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Abstract

Statistical manifolds are representations of smooth families of probability density functions that
allow differential geometric methods to be applied to problems in stochastic processes, mathematical
statistics and information theory. It is common to have to consider a number of linear connections
on a given statistical manifold and so it is important to know the corresponding universal connection
and curvature; then all linear connections and their curvatures are pullbacks. An important class of
statistical manifolds is that arising from the exponential families and one particular family is that of
gamma distributions, which we showed recently to have important uniqueness properties in stochastic
processes. Here we provide formulae for universal connections and curvatures on exponential families
and give an explicit example for the manifold of gamma distributions.

1 Introduction

Information geometry is the study of Riemannian geometric properties of statistical manifolds consisting
of smooth families of probability density functions. Such manifolds are endowed with the information
metric of Rao [22], which arose from the Fisher information matrix [I3]. These parts of mathematical
statistics have deep relations with general information theory; see eg Roman [23] for a modern account
of information theory from a mathematical viewpoint.

For our present purposes we may view a probability density function on 2 C R™ as a subadditive measure
function of unit weight, namely, a nonnegative map
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Usually, a probability density function depends on a set of parameters, 0',62,...,0" and we say that

we have an n-dimensional family of probability density functions. Let © be the parameter space of an
n-dimensional smooth such family defined on some fixed event space {2

{pel0 € O} with /pg =1 foralldec®.
Q

Then, the derivatives of the log-likelihood function, [ = log pg, yield a matrix with entries
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2 Universal connection and curvature for statistical manifold geometry

for coordinates (#%) about 6 € © C R™.

This gives rise to a positive definite matrix, so inducing a Riemannian metric g on © using for coordinates
the parameters (0%); this metric is called the information metric for the family of probability density
functions—the second equality here is subject to certain regularity conditions. Amari [I] and Amari and
Nagaoka [2] provide modern accounts of the differential geometry that arises from the Fisher information
metric.

2 Systems of connections and universal objects

The concept of system (or structure) of connections was introduced by Mangiarotti and Modugno [I8} [19],
they were concerned with finite-dimensional bundle representations of the space of all connections on a
fibred manifold. On each system of connections there exists a unique universal connection of which every
connection in the family of connections is a pullback. A similar relation holds between the corresponding
universal curvature and the curvatures of the connections of the system. This is a different representation
of an object similar to that introduced by Narasimhan and Ramanan [20], [21] for G-bundles, also allowing
a proof of Weil’s theorem (cf. [I6] 14 [§]).

Definition 2.1 A system of connections on a fibred manifold p : E — M is a fibred manifold
pe : C — M together with a first jet-valued fibred morphism

§:Cxy E— JE

over M, such that each section T : M — C determines a unique connection I' = & o (f‘ op,Ig) on E.
Then C is the space of connections of the system.

In the sequel we are interested in the system of linear connections on a Riemannian manifold. The system
of all linear connections is the subject of studies in eg. [16, [14] 17, [8 9] 10, [7) [12].

Theorem 2.1 ([I8, d9]) Let (C,€) be a system of connections on a fibred manifold p : E — M. Then

there is a unique connection form A : C Xy E — J(C x pr E) On the fibred manifold my : Cxpy E — C
with the coordinate expression

A = da* @ 0y + dc® ® 0, + €L da? @ 0;.

This A is called the universal connection because it describes all the connections of the system.

Euplicitly, each T € Sec(C/M) gives an injection (f‘ op,Ig), of E into C x E, which is a section of m
and I' coincides with the restriction of A to this section:

Ntop oy =T

A similar relation holds between its curvature 2, called universal curvature, and the curvatures of the
connections of the system.

1
Q=3 [A,A] = dpA : C xpr E — NY(T*C) @5 V(E).
So the universal curvature Q0 has the coordinate expression:

1/ . _ )
Q=2 (g; ;€1 da A da + 20,8 da® A dx”) ® 8.

3 Exponential family of probability density functions on R

An important class of statistical manifolds is that arising from the so-called exponential family [2] and
one case is that of gamma distributions, which we showed recently in [4, 5] to have important uniqueness
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properties for near-random stochastic processes. Note also that Hwang and Hu [15] provided an important
new characterization of gamma distributions, which helps understanding of their common application in
modelling real processes. More details on statistical manifolds in general can be found in [T}, 2] and we
have provided in [6] explicit geometric neighbourhoods of independence for common bivariate processes.
In the present section we shall be concerned with the system of all linear connections on the manifold of
an arbitrary exponential family, using the tangent bundle or the frame bundle to give the system space.
We provide formulae for the universal connections and curvatures and give an explicit example for the
manifold of gamma distributions.

