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Harmonic Fibrations
of the Tangent Bundle of Order Two.
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Sunto. — In un precedenie lavore sone stale studiate le fibrasioni armoniche
del fibrato tangenti e del fibrato dei riferimenti st una m-varfeld rieman-
wigna (M, g). Si considerano slrutlire corvispondenti per T2 M, 4 filralo
tangenle del secondo ordine, che & costituilo doi 2-jels di ewrve in M.
Lo meirice rviemanniena g su M induce allraverse la sus connessions
una malrica riemanniana naturale T su T2AL Sfrullando lo melrica Tq
di Sasaki ([8]( sw TM si ha il sequente diagramma di fibrasioni armo-
niche.

(TM @ THM, TgxTg) =~ (T2M, T*g)

(M, Tg)

(M, g)

in cud I rige superiore & un'isometvia. Si offengono diverst risullati riguar-
danii lo geometria di T2 e 5i considerane anche Varmonieild delle mappe
indotte fra due tali disgrammi do wn mappa da (M, 9) a una varield
riemanniana (N, k).

1. — Second order geometry.

Throughout we shall work in smooth categories of real mani-
folds with boundary and in finito dimensions. Let (M, g) be a
Riemannian m-manifold, then its tangent bundle T'M becomes a
Riemannian Rm-vector bundle with respect to g on its fibres and
it has & unique torsion free linear connection V¢ which is com-



44 . T. J. DODEON - M, B. VAZQUEZ-ABAL

patible with g. In a natural way, the Whitney sum TM & TM C
t M= TM is a Biemannian R* 3 Rv-vector bundles with respect
co (the restriction of) the metric g xg; its unique torsion free linear
connection eompatible with gxg is Ve@ Ve,

Now, TM admits also a Riemannian metrie Ty, the Sasaki or
diagonal lift of g: so (T'M, Tg) iz a Riemannian 2m-manifold. The
local components of T'g arve diag (g, ;) with respect to the tan-
gent frame field

{I:.'-':'r— :E:ff‘ué'*., é;} = {Fr-” ég}

at a point in TM  with ecoordinates (af @) and induced natural
tangent frame {2, ¢,}. Here I, denotes the Chriztolie]l symbols
of V¢ and hence loeally the {h} span the Ve-horizontal distribution
in TrM. On the tangent bundle, V¢ is also a veetor bundle con-
nection; that is, a eovariant derivation of sections:

Vo: S(TM) % S(TM) — S(TH) .

Mext, T*M is the fibre bundle of 2-jets (at 0eR) of curves
in M and in the presence of the linear connection V¢ it becomes
a R# @ Re-vector bundle [2], [6] which is isomorphic to I'M & T'M
by means of the diffeomorphism

I T2M - TM @ TM: (x, &, &) — (2, 3) D (o, Vi) .

This offectively introduees curve equivalence up to eovariand
acceleration. In coordinates,

Ty (@, 34, &) (@, @) © (o, &+ 2 Th)

Evidently we can use this isomorphism over (M, g) te bring
to T2 the natural structures in TM 3 T M, summarised by:

TaEoREM 1. — (i) T2M — M iz a Riemannian veclor bundle with
respect to (gxg)el).

(i) (=M, T%) iz a Riemannian 3m-manifold with Rieman-
win mefrie
Trg = (TgxTg)edT, . #

We need to distingnish the two aspects of induced geometry
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for T*M. Firstly,
TN(Ve@ Vo) I, = Voo S(Z ) % S(T2 M) — S(T2M)

is the indueed connection as a covariant derivation of sections of
T2 with respect to sections of TM. This derivation is compat-
ible with § = (g g)el, in the sense that for all X e S(T'M), 4, Be
ES(T*M) wo hava:

X§(4, B) = §(Vo. 4, B) + (4, V2.B).

Seeondly, T2 induces a Levi-Civita connection V™ on T2, This
is & covariant derivation

VI, ST % 8(T2M) — S(T:M)
compatible with Tg; so, for I°, A, Be 8(T:M) we have:
FT:g(A, B) = Tg(V"%A, B) + T2g(4, VT B) .
Ve induces & rank i horizontal distribution D on TT2M; also VT
induees a rank m horizontal distribution Dy on TT*M, which is
the orthoronal complement with respect to T3y to the tangent
space of fibres of the projection T*Af — M.

If one considers the space Dy in T(TM 5 THM) consisting of
the horizontal vectors (X, ¥) with respect to V2@E Ve such that
ApulX) = 7yl ¥), it follows from the eonstructions that D and I,
coineide with the inverse image by T of D,.

