153 Additional Questions

Last updated 17/01/05

The majority of the questions below build on and develop further some
of the questions given on the Question Sheets. There is no solution sheet
though any numerical values that are asked for are listed at the end and
(hopefully a sufficient number of ) hints are given.

1) Let a, 3 € A be real roots of > —2 = 0 and x> — 3 = 0 respectively.

(i) Find an equation with rational coefficients satisfied by a + £.
Hence show that o + § € A.

(ii) Prove that af € A.
Aside: Tt can be shown that if o and 3 are any elements of A then both

a+ 3, af € A. Further, if & € A\ {0} then ! € A. So A forms a field, i.e.
satisfies the same Properties 1-5 as does R.

2) (a) Show that v/3+v/21 + 8 is irrational.
b) What about V3721 — 8?7

(
(c) On a calculator evaluate each of the following

i) V321 +8— V/3v21 -8,
(i) V20 — 1492 + /20 + 1492,
(i)  V2¢13+5— V/2¢13 — 5.

In each case the expression can be simplified in the following way.

(1) Find the cubic equation that the expression satisfies. To this end it
might help to first show, by substitution perhaps, that if = is of the form

Vo — /3 then x satisfies
2® 4+ 3/ aBr — (o — B) = 0.

(2) For each of the three cubic equations you have derived find a real,
integer, root. (The calculation made in (c) should help here).

(3) Factor each of the three cubics into a product of a linear and a
quadratic factor.

(4) Show that in each case the quadratic factor has no real roots. (For
this you need to look at the discriminant. For a quadratic az?® + bz + c the
discriminant is b* — 4ac. Where have you seen this before?)
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(5) Conclude that each of the original numbers must equal the only real
root of the corresponding cubic, a root that is an integer!

(6) Try to construct some examples of your own, i.e. try to find conditions
on a,b and ¢ € Nsuch that

€/a%+c— i)/a\z/l_)—CEN.
(d) In the same way show that
3/ 2 3/ 2 2
Vis+2+45-2=
e) Further, find simpler expressions for
(e) 7 pler exp
(i) V28 +8¥12— /28 —8V/12,
(ii) V196 + 16 ¢/150 — v/196 — 16+/150.

To prove your result you should follow the above method, though this
time you start by finding a quartic equation the number satisfies. To this
end it might help to first show that if z is of the form /7 — V0 then x satisfies

2
a4/ y6a? — (W - \2/g> =0.
3) Find all zeros of 2% — 42 + z + 2 = 0.

Hint: Look first for the rational zeros by writing

at—4x’ +x+2=(z—p) (2° + az® + br + ¢)

where p € Z. (So why must p divide 27). When the rational zeros have been
found use them to factorize z* — 422 4+ + 2. You should then be able to find
the zeros of any non-linear factor.

4) Which of the Properties 1-5 are satisfied by
(i) the set of all 2 x 2 matrices with real entries,
(ii) the set of all 2 x 2 matrices with real entries and determinant 1,
(iii) the set of all subsets of R, with U in place of + and N in place
of x.

If a property fails to hold, give a counter-example.



5) Define <¢ on C as follows: for all z,w € C set z <¢ w if either |z| < |w|
or we have both |z| = |w| and arg z < argw.

Which of the properties 6-9 hold for <¢?

If a property fails to hold, give a counter-example.

6) Let « € R. Is

lub{r <a:zeR} = lub{r<a:zeQ}?
lwb{r <a:xeR} = lub{r<a:zeZ}?
luw{r <a:2€Q} = luw{r<a:zeZ}?

7) Is A complete?

Hint: Think of a number, ~, not in A, (you may have to take it on trust
that it is not in A). Find an increasing sequence of rationals (which are thus
in A) converging to 7. So r; < re < r3 < ... with lim,, ., 7, = . Consider
R=U,> {x € A:x <r,}. What can you say of lubR?

8)(i) Recall

a—b= (f—\/5> <\/E+\/B) is valid for all a,b > 0.