An n-dimensional set of probability density functions S = {py|f € © C R"} for random variable = €
) C R is said to be an exponential family [2] when the density functions can be expressed in terms of
functions {C, F1, ..., F,,} on R and a function ¢ on O as:

po(x) = lC@TELO Fi(@)—0(0)}

Then we say that (§%) are its natural coordinates, and ¢ is its potential function. From the normal-
ization condition [, pg(x) dz = 1 we obtain:

©(0) = log/ AC@HE (" Fi(0)) gy
Q

From the definition of an exponential family, and putting 9; = %, we use the log-likelihood function

1(0, z) = log(pe(z)) to obtain

l(0,x) = Fi(z)—0;p(0)
and

0;0;l(6,x) = —0,0;¢(0).

The Fisher information metric g [Il 2] on the n-dimensional space of parameters ® C R™, equivalently
on the set S = {py|d € © C R"}, has coordinates:

9] = = [ 100,10.0)] po(2) do = 00,(6) = ,(0).
Then, (S, ¢) is a Riemannian n-manifold with Levi-Civita connection given by:

9" (Dig;n + 9;9in — Ongij)
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where [p*(0)] represents the inverse to [pn(z)].
Next we obtain a family of symmetric connections which includes the Levi-Civita case and has significance

in mathematical statistics. Consider for a € R the function I‘E;‘L which maps each point 6 € © to the

following value:

r{0) = /Q(aau azaz) nl pe
11—« 11—«
= 5 0:0;00(0) = —— win(0).

So we have an affine connection V(% on the statistical manifold (S, g) defined by

gV, 0, = T

i,k

where ¢ is the Fisher information metric. We call this V(® the a-connection and it is clearly a symmetric
connection and defines an a-curvature. We have also

v = (1- )V(O)—f—av(l)
1+«

— v(l) v( 1
2
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Figure 1: Affine immersion using natural coordinates (u,v) in R? for the gamma 2-manifold (G,g). The
surface is shaded by the Gaussian curvature Kg which is independent of p and monotonically decreases
from —;11 to almost —% as v increases to 2.

For a submanifold M C S, the a-connection on M is simply the restriction with respect to g of the
a-connection on S. Note that the O-connection is the Riemannian or Levi-Civita connection with respect
to the Fisher metric and its uniqueness implies that an a-connection is a metric connection if and only
if a =0.

3.1 Example: Gamma 2-manifold (G, g)

Gamma distributions form an exponential family with probability density functions:

v—1

G = {plsv) = oy e for v BT (3.1)

The gamma distributions are very important in, information theory, mathematical statistics and stochas-
tic processes. This is because they contain as a special case, v = 1, the negative exponential distribution
that represents random states, ie Poisson processes, and because of certain uniqueness properties [5, [15].

It turns out that (0%) = (u,v) is a natural coordinate system with corresponding potential function

p(p,v) =logI'(v) — v logp . (3-2)
The information metric g has arc length function

2
dé’?] - %duz—;d/jdy+lﬁ,(y)dyz for p,v e RT

where Y(v) = L) i the digamma function. The independent nonzero Levi-Civita connection compo-
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Univariate density H Coordinates ‘ Mean ‘ Variance ‘ R(@)
Gaussian (1, 0) I o (a? —1)

1-a?) (¢' (V) +vv" (v)
Ga‘mma‘ (,u, V) w ,U,2/V ( 2)(51#/(”)71)2 )
Exponential o I w? 0

Table 1: a-Scalar curvature R of the univariate Gaussian, gamma and exponential statistical manifolds;
the logarithmic derivative of the gamma function is denoted by 1» =TV /T. The case a« = 0 corresponds to
the Levi-Civita connection.

nents with respect to the natural coordinates (u,v) are:

(1-2vy'(v))

M = S Crrew)
Fl w/(l’)

27 3Gy - 1)
A

2 = 30 -1)
r2, = Y

T 22 (1-vy'(v)]
rz, = 1

" e

. W)
F22 -

2(vy'(v) 1)

The Riemannian 2-manifold (G, g) has been shown by Dodson and Matsuzoe [I1] to admit an affine
immersion in R3. This is depicted in Figure shaded by the Gaussian curvature K¢, which is independent

of p and, with increasing v, K¢ monotonically decreases from *i to —1 :

W) )
Levw) -1

To compute the a-connection components it is convenient here to change to the orthogonal coordinates
(6 = v/u,v) for which the metric components are given by

14

2
dsfﬂ2

dp? + (1//(1/) — i) dv? for B,veRt.

