MAGICO010 Ergodic Theory Lecture 8

8. Topological entropy

§8.1 Introduction

In the previous lecture we defined the entropy of a measure-preserving trans-
formations on a probability space. In this lecture we study entropy in the
context of continuous transformations of compact metric spaces. In partic-
ular, given a continuous transformation 7' : X — X of a compact metric
space X, we can study the map p — h,(T) : M(X,T) — R. For a wide
class of dynamical system this entropy function is bounded and attains its
supremum; we obtain ‘measures of maximal entropy’.

Entropy as we’ve defined it so far is a purely measure-theoretic con-
struction. Indeed, one often refers to h,(T) as the metric entropy of T'; here
‘metric’ is a contraction of ‘measure-theoretic’, it does not refer to a met-
ric or topological structure on the probability space X. There is a related
concept of topological entropy. It turns out that topological entropy and
measure-theoretic entropy are very closely related by a variational principle.

§8.2 Recap on entropy

Let (X.B, 1) be a probability space. Let T : X — X be a measure-preserving
transformation.

In the previous lecture we used «, 3,... to denote finite or countable
partitions of X. In this lecture we will use (,n.

Let ¢ = {A;}, A; € B be a finite or countable partition of X. We define

Hy(¢) ==Y u(A)log u(A)

AeC

to be the entropy of (.

If ¢ and 7 are two partitions of X then we let { V7. the join of  and 7,
denote the partition {ANB | A € (,B € n}.

Let T-1¢ = {T'A| A € ¢}. We define

1 n—1 _
— 15 _ —J
h(T,€) = lim —H, | \/ T77¢
§=0
to be the entropy of T relative to (; the limit exists by subadditivity.
Finally, we define
h(T) = sup by (T,) (8.1)
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where the supremum is taken over all finite or countable partitions ¢ with
H,(¢) < co. Indeed, although we will not prove it, it is sufficient to take the
supremum just over finite partitions. We call h,(T") the entropy of T with
respect to p; if T is fixed then we sometimes refer to h,(7") as the entropy
of u.

Certain partitions ¢ achieve the supremum in (8.1). A partition ( is a

generator if
n

\/ 779¢ /B
j=—n

as n — o0o. Equivalently, ( is a generator if Vi, T —J(¢ separates p-almost

every pair of points: for almost every z,y € X, x # y, there exists n such
that  and y are in different elements of the partition Vi__, T —J¢. In this
case, we have the following theorem:

Theorem 8.1 (Sinai’s theorem)
Let T' be a measure-preserving transformation of a probability space (X, B, ).
Let ¢ be a generator with H,({) < co. Then h,(T) = h,(T,().

68.3 The entropy map and expansive homeomorphisms
68.3.1 The weak™* topology

Let X be a compact metric space equipped with the Borel o-algebra 3. Let
C(X,R) denote the space of all continuous real-valued functions on X. Let
M(X) denote the set of all Borel probability measures on X. Recall that
we equip M (X) with the weak™ topology as follows: if pi,, u € M(X) then
we say that p,, = pif [ fdp, — [ fdpasn — oo for all f € C(X,R). The
space M (X) is weak* compact.

A measure p is T-invariant if u(T-'B) = p(B) for all B € B. Let
M(X,T) denote the space of all T-invariant Borel probability measures.
We saw in Lecture 6 that M (X,T') is a non-empty compact convex subset
of M(X).

§8.3.2 The entropy map

Let T be a continuous transformation of a compact metric space X. For each
invariant probability measure p € M(X,T) we can calculate the entropy
hu(T). How does the entropy vary as a function of ;17

In general, the map p +— h,(T) is not continuous, as the following ex-
ample shows.

Proposition 8.2
Let 35 = {(2;)32 | #; € {0,1}} denote the full one-sided 2-shift and let
o : Y9 — Yo denote the shift map. Then the map p +— hy(o) is not weak*
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continuous.

