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Abstract
In a previous paper we have considered the harmonicity of local infinitesimal transforma-
tions associated to a vector field on a (pseudo)-Riemannian manifold to characterise intrinsi-
cally a class of vector fields that we have called harmonic-Killing vector fields. In this paper we
extend this study to other properties, such as the pluriharmonicity and the a-pluriharmonicity
(o harmonic 2-form) of the local infinitesimal transformations, obtaining characterisations of
these kinds of vector fields.
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1 Introduction

In [I] we introduced the notion of a harmonic-Killing vector field, for which all of the 1-parameter
groups of local transformations consist of harmonic maps. We introduced also the term 1-harmonic-
Killing vector field for the case when the transformations have zero linear part of their tension
field—which Nouhaud[8] had referred to as harmonic infinitesimal transformations. Such vector
fields give rise to new examples of harmonic maps in pseudo-Riemannian geometry, and emphasise
the importance of the complete lift metric for tangent bundles in the study of harmonicity.

With the objective of defining and characterising new types of vector fields, we consider other
properties of the local linear transformations associated to a vector field on a (pseudo)-Riemannian
manifold. First of all, in section 2 we review some of the results obtained in [I]. In section 3 we
study harmonic-Killing vector fields in Kéhler manifolds, obtaining that in the compact case such
vector fields coincide with the holomorphic ones. We study next the vector fields for which 1-
parameter groups of local transformations consist of pluriharmonic or a-pluriharmonic maps; we
call such vector fields pluriharmonic or a-pluriharmonic vector fields, respectively. We end by
obtaining intrinsic characterisations and giving relations among the new types of vector fields.

We begin by collecting some basic material that we need later.

2 Harmonic-Killing vector fields

Let (M,g) and (N,h) be Riemannian (or pseudo-Riemannian) manifolds with dimM = m and
dimN = n, and denote by VM and V¥ the Levi-Civita connections on M and N, respectively. A
smooth map ¢ : (M, g) — (N, h) defines a fibre bundle ¢*(T'N), with projection m; : ¢*(TN) — M,
T (Ty@)N) = x,Yox € M. Sections of ¢*(T'N), I'(¢*(T'N)), are called vector fields along ¢. In
particular, every tangent vector field on M, X € T'(T'M), induces a vector field d¢p(X) along ¢,
such that ((d¢(X))(z) = (d¢). X (x),x € M. Moreover, every vector field X’ on N, X' € T(TN),
induces a vector field X’ o ¢ along ¢, such that (X' o ¢)(z) = X'(¢(x)).

There exists a unique linear connection, ¢*V¥, on ¢*(TN) defined as follows

(VM) x (Y 0 9)(@) = (Vigx)Y") 0 6(x) = Viag), (x(a) (Y (#(2))),
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where z € M, X € T(TM) and Y’ € T(TN), ¢*V¥ is called the connection ¢-induced by V¥ on
L(¢*(TN)).
This linear connection has the following properties:

(1) If ¢ is an immersion and X,Y € I'(T'M)), then

(0" V) x (do(Y)) = Viyx) ([do(Y)).
(2) As V¥ is torsion free, we have for any X,Y € I'(TM))
(0" V) x (do(Y)) = (6" VV)y (d(X)) = do([X, Y]).
(3) The metric h is parallel with respect to ¢* V', that is
(¢*VN)h = 0.

Let us denote by V’ the naturally induced connection on the

tensor product T*M ® ¢*(TM) by the connection VM on T*M, and the connection ¢*V¥ on
¢*(TN), then in particular

(V'(d9)) (V) = (6"VY) x (do(Y)) = (dg)(VRY)

is the second fundamental form of ¢ and the section 7(¢) = trace,(V'(d¢)) of ¢*(T'N), is called the
tension field of ¢. Then, ¢ is said to be harmonic if 7(¢) = 0, and totally geodesic if (V'(d¢)) = 0.
(See [2], [3] for more details and references.)

Now, let U € M and V C N be domains with coordinates (x!,...,2™) and (y,...,y™) respec-
tively, such that ¢(U) C V. Locally, the map ¢ has the representation: y* = ¢%(z!,...,2™). Then
the second fundamental form at x € U can be locally expressed by the following:

/ _ / @ g J 9 o
(V'(de)) = (V'(do)),yda’ @ do” @ (5 5 0 )
where

2 1a a b c
(V') () = s (@) = 9Tk (1) 90 () + "R (0@) [0 (1) 02 ()], (21)

fori,j,k=1,...,m;a,b,c=1,...,n.

