, units for detecting features have been
incorporated into complex hierarchical models for visual information processing
[25, 26] (see also [20]) . Barlow et al . [27] have reviewed some of the physiological
evidence for the existence of feature detectors at the local level .
Although pattern representation in terms of features is suitable for much
classificatory recognition, such a system is not appropriate for the specification or
comparison of patterns in which the spatial arrangement of features is important .
The approach to recognition in which various kinds of relations are set up between
features is usually referred to as the structural or syntactic approach [28-30] .
For example, with the directed lines shown in figure 1 (i) as local features or
primitives and ' head-to-tail concatenation ' as the only relation, the triangle in
figure 1 (ii) would be represented as abc [30] . Other relations, such as ' right ',
` above ', and ` inside ', enable the generation of more complicated objects from
suitable pattern primitives [311 . Structural schemes of this kind for visual

a /

b

c

(i)

h
(ii)
Figure 1 . Example of a structural description . The pattern primitives (i) are composed
under the relation 'head-to-tail concatenation' to yield the triangle (ii) . Based on an
example by Fu [30] .
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pattern recognition have been described by, amongst others, Sutherland [32],
Leeuwenberg [33, 34] and Reed [35] .
Little is known, however, of the exact nature of the higher-order relations
that might be used by the visual system in establishing a structural description of a
scene [36] (see also [27]) . It seems unlikely that any of the syntax analysis or
parsing procedures developed for automatic recognition [30] can be used to
investigate these relations, although, if some relations can be evaluated, further
examples might be generated by algebraic procedures [37] .
The present study is concerned with some of the functional properties displayed by recognition systems based on feature and feature-relation assignment .
An approach is described for the analysis of the pattern structure determined by
such systems and data presented relating to the stability of this pattern structure
under changes in recognition criteria .
2.