Proof. Recall that x = (x;) is a periodic point for o with period n if
xj = xj4p for all j € N. Thus a periodic point is determined by the first n
terms in the sequence x. Hence for each n > 1, there are 2™ points of period

n for o. Let )

r=0"x
denote the measure supported on the set of periodic points of period n,
giving each periodic point mass 1/2". It is clear that pu, € M(X,T).

As i, is atomic, it is a straightforward calculation to check that hy,, (o) =
0.

Let p denote the Bernoulli (1/2,1/2)-measure. We will show below that
fn, — . The proposition follows as hy (o) = log 2.

To see that p,, — p we have to show that [ fdu, — [ fdu for all con-
tinuous function f : 39 — R. It is clear that we only need check this for
a dense subset of continuous functions. By the Stone-Weierstrass Theorem,
functions f : ¥9 — R that depend only on finitely many co-ordinates, that
is functions of the form f(x) = f(zo,...,2n) for some m > 0, are dense in
C(X2,R). (We often refer to such functions as being locally constant.) Hence
we only need check that [ fdu, — [ fdp when f is locally constant. As lo-
cally constant functions are finite linear combinations of characteristic func-
tions of cylinders, we need only check that [ X(zo.... 2] @in = [ Xao,....0m] A
for each cylinder [z, ..., x,]. However, it is clear that if n > m then

1
/X[azo,...,azm] dpin, = 27m = /X[zo,...,xm] dp.

Although in general the map p +— h,(7T") is not continuous, in many
situations it is upper semi-continuous.

O

Definition. The entropy map p +— h,(T) is upper semi-continuous if
whenever p, — p we have limsup,, . b, (T) < h,(T).

(There are examples to show that in general the entropy map is not upper
semi-continuous. )

Proposition 8.3
Suppose T : X — X is a homeomorphism with the following property: there
exists § > 0 such that every finite partition ¢ of (X, B) with diam{ < ¢ is a
generator:
o0
\/ T7¢=8
j=—o0

Then then entropy map p+— h,(T) is upper semi-continuous.
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Remark Recall that if u,, — p then it does not follow that p, (B)
for all B € B. However, one can prove that if g, — p then p,(B)
for all B € B with u(0B) = 0. (Indeed, this is equivalent to p, — x.)

— n(B)
— w(B)
Proof. We first claim that one can find a finite partition { = {Bjy, ..., By}
of X such that diam ¢ < § and pu(9B;) = 0. To see this, first note that for any
x € X there exists ' < § such that pu(90B(x,0")) = 0 (as we cannot have an
uncountable collection of disjoint sets of positive measure). There is a finite
open cover 3 = {Aj,...,A,} by open balls of radius < §/2 and u(0A4;) =0
Let By = A; and define inductively B, = A, \ (B1 U---U Bp,_1). Then
¢ ={Bi,...,B,} forms a partition of X such that diam B; < diam A; < 9
and, as 0B; C U;-:l 0A;, uw(0B;) =0

Let ¢ be a finite partition of X with diam ( < §. Then, as ( is a generator,
by Sinai’s theorem we have that for each p € M(X,T),

hu(T) = h,(T,¢) < H,(¢) < logcard ¢ < oo.
Suppose that p; € M(X,T) is such that u; — p. Choose a finite
partition ( = {Bjy,..., By} with diam¢ < ¢ and pu(0B;) =0, 1 < i < /.
Then

1 .
by (T) = by (T.0) < —Hy, | \/ T7C ) (82)
Note that, if 4(0B;) = 0 for all B; € ¢ then
l
Zu; )log i (Bi) — =Y u(Bi)log u(B;) = Hy(C).
=1

More generally, as a typical element of the partition \/;L_& T—I¢ has the form

Lo TFB;, and O(N[Zy T B;,) € UpZy T-%0B;,, we have
n—1 n—1
Hy, | \/ T7¢| = H, |\ T7¢
7=0 7=0

Letting j — oo in (8.2) we see that for each n,

lim sup hy,; \/T i¢

j—o0
Letting n — oo we obtain

limsup Ay, (T) < hu(T).

j—00 N
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§8.3.3 Expansive homeomorphisms

We want to find a wide class of examples of dynamical systems that satisfy
the hypotheses of Proposition 8.3.

