Section 4 Series

Definition Let {a,},en be a sequence of real numbers. The infinite sum
CL1+(12+6L3+...

is called a series. We call a,, the n-th term of the series. We denote a; +
as + as + ... by Z:il Q.

Examples
S (=)= (-1 42+ (=3)+4+...,
2:11%:1"‘%4’%—'—%14-%—!— ,
S =l ittt

Definition Let a; +as+az+... be a series. For each n € N, the n-th partial
sum is the sum of the first n terms, i.e.

S, =a;+ay+as+..+a, or sn:ZaT. (5)
r=1

Examples ) > (—1)"r. In this case the sequence of partial sums starts
s1=—1,8=1,s83 =—2,54 =2,..., that is we get the sequence —1,1, -2, 2,
—-3,3, 4,4, ... .

> % In this case we get the sequence 1,1.5.1.83, 2.083, 2.283, 2.45, 2.5928, ..
Z;’il %2 In this case we get 1,1.25,1.361,1.42361,1.46361,1.49138, ...

So given a series a; + as + as + ... we obtain a sequence of partial sums
S1, S92, 83, ... . This sequence is either convergent or divergent.

Definition The series a14as+asz+... is said to be convergent if the sequence
of partial sums {s, }nen is convergent. In this case the limit, lim, .., s, is
called the sum of the series a; +ag +as + ... .

The series a; + as + ag + ... is said to be divergent if the sequence of
partial sums {s, }nen is divergent.

Example
Show that >~ 2 (—1)"r is divergent,
Solution
As we saw above the partialnilims are —1,1,—2,2, —3,3, —4,4, ... which

can be given by the formula — (T) if n odd and % if n even. So the sequence
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is unbounded and thus it diverges. Hence the series diverges. ]

Question Do Y >>7 L and Y77, % converge or diverge? We cannot answer

these questions until after Corollary 4.6 and Theorem 5.4 respectively.

Definition With z, A € R, then ) 2 Az" is called a geometric series, \ is

the first term and z is the common ratio between successive terms. Note
that this series starts at 0 and not 1, and we take 2° to be 1 for all x, so the
partial sum of the first n terms is

Sp= A+ AT+ A2® + .+ A" (6)

We can calculate this sum for general x.

Theorem 4.1 Let A,z € R with A # 0.
A

(i) If |z| < 1, then >~ Az" is convergent with sum 2.

(ii) If |z| > 1, then )2 Az" is divergent.
Proof

Let s, be the n'* partial sum so, for all z,

zs, = A+ v+ 2® + ..+ ") by (6),
= Az +Ap? + A2 4 A" 4 A"
by the distributive law, allowable since only a
finite number of additions in bracket,
= A+Xz+ A2+ A" = A+ A2 “adding in zero”
= S, — A+ A"

Thus
(1 —2)s, = A(1—2a"). (7)
(i) If |z| < 1 then 1 — 2 # 0 so we can rearrange (7) to get

A1 —z™)

By Theorem 3.10 {x"},en converges, with limit 0. Hence, by Corollary

Sp =

3.8, {8n},en converges with limit ﬁ

Thus )2, Az" converges with sum :
—x



(ii) If # = 1 then from (6) we have s,, = An for all n > 1 and so, since X\ # 0,
the sequence of partial sums diverges.

If either z = —1 or |z| > 1 then 1 — 2 # 0 and so we get (8) again. But
Theorem 3.10 tells us this time that {z"}, ey diverges as must {s,}, .y (again
using A\ # 0).

So in all cases when |z| > 1 we have that {s,}, ., and thus the geometric
series, diverges. [ ]

As noted above, the geometric series starts at » = 0 while I chose the
general series to start at 7 = 1 (so that the formula for s, in (5) was straight-
forward). This makes no difference to convergence as is seen in

Theorem 4.2 Let >~ a, be a series and let & € N. Then >~ a, is
convergent if and only if > >, a, is convergent. If >~ a, has sum o then
Yo, a, has asum o — (ag+ ... + ap_1) .

Proof (Left to student but see the appendix.)

Example Show that

1
25
r=1
is convergent with sum 1.
Solution
Note that this series does not start at r = 0 as geometric series should.
Instead we can let j = r — 1 in which case the sum over 7 will start at 0 and
is given by

<1 <1 /1)
> =25 (3)
=0 =0

which is now of the correct form and so we can apply Theorem 4.1 (a) with
x=1/2and X\ =1/2 to get

21 /1)’ 1/2

2 5\z) =gz =t

1-1/2)

Alternatively we can apply Theorem 4.2. So we first evaluate ), 2%,

which we do by applying Theorem 4.1(a) with z = 1/2 and A = 1 to get

1
Zﬁ_l—m)

r—=
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Then Theorem 4.2 gives

1 &1

It was easy to sum the geometric series in Theorem 4.1 because the partial
sums s, in (6) had a simple form in (8). There are other cases where the
partial sums have a simple form.

