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7.1 Equivalence Trials

Usually, the aim of a clinical trial is to test whether a new treatment is
better than the existing standard treatment or a placebo. Such trials
are sometimes called Superiority Trials as their purpose is to test

whether one treatment is superior to another.

Some trials are designed to establish that two treatments are equally
effective. A new drug may have fewer side-effects, be cheaper, or be
more convenient than the current standard treatment. In such
circumstances one may wish to establish that the new treatment has
the same ability to treat the condition. For example some pain relief
medications have side effects such as causing gastric bleeding or
ulceration. A replacement therapy might have fewer side effects, but
one may want to check that the two drugs have the same ability to
relieve pain. Studies testing this type of hypothesis are called

Equivalence Trials.

An equivalence trial design may be relevant to testing non-drug
interventions. For example a trial to test whether say nurses were as
effective as a general practitioner at delivering a particular type of

care might wish to demonstrate that outcomes are the same.
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Hypotheses for Equivalence Trials

In a superiority trial the hypotheses used for testing for a treatment
effectare H,:7=0vs. H :7#0. Itis sometime suggested that
failure to reject H; :7 =0 mean that treatments are the same. This is
incorrect as a small study that is underpowered would lead to this
conclusion by default, whereas a larger trial might detect a small
difference. The issue can be summed up by the statement “An
Absence of Evidence is not Evidence of Absence”. Use of a statistical
test with the hypotheses above is therefore inappropriate for

demonstrating equivalence.

This suggests the hypothesis for equivalence trials could be
Hy:t#0vs. H:7=0.

Unfortunately, it is never possible to show that two treatments are

identical. Instead, one tests whether the treatment effect falls in
range, say (—rE,z'E), called the range of equivalence. This should be
defined by considering what range could be considered clinically
equivalent. The hypotheses are now

H, :|r| 2Ty VS I Z|T| <7y
Rather than using formal significance testing, statistical analysis of
equivalence trials is often based on the confidence interval of the

difference between treatments. Equivalence is established by

demonstrating that the confidence interval of the difference between

treatment lies in the range of equivalence(-7,,7,).
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7.2 Analysis of Equivalence Trials for a Continuous

Outcome Measures

Notation

Suppose n, and n,.patients have been randomly allocated to groups

T and C and suppose outcome measure Y is continuous and

normally distributed with a mean ., for the new treatment and mean

.. for the control so that the treatment effect 7 = 1, — 4. Let y,and

Y are the sample means and 7 =y, —y,.. As previously
SE[t.]=SE[y, - ¥.]=sA

where A =./1/n, +1/n. and the pooled sample standard deviation s

is estimated by

- \/("T )5+ (=)

bt ~2

withs, and s.being the sample standard deviations for the two
treatment groups. 7, (v) is the value of the t-distribution with
v =n, +n.—2 degrees of freedom having a cumulative probability

equal (1-a).

Rejection of the null hypothesis that H, :|z| > r,vs. H,:|r|<t,, when
the (1-2a) confidence interval (7 -1, (v)SE[¢],7 +1, (v)SE[#]) is

within the interval (—z'E,rE), has a Type | error less than o .
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Proof Since ¢(z)=¢(—=z) , it follows that

To determine the Type 1 error we needs to estimate Pr[Reject H, | T T gl g
SR eE
oA oA

under Ho. This probability depends on the value of 7. Since H,is a

range of values of 7 , Pr[Reject H, | will take a range of values also. Hence

Pr[ Reject Hy|z | =Pr [(f —~t,(v)SE[z].2+1,(v)SE[Z]) < (—TE,TE)] %Pr[Reject H,|= _0_1/1¢(L621ﬂJ +O'—1ﬂ,¢(fL.leaj_Tj

3

The distribution of f/SE[f] has a non-central t-distribution, if 7 # 0.

