2.2 Rules 11

AE (Eliminating the ‘and’)
pAq F pand pAq F ¢ are both valid, so

If we have a step of the form p A ¢ in the proof, then we can
deduce p and we can deduce q.

AI (Introducing ‘and’)
p, ¢ B pAqisvalid, so

If we have steps of the form p and ¢ in the proof, then we can
deduce p A q.

VI (Introducing ‘or’)
p F pVgandp F ¢V p are valid, so

If a step of the form p occurs , then we can deduce pV ¢, and we
can deduce ¢V p, for any gq.

VE (Eliminating ‘or’)
pVgq, p—r, qg—r F pisvalid, so

If a step of the form pV ¢ occurs and we can deduce r from p
and we can deduce r from ¢, then we can deduce r.

Notes (i) VI is important as it is the only rule of inference that allows a
proposition to be in the conclusion that isn’t in the premises.

(ii) In VE we require two sub-proofs, i.e. add p to the original premises
and deduce r then add ¢ to the original premises and deduce r. We then
“sum up” by saying that in both cases we deduce 7.

Example 23 (i) A, A—-D + AAD

1 A A

2 A—D A

3 D MPP 1,2
4 AND Al 13

(i) A, (AVB) =D F D

1 A A

2 AVB V1,1

2 (AVB)—D A

3 D MPP 1,2



(ii) ANC, (AVB)—D F DAC

1 ANC A

2 A ANE 1

3 AVB VI 2

4 (AvB)—D A

5 D MPP 3.4
6 C ANE 1

7T DANC AL 5,6

Therefore the argument is valid.

Example 24 (i) pVgq, p—s, q—t F sVt

1 pVqg A

2 [ p A(VE)

3 | p—s A first sub-proof

4 | s MPP 2.3

5 | svt VvId4

6 [ ¢ A(VE)

7 | g—t A second sub-proof
8 | ¢ MPP 6,7

9 | svt VIS8

10 sVt VE 29

Therefore the argument is valid.

(ii))pVeg, s——-p, s—-qghk —s

1 pVq A

2 [ p A(VE)

3 | = (>p) DN2 first sub-proof

4 | s—-p A

5 | - MTT 3,4

6 [ ¢ A(VE)

7 | - (-q DNG second sub-proof
8§ | s—-q MPPG67

9 | s MTT 7.8

10 oS VE 2-9



Examples (i) A — B, A + B, (ii) (pVgq) — B, pVq + B,
(iii) (pVq) — (sAt), pVqg F sAL.

Solutions

1 A A 1 pVyg A
i) 2 A—=B A (i) 2 (pvg —B A
3 B MPP 1,2 3 B MPP 1,2
1 pVyg A
(i) 2 (pVqg) — (sAt) A
3 sAt MPP 1,2

Examples continued (iv) (m —n) - B, m —n + B,

(V) (( m—n)—(k—=0,m—-ntF k—{,

Solutions
1 m—n A 1 m—n A
(iv) 2 (m—n)— B A (v) 2 (m—n)—(k—10 A
3 B MPP 1,2 3 k—Vt MPP 1,2

So all these five arguments have the same form.

Examples (i) A — B, =B + —-A, (i) (-p)—(—¢), g F p
(iii) (m —n) = (k—=40), - (k—=¥¢) F =(m—n).

Solutions
L (=p) = (-g) A
1 A—-B A 2 q A
(i) 2 -B A (i) 3 —(—q) DN 2
3 —A MTT 1,2 4 = (-p) MTT 1,3
5 p DN 4

1 (m—n)—(k—0 A
(i) 2 —(k—1¥) A
3 —(m—n) MTT 1,2

So these arguments have essentially the same form.



Examples (i) p, ¢ - pAq (i) AvVB, BAC + (AVB)A(BAC).
Solutions

1 p A 1 AVB A
i) 2 ¢ A (ii) 2 BAC A
3 pAg ANI1.2 3 (AVB)AN(BAC) Al'1,2

Examples (i)p - pvgq (i) AvB F (AVB)V(BAC).
Solutions

Q) 1 p A (i) 1 AVB A
2 pVvgqg VI1 2 (AVB)V(BAC) VI1

Examples (i) pVgq, p—7r, ¢g—1 F 7

(ii) (AvB)v(Bv(C), (AvB) —- (CAD), (BVC) — (CAD)
C A D.

Solutions

1 pVg A 1 (AVB)vV(Bv(C) A
2 [ p A(VE) 2 | AVvB VE 1
3 | p—r A 3 | (AvB)—(CAD) A
o 4 | r MPP 2,3 (i) 4 | CAD MPP 2,3
5 [ ¢ A(VE) 5 [ BvC VE 1
6 | g—r A 6 | (BVC)—(CAD) A
7T MPP 5.6 7 | CAD MPP 5.6
8 r VE 2-7 8 CAD VE 2-7



Examples (i) pVgq, p—r, -r——q F 7
(ii) (mAn)V(sVt), (mAn)— (kAL), (7(kAN0)— (= (sVi) F kAL

Solutions

1 pVq A

2 [ p A(VE)

3 | p—r A

4 | r MPP 2.3
(i) 5 [ ¢ A(VE)

6 | —(m¢q) DN5

7T | r—-q¢ A

8 | —(-r) MTT 6,7

9 | r DN 8

10 r VE 2-9

Examples (i)p, p—q, ¢g—1r F r

(i)

1 (mAn)V(sVt) A

2 | mAn A(VE)

3 | (mAn)— (kEAYL) A

4 | kAL MPP 2,3
5 | sVt A(VE)

6 | —(=(sVi)) DN 5

T (kA = (=(sVE) A

8 | —(=(kAD) MTT 6,7
9O | kAL DN 8

10 kANY VE 2-9

(i) sVt, (sVt)— (mAn), (mAn)— (k—1¥) F k—(

Solutions

D A
p—q A
q MPP 1,2
qg—r A
r MPP 3,4

(i)

U~ W N+~

U k> W N+~

sVt A
(sVt)— (mAn) A
mAn MPP 1,2
(mAn)—(k—10) A
k- 0 MPP 3.4

Examples (i) p, ¢ — —p, (-r)—q F r
(i)A—B, (—-D)—-(A—=B), (~(E—=F))—=(C—-D) - E—F

Solutions
1 p A
2 qg— —p A
3 = (-p) DN 1
i) 4 —gq MTT 2.3 (ii)
5 (-r)—q A
6 —(-r) MTT 4.5
7T r DN 6

A— B A
(C—-D)—-(A—=DB) A
-(-(A— B)) DN 1
-(C—= D) MTT 2,3
(-(FE—-F)—(C—D) A

- (-(E—=F)) MTT 4,5
E—F DN 6