Definition. Let X be a compact metric space. A homeomorphism T :
X — X is said to be expansive if there exists § > 0 such that if d(T"z, T"y) <
0 for all n € Z then z = y. We call § an expansive constant.

Remark Thus T is expansive if the orbits of any two distinct points =,y €
X are, at some time, distance at least d apart.

Proposition 8.4
A two-sided shift of finite type is expansive.

Proof. Let 0 : X4 — X4 be a shift of finite type. Recall that the metric
d on X 4 is defined, essentially, as d(z,y) =1/ 2/l where n is the first place
in which the sequences x,y disagree.

Let 6 = 1/2. Suppose x = ()7 _ o,y = (¥j)j2 oo € Ta. If z # y then
there exists n such that x,, # y,. Hence d(c"x,0"y) =1 > 6. O

Proposition 8.5

Let A be a k x k matrix with integer coefficients and det A = +1. Define the
linear toral automorphism T : R¥ /ZF — R¥/ZF by Ta = Az mod 1. Then
T is expansive if and only if A is hyperbolic.

Proof. Omitted. O

Remark More generally, Anosov diffeomorphisms are expansive, as are
Axiom A diffeomorphisms on their basic sets.
We will need the following technical result.

Lemma 8.6
Let T be an expansive homeomorphism of a compact metric space with
expansive constant 6 > 0.

(i) The following holds: Ye > 0, 3N € N such that if d(T7x,T’y) < ¢ for
—N <j <N thend(x,y) < ¢.

(ii) Let ( = {B, ..., By} be a finite partition of X with diam ( < 0. Then
n .
diam \/ T77¢ -0
j=-n

as n — oQ.
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(iii) If {(n} is a sequence of finite partitions of X such that diam ¢, — 0
then the smallest o-algebra containing all the elements of \/;-l:1 Gjs

n>1,1is B, ie.
(0.)
j=1

Proof. We prove (i). Suppose that the statement in (i) fails: i.e. 3¢ >
0 such that VN € N, Jzy,yny with d(T9zy, Tiyn) < 6, —-N < j < N
but d(zn,yn) > €. By compactness, we can choose subsequences xy, —
z, yn, — y. Then d(T7x,T7y) < 6 for all j € Z but d(x,y) > ¢ > 0,
contradicting expansiveness.

We prove (ii). First note that diam \/7__, T=7¢ decreases as n increases.
Let € > 0. Choose N as in part (i). Note that if 2, y are in the same element
of the partition \/;-V:_N T—I¢ then T2, T9y are in the same element of ¢, for
—N < j < N. Hence d(T?z,T’y) < § for —N < j < N. Hence, by part (i),
d(x,y) < . Hence diam \/jV:_ ~T79¢ < e. As this is a decreasing sequence,
diam \/?:_n T3¢ < e foralln>N.

We prove (iii). It is sufficient to prove that every open ball B(z,¢) is
in \/72, ¢n. For each k, choose Ny, such that if nN then diam¢, < 1/k.
For k > [1/¢], let Ej denote the union of all sets in (y, that intersect
B(xz,e —1/k). Then

B(z,e —1/k) C E, C B(z,¢).

Hence ;= Ex = B(x,¢). Since E}, is in the o-algebra generated by (n, we

have that
o0 o0
UEceV G
k=1 n=1

Proposition 8.7
Let T be an expansive homeomorphism of a compact metric space X and
let § be an expansive constant for T. Let ¢ be a finite partition of X with
diam ¢ < §. Then

[e.9]

\/ T7¢=8

j==o00

Proof. Let ¢, = \/J__, T=7¢. Then, by Lemma 8.6(ii), diam ¢, — 0 as
n — oco. By Lemma 8.6(iii) we have

B=\/¢G=\ T7¢
n=1

j=—o0
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Combining Proposition 8.3 and Proposition 8.7 we see that the entropy map
for expansive homeomorphisms is upper semi-continuous.