To simplify the proof we will assume the variance is known, and equal which is zero when ¢[TE — O-}f“ _T] = ¢(TE _032“ i Tj .
(o) O.
t g . h distribution N ’A% |, so that |
0 say o, so 7 has a distribution [z’,a ] so that we can replace Since 7, > oAz, , it follows that 7 = 0
f,(v) with z,. Hence Since Pr[Reject H, |tend to zero as 7 tends to +eo, 7 = 0 must be
Pr[Reject H,| z’] s Pr[(f —z,00,7+z,01) < (—TE,TE)] maximum.
=Pr[(f-z,04> -1, )N (F+z,04 <7, )] Hence Pr[Reject H, |is monotone increasing for z < 0 and monotone
= Pr[(f >—1, +2,00) (7 <7, —Zaaﬂ“):l decreasing for 7> 0. Maximum of the Type 1 error are therefore the
If 7, <z,0, (¢ >-1,+2,00)\(7 <7, —z,04) is the null set, hence boundary values 7 = -7z andz =7,.
Pr[Reject H,|7]=0. When 7 =7,
—oAz, - —r, +0Az, — 7 )
. R % See ushnds oA oA NS
Pr[ReJect Holr] = Pr[r Ly Zao%] —Pr[r &~ +Zad/1] it Th
belowy o n =®(-z,)-®(-2r,/0A+z,)=a-D(z, -2r,/od) < a.
=3 Ty — L0 —F o -, 2. 04 —7 paqe Q7
- ) - 5 Similarly, when 7 =-7,, Pr[RejectH,|<a.
The next step is to find = that maximizes Pr[Reject Holr}underHo. Therefore under the null hypothesis H, :|r| > 7, Pr[Reject Hy| < as
Differentiation with respect to r gives required m ,
A v e oS8 FZQ)(’C t ‘H (3
T N[T o /\j 2%

d 1 T,—O0Az —T 1 —T.+0lz —7T
—Pr|RejectH, | = ——¢| L—-2*— |+— E «
dr [ . 0] 0'/1¢( J 0/1¢[ )

ol ol

where ¢ is the density N [0,1].
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Ex 7.1. An equivalence trial is carried out to test the pain relief of a
new medication thought to have fewer side effects than the current
standard treatment. It was felt that mean pain score should not differ
by more than 5 to demonstrate equivalent pain relief with higher pain
scores representing greater pain. Fifty subjects were randomized to
receive each treatment. Mean pain for the standard treatment is 45.1
(s.d.=20.6) and 46.3 (s.d.=19.4) for the new treatment. Test the null
hypothesis of non-equivalence using a 5% significance level.
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By default most computer packages give a 95% confidence intervals,

but they can give confidence intervals with different levels of

coverage if specified.

Figure 7.1 Stata output for a two sample t-test

() 95% confidence interval

2~ 5% synhcaac

Lo (e |

Two-sample t test with equal variances

| Obs Mean sStd. Err Std. Dev. [95% Conf. Interval]
_________ o 0 A
x | 50 46.3 2.91328 20.6 40.44554 52.15446

y | 50 45.1 2.743574 19.4 39.58658 50.61342
_________ i o 55t 5 8 10 1 o ) 5 e 1 i
diff | 1.2 4.0018 -6.741441 9.141441
diff = mean(x) - mean(y) t = 0.2999

Ho: diff = 0 degrees of freedom = 98

Ha: diff < 0
Pr(T < t) = 0.6175

Ha: diff !'= 0

(i) 90% confidence interval

Pr(|IT| > |tl) = 0.7649

Ha: diff > 0
Pr(T > t) = 0.3825

6, S o / - ‘
= sgrfica
L)/v J

Two-sample t test with equal variances ‘ “Lj{f {
| Obs Mean sStd. Err sStd. Dev. [90% Conf. Intervall]
_________ 0 e o o i £ T, S R R A e e e R R R
x | 50 46.3 2.91328 20.6 41.41574 51.18426
y | 50 45.1 2.743574 19.4 40.50026 49.69974
_________ e o o s e i i o o e o e e e e e R e T e B e R e
diff | ;> 122 4.0018 -5.445193 7.845193
diff = mean(x) - mean(y) t = 0.2999
Ho: diff = 0 degrees of freedom = 98

Ha: diff < 0
Pr(T < t) = 0.6175

Ha: diff !'= 0

—

Yo=Y, SE[% 3.\
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Pr(|T| > |t]) = 0.7649

Ha: diff > 0
Pr(T > t) = 0.3825
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7.3 Sample Size for Equivalence Trials

Consider a continuous and normally distributed outcome measure Y

with means y, and u.for the new and control treatment, and
suppose the range of equivalence is (—7,,7,). Assuming 7 =0 under
the alternative hypothesis H, : 7| < z,,, the sample size required to

reject H, :|z| >z, using a (1-2a)confidence interval with power

2
(1-B)is n= 202- (. +zﬂ,2)2 per treatment group assuming two
E

equal size groups.

This formula assumes that sample size is sufficient such that the

normal approximation for the t-distribution is valid.