Theorem 4.3 The series

=~ 1
;r(r+1)

converges with sum 1.
Proof
A simple application of partial fractions shows that

111

r(r+1) roor+1

So the n'* partial sum can be written as

Hence the sequence {s,}, .y converges as, thus, does the series with sum
equal to lim,, .. s, = 1. [ |

See Question 4 sheet 4
The next question is what operations can we do to infinite sums. For

instance, for finite sums we know that

May + ag + ... + a,) = Aag + Aag + ... + Aa,.




This can be proved by applying the distributive law (i.e. Property 3 of R)
n — 1 times. But can we say

Map+as+...) = Aag + dag + ... (9)

when we have infinite series. We don’t have the “time” to apply the distribu-
tive law infinitely many times. But if we remember that the value we give
to an infinite sum is a limit, lim,_ . $,, we can recall a result on limits of
convergent sequences, Corollary 3.8(i), that gives Alim,, . 8, = lim,, oo ASy,.
Then for each n we will be able to use the distributive law to say something
of As,,. In this way we can prove (9). Similarly, the associative law (Property
2 of R) gives
(a1 +as+ ... +a,) + (b + by + ... + by)
= (a1 +b1) + (ag + b2) + ... + (a,, + by).

By looking at limits we can give the infinite sum result

(CLl + as + ) + (b1 + bg + ) = (a1 + bl) + ((12 + bg) + ...

or
o) o) o0

S0t b = a1 b).

r=1 r=1 r=1

Both these results are given in the following.

Theorem 4.4 Let > 7 a,,> ~ b, be convergent series with sums o and 7
respectively and let A, € R. Then the series Y~ (Aa, + pb,) is convergent
with sum Ao + pur.

Proof

Let sy, t, be the n'" partial sums of > a,, > -, b, respectively. Then
the n'* partial sum

n

Z(Aar + uby) = (Aay + pby) + (Aag + ubs) + ... + (Aay, + uby,)
r=1
= (Aay + Aag + ... + Aay,) + (uby + pbs... + pby,)
associative law
= May+as+ ... +ay) + p(by +ba+ ... +by,)
distributive law
= AS, + pty.
But we are given that lim,,_.. s, = ¢ and lim, .. t, = 7 so by Theo-
rem 3.7 and Corollary 3.8 we find that {\s,, + put, }nen is convergent with

b}



lim,, oo (Asp, + pit,) = Ao + pr. Therefore , by definition, Y >, (Aa, + pb,) is
indeed convergent with sum Ao + pur. |
With this result we can combine convergent series to form new convergent

series. Alternatively we can use the result to decompose complicated series
into simpler ones. This often helps in checking whether a series is convergent.

Example Evaluate

1 5 7 17 31

5T9 7T o3

Solution We first have to find a formula for the n'*-term. We quickly see
that each denominator is a power of 3, starting with 1 = 3°. Then there is
an alternating sign, (—1)", if we start with » = 0. The numerators are more
difficult, but the 5,7,17, 31, ... should remind one of 4, 8,16, 32, ... i.e. powers
of 2. In fact, 5 =2241,7=23—-1,17=2*+1, 31 = 2° — 1. In general,
2"+ (—1)". Combine all together to see the sum is

[e.9]

1+ (=2)"
2T

r=0

We examine the series

o0 1 (0.0 _27,.
Z§ and Z(gr) )

r=0 r=0

If they are convergent then Theorem 4.4 tells us that our original series
is convergent. But both of these simpler series are geometric series with
A = 1 in both cases and ratios * = 3, —% respectively. Since |z] < 1 in
both cases the geometric series converge as does the original series. But
Theorem 4.4 says, further, that we can add the sums of the simpler series

together to get the sum of the original series. From Theorem 4.1 the sums
are 1/(1 —(1/3)) =3/2 and 1/(1 — (—2/3)) = 3/5 respectively. Hence

o0

Z1+(—2)'r_3+3_21
~ 3 2 5 10

Theorem 4.5 Let Y~ | a, be a convergent series. Then the sequence {a, }nen

is convergent with limit 0, that is, lim,, ., a, = 0.



Proof
Let s, be the n'* partial sum of >_°C  a, and let o denote the sum of this

series; s0 {$y, }nen has limit o.
Define a new sequence

P ifn>1

"1 0 ifn=1.
Then {t,}nen also has limit 0. Hence, by Corollary 3.8, {s, — t,}nen 18
convergent with limit ¢ — o = 0. But s, — t,, = a,, and thus lim,, .., a, = 0.

Re-expressing Theorem 4.5 we obtain a test for divergence.