Theorem 8.8
Let T be an expansive homeomorphism of the compact metric space X.
Then the entropy map

p—h,(T): M(X,T) - R

is upper semi-continuous in the weak* topology.

§8.4 Topological entropy

Let X be a compact metric space and let T': X — X be continuous. We
introduce topological entropy - a topological analogue of metric entropy.

§8.4.1 Definition in terms of open covers

Recall that an open cover a of a metric space X is a collection of open sets
a = {U;,1 € I} such that UUiEa U; = X. In most cases. the sets U; € « will
not be pairwise disjoint.

First recall that if X is a compact metric space then every open cover
has a finite subcover. For a given open cover there may be lots of different
ways of choosing a finite subcover. However, given an open cover we can
always choose a finite subcover of smallest cardinality.

Definition. Let o be an open cover of X. We define the entropy of « to
be
Hiop(a) = log N ()

where N(«) is the cardinality of the smallest finite subcover of a.
We can form joins and refinements as with metric entropy:

Definition. Let «, § be open covers of X. We define the join oV 3 to be
the open cover of X by sets of the form AN B, where A € a, B € 3.

Definition. Let «, 3 be open covers of X. We say that 3 is a refinement
of a and write o < § if every member of 3 is a subset of an element of a.

Note that a < a Vv g for all open covers «, 3.

Definition. Let T : X — X be a continuous transformation. We define
T~ o to be the open cover of X by sets of the form T71A, A € a.

It is straightforward to check from the definitions that T-}(aV ) = T laVv
T713, and if a < 3 then T~'a < T713.
Here are some easy, but useful, properties of H(«).
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Lemma 8.9

(i) If o < B then Hiop() < Hiop(S).
(ii) If o and B are open covers then Hiop(aV 3) < Hyop(ar) + Hiop(B).

(iii) If T is continuous then Hiop(T ') < Hiop(a). If, in addition, T is
surjective then Hiop(T ) = Hiop(ar).

Proof. (i) Suppose that a < 3. Choose a subcover { By, ..., By(g)} of 8
of minimal cardinality. For each i, choose A; € a such that B; C A;.
Then {A1,...,Ayn(g)} is a finite subcover of a of cardinality N(3).
Hence N(a) < N(B).

(ii) Let o = {A1,..., An()}, B = {B1,..., Bn(g)} be subcovers of mini-
mal cardinality of «, (3, respectively. Then

{AiNBj|1<i< N(a),1<j<N(@B)}

is a finite subcover of aV 3 of cardinality N(a)N(5). Hence N(aVg) <
N(a)N(B). Taking logs we see that Hyop(aV 3) < Hiop(ar) + Hiop ().

(iii) Let {A1,..., An(a)} be a finite subcover of a of minimal cardinal-
ity. Then {T_lAl,...,T_lAN(a)} is a subcover of T7'a. Hence
N(T7!a) < N(a).

Conversely, suppose that {714, ... ,T_lAN(T_la)} is a subcover of
T~'a of minimal cardinality. As T is surjective, {4, ... SANT-10) )
is a subcover of . Hence N(a) < N(T'a).

O

We can now define the entropy of T relative to an open cover a.

Definition. Let T : X — X be a continuous transformation of a compact
metric space X and let « be an open cover. Define

n—1

1 —j
hiop (T, o) = 711521(3 ;Htop \/()T e (8.3)
J:

to be the topological entropy of T relative to «.

To check that the limit exists it is sufficient to check that quantities in (8.3)
form a subadditive sequence. This follows as

n+m—1 n—1 n+m—1
Heop | \/ T7a| = Hep |\ T7av \/ T7a
j=0 J=0 j=n
n—1 m—1
< Hip | VT 70| +Hep [T\ T7a
j=0 Jj=0
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n—1 A m—1 A
< Hiop |V T7a| +Hep |\ T7a
§=0 j=0

by Lemma 8.9.
Finally, we can now define the topological entropy of 7.