Let {an}, oy be a convergent sequence of positive terms, so a, > 0 for all
n > 1, with limit ¢ > 0.
Prove that

la, — /|
v
(ii) Deduce, using the Archimedean Principle, that

lim \/a:\/?.

n—oo

‘\/a_n—\/Z‘<

Can you prove this result when ¢ = 07

9) Calculate the limit of the sequence

{<_1)" e+ (=) + (=1 o+ (—1>"+1}

10) Evaluate

neN

vn+1l4+vn—1
m .
n—oo \/n+2++/n+1
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11) (i) Let a,b,¢,d > 0. What is the value of

lim <\/n+a\/n+b—\/n+cx/n+d)?

n—oo

(i) Use (a* — ab+ b*)(a +b) = a® + b to prove

n

<= = (=) )
(n—1)

(n+1)"*~

for all n > 2. Hence evaluate

. ((n — D)2 =D+ (n+ 1)2/3) |

n2/3

n—oo

12) Note: The inequality in Question 8(i) of Sheet 4 can be deduced from
the binomial expansion. The binomial expansion states that for n € N we
have

(4o =3 (7;) 5 where (?) —

=)

is the binomial coefficient. If we assume that 6 > 0 then, when we truncate
the series at 7 = 2, we throw away positive terms and get as a lower bound
the inequality in Question 8(i) of Sheet 4. Importantly, in Bernoulli’s Lemma
we have § > —1, i.e. the possibility of negative 6.

i) Assume k,n € N satisfy 1 < k <n. Prove that

(1+0)" >

for all § > 0.
ii) Justify

forn>2(k+1).
iii) Assume |z| < 1. Prove that, given any ¢ € N,

20 (0 +1)!
n5€+1

for n > 2 (¢ +2), where 1 +§ = 1/z. Deduce that lim,, .., n‘z" = 0.

‘ngzc” — O’ <
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13) Recall
-1
(1+5)“21+n5+%<&2 (1)
holds for all n > 1.
(i) Let n > 1 be given. Write n'/" =1+ son = (1+4)". Apply (1) to
show
nn—1) ,
n > 5 0.
(ii) Deduce that

nl/"—1‘< for n > 2.

n J—
(iii) Conclude that

lim n'/" = 1.

n—oo

14) Justify the following steps: For r € N,

T R O B
r? B r2+1) — r2+1

Thus

Hence

15) Assume that {ay}, .y is a sequence of non-zero terms, so a, # 0 for all
n € N. Further, assume that

Ap+1
Qn,

lim

n—oo

=

exists. Prove

(i) If A < 1 then {a,}, .y converges with limit 0,
(ii) If A > 1 then {ay}, o diverges.



Hence, for any fixed k,¢ € N, £ > 2, show that

16) (i) What is the smallest ng € N for which 2" < (n — 1)! holds?
(i) Prove that

2" < (n—1)! forall n > mn.
(iii) Deduce

lim 2— CoS (ﬂ> =0.

n—0o0 TL' 8

17) Define {b,}, .y iteratively by b; = 1 and

bt =1
+1 +bn—|—1

for all n > 1. This sequence was seen in Question 7(ii), Sheet 2.
(i) Prove b, > 1 for all n > 1.

(Hint: importantly, b, > 1 implies b, > 0.)
(ii) Prove that b, < 3/2 for all n > 1.
(iii) Prove that {b,}, .y is an increasing sequence.

(iv) Deduce that lim,, ., b, exists and find its value.

18). Let {a,}

following

(i)

nen be a convergent sequence with lim, .o a, = 0. Prove the

lim sina, =0,

n—oo

Hint: Calculate the lengths of the lines AB and AC in




and so show that for 0 < 6 < 7/2 we have 0 < sinf < . A similar result
follows for 6 < 0 since sin is a odd function.

(i)

lim cosa, =1,

n—oo
(i)

sin a,

lim =1
n—oo @y,

with the further condition that a, # 0 for all n > 1.

Hint Calculate the lengths OB, AB and AD followed by the areas OAB, OAC
and OAD in

0o 'B/CD

This should give you 6 cos? 6 < sinf cos < 0 for 0 < 6 < /2.

Recall the double angle formula,

cos§ = 2cos? (0/2) — 1,

SO

2cos (6/2) = V2 + 2cosb,

where, if we start with || < 7/2, we take the positive square root.