Corollary 4.6 Let >~ a, be such that the sequence {ay}nen is either

divergent or convergent with a non-zero limit then the series > a, is
divergent.

Proof This is simply the “contrapositive” of Theorem 4.5 where, to recall,
the contrapositive of “If p then ¢” is “If not ¢ then not p”. The hardest
part here is to see that the negation of “{a, },en converges to zero” is “either
{an }nen is divergent or convergent with a non-zero limit”. |

For applications see Question 3 Sheet 5
Example Let A,z € R with A # 0 and |z| > 1. Then the geometric series
Yoo Az” diverges.

Solution The terms of the series satisfy |Az"| > |A|, since |z| > 1, and then
since A # 0 we see that the terms of the sequence {A\z"} -, cannot converge
to 0. Thus by Corollary 4.6 the geometric series diverges. ]

This is an alternative proof to Theorem 4.1(ii).

Note, as discussed in the Appendix to part 3 of the web notes, the converse
of “If p then ¢” is “If ¢ then p”. The converse of Theorem 4.5 states that if
lim, . @, = 0 then ) °  a, converges.

[ THIS IS FALSE! |

There exists sequences {a, }pen with lim, . a, = 0 but for which Y 7 a,
diverges. We see this easily in

> 1
Example The series
r

— = 0.
r=1 \/_

diverges even though lim,, .,

1
Jn



Solution. The n'* partial sum satisfies

"1
Sn:;%
1

> nX—
vn
(numbers of terms x lower bound for the first n terms), i.e. s, > y/n. This

means that the sequence of partial sums is unbounded and thus diverges.
Hence Y7, \/%7 diverges. |

See also Question 4 Sheet 5

This example is very simple but a far more important example is given
in
(o)
Theorem 4.7 The Harmonic series, >, —, diverges.
r=1T

Proof Rough work
The idea of the proof is

IUE I U I
2'3 4 5 6 7 8 9 7

_ 1+1+<1+1)+<1+1+1+1)+(1+...+i)+
2 3 4 5 6 7 8 9 16
1 1
+(ﬁ+...+§>+...
1 1 1 1 1 1 1 1 1 1
> +§+<Z+Z)+<§+§+§+§)+(E+W+E>+

1 1
+(3—2+...+§) + ...
S I S
2 2 2 2 2
The final series obviously diverges.
End of rough work

Step 1 For all k£ > 1.

k+2
Sok 2 % (10)



Proof of step 1 is by induction.
When k£ =1 we find that

1—1—1 5
S — _—= —_ = —
2 22

and so (10) holds with equality.
Assume (10) holds when k = r, so sor > (7 + 2) /2. Consider

Sor+1 = S2T+2T1Ll+2T:—2+2T:—3+‘"+27‘1+1
> Sor+2" X 2T1+1
bounding the sum by the number of terms x smallest term
> i —12_ 2 + % by inductive hypothesis
(r+1)+2

2

Hence result holds for £ =r + 1.
Thus by induction (10) holds for all £ > 1.

Step 2 Show that {s, }nen is unbounded.
Proof of step 2 by contradiction
Assume that {s,},en is bounded, by A, say, so s, < A for all n > 1.

By the alternative Archimedean Property there exists k& € N such that
k>2X—2 ie 52>

Then, by step 1, sor > % > )\, so A is not an upper bound.

Contradiction, so our assumption is false, thus {s, },en is unbounded.

Finally, since the sequence of partial sums s, is unbounded it diverges and

so, by definition, the series Y -, % also diverges. |
Remember:
> o2, a, convergent = lim,, o0 @y, = 0,
but

lim, oo a, =0 > 2, a, convergent




Appendix
Theorem 4.2 Let > ° a, be a series and let k € N. Then ) ° a, is convergent if
and only if > °7 a, is convergent. If Y °° a, has sum o then ) 2, a, has a sum o —
(ag + ... +ag—1) -
Proof (Not for examination.)

Let s,, be the nt" partial sum of Ziio ar SO S, = ag+ ay + ... + ap_1 and let t,, the

n'" partial sum of > 72, a,. Thus

tn = Gg+agr1+ -+ appr—1
= (ao+...+anyi—1)— (@0 + a1+ ... +ax—1)
Snak — (@ + a1 + ... +ax_1).

Now {s,} is convergent if, and only if {s,r} converges which happens if, and only
if, sp4x — (ag + ... + ax—1) converges (use Corollary 3.7 with b, = ag + ... + agx—; for all
n), i.e. if, and only if {t,,} converges.

Also, the sum of >"°7, a, equals, by definition,

lim ¢, = nlLHQlQ (Sn+k — (ap + ... + ak—1))

n—oo

= lim spyx — (@0 + ... +ax—1)

n—oo

= lim s, —(ag+ ... +ag—1)
n—oo

= 00— (0,0 + ..+ ak_l).
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