Definition. Let T be a continuous transformation of a compact metric
space X. We define the topological entropy of T' to be

hiop(T') = sup{hiop(T, @) | a is an open cover of X }.

§8.4.2 Bowen’s definition

Let X be a compact metric space with metric d. For z € X,r > 0, we define
the open and closed balls with centre x and radius r to be

B(z,r) = {ye X |d(z,y)<r}
D(z,r) = {ye X |d(z,y) <r}.

Let T : X — X be continuous. For each n > 1 we define the metric d,
by A
= Tix, Ty).
dn(z,y) = max  d(T'z,T7y)
Thus an dy-open ball with centre  and radius € is

n—1
B, (z,e) = ﬂ T B(T'z,¢).
§=0

Alternatively, a point y is within d,,-distance ¢ of z if the first n iterates of

both z and y remain within distance ¢ of each other; i.e. d,(z,y) < ¢ if and
only if d(T7z,T7y) < efor 0 < j<mn—1.

Definition. Let n > 1,6 > 0. A subset F' C X is said to (n,&)-span X
with respect to T if the set of d,,-balls of radius € and centres in F' covers
X. That is,

X = | Bu(w,e).

zeF

We want to make (n,¢)-spanning sets as small as possible. This motivates
the following definition.

Definition. Let n > 1, > 0. Let p,(¢) denote the smallest cardinality of
an (n,e)-spanning set with respect to 7.

Remarks.
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(i) Note that as X is compact with respect to the d,-metric, it follows
that p,(e) < 0.

(ii) It is clear from the definition that if 1 < 9 then p,(e1) > pn(e2).

As n increases, we would expect the quantity p,(¢) to grow exponentially
fast. This motivates the following definition:

Definition. Let € > 0. Define

. 1
p(e) = limsup —pr ().
n—oo N
Possibly p(e) could be co.
As pp(e) increases as ¢ \, 0, it follows that p(e) increases as £ \, 0.
Hence we can make the following definition.

Definition. We define the entropy of 1" to be
heop(T) = lim p(c).
e—0

We shall show below that this definition agrees with the definition in 8.4.1.
Before we do this, it is useful to have another definition of h(T).

Definition. Let n > 1,& > 0. A subset E C X is said to (n,e)-separate
X if the d,-distance between any two points in F is greater than e: i.e. for
all z,y € E, x # vy, dy(x,y) > €.

We want to make (n,e)-separated sets as large as possible. Thus we define:

Definition. Let n > 1,e > 0. Let g,(e) denote the largest cardinality of
an (n, e)-separated set.

There is a nice relation between ¢, (¢) and p, ().

Lemma 8.10
Let ¢ > 0. Then p,(c) < gn(e) < pn(e/2).

Proof. Let E be an (n,c)-separated set of maximal cardinality ¢, (¢). Then
E must be (n, £)-spanning (if not, there would be a point in X of d,,-distance
at least ¢ from all the points in F, contradicting maximality). Hence p,(g) <
qn(e)-

For the other inequality, again suppose that E is an (n, ¢)-separated set
of maximal cardinality gy (e). Let F' be an (n,e/2)-spanning set. Let x € E.
Then there exists y € F such that d,(z,y) < /2. The map that sends
x — y: E — F is injective. (If not, then two different points z,2’ € E
could map to the same y € F. Then d,(z,2') < dp(z,y) + dn(y,2’) < &,
contradicting the fact that E is (n,e)-separated. Hence the cardinality of F
is greater than gy (), that is, ¢,(¢) < pn(e/2). O

10
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It follows that if we define

1
q(e) = limsup — log ¢, ()
n—oo N
then
hiop(T) = lim g(e).

e—0

§8.4.3 The two definitions of topological entropy coincide

We will show that the definition of topological entropy using open covers and
the definition using separated /spanning sets coincide. Let us (temporarily)
introduce the notation h,.(7") to denote the topological entropy of 7' using
open covers, and hg(T') to denote the topological entropy of T' using either
separated or spanning sets.

It will be useful to recall the notion of a Lebesgue number for an open
cover.