Proposition 3.1 (Arwini [3]) The independent nonzero components, F;z)i, of V(@) are

+1
I‘(Q)l — _L’
11 ﬂ
+1
F(D‘)l — o
12 2v
F(a)g _ (a—1)v
H 262 (vi'(v) —1)’
@z _ (1-a) (1+v2¢"(v))
22 - .

20 (i (v) — 1)
O

Corollary 3.1 The Levi Civita connection of (G,g) is recovered by Fﬂ)i in (B,v) coordinates and then
the curves v = constant are geodesics. O
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Bivariate density || Coordinates | Covariance R
Mckay M (a1, ¢, 9) ay/c? Rgvo,‘[)
MiCM:ap=1 (¢, a2) 1/c? RMga)
My CM: ap =1 (ai,c) o /3 RM(Qa)
Ms: ag +as =1 (a1,¢) ay/c? 0

Table 2: «a-Scalar curvature R(Y) of the McKay bivariate gamma manifold; see § for the formulae

R, Ry'™, Ry

(@)

5 . The case o = 0 corresponds to the Levi-Civita connection.

Bivariate density Coordinates | Covariance R(®)
Freund F (a1, B1, a2, B2) 5;6}35?;12(}0;2)2 = (05271)
FLCF: B3;=0a (a1, 2) 0 0
Fy:rar =, 01 =f2 (o1, B1) i(ﬁ-#) 0
F3: Bi = a1 + ag (a1, az, B2) wlloi e 0

(a1 +042)4

Table 3: a-Scalar curvature R of the Freund bivariate exponential manifold. The case o = 0 corre-

sponds to the Levi-Civita connection.
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Bivariate density Coordinates Covariance R(®)
Gaussian N (1, po, 01,012, 02) 010 9(‘1;*1)
Ni CN:o012=0 (1, 2,01, 02) 0 2(042—1)
No: oy =0, =p (1, 0,012) 019 (a2 — 1)
N3: 1 =pe =0 (01,02,012) o192 2 (a2 - 1)

Table 4: a-Scalar curvature R(Y) of the bivariate Gaussian manifold. The case a = 0 corresponds to the
Lewvi-Clivita connection.

3.2 «a-Scalar curvature for common distributions

For convenience of reference we summarize curvature results in Table [I] for univariate Gaussian, gamma
and exponential distributions and in Tables respectively for bivariate gamma, exponential and
Gaussian distributions, from recent work of Arwini and Dodson [4, [5, [6]. We have used Mathematica for
many calculations and we can make available the associated interactive Notebooks. The a-scalar curva-
ture for the McKay bivariate gamma manifold M and its submanifolds M7, Ms, have long expressions so
we give them here:

—a?) (w'(az) (' (1) (P (1) + 9 (a2)) — 29" (1)) — 24" ()" (a2)
2(¢/ () + ¥ (az) — ¥/ (a1)¥ (a2) (o1 + az))?

(¥ (@20 (@) + (/@) = ¥"(a1)) " (2)) (a1 + a2)

Ry = (1

)

2(4' (1) + ¥/ (az) — ¥/ (an)¥ (az) (a1 + a2))?
Wla) = F((a%))'
Ry@ _ (1707 (W(e2) +¢"(02) (1 +a2))
' 24/ (az) (1 + az) —1)°
Ry@ _ (1ze?)@(e) +v(er) (1 +ar))
? 2(¢/ (1) (1 + o) — 1)°

4 Systems of linear connections

4.1 Tangent bundle system: Cy x TM — JT'M

The system of all linear connections on a manifold M has a representation on the tangent bundle
E=TM — M

with system space

Cr={a®jyeT*M @y JTM | jv: TM — TTM projects onto Irps}

Here we view I, as a section of T* M ®T M, which is a subbundle of T*M @ TT M, with local expression
dz? ® Oy.
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The fibred morphism for this system is given by

