Question Sheet 9

1) Let A = {a,b,c,d} and let R be the relation given by

R ={(a,a),(b,b),(c,c),(d,d),(a,b),(b,a), (b, c),(a,c)}.
Draw the digraph of R.

Is R reflexive, symmetric, transitive? In each case give a counter example
if the answer is no.

2) Let A=Z and let R = {(z,y) : z,y € A, 2* = y*}.

Prove that R is an equivalence relation.

3) Let A=7Z and let R = {(z,y) : ay + y* = 2> + 1}.
Which of the following are true?

(i)  ORO,
(i) 1R1,
(iii) ORI,
(iv) 1RO,
(v) 1R(-2),
(vi) OR(-2),
(vil) 3R2.

Show that R is not reflexive, not symmetric and not transitive. (Give
counterexamples. )

4) Let A = {1,2,3,4} and B = {1,2,3}. Define a function f: A — B by
the rule

f)y=1, f(2)=3, f(3)=1and f (4) =2.
What is the image of 37
What is the codomain of f7
Draw a picture to show f.
Is f one-to-one?
Is f onto?



5) Let A =N and B = Q. Define a function f : A — B by the rule

fz) = gx for all z € A.

Prove that f is one-to-one.
Prove that f(x) # 1 for all x € A.
Deduce that f is not onto.

6) (i) Define f :R — R by the rule

f(z) =2 forallz cR.

Show that f is not one-to-one and not onto.

(ii) Let A be the set of all positive real numbers. Define g : A — A by
the rules
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g(x) =2* forall x € A.

Prove that ¢ is one-to-one.

Is g onto?

7) Define f : R — R by the rule

flz)=2x—3 forall z € R.

Prove that f is one-to-one.
Show that
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Hence prove that f is onto.

f(&g>:y for all y € R.

8) Let A ={1,2,3,4} and B = {a, b, c,d}. Define a function f: A — B by
the rule



Find (go f )(x) for each element x of A.
What is the domain of go f 7
What is the codomain of go f 7

9) Let f:R — R and g: R — R be the functions defined by the rules
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f(x)zw—; and g(x):x;_ for all x € R.

Find (go f)(0),(go f)(1) and (go f )(—1).
Show that

for all z € R.

10) Let f:R — R and ¢g: R — R be the functions defined by the rules

f@)=2>-1 and g(z)=2>+1 foralzcR.

Find (go f)(0), (go f)(1), (f © ¢)(0) and ( f o g)(1).
Find expressions for (go f )(z) and ( f o g)(z).

11) Let A = {a,b,c,d} and B ={1,2,3,4,5}.

(i) How many functions are there from A to B?

(ii) How many one-to-one functions are there from A to B?
(iii) How many functions from A to B do not take a to 17
(

iv) How many one-to-one functions from A to B take a to 17