Define a,, = 2cos (6/2"""). Show that {a,},, satisfies a,11 = 2+ ay

for all n > 1, a definition seen in Question 10 on Sheet 3 and Question 7(v)
on Sheet 2. Show that lim,, . a, = 2 whatever the value of 0 : |0 < /2
(i.e. whatever the value of a; : |a;| < 2).

Prove that

lim 2" /(2 —a,) = 0.

n—oo



Hint:

5 22 — a2 4(1 —cos?(A/2"71))  4sin® (9/2"7Y)
- an — = —
24+ a, 24 a, 2+ a,
and then use part (iii) above.
This is a proof of the result you might have guessed in question 7(vi) on

sheet 2 (where 6 = 7/4).

)

19) (a) Use the result (1) in Question 2 on Sheet 3 to solve the equation

V22 4+ 3z + 5+ V222 — 3v + 5 = 3. (2)

Hint: The equation here is of the form

V@) +Vg(x) = ¢(z) (3)
Multiplying both sides by v/ f(x) — \/g(z) gives

f(@) = g(2) = olx) (V@) = Vo)) (4)

Thus we have two equations (3), (4) and, if we temporarily look upon / f(x)

and /¢g(x) as the two unknowns, we can solve for y/f(x) and /g(z). The
answers would be of the form /f(x) = k(x) and (/g(x) = £(z). These

are both “simpler” equations than the original in that there is only one
square root in each of these equations unlike the two in (2). It should be
straightforward to solve these simpler equations. It would need to be checked
that any solutions of these easier equations are, in fact, solutions of the
original.

20)(a) Verify that

T ym _ (1’ . y) (Zm_l + yl’m_Q + nym—S o+ ym_Qx + ym—l) ) (5)
(i) If 0 < y < x show that

m—1

m(z —y)y™ ' <a™ —y" <m(x —y)x
Deduce that

m+1

j 1)t

(j —
m—+1

G+1m = m
m+1 '

<j"<




Hence prove that

m+1

+n™ 4

Z n+1)m+1—1_n

m+1 m+1 Com+1

So we might expect that Z _, J™ will be a polynomial in n of degree m+1 and
with leading coefficient —=. Check this with the known results for m = 1

and 2 (results usually proved using induction). Perhaps you can find the
results for m = 3 and 4.

(b) Write

Start from the binomial expansion in the form

Cm . “ (m+ 1Y .
(G+1) “—J"‘“:Z( a )J“,

a=0

and sum over 1 < 57 <n to deduce

S (m) = (n+1)™' -1 1 g(m+1)8(a).

m+1 (m+1) a
This iterative result allows us to prove facts about S (m) by induction.

Use it to verify the guess made in part (i) that the leading term of S (m)
is n™t/ (m+1).

What is the coefficient of n™? of n™ 1?7

21) Let m € N. Assume {a,}, . is a convergent sequence of positive terms
with lim,, . a, = ¢ > 0. Use (5) to show that

m m ’an_g,
™ = 0" < —

Prove that lim,_.., at/™ = ¢1/m,

Hint: Apply (5) with (x,y) = (ai/m,ﬁl/m)

Can you prove that lim,, . a¥/™ = M for all k,m € N, that is,
lim, . a;, = ¢ forall r € Q,r > 07



22) Bernoulli’s inequality states that

(1+0)">1+nd

for all 6 > —1 and all n € N. This result actually holds for all n € Q, n > 1.
For n = 3/2 we can show this easily, as follows.

(i) Verify

)
(1+5)1/2<1+§ (6)

for all § > —1. (Why not show that (14 6)Y? < 1+ /¢ for ¢ € N)
(ii) Deduce that

3/2 _ (1+0) S +3_5
(1+6)? 2

for all § > —1. (Why not show that (1 +8)*" "7 > 1+ (2—1/¢)é for ¢ € N.)

(1+9) (7)

(iii) For an application of (7) consider any set of non-negative reals a; > 0,

1 <i < msuch that a;+as+...4+a, = m. Apply part (i) to (1 + (a; — 1))*/
for each ¢ and add the results together to get

ai’/2+a§/2+...+af’,{2 > m. (8)

(iv) Further, take any set of m non-negative reals b;, 1 < i < m. Show
that

(9)

Hint: When the right hand side of (9) is non-zero apply (8) with a; =
(bi/r)” where 7 = (b2 + b3 + ... + b2,) /m.