Generalized pattern recognition
The sense in which two objects are identified as being `the same' is not given a
consistent interpretation in the literature on visual recognition (for reviews, see
[38-40] ) . The two most common identification criteria used in studies involving
the comparisons of patterns are (i) if one pattern can be obtained from the other
by a planar rotation (e .g. [41, 42]) and (ii) if one pattern can be obtained from the
other by a rotation in depth (e .g . [43, 44]) . In studies of pattern classification,
however, quite general non-linear transformations of the stimuli are permitted
(see [40]) . The formulation of a definition for' sameness' clearly requires some
scheme for the specification of an admissible set of transformations . In this
section a generalized form of visual recognition is introduced based on the notion
of a mathematical structure . The main result is that the collection of admissible
transformations associated with such a structure constitutes a group under
composition of mappings .
We first establish some notations and definitions . An object or pattern is
simply a particular luminance distribution either in ordinary Euclidean 3-space
R3 (R denotes the real line) or in 2-space R2 . We shall not be explicitly concerned
with stereoscopic vision, so for simplicity we shall work with the plane R 2 , which
may be assumed fixed and perpendicular to the line of gaze . A pattern A is
then a mapping (also denoted by A) of a non-empty subset UA of R 2 into R such
that A(p) > 0 is the luminance of the object at the point pEUA . The set UA is
sometimes called the domain of the object . (If colour vision is relevant, then
A(p) is a point in R 3 , the coordinates specifying the ' red ', ' green ' and ` blue '
components of the stimulus at the point p .) The remainder of the plane maybe
supposed to have a uniform luminance distribution defined on it .
The action on a pattern of any suitable locally defined one-to-one (injective)
transformation T of R2 into R 2 is defined thus
(T(A)) (p)=A(T`1(p)) for all pET(UA ) .
Each point p in the domain of the transformed image r(A) is assigned the
luminance at its pre-image .
It is possible to endow R 2 , as a point set, with various mathematical structures ;
for example, (i) the usual metric structure given by the distance function
d(x,Y)=1/[(x1-Y1)2+ (x2 - Y2)2 ],
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where x= (x 1 , x2 ) and y= (y 1 , y 2 ), or (ii) the usual topological structure generated
by the open discs B(x, a), where, for xER2 and aER, B(x, a) consists of all points
y in R 2 such that d(x, y) <a . In general, a mathematical structure on a set may
be thought of as a certain collection of various-order relations and scalar-valued
functions defined on that set . Axiomatizations of the notion of structure have
been given by Bourbaki [45] and by Hedrlin et al. [46], and Pultr [47] . The
Bourbaki theory is expressed within the theory of sets, whereas Hedrlin et al . use
the category theory approach . The essential equivalence of the two systems has,
however, been proved by Blanchard [48] .
Given a mathematical structure S on R 2 , a one-to-one and onto mapping
(a bijection) T of R 2 into R 2 that ' preserves ' the structure S is said to be an
isomorphism (strictly an automorphism) of R 2 endowed with S [45] . It may be
shown that the inverse r -1 is also an isomorphism of R 2 endowed with S [45] .
For example, the isomorphisms of the usual metric structure on R 2 (the isometries)
preserve distances, i .e . d(T(x), T(y))=d(x, y), and the isomorphisms of the usual
topological structure on R 2 (the homeomorphisms) preserve the open sets, i .e . T(U)
is open if (and only if) U is open . The set of isomorphisms of a structure S
is denoted by Iso(S) . For a given structure S on R 2, the composition of isomorphisms of S is always defined . Under this composition the set of all
isomorphisms of S thus forms a group .
Provided certain conditions are satisfied, a structure on R 2 may give rise to an
induced structure on a subset of R 2 , in particular, on the domain of an object .
For example, an object A acquires a metric structure by restriction of the distance
function to UA or a topological structure by intersection of the open sets with
UA . The isomorphisms of structures obtained by restriction are called local
isomorphisms . A structure assigned to a subset of R 2 need not, however, always
arise in this way.
Given a structure S on R 2 that gives induced structures on the domains of a
suitable class of objects, we can then define visual recognition with respect to S
in the following way [49] . (All objects, mappings, etc . defined on R2 should he
understood to be specified only to within visual acuity [50] .) For objects
A and B on R 2, visual recognition of A as B, with respect to S, is the visual
association of A and B by means of a local isomorphism of S. Suppose object B
may be written as r(A) for some local isomorphism T of S . Experimentally,
recognition or identification of A and B with respect to S is then inferred if B can be
visually distinguished from other objects which cannot be written as T(A) .
Thus, if S is the usual metric structure on R 2 , recognition of A as B with respect
to S is judged to be effected if B may be visually determined as being the result of
the application to A of (the restriction of) a translation, rotation or reflection .
The simplest case is when S is the structure of a set [45], characterized by the
number of elements in the set or the cardinality of the set . Recognition of A as B
with respect to S is then judged to be effected if B may be visually determined as
being the result of the application to A of a (local) bijection . The two patterns
are judged to be `the same ' in this second case if they have the same number
of points .
The above definition of recognition applies to the simultaneous or sequential
comparison of stimulus objects . It may be extended to the classificatory situation
providing there is a representative or ' prototype ' (see [40]) available for the
class . Because the set of admissible transformations forms a group, the class of
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patterns formed by application of these transformations to the prototype must he
an equivalence class . Note that although recognition is defined in terms of
admissible transformations T this does not necessarily mean that these associations
are set up by continuous 1-parameter families of transformations 1,, 0 < t < T,
for which 00 = identity and /T = r. For example, a rotation pB through 0 need not
he effected by application of p1, with t going from 0 to 1 . (Dynamical schemes
for recognition involving families of transformations, both continuous and
discrete, have been described by Pitts and McCulloch [1], Marko [17], and
Kolers and Perkins [24] .)

3.

Structure associated with a set of features and feature-relations

Suppose that there is a certain repertoire of features and feature-relations
that can be drawn upon by the visual system in setting up a representation of a
stimulus object . Thus, according to some scheme F, a pattern A is given the
representation F(A) consisting of the features f l (A), . . ., f,,,(A) and relations
r l (fl (A), . . ., fm (A)), . . ., r n (fl (A), . . ., fm (A)) . Let this representation correspond
to some structure So . If the visual recognition of two objects A and B is achieved
by the equating of their representations F(A) and F(B), then the experimental
determination of So is straightforward . One selects relevant structures S, and
for each S one determines the set of isomorphisms r of S that may be visually
effected by virtue of the visual identification with respect to S of patterns A and
T(A) . Let M be the union of these sets of isomorphisms . Since the visual
system cannot set up associations which do not belong to the set Iso(S 0 ) of
isomorphisms of So , and the selection of reference structures S is, we suppose,
exhaustive, the union M must coincide with Iso(Sa ) . It does not necessarily
follow that So is determined uniquely by the set M, for different structures may
give rise to the same sets of isomorphisms . Nevertheless, it may be argued that
there is no need to distinguish between structures which operationally give the
same recognition characteristics . This redundancy in structure specification
can he resolved with the introduction of an equivalence relation - on the set of
all structures thus