The power is Pr[Reject H, | under the alternative hypothesis H,.
L—;‘%) G ?(ij e C!é:

From the derivation above

— oA =i = = il P
Pr[Reject H)| =@ (7 —0Az,) -7 ) (~ep+ohz,)-7 wWhe ro
oA oA \ ]
Since 7 =0 is assumed for the alternative hypothesis \r Ne

Power =1-f =®(z, /oA -2z,)-D(—,/0A+2z,)
Since ®(x)=1-®(—x), it follows that the second term
O(-1,/0h+2,)=1-O(r,/0A~-z,).
Hence

1-B=20(r,/oA—z,)-1.
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Rearrangement gives

1-B/2=0(r,/oA~z,).

Since @' (1-3/2) =z, , it follows that z, :%—za.

%
Hence %=z, +2z,,
oA

Assuming equal sample size n, =n. =n, then 1 = \E
n

n o
Therefore \/; Z_(Za +zﬂ/2).

Tk

2

; , 20 2 ;
Squaring and rearrangement gives n = (za +zﬂ,2) as requiredm

2
TE

Ex 7.2 Pain relief trial continued. From the data above we have an
estimate of c = 20. Taking the range of equivalence as (-5,5) that is
e N

7, =5, estimate the sample size per arm required to have 80% power
A

to reject the null hypothesis of non-equivalence using a 90%

confidence interval (i.e. 5% level test) assuming two equal size

groups. - Vs> ( L b Z%L\l

we*
Fons C‘(NQS'ﬁGn wse & =20 & - :5
B=0-222g, >Z6., = [+282
E = o882y gy 2 Lsup 5 1F6LE
iy = 7 #x2y* < -6 ¢ € ¢ I"‘Z;?‘>2> — ),74“)»5

G2- |
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7.4 Non-Inferiority Trials‘ Suppose Y is continuous and normally distributed outcome measure

In the trial comparing conservative treatment with suturing for small Witht & iean: A IoF INe e, trestrmient and medn # for e sonti)

lacerations of the hand (Critical Appraisal 2), the objective was to treatment so the treatment effectz = 11, — 4. Suppose also that y,
establish that conservative management gave as good aesthetic and y,. are the sample meansand 7 =Yy, —,..

outcome after 3 months. If conservative treatment gave a better (i) (Higher score for a better outcome) Rejection of the null
outcome, one would not be concerned and would want to reject the hypothesis H,:r <z, vs. H,:t >, if the (l—a)%single-

null hypothesis as the main concern is check that conservative ] ) ) ) . -
sided confidence interval, given by 71, (v)SE[7], is greater

treatment did no worse.
than or equal to —7z,, will have a Type 1 error < a.

If one is only concerned to demonstrate that a new treatment is as

good or better, rather than equivalent to an existing treatment, only (ii) (Lower score for a better outcome) Rejection of the null
one bound is needed. This design is referred to as non-inferiority hypothesis H,:7 27,vs. H,:7 <7, if the (1-a)% single-
trials. Analysis of a non-inferiority trial can be based on a single-sided sided confidence interval, given by 7 +7, (v)SE[f] , Is less
confidence interval. Note a (1-a) single-sided confidence interval is than or equal to 7, will have a Type 1 error < a.

define by one or other limits of the usual two sided confidence

interval, but with coverage (1-2a.). So the upper and lower 95%

single-sided confidence intervals afe the upper and lower limits of a () Higher score for a better outcome
o ' . :

H0% confidencs interval. Assuming a normal approximation to the t-distribution and a known

standard deviation, o, the (1—-a)% single sided lower confidence

The hypotheses for a non-inferiority trial are therefore

AT g interval for 7 is given by 7 -z oA . Howill be rejected provided
r—z OA>—-1, .
if >0 represents benefit to the patient or FT 20 Fw

Therefore
Hy:z2oyns. H iv<ry erefor

if 7 <0 represents benefit Pr[Reject Holr] =Pr[t-z,04>-1,|=Pr[f > -7, +0lz,].

Since 7 is N[r,azﬂz],
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-7 +0odz )— - Ex 7.3 Pain relief example continued. Assuming that higher pain
Pr[Reject H0|T:|=1—(I) (zry +0hz,) -7 =(D[TN oAz, +rj (*7*> . . i . ,
scores represent more pain we would require the upper confidence

The maximum of this can be obtained by differentiation w.r.t. z . The interval to be less than 5. Are we able to show non-inferiority?