Definition. Let o be an open cover of a metric space X. We say that
r > 0 is a Lebesgue number for « if for every x € X there exists A € a such
that B(x,r) C A.

If X is compact then every open cover has a finite Lebesgue number.

If o is an open cover then we define the diameter of o to be diam«a =
Sup 4¢,, diam A. Suppose that « is an open cover for X with Lebesgue num-
ber r > 0. Suppose that (3 is another open cover of X and diam 3 < r. Then
every element of 3 is contained in an element of . Hence o < (3.

The following result is useful in calculating ho.(T'); it is the topological
analogue of Abramov’s theorem in the calculation of metric entropy.

Proposition 8.11
LetT : X — X be a continuous transformation of a compact metric space X .
Suppose that oy, is a sequence of open covers of X such that diam «;,, — 0.
Then

hoe(T) = lm hoe(T, o).

n—oo

Proof. Let £ > 0. Choose an open cover 3 such that

hoe(T) — € if hoo(T) < o0
rocl(T ) = { 1/e if hoo(T) = .

Let r be a Lebesgue number for §. Choose N such that if n > N then
diam oy, < r. Hence 8 < ay, for all n > N. Hence hoo(T, ) > hoo(T, 3).
Letting n — oo and then letting ¢ — 0 shows that lim, oo hoe(T, o) =
hoe(T). O

The following is the key technical result.

11
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Proposition 8.12
Let X be a compact metric space and let T : X — X be continuous.

(i) Let a be an open cover of X with Lebesgue number r > 0. Then

n—1

N\ T7a| <pu(r/2) < gu(r/2).
j=0

(ii) Let 3 be an open cover with diam 3 < e. Then

n—1
pn(g) < Qn(g) <N \/ T_jﬁ
j=0

Proof. We already know that p,(g) < ¢, (¢).
We prove (i). Let F' be an (n,r/2)-spanning set of minimal cardinality
pn(r/2) so that

n—1
X = Bula,r/2) = | [ T7/B(Tz,7/2).

zeF z€F j=0

For each j, B(T7x,7/2) is an open set of diameter 7. As r is a Lebesgue
number for a, it follows that, for each j, B(T7x,r/2) is a subset of an
element of o. Hence

n—1

N\ T7a] <pu(r/2).
j=0

We prove (ii). Let E be an (n,e)-separated set of cardinality gy (g). No
member of the open cover

n—1
\ 17778
Jj=0

can contain two elements of E. Hence

n—1
m(e) <N \/ T3
=0

O
Finally we can prove the two definitions of topological entropy coincide.

Theorem 8.13
Let X be a compact metric space and let T : X — X be continuous. Then

hoe(T) = hs(T).

12
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Proof. Let € > 0. Let a. denote the open cover of X using all open balls
(using the metric d) of radius 3. Note that a. has Lebesgue number 2¢.
Let fB: be any cover by open balls of radius £/2. Then by Proposition 8.12
we have

n—1 n—1

NV T | <pule) <aule) <N [ \/ T8 ]. (8.4)
j=0 J=0

Taking logarithms, dividing by n and letting n — oo in (8.4) gives
hoc(T7 as) < p(E) < Q(g) < hoc(Ta ﬁe)

Let ¢ = 1/k. Letting k — oo and using Proposition 8.11 we obtain
hoe(T) < ho(T) < hoe(T)

and the result follows. O

§8.5 Calculating topological entropy

Let T be a continuous homeomorphism of a compact metric space X. Let
a = {Ai,..., A} be a finite open cover for X. For each point x € X we can
look at the sequence of elements of o that the orbit of x visits (in the same
way that we coded, for example, the orbits of the doubling map in Lecture 1).
Note that € X has coding (i;)52_, precisely when z € (72 _ T—IA;,.
Note that, in general, two points may have the same coding.

Definition. We say that a finite open cover « is a (topological) generator
if for each sequence (i;)% € {1,...,k}% we have
0 .
card m T77A;; =0or 1.
Jj=—00

(Here, A denotes the closure of A.)