Sl - S2

if and only if

Iso(S l ) = 'SO(S2)-

In the following we shall assume that the set of all structures has in this way been
` reduced ' . Given a family of mappings, the actual construction of a structure
S, such that the set of isomorphisms Iso(S) of S coincides with the given family,
has been examined by Hedrlin and Pultr [51], Pultr and Hedrlin [52], and
Pultr [53] .
It seems unlikely, however, that the visual recognition of two objects A and B
is indeed achieved by the precise equating of their representations F(A) and
F(B) . This follows from the fact that for certain structures on R 2 , it is possible
to visually identify an object A with its transform r(A) for an isomorphism r
` close 'to the identity, although such an identification may not be possible for an
isomorphism 'far' from the identity . (There are several ways in which metrics
may be defined on spaces of mappings [54] .) Consider the case of the standard
metric structure . Patterns may be recognized under small rotations but not
under large rotations [41, 42] . But if the representations of a pattern A and its
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rotated transform p e (A) coincide for small 0, i .e .
F(A) = F(p 9 (A)),
then they must coincide for large 0, since by iteration
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F(A) = F(p,,"(A) ),
where pen= Ps° po° . . •° pe (n times), and pe n= Pne •
A consequence of this is that there may be relatively few true ' perceptual
invariants ', i .e . visual quantities that remain exactly the same independent of the
transformations applied (see [38]) .
In another study by the author [49], it is assumed that the visual system might
assign an underlying structure to stimulus objects, although not necessarily be
capable of effecting all the isomorphisms of that structure in visual recognition .
This underlying structure, corresponding here to S o , would be the structure
with the smallest set of isomorphisms that includes the experimentally determined
set M defined above . Formally, one structure Sl is said to be richer than another
written S 1 -<S 2, if Iso(S 1 ) is a subset of Iso(S 2 ) . (The relation _< is a partial
S2,
order on the set of all structures .) Thus, So would be the richest structure such
that Iso(S0 ) includes M. This approach is inappropriate here because of the
method by which the visual recognition of patterns is assumed to be effected .
Given an arbitrary isomorphism 7- of So , any collection of features and relations
on an object A which serves to define So (for example, the distances between
pairs of points giving a metric structure) must be precisely the same on the
transformed object T(A) . But the coincidence of the representations F(A) and
F(T(A)) is equivalent to the transformation T being such that it may be visually
effected . The visual system would consequently be capable of setting up all
the isomorphisms of S o , in contradiction to the hypothesis .
An alternative approach to the problem is to suppose that the coincidence of
the representations F(A) and F(T(A)) is only ' approximate ', with each determining a different structure of the same species . For example, in figure 2, the
set of points a, b, c, d, e, f, g (which might correspond to particular local features)
has been endowed with two different partial order structures (i) and (ii) . The
two structures are ' close ', in that the identity mapping of (i) into (ii) leaves
almost all the relations between the elements intact . If z~ represents a visually

e
f

(i)
Figure 2 . Two partial order relations on the sets of elements a -g . In each case, the
relation `x is greater than y' holds if and only if there is an unbroken succession of
arrows running from the point y to the point x .
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acceptable level of concurrence of pattern representations, then F(A)„F(B)
and F(B) z F(C) does not necessarily imply F(A) „F(C) ; that is, transitivity of
recognition is not a property of this approximation scheme . Thus, for recognition with respect to the standard metric structure on R2 , pattern A may be
identified with pattern p e (A), and pattern p e (A) with pattern p 2B (A), but not
pattern A with pattern p 2B (A) . Theories of such' fuzzy 'relationships have been
constructed by Zeeman [50] and Zadeh [55] and subsequently developed by
Poston [56], Arbib [57], Zadeh [58-60], Tamura et al. [61], Goguen [62], and
others (see [63]) . The actual method of visual assignment and comparison of
pattern structures may follow a probabilistic scheme, such as that proposed by
Vitz and Todd [64] for the analysis of geometrical figures . In this scheme the
probability of sampling a particular element at a given level depends on the
relative size of that element . For example, the probability of sampling a line
depends on the length of the line in relation to other lines in the figure .
The collection M of all isomorphisms that can be visually effected may still
be used to determine the representation structure So in the case in which the
comparison of patterns is ' fuzzy ' . The procedure is the opposite of that
previously alluded to in [49] . Instead of determining the richest structure S for
which Iso (S) includes the set M, one determines the poorest structure S for
which the set M includes Iso(S) . (Recall that the poorer the structure, the more
isomorphisms it has .) The reason is as follows . For a pattern A, the features
and relations F(A) assigned to A define the structure S o . Hence, if -r is an
isomorphism of So , the representation F(T(A)) coincides with F(A) . But
because the comparison of the representations F(A) and F(T(A)) is only
approximate, it is possible to replace the isomorphism T by a close non-isomorphism
T', so F(A) ;z,-F(T'(A)) .
What operationally distinguishes the isomorphisms T
from the non-isomorphisms T' is that the former constitute a group, since they
arise from the structure So , whereas the latter do not . The poorest structure S
whose isomorphisms belong to M precisely defines this group, and, up to the
equivalence defined earlier, coincides with So .
4.

