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HARMONIC GEODESIC S¥YMMETRIES
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We prove that a Riemannian manifold is locally symmetric if and
only if all local geodesic symmetrics are harmonic.

|. INTRODUCTION

Let {M,g) be a smooth n-dimensional Riemannian manifold and = 4 point of H.
= 1
Cansider an orthonorsal basis, 1{=|.---.ﬁu]. of T M and dencte by (x ,...,%) the
system of normal coordinates centered at the point o with —ai (=) = ey
ax

1= |,euagite

If £ is & unit tangent wector at m, and ¥ is the geodesic r—- crpm{rii
through = = y(0) with tangent vector £ = y'(0) and arc lengrh r, we define che

map
ok i
¥y ¢ exp (rE) —+ cxp (=€) @ (x)e— (-x7} .
For each m there exists & meighborhood of = such that ¢ is a local diffecsorphism

and in what follows we will always restrict to such a domain. The map v is
called the local geodesic symmetry centered at m.

This map may be used to define specisl clagses of Riemannian manifolds. The
classical example is that of a locally symmetric space. Indeed, it is well-known
that a Riemannian manifeld is locally symmetric if and only if each local geo-
desic symmetry is an isometry. If ¥V denotes the Riemannian connection and E the
asgociated curvature temsor, thenm the above conditien is equivalent to WR = 0.

A very useful criterion is given im the following

LEMMA 1. (M,g) is locally symmetrie if and only if

oy = 0

for all tangent vectors K, ¥.
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For a proof of this lemma we vefer we [1],[5]1,[7].

Hext, let (M,g) and (H,h) be two Riesannian manifolds with metrics g and h
and lee £ 1 (M,g)— (H,h} be a smooth map. The pullback £%h is a semidefinite
symmatric covariant tensor of order twe, called the first fundamental form.
Further, the covariant diffecential V(df) ie a symmetric tensor of order two
with wvalues in f"{'.l.'!i',i.. called the second fundamental form of £ {see [2],[3]).
A map with vanishing second fundamental forz i said to be totally peodesic.

The trace of V(df) is denoted by T(f) and is called the tension Field of f.
A map with vanishing tension field is called a harmonic map.

If°LC M is a domain with coordinates {:1.....1") and e N ig a domain with
coordinates (y',...,y™) such that £{UICSU, then f can be locally represented
by y“ - Eui:l....,af’J. = l,...,0. The petric temsor g is ropresented by
glx) = E-lj{ﬂdi[ﬂﬁj. iyj = lyessum, and similarly we have hiy) = hnaty‘.l-dg“dyﬂ'.

a8 = 1,...,n] df(x) is represented by the matrix {EE-L In this case we have
X

o B
(E¥n), w AL BE s
I il @

2y ¥ a

3°f k 3fY Wy 3£ af

(riaen T, s 7o i ol b 2k .
ij i 3x t h:k “Bax 3

H ok H_ k
i':-_j and Ti.j are the Christoffel symbole for (H,g) aod (N,h) respectively.

It follows that £ is harmonic 1f and enly if

vhere

) e van], -0 .

Finally, we get easily from (1)

LEHMA 2. For the gecdesic symmetry ¥, ue have

@) OO I O I VI

@ o o) = gt ) k) ¢ ek
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2. BARMONIC GEODESIC SYMMETRIES

To prove our mainm result we need the expressions for gij and g]‘j with respect

to normal coordinates l[::l.... s ). Lek p o= mrpw{ri} where £ 18 a unit vecter.
Then we have (see [1],[41,[61) :

2 3

r 4 &
4y Eij{ﬂ - ﬁij B anii:j{"’} i g;lcil;j{m] + 0{e'y ,
(5) ij{}_ﬁ +Tzn {};rlgﬂ (}+D{n}

BEAR) St e T Lt
/Also we note that
g, dg, . AR

) N 0 T P 3:.!} :

e ax? e’ axt
How we are ready to prove

THEOREM. {H,R} is locally n}rm.m::r:i.r_' if and only if mach Er:ndcn:i.c SymmebTy wlII‘

mE M, iz haroonie.
Proof. First, suppose that {M,g) is locally symmetric. Then each ¥ is isometric

and hence harmonic.
To prove the converse we write (&) as follows 1

¥
i vkl ) e 4
813(P) = &5 ~ g A A Ry; 5 - T FE TR + 0T .

Then a straightforward cosputation, wsing (6), shows chac

] Mk Lo
@ T =3 Baeg * Byt
:2
“ 17 it * ViReioe * 2%Miee * Me%iin T Wl @
+ D{rij -

UVeing the Bianchi identities we get froa (V)
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Mk

2
Mk r 4
{E) i'ij'[!'] + i"ij{—Fl S H?Eiik{j * H'EEEijk + vl:“ﬁj{i}[n: + Q') .

Moreower, it is easily seen that the lefe hand side is an even function of r.
Hence we may put

.*'l:#u...+l:|{r6} v

Mk H 2
ek H{j"” T 41

Finally, using {1}, (3) and (5) we pet the following cenditien for a harmonic

goodesic symetry P }

ii] 2 3
T T & 2 5 (2] e

irg-l mlj tee EEiEjﬁﬂ e ?ERELE]{NI-FQ“ e ﬂZij +T “dlj +0(r)) =0 .
Henece we have the following necessary conditions 12

Loy =0,

i i
(9) L Rpgestmlay,. ¢ 3 Jag, =0,

i,d i

ill ?ERE-IE':JI [ﬂ}ﬂzij L1

FJ
Using {B}, the third condition in (3 becomes
(1) ilj ?ﬁB“EjEmJﬂ‘?ﬂiﬁm{j + wﬁkﬁijk + qknsjf,i”m =0 .

Since o, is arbitrary ve may put e =L Then, from (10} we obrain

E -
i;j (TeReipy) (m) = 0

and hence
?Enﬂifj =0 .

How the reselt follows at once from Lemma 1.
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As a special case we have

COROLIARY. {M,g) is locally syemetric if and only if each local geodesic symmetry

iz a rtotally geodesic map.

The first two authors wish to thank Prof. L.A. Corders and his colleagues ac
sanciasgo de Compostela for their suppert and kindness during their stay at the
University in Santiago.
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