(v) Prove that

(b§+b§+...+b§;)l/3 N (b%+b§+...+b3n>1/2

m m

x+—->2

T
for all > 0. (It is not necessary to use calculus. Perhaps examine (z — 1))

This can be rewritten as follows. If ajas = 1 with a; > 0, 1 < i < 2, then

a, + ag Z 2. (10)

10



(vi) Extend this to three non-negative reals with ajasas = 1. First show
that at least one of the a; is < 1. Then show that at least one of the a; is
> 1. Then prove that a; + as + ag > 3.

Hint: By relabelling if necessary assume that a; < 1 and a3 > 1. Let
by = a; and by = agas, so biby = 1, and apply (10). Then use a; < 1 and
az > 1 to prove that as + az > asaz + 1. Combine to get result.

(vii) Prove by induction that if we have n non-negative reals satisfying
a1as....a, = 1 then

a; +as + ... +a, >n. (11)

(So though some of the a; might be small the conditions ajas....a, = 1
means that others have to be large, so large in fact that (11) holds.)

Hint: As in (vi) justify the existence of an a¢; < 1 and a; > 1. Combine
a;a; as one variable so reducing the number of terms and allowing the use of
an inductive assumption. Finish in the same way as in (vi).

(viii) Extend this to the case when we are given any n non-negative reals,
b;, 1 <1 < n, (so no condition on bybs...b,) and prove that

bt bo e F 00 gy ) (12)
n
We denote by
by +by+ ...+ b,
An(b) _bh + 09+ ... + 7

n
the Arithmetic Mean of the numbers b;,1 <17 < n, and by

Gu(b) = (biby....b,)""
the Geometric Mean of the numbers. So (12) is known as the AM-GM
inequality.
Hint for proof: When G,(b) # 0 apply (11) with a; = b;/G,(b) for all
1< <n.

(ix) As an application of the AM-GM inequality let y > —1 and 1 < m <
n. Apply (12) with

by = by=..=byp=1
bomsr = o=by=1+y.

11



Deduce that

m \n/m
<L+g@ >14y.

By an appropriate substitution prove that

148 >14+ 2 1
(1+9) > +nﬁ (13)

for all 6 > —1. In this way we extend Bernoulli’s inequality to all rational
exponents, n/m, greater than 1.

From (13) deduce

(1+®W”§1+%5

for all § > —1. In this way we extend (6) to all positive rational exponents
less than 1.

(x) As an application of (13) assume that a;, 1 < i <t are non-negative
real numbers which satisfy a; + as + ... + a; = t. Then for any 1 < m < n
show that

a4 ad ™ al ™ >t

(xi) And further, if b;, 1 < i < t are non-negative then, for any 1 < m < n,

(b?+b’5+...+b?>”" . (bﬁ”+b3¢+...+b2”)”m. 14
t t
So (9) is a special case, (m = 2,n = 3), of (14). We write
. b7 4 b5 A B\
Al(b) = ; forn > 1, (15)

in which case A} (b) = A;(b), the arithmetic mean defined above. So (14)
can be written as A} (b) > A" (b).

In fact the definition (15) makes sense for all —n € N as long as no b; = 0.
When n = —1 we get the Harmonic Mean

t
Attty
(xii) Show that H;(b) < G,(b).
(xiii) Show that if m < 0 < n then A™(b) < G,(b) < A}(b)
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23) Calculate the n'"-partial sum of

i 2r+1
—r? (r+ 1)2'

What is the sum of this series?

24) Let j > 1. What is the value of the sum

- 1
Zr(r+1)...(r+j)?

r=1

25) i) Write

n
= E rix”
r=1

So Ri(z,n) was the subject of Question 9, Sheet 4. Show that

n—1
Ry(z,n) = Z (r+1)7%x
r=0
— 2Ry(x,n) + 2zR(x,n) + zRo(x,n) + . — (n + 1)% 2"+,
Hence show that the value of the sum Y 2, r?z" is, for |z| < 1,

22+
(1—a)”

ii) Start from the binomial expansion in the form

(r4+1Y —rl = i (i)r”

a=0

and sum over 1 < r < n to get

(1—2)R wn-xZ() (@n)+z—(n+1)a (16)

(What result do you get when x = 17)

Use (16) to show that if lim, . R, (z,n) exists for all 0 < a < j—1
then lim, ., R; (z,n) exists. Hence show that lim,_.. R; (x,n) exists for
all || <1land j> 1.
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Write R; (z) = lim,, o Rj (z,n) for |z| < 1.

