3.4 Set Operations

Given a set A, the complement (in the Universal set U) A° is the set of all
elements of U that are not in A. So A°= {z | = ¢ A}.

(This type of picture is called a Venn diagram.)
Example 39 Let A ={1,2,3}.

If U =N then A° = {4,5,6,...}.

If U =7 then A°={...,—2,—-1,0,4,5,...}.
So, again, the Universal set is important.

Let A and B be sets. The wunion of A and B is the set of elements
belonging to either Aor B: AUB={z | (xr € A)V (z € B)}.

U

The intersection of A and B is the set of elements belonging to both A and
B: AnB={x|(r € A)N(x € B)}.




The difference of A and B is the set of elements of A that do not belong to
B:

A\B = {z|(zecA)A(r¢B)}
{z | (x € A) A (x € B)} by definition of complement
AN B¢ by definition of intersection.

Note that in general it is not true that A\ B and B\ A are equal.

The symmetric difference of A and B is the set of elements that belong to A
or B but not both:

AAB = {z|(zx€e AV axeB)AN(x¢ (ANB))}=(AUB)\ (AN B)
= (AU B)N (AN B)° by above result on difference.

* Note that AAB can easily be expressed in terms of the exclusive or, v,
defined in Question 5 Sheet 2. For

AAB={z | (x € A)Y (z € B))}

3.5 Set Laws

Recall A = B if, and only if, A C B and B C A.
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To prove A C B use proof by the pick-a-point method; i.e. take an
arbitrary element v € U and assume u € A. Then use any known true
statements, including properties of A and B to prove u € B.

Example 40

Let U = Z, and let P(z) be the predicate |z — 1| < 2 with R(z) the
predicate |z| > 2.

Prove that {z | =R(x)} C {z | P(x)}.
Proof. Take any u € {x | =R(x)}. This means that —R(u) is TRUE, i.e.
R(u) is FALSE. Thus |u| < 2. But w € U = Z. So |u| < 2 means that
u = —1,0 or 1. For these u we can calculate |u — 1|, obtaining the values
2,1 or 0. In all cases |u — 1| <2 and so P(u) is true. Hence u € {z | P(x)}.
This is true for all uw € {z | =R(x)} hence {z | =R(z)} C {z | P(z)}. M«

Note: If we are given A, B C U we can try to show A = B by showing that
the propositions u € A and u € B are equivalent, i.e. (u € A) = (u € B) for
allu e U.

*To see why this suffices, assume we have managed to show that (u €
A) = (ue B) for all w € U. Then if u € A is true we must have that u € B
is true, which is the definition of A C B. Similarly, if u € B is true then
u € A is also true and so B C A. Hence A = B.

As an example we can try to prove (AU B)¢ = A°N B¢,
Example Use the Boolean Laws for logic to prove (AU B)¢ = A°N B°.

(If you are asked to use the laws for logic you cannot use the laws for
sets!)

Take any v € U. Then
ue(AUB) =u¢ AUB
(By definition of ©)
=-(ue AUDB)

(By definition of ¢)
- (ue A) V (ueB))

(By definition of U)
(~(ueA) A= (ueB))

(De Morgan’s law for logic)
u¢ ANué¢B

(By definition of ¢)
ueA° AN ue B¢

(By definition of ©)

=uc A°NB°
(By definition of N)
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Thus we see how one of De Morgan’s law for logic gives one of the two

De Morgan’s Laws for sets:

(a) (AN B)° = A°U B,
(b) (AU B)® = A°N B.

Similarly we can prove the distributive law AU(BNC) = (AUB)N(AUC),
by making use of the distributive law for propositions.

Example Use the Boolean Laws for logic to prove AU(BNC) = (AUB)N
(AU Q).
Take any u € U. Then
ue AU(BNC) =weA)V(ueBn()
by definition of U
(ue A)V ((ue B)A(uel))
by definition of N
(ue A)V(ue B)A(ue AV (ue))
distributive law for propositions
(ue AUB)A (ue AUC)
by definition of U
=ue(AUuB)N(AUC)
by definition of N.

This is one of the results in
The Boolean Laws for Sets:
Assume A, B, C C U, the universal set.

a) AUB=BUA

b)) ANB=BnNA

a) (AUB)UC =AU (BUC)
b) (ANB)NC = AmBﬂC }
)
b)

Commutative laws

Associative laws

a) AU(BNCQC) = (AUB N(AUC) e
AN(BUC) = (ANB)U (AﬂC’)} Distributive laws
a) AUD=A
b) ANU =A
a) AUA=U
b) AN Ac=1.

We can use Venn diagrams to see that these results are reasonable though
you cannot use Venn diagrams to prove these results.



Example 41

(i) A @i A

B W c < \ i / >
In (7) the set (AN B) U (AN C) is represented by all the shaded region

while in (4¢) the set AN (BUC) is represented by the darker shaded regions.
So (ANB)U(ANC) and AN (BUC) have the same diagrams.

Proofs can be given for all the laws though some are a little tricky.
Example (i) Take any v € U. Then u € AU = (u € A) V (u € (). But

() is the empty set so u € () is false for all possible u € U, i.e. u € 0 is a
contradiction or, in symbols, (u € }) = O. Thus

ue AUD =(ue AV (uel) definition of U
=(ueA)VO
=ue A law 4a for propositions.

Hence we have used law 4a for logic to prove law 4a for sets.

(ii) Note, since in any given problem all elements lie in the universal set
U, the proposition u € U is trivially true for all u, i.e. (u € U) = I. For an
example take any u € U. Then

uc AUA® =we AV (ue A definition of U
=ueAV(ug¢gA definition of complement
=(ue AV (- (ue A)) definition of ¢
=1 law 5a for propositions
=uel I = (u € U) seen above.

Thus AU A° = U. Hence we have used law 4a for logic to prove law Ha
for sets.

Hopefully you can now see why the laws for sets are identical to the laws
for propositions.

The laws can be used to simplify expressions:

5



Example 42 (i)
(C°NANB)U(C°NA°“NB)

=CN((ANB)U(A°N B)) (law 3b), distributive
=C°N((AUA )N B) (law 3b), distributive
=C°Nn(UNB) (law 5a)
—(°NB (law 4b)

Compare with Ex 11.

*(ii) By definition AA B = (AU B)\ (AN B). From the Venn diagram
it looks as if this should equal (A\ B) U (B \ A). Can you use the laws to
prove this?

AANB =(AUB)\(ANB) (By definition of A)
=(AUB)N(ANB)° (By definition of \)
=(AUB)N(A°U B°) (By DeMorgan’s law)
=((AUB)NA°)U ((AUB)N B°)
(Distributive law)
={(ANAYU(BNAY}U{(ANB°)U(BNB°)}
(Distributive law, again)
={oU(BNA)}U{(ANB°) U} (law 5b)
={(BNA9)}U{(ANnB°)} (law 4a)
={(B\A)}U{(A\ B)} (By definition of \)
=(A\B)U(B\A) (law 1b)
Note how we have had to use the distributive laws to make the expressions
“more complicated” before simplification.

*Additional Material (Not covered in lectures) Just as for propositions
it is possible using these laws (along with De Morgan’s laws) to prove the
following “obvious” results, seen earlier for propositions at the end of section
1.2.2.

(A% = A,
j%g:g } (Domination Laws)
ﬁ Lé ﬁ i ﬁ } (Idempotent Laws)