If {U;} is an orthonormal reference for g in T, M, then the tension field of ¢ has the following
expression at x € U

n

7()(x) = D _(V'(d9)),,, (U:)(x). (22)

i=1

With respect to the usual basis of T, M {52} we have the expression

(00" (0) 5 (0(0)) = 97 (@) (V06" (525 ()5 (612)
= 59(0)(V'(d0))} ()5 (0(2).
fori,j=1,....m;a=1,...,n.

We note that slightly differing terminologies have arisen in the literature concerning the geometric
characterization of vector fields through their groups of transformations. Nouhaud ([8 [@]) used
the term harmonic infinitesimal transformations to mean that the local transformations have zero
linear part of the tension field; we shall refer to this property as being 1-harmonic.
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Definition 2.1 [I] A vector field X on a pseudo-Riemannian m-manifold (M, g) is called a harmonic-
Killing (1-harmonic-Killing) vector field if each local 1-parameter group of infinitesimal transfor-
mations associated to X is a group of harmonic (1-harmonic) maps. In this case we say that the
infinitesimal transformation is a harmonic (1-harmonic) infinitesimal transformation.

For harmonic-Killing vector fields, we have the following:

Theorem 2.1 [1] Let (M, g) be a pseudo-Riemannian m-manifold and X a vector field on M. If X
is a harmonic-Killing vector field then, for allz € M, 37" (L V)(Y;,Y;) = 0, for any orthonormal
frame, {Y;},7=1,...,m, on T, M. O

We have established the following equivalences for the definition of a 1-harmonic-Killing vector
field.

Theorem 2.2 [I] On a pseudo-Riemannian manifold (M, g) the following statements are equiva-
lent:

(i) X is a 1-harmonic-Killing vector field.

(i) ¢Y(L,T%;) =0, i,j,k = 1,...,m, where L denotes the Lie derivative and g* are the com-
ponents of the inverse matriz of the metric g and Ffj are the Christoffel symbols of the
Levi-Civita connection of g.

(iii) X : (M, g) — (T M, g) is a harmonic section, where g© denotes the complete lift of g.

(iv) AX =2Ric(X,.), where A = dd + dd, (d = differential, § = codifferential) and Ric denotes
the Ricci tensor of (M, g).

(v) X is a Jacobi field along the identity map of (M, g).
O

Remark 2.1 Statement (v) is a particular case of Ferreira’s Theorem [5], and (iii) is studied in
[§]. (ii) < (iii) is proved in [9].

3 Harmonic-Killing vector fields in Kahler manifolds

Let M and N be complex manifolds with almost complex structures Jy; and Jy, respectively. A
C°-mapping ¢ : (M, Jy;)— (N, Jny) between two complex manifolds is holomorphic if the differen-
tial, do, : T, M —Ty, )N, x€M, satisfies:

Jyodop, = dpgodn, VreM.

A Riemannian metric g on a complex manifold (M,J) is a Hermitian metric if g(JX,JY) =
9(X,Y), X, YeT, M ,VeeM,, Moreover if the 2-form w given by w(X,Y) := ¢(X,JY), X, YeT, M,
VxeM, is a closed form, i.e. dw = 0; then g is called a Kahler metric and (M, J,g) is called a
Kahler manifold.

It is known that all holomorphic maps between Kahler manifolds are harmonic. We have also the
following result for harmonic-Killing vector fields.

Proposition 3.1 Let (M, J,g) be a compact Kahler manifold and X a vector field on M. Then
X is harmonic-Killing if and only if X is holomorphic.

Proof. We use the Lichnerowicz Rigidity Theorem ([2], p38 or [7]). If the transformations are
harmonic variations of the identity, which is holomorphic, then they are holomorphic variations.
O

In the case that (M,J,g) is not a compact manifold and for 1-harmonic-Killing the previous
proposition does not work in general.
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Example 3.1 Consider the complex Euclidean plane C with standard coordinates z = x + iy, and
the Hermitian metric ¢ = dz ® dz + dy ® dy. Let X be the vector field

X y) = X' (0,9) 2+ X2(a,9) 2

oz Ay’
The harmonic-Killing condition for X is
02Xt 02X
— = ithi=1,2
Oxdx Oydy ’ W r=as

i.e., X? are harmonic functions from R? to R. Moreover the holomorphic condition for this type
of example is the following

oxX'  9X? ax'  9x2

Ox oy = Oy Ox

Then X' = £ (x)?—4(y)? and X? = 0 provide an X that is 1-harmonic-Killing but not holomorphic.