From looking at the first few values of 7 we might guess that
vP; (x)

(1 _ x)j-‘rl’

where P; (z) is a polynomial with integer coefficients. Prove this is the case
by giving a recursive formula for P; ().

Further show that degreeP; (z) =j — 1 and P; (0) =1 for all j > 1.

Rj(z) =

26) Find values for a,b and ¢ such that

1 2 3 4 n b+cn
5—1—?4-?4—?%-...%-2—“:&4— on
holds for all n € N.
Hint: The three cases n = 1,2 or 3 will give three equations. You have
three unknowns, a,b and ¢ which you can then find. Then show that the

stated equality holds for all n € N.

Deduce that
(1)
> (5
2

r=1

converges with sum 2.
Compare with Question 9 Sheet 4.

27) Let

_ 9 1 1 1
S = +5+§+...+H.

(i) Relate sy to the corresponding k-th partial sum of Y °2 1/r (r + 1).
Hence show that ) 2, 1/r! converges with sum less than 3.

(ii) As in Question 10 on Sheet 4 define

1\*
for k > 1. Justify

(I B (e F A
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Deduce that ¢, < s, for all k > 1.
(iii) Let {ax},cy be a sequence of real numbers satisfying 0 < a, < 1 for

all k. Prove by induction that

(1—a)(1—ag)..(1—ay) >1—(a;+as+ ... +a) (18)
for all n > 1.

(If a7 = ag = a3 = ... = a, = § we get a special case of Bernoulli’s

inequality. )
> _ =
C | Sk—
k?3 - k k—1
for all k£ > 1.

Deduce that

Hint: In the expansion (17) of ¢;s throw away all terms with j > k. For
the remaining terms use the inequality (18).
(iv) Conclude that

=<1 1\"
- ]! k—oo k
J=0

Hint: You may need to use the following facts, well-known from our
course,

(a) A subsequence (say {cgs },cy) of a convergent sequence (i.e. {cx},cn)
converges to the same limit as the sequence,

(b) The product of two convergent sequences has as its limit the
product of the limits of each individual sequences.

28) Though we do not cover integration in this course, we will assume in this
question, that you know how to integrate 1/t.

(1) Justify
/T“ dt 1 / dt
<< —.
r t —r r—1 t

(ii) If s, = >, 1/r, justify

1
—+Inn<s,<1+Inn
n

for all n > 1.

Aside: (a) In the notes we proved that syx > (k4 1) /2. The results here
show that sor > (In2) k = 0.69315..%.
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(b) It can be shown that there exists a constant, v = 0.577215663....,
Euler’s constant, such that

IA
SN

Z%—lnn—'y

r=1

for all n sufficiently large.

29) (i) Let > o | a, be a series with n'"-partial sum s,,. Assume that lim,,_, S2, =

o and lim,_, a, = 0. Prove that lim, .. s, = 0. That is, as long as the
terms of the series tend to zero we need only show that the sequence of even
partial sums converges to be able to deduce that the series converges.

(ii) Use part (i) to show that

converges.

30) By using the simple observation that r? < r (r + 1) prove that, in the
notation of Question 1 on Sheet 5,

o0

1 - 1
m+1 — 72

— Sm.-

By using the results of Question 3(ii) on Sheet 4 show that the value of
the sum of >°7 % lies in the interval (1.6406,1.6498) .

Compare with Question 1 Sheet 5.

31) Prove that
>+ —1)
for all » > 1. Use this to prove
I TR
3 °m :
—r 2(m+1)m

Give a lower bound of

1 =1
< — — S
2(m+ 1) (m +2) ;73 °
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By using the results of Question 3(iii) on Sheet 4 show that the value of
the sum of Y77 % lies in the interval (1.2013,1.2021).

32) Use the Alternating Series test to show that the following series converge.