We can conveniently span this latter at

(= &) D (') & - ararMy,) = (@ &) @ (@ ) e TM D M
by the basis:
{-Fli’B' -Th} == {{EI’_ &I T, E'a.} @ (gi— g I*y, 31}} .
The complementary vertical subspace is spaned by

{(2:D0), (0D )} .

Bringing these back to TT*M by I'7' we have a horizontal sub-
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space spanned by

{H}=TI7'{h@h} =
= {E"i'_ ;{;rf‘kﬁék + [2atdr e I — g Dy — m"ﬁrz'ai-rl"nr].é't}

and o complementary vertical frame field
{ee 8 = {8i— 247 %,8,, 8} .

With respect to these frame fields {H, =, EE} the components of
g appoar as
diag (2g., o 945) -

Another way to view the induced connection for M is via
the direct sum of two copies of the almost product structure
induced by V# over T M. This wviclds an almost produet structure
over "M and hence the conneetion; de Leon and Vizquez-Abal [6]
give details of this viewpoint.

Bowman [1] studiod the submanifold 28 ¢ TTH on which Trpy
and mppe agree. This is clearly a vector bundle over T'M, and in
the presence of the connection Ve on M there is a diffeomorphism
of *M with M T'M over M. In fact Bowman's image of =M
in M & M coincides with the image there of ¥*M by our
map .. Honeo 20 and 700 are isomorphie as veetor bundles
over M and under the izomorphism the natural metrie and con-
nection structures correspond.

Bowman viewed the Riemannian strueture on *M as 5 second
order metrie on M. He showed that its auntoparallal curves are
not noeessarily geodesics of (M, g) and a corresponding result was
demonstrated by the second author for T*M. It is clear that
goodesics of (If, g) ave always autoparallel curves of 2A3f, or T0if.

Each antoparallel curve of *Af defines a second order exponen-
tinl map and Bowman showed that it is loeally a diffeomorphism
and restricts to the usual exponential map; the same is now
obtained for I"M by wvirtue of our mutual isometries throngh
TMp T,

We shall find it useful to introduce the ehange of coordinate
matrix L = [L,y] indueced by the change of frame isomorphism

{81y Buy B} — {Hy 81, 8} = {44}

The components of L-! will be dencted [L4*]. Here, of course,
4, B run through 1, 2, ..., 3m. The structure constants of the
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Lio Algebra referred to the adapted frame {4} are denoted Cpo4, 50
[Agy de] = Cuetdy .
It follows that the possible nonzero strueture constants are given by
CiF=1T",, Cif =Bya,
Gt = @@+ #) By, CfF=T*,

where =k -+ m, E =k 4 2m and R,,* are the local components
of the curvature whose expression is

Riﬂk _— a’-}_‘lm— E'.:J!”"”, ‘E' F“,:F'm— Fl“lﬁ‘,'p. .

We shall denote the Chrystoffel symbols of the metric connection
V% with respect to the frame {4} by T°IMy. Of course, this
connection is torsion fres but with respect to this frame we have

T’pp.nn‘—‘ Tlﬂplaﬂ = Cpe .
Therefore sinee VI7T* =0,

1-*;11,{” — %{Tzﬂdu[f‘ﬂfi’!ﬂuc} 4 Ao{T2gns) — Aol T*Fre)] +
“{' [Cm:d' Ju‘ B"M‘[‘ B"en}} ]
with

Big, = T2gP gy, Cps® .

In order to compute T8I, we need to know the B4,; it turns
out that the possible nonzero components as follows

Bt; = 1B, B, = o¥ g T u,y
Bkr? —= %{:&hjrr'ﬁr'F ) By, Bl‘;:?'= %ﬂ'“ffupu,
BE;;' S ﬂ”ﬂ'r.r-rr!i ] Bzif}' — ﬂ”ﬂr:’jﬂf:i ¥

where EE = g% gy
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The possible nonzero components Y1, are found to be:

H ; T . - ‘i
= u'_ru,” — Pkr: 1 gf";i — ‘.}Hl’mm" 1
1 LT . ' L] ay = "
T e, = F BRpd* T ke = § (@ I, + £ By,
T’&lr.'.-,;.__“ — L {i“i’P;u,- ,_|_, -?EJ}RE]H .
T Eh T2 ik
F{'Pku — ‘-,],-‘Ral.h Ly .5 3 % P*ﬁ 3

T‘GIE.—,; = 1" {-'i:?':ﬁ"'P:nr+ E) Brr® T'ﬂpifu"l' =1,

Walker [10] introduced the following terminology for a distri-
bution ‘D on a tangent bundle in the presence of & connecltion:
(a) D iz semi-parallel if parallel relative to itself.
(b)) D is path-parallel if its integral enrves contain all of the
antoparallel eurves with initial veetor in .