¢ CrxyTM — JITM CT*M Qpyp TTM
(@@jv,v) — a)jy.
In coordinates (z*) on M and (y*) on TM
br = d @0\ -0
da* ® (0x — ' T, 0;)

dr* @ (O —y () 3 ¢ @jxn) 9:)
h=1

Each section of Oy — M, such as T' : M — Cp : (") — (2*,7,9); determines the unique linear
connection I' = &7 o (I o 7y, I7ps) with Christoffel symbols T'),

On the fibred manifold m; : Cp Xy TM — C7; the universal connection is given by:

Ar:CrxyTM — J(CTXMTM)CT*CT®T(CTXMTM),
(@ vpeyt) — (XN V) — (X, Vo, YTV X))

briefly,

Ar = dz* @0y +dv®* ® 9, —l—yv dz"™ ® 0;

= de’ @0\ + dv* ®, +y" (Z 3 ot Onrn) dz” @ 0;.
h=1

Explicitly, each T' € Sec(Cr/M) gives an injection (T omy, Iar), of TM into Cp x TM, which is a section
of my and T" coincides with the restriction of A7 to this section:

AT\(fowT,ITM)TM =T

and the universal curvature of the connection A is given by:

Qr =dpap A7 : Cp X0y TM — N*(T*Cr) @7 V(TM).

So here the universal curvature Q0 has the coordinate expression:

1/ 4 . »
O = 5 (el Oy v, A A de? + 20,570, 2t A da") @0,

2
1 k & 1 Jh m = 1 ih A n
= 3 Y (2530 sOk,\h)@jy (25"" Omnh)dx™ Adz" | ® 0;

h=1 h=1

o

1\3\»—\

gp gomnh )dz*® /\d:v”) ® 0; .

4.2 Frame bundle system: Cr x FM — JFM

A linear connection is also a principal (i.e. group invariant) connection on the principal bundle of frames
FM with:

E=FM — M =FM/G

consisting of linear frames (ordered bases for tangent spaces ) with structure group the general linear
group, G = Gl(n). Here the system space is
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Crp=JFM/G C T*M @ry TFM/G,

consisting of G-invariant jets. The system morphism is

¢p:CpxFM — JFM CT*M @y TFM
([182],0) +— [ToM — T,FM].

In coordinates

ép dx ®(8A—X1788)8>\

= d2* @ (9 — X"T)).) I

n 1 ~
da? ® (aA . Z 5 @Ah %mh) aﬁ/\
h=1

where d,» = % is the natural base on the vertical fibre of Ty, F'M induced by coordinates (b)) on FM.

Each section of C’F —— M that is projectable onto Iras, such as, I': M — Cp : () — (2, [j72])
w1th F)‘ =0, s ; determines the unique linear connection I' = g o (FOﬂ' r, Ipar) with Christoffel bymbols
nn On the pr1n01pal G-bundle 71 : Cr X3y FM — Cp the universal connection is given by:

Ap :Cpxyy FM — J(CFXI\/[FM)CT*OF@FMT(CFXFMFM),
(o B) o [, YA) — (X ¥ kX))

» VMK VR nK?

Briefly,
Ap = dz @0+ dv* ® 9, + bZU;‘@ dz® @ D,

n 1 5
= d’ @0\ +dv" @0, + b1 () 5 oM pon) dz’ @ D
h=1

Explicitly, each T' € Sec(Cp/M) gives an injection (I o wp, Ipps), of FM into Cp x FM, which is a
section of m; and I' coincides with the restriction of Ar to this section:

AF\(fon-p,IpM)FM =T
and the universal curvature of the connection A is given by:

Q=dp,Ap: Cp xpy FM — N (T*Cr) @pa V(FM).

So here the universal curvature form Qg has the coordinate expression:

1 X
U = 3 (bﬁu,@ Db, dat A da? + 20,6708, da® A dm") ® Je
(.. | 0\ o 5
= 3 b ( Z O o) Dps b Z 3 ™" g )dz™ Adz" | @ Oy
h=1 h=1

n 1 ~
+ (aab;"(Z 5 @ )z A d:ﬂ) @ B -

h=1

5 Universal connection and curvature on the gamma manifold

For the gamma 2-manifold (G, g) we give explicit forms for the system space and its universal connection
and curvature.
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5.1 Tangent bundle system on (G, g)

The system space is
Cr={a®jyeT*'G®g JTG|jy:TG — TTG projectsonto Irg}

and the system morphism is

&r = dot @ (0h— T, 0)
= da (0 =2v9'(v) V') 2
= dr |0 (QM(_1+le(V))y +Q(Vr(/}/(z/)—l)y )al>

v 1 1 2
20— T i) DY )32>

(

o |
et (ol )