3.1 Pluriharmonic vector fields

Let (M, J,g) be a Kéhler 2m-manifold and (N,h) a Riemannian n-manifold. A C°°-mapping
¢ : (M, J,g)—(N,h) is called pluriharmonic if the second fundamental form of the map ¢ satisfies:

(Vde)(X,Y) + (Vde)(JX,JY) =0, X,YeT,M, YaeM.

Clearly a pluriharmonic map is a harmonic map. Also, it is well known that if N is a Ké&hler
manifold and ¢ is a holomorphic map, then ¢ is pluriharmonic.

We define a new kind of vector field on Kahler manifolds.

Definition 3.1 A wvector field X on a Kdahler 2m-manifold (M, J,g) is called a pluriharmonic
(1-pluriharmonic) vector field if each local 1-parameter group of infinitesimal transformations as-
sociated to X, is a group of pluriharmonic (1-pluriharmonic) maps. In this case we say that the
infinitesimal transformation is a pluriharmonic (1-pluriharmonic) infinitesimal transformation.

It is well known that any vector field X € T'(T'M) gives rise to a local 1-parameter group of
diffeomorphisms I 3 ¢t +— ¢; € Diff(M), where I is some neighborhood of 0 € R, by solving the
autonomous system of ordinary differential equations,

0
* *
ev't:to o & o Y = ev|t:t0 O Py © X

with the equality understood as maps from C'*°(M) into itself, and subject to the initial condition
ev|,_, o ¢f = id, as an equality of algebra

automorphisms of C°°(M). This equation has a unique solution; namely, ¢; = exp(tX), where
exp is defined through its Taylor series expansion, and X* is understood as X o--- o0 X (k-times).
Our goal is to seek conditions under which ; is pluriharmonic for all ¢ € I. Now, the Lie algebra
action of T'(T'M) on the various geometrical objects defined on M is given through the following
‘rule’: Take the derivative with respect to t, evaluated at ¢ = 0 of the Diff(M) action defined by
the 1-parameter group of diffeomorphisms ;€ Diff(M) associated to X € I'(T'M). Thus, the Lie
algebra action of I'(T'M) on C*°(M) is given by

Co(M) xT(TM) — C*(M),  (f,X) = Ly f=X(f),

0
because X (f) = ev|,_, o — o ¢; f, and the right hand side is, in view of the differential equation,
equal to ev],_, o ¢ o X () = X(f).
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Similarly, the Lie algebra action of T'(T'M) on connections on M, (Con(M)), is given by
Con(M)xT(TM) — Con(M), (V.X)—L,V.

Namely,

0 o
L,V =ev|,_,o0 5 ° v,

where V™' is the result of the natural action of T(T'M) on Con(M), that is,
VZY =@ o (Ve Y opt,

—t

and by W¢ we denote the right action of Diff(M) on T'(T M), i.e., W? = p*oWop~1* ¢ €Diff(M),
W eTl'(TM).

Now we are ready to give an intrinsic characterisation for a 1-pluriharmonic vector field.

Theorem 3.1 Let (M, J, g) be a Kihler 2m-manifold and X a vector field on M. The vector field
X is a 1-pluriharmonic vector field if and only if (L, V)(Y,Z)+ (L, V)(JY,JZ) =0, VY, Z.

Proof. If X is a vector field on M the differential dp; defines a section of the vector bundle
T*M @ @ (TM) ~ Hom(TM, ofTM), where ¢} (T M) is the pullback bundle of TM along ¢;. In
fact,

D(TM) 3 Z — dgu(Z) = Z o 6} € D(piTM).

Indeed,
Zopp =g oploZop; =g 0Z7 "

Let us denote by V' the naturally induced connection on the tensor product T*M ® ¢} (T M) by
V the connection on T*M, and by ¢;V the connection on ¢} (T'M), then

(V'(der)) ,(Y) = (97 V)z(dee(Y)) = (de)(V2Y) = @ 0 Vze - Y70 — (dipe) (V2Y).

Note, in particular, that the assignment (Z,Y) — (V’(dg;))z(Y) is symmetric when the connection
on TM is the Levi-Civita connection, since the difference (V'(dgy)) ,(Y) — (V/(der))y (Z) equals
©i([Z2¥-t,Y?]) — (dg¢)([Z,Y]), which vanishes identically.