derivative is , . =
( &vtz L’W) qchCmeJ“(S “H z - )/ S 18

d ) 1 Ty =042, +T " ey , ~
ZPY[ReJeCtHol T]quﬁ(—L—J *) fested af « o /D S‘gEm{-z CaAce (Q\fe(

oA
where ¢ is the standard normal density function. L, b) f[,\Q “p T> c c( = "’Z C. (. ( 0 \ij &Q sided
Since ¢ >0 for finite values, it follows that gd—Pr[Reject H,| c]is whick o The pper \ach af the
4 y f | [

positive and soPr[Reject Hy| 7 |is monotone increasing with 7. o € iclec 104 C |
Hence, the type 1 error rate has a maximum when 7 =-z,,. :F—:f’b AN A bove <E 7@ | > t S 7 k S LL &
Setting r=-7, ,in (* ’ B ; : . . 5

’ v 0 ngQ ‘Hw)' S Aabove (:\) Ry

. N T < P 7R PN ; ' ’
Pr[ReJect H0|1']—‘1)(————O_/1 J O(-z,)=a C 6. Mg <~ (Qj@(fé H o

Hence, the type 1 error must be less than or equalto o m

Result (ii) is left as an exercise.

2~ N[> %]
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7.5 Sample Size for Parallel Group Non-Inferiority

Trials

Suppose higher scores represent a better outcome for the patient.

For a continuous and normally distributed with means urand g for
the new treatment and control groups. If one considers treatment to
be non-inferior provided the (1-a) % one-sided confidence interval for
7=y, -y, is greater than —z,,, the sample size required to
demonstrate non-inferiority with a power (1-B) is

n= E(za +2, )2

2
[5Y

per treatment group assuming z = 0 under the alternative hypothesis.

T
Hence —% =2z, + 2.
O

Assuming equal sample sizes n, =n. =n then 1 = \/2
n

Substitution gives the \/E =£(za +zﬁ) giving
2" Ty

20°

N

The derivation assuming lower scores are better is left as an

)zas required m

n= (Za+Zﬁ

exercise.

The derivation of the sample size formula for non-inferiority trials is
similar to that for equivalence trials. Again the derivation will assume

that sample size is sufficient for a normal approximation to the t-

distribution is reasonable so that 7 ~ N[r,az/f].
With higher score being a better outcome, one is testing H,:7 <-7,,
vs. H,:7 >—7,,. From above ("‘?%} On P C(%G |O (f

Ty —OAZ, +1J

Pr[Reject Holr]:d)( =

Under the alternative hypothesis, 7 = 0. Therefore, the power

T, —2z OA
1= =@ 2 a2
p-o( 222
Since @' (l-ﬂ) =z,, by taking inverses z, :%—za.
o
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Ex 7.4 Pain relief trial continued. Calculate the sample size required
to give 80% power to reject the null hypothesis of non-inferiority using

a single-sided 95% confidence interval.

= 2; (g wag e)”

TN
F”v@; ") f‘) mc) Qe \o |

6:‘ = 2&) )"Zi,7 = S z')z = Z é"’ C‘_( — }“' (1’ L‘ §‘

}/Q . % C(/- ;3,70 we
2 e B P o= q')L('D_,

=

s . 2 ZC\L(M(LFS-%C &qZ) (/é
= 2
2
l&(l/w (VAvn g(\bL\*)[{ S\?C -‘»‘ \\X(L\qu (‘\'}(
57Qv\"\v\\{{ [Clx i (_,,L}lt'é ’g( >Q(\ <O
K 1ag per 5@“’3 ek v a Af«)L

reductionr jék,u Hoef }L)\ Lff‘ww(xk’““\

( se€ page lo)
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7.6 Limitations of Equivalence and Non-inferiority

Trials

One problem with equivalence and non-inferiority trials is that poor
design and sloppy implementation reduce the differences between
treatment groups biasing the study towards the alternative hypothesis
of equivalence. It is important therefore that patients adhere to their
treatment in this type of trial. We will return to this point when we

consider intention to treat analyses in the next section.

Equivalence trials show that two treatments may give the same
average outcome but difference patients may benefit from a particular
treatment. Equivalence trials do not demonstrate bio-equivalence,
that is patients have the same outcome which ever treatment they

receive.

Comparison of Sample Size Formulae for Parallel Group
Trials and a Continuous Outcome

Sample size per group for a continuous outcome measure for
difference hypotheses:

2
Superiority n= Ziz(za/2 +2, )2 — two sided
T
o :
n= :2- (za +zﬂ)2 — one sided
Equivalence 2 2( + )2
n= zZ zZ
T; a B2
; - 20 2
Non-inferiorit n=——-\z +z
_ y 72 ( a ﬂ)

(j\
bold)e€rs Hao Jmrviredee
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