(

20v) -0 Y T ) 1
| V()
Y S - D) y%) |

The universal connection on the gamma manifold is given by:

+ di’®

pwy'(v) -1

Arp

da* ® Oy + dy; ® 0% + y" Il da” ® 0
= dxk®aA+dAj®aAj

<2;§1(—1211ﬁ/1(;()2)) vt 2(1/5),/((5))_1) yz) dz' ® 0
" <2N2 (1 —VW/J’(V)) v 2 (v 1/1’1( )— 1) y2> dz’ ® 0,
+ (sei =Y e oY) e
* <2u (Vd)’l(V) -1 vty (VV¢1€(1§;/)_ ) 92) dz® ® ;.
The universal curvature on the gamma manifold is:

The analytic form of this is known [3] but is omitted here.

5.2 Frame bundle system on (G, g)

The system space is Cr = JFG/G and the system morphism is

tp = da @ (On— XTT).) 9

_ 2l ® 1_2’/7/’( )) 1 7/”(”) 2 34
= <51 1+uw(>>X +2<uwf<u>—1>X)) o

+
®

O 1—uwf< IR >>

o (o=
+ d'® (al ”) x4 W) 5 X2)) B
o (o

V-0 "2 -

1 Vw”(’/> 2 Do
OTIOED N +2<uw<u>1>X)) Oar-
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The universal connection on the gamma manifold is:
Ap = dz* @0\ +dy; ® 0%, + bET2gda’ ® O,
= da* @0+ dy; ® 05,
(I-2vy'(v)) Y'(v) 2) 1o 43
by + by | dz” ® 0
1+u¢<>> 20w -y 1)
"
bl l“/’ (V)
2(v 1>1+2@wm0—
1 - 2 W/) ¥))

+

2u 1+uw<»b+2www>
p(v)

(5
(55
(7
R Err el e L e
(
(520
<

1 1 5 -

2p? I—V¢(v))b1+2u(u¢/(y)_1) bl) dz” @ Or2
1 vy'(v) 2 2 5

20 -0 2 - 1) bl) da* © 0>

1 2 1 3
eem =) ' e

+ by +

2p2 (1 —vy/(v))

vy (v) 2) 2 o 3
+ bs b5 | dx® ® 0oz .
(M(Vw( -1 2 ) -1 2 ’
The universal curvature on the gamma manifold is:
1 ~ -
O = (bﬁFz/\ Brnb™T _dz™ A dz” + 28,6T%  dz® A dx") 9 Do

The analytic form of this is known [3] but is omitted here.

6 Universal connection and curvature for a-connections [10]

Consider an exponential family having statistical n-manifold (M, g) and the system
C x FM — JFM : (a,b) — T (b)

where C'= M x R is the direct product manifold of M with the standard real line. So the system space
C consists of a stack of copies of M. Then every I' € Sec(C/M) is a constant real function on M, so
defining precisely one a-connection.

In the case of the frame bundle system, (M x R) x5, FM — JFM, the universal connection on the
system of a-connections is

A : (MXR)X]wFM—>
J((MXR) XMFM) CT*(MXR)(X)FMT((MXR) ><F]\4F1]\4)7
(z*,0,0") — (XN YD) — (XN, Y 0T a X))

s Yo 2 Yo Ok
briefly,

Azda:)‘®3,\+da®3a+b2adx9®5ﬁx, A, k,0=(1,..,n), a€R
Explicitly, each T' € Sec((M x R)/M) gives an injection (Iomg, Irar), of FM into (M x R) x FM, which

is a section of w1 and I' coincides with the restriction of Ar to this section.

The connection A is universal in the following sense. If T' € Sec((M x R)/M), then T is a constant real
function on M, so the induced connection I' = o (fO’]TF7 Irn) : FM — JFM coincides with restriction
on A, on the embedding by (I o g, IpM) of FM in (M x R) x5 FM. So T is a pullback of A. The
universal curvature on the system of a-connections is

Q: (M xR) xy FM — N(T*(M x R)) @ppn V(FM).
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So Q has the explicit form:

1 - -
Q = 5(bﬁa@,ﬁgbz‘adx/\Adx”+28abL”adthda:”)®8wa,
for (k,k,B,m,w,\,n,h=1,..,n), a€R.
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