. - r—1 7% - 7‘+1 r—1
O 20 e W T s
r=2 r=1
33) (i) Prove that
00 >T+1
— 27‘ -1)

converges.
(ii) Write out the first eight or so terms of this series, using partial fractions

on each summand.

34) (i) Write out enough terms of the sequence {(—1)n(n+1)/ 2} for you to

n>1
be convinced of a pattern.

(ii) Why can you write

8

0o 1 (r+1)/2
SEL—
:

r=1 Jj=1
r odd

Use the Alternating Series Test to prove that this series converges.

(iii) Similarly, prove that

converges.

(iv) Combine (ii) and (iii) to deduce that

> L —

r=1

)7’(7"4—1)/2

converges.

35) Prove that v/r + 1+ v/r — 1 < 24/r for all r > 1. Deduce that

1
Vi+1l—Vr—1>—.
T
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Use this for r > 2 to prove that

\/n+1+\/_—\/§>sn
for all n > 1 where s, = Y ", 1/4/7.
Is this in fact an improvement on the upper bound given in Question 4
on Sheet 57

Find N € N such that N +1 > s1999 > .
Could you have found this N using the bounds in Question 47

36) Note that in Question 4 Sheet 5 if s, = > 1/4/r then

1
vVn+1

(i) Let t, = 2/n — s,. Prove that {t,}, .y is an increasing sequence.

(ii) Deduce that

1§2\/ﬁ_8n§2\/§—1—

lim (2\/5 — sn) =Cy

for some constant Cy satisfying 1 < Cp < 2v/2 — 1.

Aside. We often write this result as

i%:%/ﬁ—k(]o—irE(n)

where E (n) is an “error” term that satisfies lim, .., F (n) = 0. We would
do further study to see just how “fast” this error tends to zero. Why must
we have F (n) > 1/2y/n?

37) Assume a, > 0 for all n > 1.

(i) Prove that if >  a, converges then Y~ 1/a, diverges.
(ii) Give examples of sequences {ay }, .y for which the following hold.

(o9} o0 1
n di d — di :
() nz:; a, diverges an ; o iverges

o0 o0 1
() Z a, diverges and Z — coverges.
Qn,

18



38) (i) Justify the following steps.
Let £ € N,/ > 2 be given. Set ng = £* + 2. Then

Iz o
(no—2)! = 54!:1_[9'2 Hj
j=1

g=0?
54
> H €2 > €2(64—€2) > £€4+2 — o
j=£

(ii) Prove that ¢* < (n — 2)! for all n > ny.
(iii) Use the First Comparison Test to show that
oo E’r
P
r=1
converges.

39) (i) What is the smallest value, 7y € N, for which ry! < r;°=2?
Prove, by induction, that r! < r"~2 for all r > 7.

(i) Prove that

T
r=1

Compare with Question 12 Sheet 6.

40) We trivially have r! < r” for all r > 1. Here we try to improve this.
(i) Starting with (n — 27)* > 0, or otherwise, show that

2
(n—j)jg% for all 0 < j < n.

(ii) Use (i) to prove that

1 'S8
T!S(r;— ) for all » > 1.

Hint: Look at () = (r (r — 1) (r — 2)...2.1)? and rearrange as
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rx 1] [(r—1) x 2] [(r = 2) x 3] .. [2 % (r — 1)][1 x 7]

H[(r+1—j>xﬂ

and use (i) on each square bracket.

(iii) Can you find another rearrangement that gives

rl <2 (g)r for all r > 17
(iv) Use (ii) or (iii) to prove that

o0 r

; 27;7“! diverges.
41): Improve Question 28 for s, = Z?Zl 1/j
(i)From
1 1 "1
Jj=2 J Jj=3 J
deduce

1 1
—+C+lnn§sn§§+0+lnn
n

forn >3, where 0 < C=1-1n2 < 1/2.
(ii) Prove that

Zsj— (n+1)s, —n.

(iii) Combine (i) and (11) and show

1
Zln]<ln2+2( C’——)<nlnn—§n+0

(iv) Prove

for n > 3.