It is clear how to adapt these for other vector bundles and get
an analogous result to that of Mok [7] on the frame bundle.

THEOREM 2. — On (T2M, T%) the Levi-Civita connection VT°
induces the splitting TT*M ~ 850
i) 3 is semi-parallel if and only if (M, g) is flat.
i) JC is path-paratlel,
iii) U iz parallel along JC if and only if (M, g) i= flad.
iv) AT iz semi-parallel and palh-parallel.
v) U iz parallsl if and only if (M, g) is flai.

Proor. — We use the reformulation by Yano [11] of Walker's
definitions in terms of components of the connection V¥, Our
computation of the T°/™,, then yields the result. #

Wo eonsider next the case that (M, g) is flat, then it follows
that (TM, Tg) is flat. Also the V™ %horizonral distribution is in-
tegrable, because then Gyt = 0, and we can consider its integral
manifolds.

Turoresm 3. — If (M, g) iz flat then Wiz,) the marimal intogral
manifold of the VT horizontal distribution JC through cach 2, T*M,
is well defined, awtoparallel and tolally geodesic in (A'*M, T2).
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Proor. — Binee JE iz integrable, then any curves ¢ff) whose
tangent vectors all belong to JC through o(0). By Theorem 2, JC is
semi-parallel and hence Wi(z,) is autoparallel. Additionally, JC is
path-parallel and it follows that Wi(s) is tofally geodesic. #

2. = Second order harmonic fibrations.

THREOREM 4. — The diffeomorphism over (M, g)
Iy (I°M, Tog) — (TM D TM, TgxTyg)

i harmonie.

Proor. — This is simply because we have arranged for I, to be an
isometry, which is therefore harmonic by Eells and SBampson [3].  #

We now consider the more suitable & = } T3

THEOREM 5. — The weotor bundle m : (M, @)— (M, g) is a
harmondo filvation with awtoparallel filves.

Proor. — Bvidently =)' is a Riemannian fibration. Then it is
harmonie if and only if its fibres are minimal submanifolds, by
Eells and Bampson [3]. From Yano [11] we find that the Levi-
Civita connection V9 has semi-parallel vertieal distribution U be-
CANED

TN e — T, o - T,
Ph‘_ P::_ Pl.i'_ P“-._-'ﬂ

(note: TP4,, = 0I'y),

Also, U is integrable. Now, by Kobayashi and Nomizu [5],
p. 53, the fibre of =), being integral manifolds of U, are aufo-
parallel. Henee the fibres are totally geodesie by [B], p. 56, there-
fore minimal submanifolds. it

CoROLLARY. — The veclor bundle (I*M, &) — (TM, Tg) is a
harmonie fibration, by resieiction of the fibres of =i it
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THEOREM 6. — In this diagram

I:f
— (T2, g) _— (I*N, G) ——
ny Ty
~ Tf ~w :
Ty’ (T™M, Tg) —> (TN,Th) Ty
TTrm T
f
L (M, ) ——m— (N,H) —
we have:

i) fomtry = mowoTf is harmonie if and only if f 18 harmonie.
ii) fom) = afoT2f is harmonic if and only if f is harmonie.

iii) fomd = aloT*f is harmonic if (N, h) is flat and T*f is
harmonie.

PROOF. — The results i), ii) follow from Hells and Sampson [3]
because spy, and sy are harmonic Riemannian submersions. By
direct computations, =) is totally geodesic if (N, k) is flat; then
its left composition with harmonic 7'%f yields a harmonic map. #

CoROLLARY 1. — Suppose that (N, k) is R, (M, g) is compact
and that (T*M, @) is complete with nonnegative sectional curvature.
Then, if f or T*f is harmonie, it follows that the real function

foma: T:M —R
18 constant if it has bounded energy.

Proor. — Harmonicity of f or 72f is sufficient to ensure har-
monicity of fomy and then we have a special case of a theorem
of Greene and Wu [4]. #
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‘We note that this result may be relevant to the study of second
order lagrangians, particularly for physics on 82, 83, S* for example.

COROLLARY 2. — Suppose that (N, h) is compact with nonposi-
tive sectional curvature, (M, g) is compact and (1M, G) is complete
with nonnegative Ricci curvature. Then, if f is harmonie, it follows
that

fomd: T*M —N ,

18 constant if it has bounded energy.

Proor. — As for Corollary 1 but using a result from Schoen y
Yau [9]. # -

CoROLLARY 3. — If the horizontal distribution in T°N is integ-
rable, then fom, is harmonic if T*f is harmonie.

ProoF. — This follows because n; is totally geodesic if and only
if the horizontal distribution in 7'*N is integrable. Then its left
composition with harmonie 7' f yields a harmonic map and jom, =

—alol?f. 4
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