An experiment on visual recognition with respect to two different structures
An essential requirement of the investigative scheme outlined at the end of the
previous section is that the representation of a pattern formed by the visual system
is stable and independent of the particular structure with respect to which recognition is evaluated . That is, if pattern A is compared with pattern B, first with
respect to structure Sl and then with respect to structure S2 , the features and
feature-relations F(A) and F(B) assigned to the two should be the same for S l and
S2 . ( It is supposed that the task is one involving perceptual not cognitive processes, see [65] .) More specifically, if B=T(A), where T is an isomorphism both
with respect to Sl and with respect to S 2i then A and B should be visually identifiable with respect to Sl if and only if they are visually identifiable with respect
to S 2 .
This hypothesis was tested experimentally for the case in which Sl is the
usual metric structure on R2 and S2 is the structure of a sett . Since S2 is the
poorest of all structures (every bijection is an isomorphism), every isomorphism
of S1 is an isomorphism of S2 . Hence, for pattern pairs A, T(A), with Tan isometry,
f A full account of this experiment by the author is to be published elsewhere .
O.A .

L
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the effect of systematically varying r on the visual identification of A and
r(A) determined with respect to the metric structure should be the same as that
on the visual identification of A and r(A) determined with respect to the structure
of a set . Subjects (48 in all) were presented with different pairs of random-dot
patterns like those in figure 3 . Half the subjects were required to indicate
whether one pattern could be obtained from the other by some combination of

A

T(A)

Figure 3 . Example of random-dot patterns A, T(A) used in recognition experiment .

translation, rotation, and reflection ; the other half were required to indicate
whether the two patterns had the same number of dots . (The 200-msec stimulus
exposure times were too short to permit counting .) The same stimulus figures
were used for each group of subjects . Figure 4 shows results for the case in
which r=p9, a rotation in the plane about angle 0 (with a fixed translation) . The
proportion of correctly identified pairs is plotted against 0 . The variation in
recognition performance determined with respect to the structure of a set
(continuous line) is seen to be very similar to the variation in recognition performance determined with respect to the metric structure (broken line) . (Differences between the two sets of data, measured by procedures given in [66],
are not significant at the 10 per cent significance level .) The reduction in ` shape '
identification with rotation is well known [38] .
100

90

U

a
0
U

80

w
rn
70
w

U
v
a

60

50

REM ,
'INMOVA
,% ME
180

270

0

90

180

Rotation, deg
Figure 4 . Recognition performance determined for two different recognition criteria .
Percentage of correctly identified pattern pairs is plotted against angle of pattern
rotation . Data indicated by continuous line correspond to recognition evaluated
with respect to the structure of a set ('number of elements') and data shown by
broken line correspond to recognition evaluated with respect to metric structure
('distance between points') . Number of readings per point is 33 .
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5.

Conclusion
Feature-extraction theories are applicable to the analysis of visual classificatory recognition when a relatively small number of pattern classes are
involved [67-71] . For general pattern recognition, however, it has been suggested by Sutherland [32, 36] and others that a structural approach involving the
assignment to a pattern of various features and feature-relations offers the most
comprehensive description . Nevertheless, such a system is unlikely to be of the
strictly linguistic kind, in which patterns are generated according to a system of
production rules [30] . As Kolers and Perkins [24] have stressed, many naturally
occurring objects and pictures have no underlying regulations governing their
detailed composition .
In the present study some of the characteristics of a structural theory of
recognition have been examined . It has been shown that the visual comparison
of a pattern A with some transformed pattern T(A), in terms of structural
representations, may be effected on a ` fuzzy ' basis, with recognition not
necessarily resulting from the assignment of features and feature-relations which
are strictly invariant under the action of the transformation r . A procedure for
the analysis of the structure determined by these features and feature-relation
assignments has been suggested here . Such a procedure requires that these
assignments remain stable under changes in externally imposed recognition
criteria . For two such criteria, namely, recognition with respect to a metric
structure, where distance is to be preserved, and recognition with respect to the
structure of a set, where the number of elements is to be preserved, the data
presented show that these assignments are indeed stable .
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