To say that ¢, is pluriharmonic, is to say that
(V'der))y, (Yj) oot + (V'(dpr)) 5y, (JYj) 09rt =0, Vi, j=1,...,m, (3.1)

where {Yy, JYi}, k=1,...,m, is a frame on T M. So, after substituing the expression of V’(dy;)
we get that (3.1) is equivalent to

inwftY;pft — (Vinj)#Lt + Vv, JY;&% — (VJYI»JY]')@’t =0, Vi,j=1,...,m.

The corresponding infinitesimal condition is therefore that,

0
im0 g7 O (Vyirme V77 = (Vi Y5) 70 4 Vyene JYPT = (Vo JY;)77) = 0.

ev|
Computing the derivatives on the left hand side, and simplifying, we obtain
LNVY,Y;)+ L, V(JY;,JY;) =0, Vi, j=1,...,m,

where X is the vector field whose 1-parameter group of diffeomorphisms is ¢;, and this gives the
result. In fact, we have proved that X being pluriharmonic implies the condition in the theorem,
but we need 1-pluriharmonic for the converse, as may be seen from the general result for second
fundamental form in Nouhaud|[§]. O

We obtain also the following equivalence.
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Theorem 3.2 A wvector field X on a Kdhler 2m-manifold (M, J,g) is a 1-pluriharmonic vector
field if and only if the section X : (M,J,g) — (TM,g%) is a pluriharmonic map, where g¢
denotes the complete lift of g.

Proof. If we consider the vector field X = X®-9- a = 1,...,2m, as a map from (M, J,g) to

oxa?

(TM, g%) (see [12] for the description of the complete lift g“) we have in coordinates:
X : (M, g)—(TM, %), 2°—X(2%) = (2%, X?), a=1,...,2m.

The local expression of the second fundamental form of X is the following (see [g]):

o 0
dX)¢ —) =
(VaX)* (5 o) =0
= 0 0 o 0
dX)(=—,=—) = (N, =—
(VaX) (s 205) = (£, 9) (s o)
where a,b,c=1,...,2m, and ¢ = ¢ + 2m.
If we apply this formula to the basis {%, J(%)}, i =1,...,m, the result follows from the linearity
of the Lie derivative. O

It is well known that a pluriharmonic map is harmonic and holomorphic maps are pluriharmonic,
moreover, in the case of pluriharmonic vector fields on compact Kéahler manifolds we have the
following equivalences.

Proposition 3.2 Let (M, J,g) be a compact, Kihler manifold and X a vector field on M. Then
the following conditions are equivalent:

(i) X is holomorphic,
(ii) X is harmonic-Killing,

(iii) X s pluriharmonic.

Proof. We have that a holomorphic map ¢ : M——N is a pluriharmonic map if N is a Kahler
manifol. Then, following the Proposition we have the equivalences. O

3.2 «a-Pluriharmonic vector fields

We have that a vector field X on a Kéhler manifold (M, J, g) is a pluriharmonic vector field if the
J-invariant part of its second fundamental form vanishes. Our goal is to generalize this concept
when M is not necessarily a Kéhler manifold. Following this objective we introduce the Clifford
formalism (see [6] for a complete description).

Let (M,g) and (N, g) be Riemannian (or pseudo-Riemannian) manifolds, connected, without
boundary and with dimM = m > 2 and dimN = n > 2. Let ¢ : (M,g9) — (N,h) be a
smooth map. We denote by D = d + § the Dirac operator of the Dirac bundle of M, acting on
differential forms with values on

¢*(TN). If « is a p-form on M and o is a section of ¢*(T'N), the Clifford multiplication, *, is
defined by
ocxa=ocAa—tlo)a, and ax o= (=1)P(cha+ i(0)a),

where A and ¢ denote the exterior product and the interior product of differential forms, respec-
tively.

If {e;}i= is an orthonormal reference then D has the following expression:

D= Ziei * Vei.

So, the smooth map ¢ : (M, g) — (IV,h) is said to be a-pluriharmonic, where « is a harmonic
2-form (da = doe = 0) on M, when
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D(axdp) — ax D(dp) = 0.

Following the structure of the previous sections we introduce the a-pluriharmonic vector fields char-
acterised by the property that their integral flows act on the manifold by means of a-pluriharmonic
diffeomorphisms.