20



(v) Take any k € N. Show that there exists a constant C}, such that

1 1
——i—C’k—l—lnnSsnSE—i-Ck—i-lnn
n

for all n > k.
(vi) Use (v) in

n k—1 n
Y lnj=> j+> Inj
j=1 j=1 j=k

to prove

(A) Zlnj < nlnn—(l—%)n—l—Dk
j=1

= 1
(B) Y Inj > (n—l—l)lnn—<1+z)n—l—Ek
j=1

for some constants D, and Ej, and valid for all n > k. So, in this range of
n, we have

Fkn(n+l)67(l+l/k)n <nl < Gknnef(lfl/k)n. (19)
with Fj, = e and G}, = eP*.

Aside: Tt can be shown that

. nle®
lim

n—oo N/

exists.
(vii) Use (19) with k£ = 4 to show that

= oyl
>

r=1

converges.
(viii) Use (19) with k£ = 11 to show that

2. 37!
>

r=1

diverges.
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Compare with Question 12 Sheet 6

42) Find the radius of convergence of

= 7!
7«17"
r=1

You will need to make use of Question 10 Sheet 4.

How does Question 41 relate to your answer?

43) Use the Alternating Series test to show that the following series converge.

e r—1 7% i N 1yl r—1
DM v D DI o2

o0
CL2

44) (i) Give an example of a convergent series > a, for which >~ a?

diverges.

(ii) Give an example of a convergent series Y - | a, and a convergent sequence
{bn},,>; with lim,, . b, = 0 for which > a,b, diverges.

(iii) Give an example of a convergent series > a, for which Y 2, (-1)" a,
diverges.

45) (i) Can you use partial fractions to prove that

- 1
Z (2r — 1) (2r)

r=1

converges? Give your reasons.
Use an appropriate Comparison Test to prove that this series converges

(ii) Use (i) to prove that

i :
—~ r(r+1)
r odd

converges.

Show the partial sums of this series are closely connected with those of

1

-1y -
2" 3 6 7

1+1
4 5
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Hence show that is latter series converges without using the Alternating
series test.

(iii) Use (ii) to show that

-
—~ r(r+1)
r odd

converges.
Deduce that

converges.

Could you have proved this using the Alternating Sign Test?

46) (i) Write out enough terms of the sequence {(—1)n(n+l)/2} for you to

n>1
be convinced of the pattern.

(ii) Why can you write
iy 1)(7”+1)/2

Z ~ as i <_1)j ?
r pu 27 —1°

r=1
r odd

Use the Alternating Sign Test to prove that this series converges.

(iii) Similarly, prove that

x (_1)7/2
Z;< 7a)

T even

converges.
(iv) Combine (ii) and (iii) to deduce that
i (—1)7tr+/2
r=1 "

converges.

47) Find the radius of convergence for

2

(i) i (1+%)qur and (ii) i <1+T—12>r .

r=1 r=1
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48) Let 0 <0 < 1.
Define

Show that s,, > n'~? for all n > 1.

Hence show that

diverges.

49) Let 6 > 1. Let

1
W=

r=1

(i) Use the idea that a finite sum is < largest term x number of terms to

prove
1 \"!
Sgn_1 — Sgn-1_1 < (F)
for all n > 1. Deduce
NG
Sok_1 < Z (F)
=0

for all £ > 1.
(ii) Prove that

29
Sok_1 < 5 1
for all £ > 1.
(iii) Prove that
s
r=1 Te

converges.
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50) Let {an},cy be a decreasing sequence converging to 0.
(i) Prove that

oo
(ar — ary1)
r=1
converges. What is it’s sum?
(ii) Prove that
[e.@]
D (=D (e — arp)
r=1

converges.
Hint: Does it converge absolutely?

(iii) Write

Prove that

tn = 2$n —ai + (—].)n An+1-
(iv) Deduce that

(_1)r+1 a,
r=1
converges.
So we have a proof of the Alternating Sign Test.

Answers
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Py (z)

—_

9 x =

20)(b) m/2 mn™1/12 and the constant term is zero for all m > 1.

)
)
23) sy =1—1/(n+1)%.
)
) (c

»

24) The value of the sum 1s —

g A= Py (;)< —w)j‘“‘lPa () + (1= )" having used

35) N = 61.
40) (i) (r)* = 2 [T}2, (r = 5) J
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