Definition 3.2 Let (M, g) be a pseudo-Riemannian manifold. A vector field X on M is called a
a-pluritharmonic (1-a-pluriharmonic) vector field if each local 1-parameter group of infinitesimal
transformations associate to X is a group of a-pluriharmonic (1-a-pluriharmonic) maps. In this
case we say that the infinitesimal transformation is an a-pluriharmonic (a 1-a-pluriharmonic)
infinitesimal transformation.

Lemma 3.1 [10] If « is a harmonic 2-form over M, then for all x € M, we have the following:
D(axdg) —axD(dg) = 2 Vd(ei, )Aale;,.),
where * denote the Clifford multiplication and {e;}i=7 is an orthonormal local frame on T, M.

Theorem 3.3 Let (M,g) be a Riemannian (or pseudo-Riemannian) manifold. A vector field X
on M is a 1-a-pluriharmonic vector field if and only if, for all x € M,

> (L) ei Jnaler, ) = 0,
for any orthonormal local frame {e;}:=7 on T, M.

Proof. We follows the notation of the previous

sections. If X is a vector field on M with infinitesimal transformation ¢;, then to say that ¢, is
a-pluriharmonic, following the Lemma is to say that, for any x € M,

Z?(V’d(pt(ei, Jop_iAa(e;,.) = 0, (3.2)

and (3.2) vanishes if and only if for any orthonormal frame {e;}!=7* on T,,M,

Z?[(a(ei, ex)V'dpi(ei ej)op_t) — (alei, )V dpi(ei ex)op_t)] =0, Vi, k=1,...,m.

So, after substituing the expression of V'dp; we get that (3.2)) is equivalent to

—t —t

> Halen en)(Vere!) = (Ve,e)? ) =ales, e)(Vereef )~ (Verer)? )} = 0,5,k =1,...,m.

The corresponding infinitesimal condition is therefore that

—t —t

€U|t:0%O{ZT[a(€uek)((veft e5') = (Ve,e5)? 1)) — alei, ) ((Veseef") = (Ve,ex)” )]} =0,

Vi, k=1,...,m.

Computing the derivatives on the left hand side, and simplifying, we obtain
Zizla(ei,ek)(LXV)(ei, ej) —ale,e;)(LxV) (e er) =0, Vi, k=1,...,m.
The condition is, therefore,

Z:n(ﬁxv)(ei, JAa(e;,.) =0,

where X is the vector field whose 1-parameter group of diffeomorphisms is ¢, and this proves the
result. Again, we have proved slightly more than the statement, since a—pluriharmonic implies
the condition, but here again we need 1-apluriharmonic for the converse by Nouhaud[§]. O
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Theorem 3.4 Let (M,g) be a Riemannian (or pseudo-Riemannian) manifold. A wvector field X
is a 1-a-pluriharmonic vector field if and only if the section X : (M,g) — (T'M,g%) is an a-
pluriharmonic map, where g denotes the complete lift of g.

Proof. As in Theorem if we consider the vector field X = X B(zi ,i=1,...,m, as a map from
(M, g) to (T M, g%), the local expression of the second fundamental form of X, at the point z € M
is the following:

(VdX)*(es,ej) =0

(VdX)*(ei,e5) = (L, V)¥ (e, €5),

where {ei}ﬁjn is an orthonormal frame of T, M, i,j,k =1...,m and k = k + m. This expression
and Theorem [3.3] proves the result. O

It is well know that an a-pluriharmonic map, with a non-degenerate, is a harmonic map. Moreover,
in the case of pluriharmonic or a-pluriharmonic vector fields we have the following result.

Proposition 3.3 Let be (M, J,g) a compact, Kihler manifold and X a vector field on M. Then
the following conditions are equivalent:

(i) X s holomorphic,
(ii) X is harmonic-Killing,
(iii) X is pluriharmonic,

(iv) X is w-pluriharmonic, where w is the Kahler 2-form over M.

Proof. The first three equivalences are the Proposition Moreover, making easy calculations
we obtain that

(D(wxdpr) —w = (dp))(X,Y) = 2((Vdp)(JX,Y) = (Vg )(X, JY)),

where ; is the 1-parameter group of transformations associated to X. So, we have the equivalence
(#91)<(iv), and this completes the proof. O

In the presence of conditions on the curvature of the manifold, there exist relations among these
concepts. If (M, g) is a compact Riemannian manifold with non-positive complex sectional curva-
ture and « is a parallel 2-form on M, then, using [4] (Proposition 3.1), a vector field X on M is
harmonic-Killing if and only if it is a-pluriharmonic.
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