Remark In other words, « is a generator if every possible sequence has
at most one point with that coding.

The existence of a generator is very closely related to expansivity prop-
erties of the dynamics.

Proposition 8.14
The following are equivalent:

(i) T is an expansive homeomorphism;

(ii) there exists a (topological) generator;

13
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(iii) there exists a (topological) weak generator, i.e. a finite open cover
a = {Ai,..., Ay} such that for every sequence (i;)%, € {1,...,k}~
we have

o
card ﬂ T_in]. =0orl.

j=—00
Proof. Omitted. See Walters. O

The following is the analogue of Sinai’s theorem for topological entropy.

Proposition 8.15
Let T be an expansive homeomorphism of a compact metric space X and
let o be a (topological) generator. Then hiop(T) = hiop(T', ).

Proof. By definition, htop (7', @) < hiop(T).

We first claim that diam \/?an T7a — 0 as n — oo. Certainly this
sequence decreases, so suppose for a contradiction that diam \/;":_n T i —
gg > 0 asn — oco. So for all n > 1, there exists x,, y, in the same element
of \/?:_n T~ Ja. Hence d(zn,yn) > €0/2. By compactness, we may take a
subsequence so that z,, — x,yn, — y. Let z,,,yn; € ﬂZ]:_nJ T_kAnj,k.
Fix k. Then infinitely many of the A, ; are the same, as « is a finite open
cover, Ap k= A;- say. Then 2,y € T~/ A;. Hence z,y € ﬂ;-x;_oo T A, so
x =y, a contradiction.

Let 8 be any open cover of X and let r > 0 be a Lebesgue number for
3. Choose N such that diam \/j-V:_N T o < r. Then 8 < \/j-V:_N T .
Hence

N
htop(T7ﬁ) S htop T7 \/ Tﬁja
j=—N
n—1 N
= lim —Hyp, | \/ T \/ T7a
n—oo =0 N
N+n—1
= lim —Hy, \V T7a
j=—N

ON +n—1 1 2Nl

= 1 _]
M e | VT

= htop (T, Oé).

Hence hop(T, 3) < hiop(T, ). Taking the supremum over all open covers
B, we have hiop(T') < hiop(T, ). O

We can now calculate the topological entropy for some shifts.

14
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Proposition 8.16
Let 0 : ¥, — Xy denote the full two-sided k-shift on symbols {1,...,k}.
Then hop(T) = log k.

Proof. Let a = {[1],...,[k]} denote the partition of ¥ into cylinders of
length 1. Note that « is an open cover of Y. As cylinders are also closed,
it is straightforward to see that « is a (topological) generator.

Note that the elements of \/7]-1:0 o« is the partition of ¥, into cylinders
of length n, of which there are k™. Hence

hiop(o) = h(o,a)

n—1

1 .
— 3 _ —J
= nlgrolonHtOp \/O‘ a
J=0

.1 n

= lim —logk
n—oo n

= logk.

O

More generally, we can calculate the topological entropy of a shift of
finite type.

Proposition 8.17

Let A be an irreducible k x k matrix with entries in {0,1} and let 0 : ¥4 —
Yo be the corresponding shift of finite type. Then hip(0) = log A where A
is the largest positive eigenvalue of A.

Remark The largest (in modulus) eigenvalue of an irreducible matrix is
always real by the Perron-Frobenius theorem.

Proof. Let a = {[1],...,[k]}. Again, « is a finite open cover and a (topo-
logical) generator.

We have already seen that \/;L:_O1 oo is the partition of ¥ 4 into cylinders
of length n. Hence

n—1
Hiop \/ o 7a | =logcard {no. of cylinders of length n in ¥ 4}.
j=0

Note that the cylinder [’io, . ,infl]ﬂZA 75 (@ if and only if Aio,ilAil,ig e Ain727in71 =

1. Hence the number of cylinders of length n that intersect X 4 is ||A"|| where
| - || is the matrix norm given by [|B|| = >_, ; [Bi ;|-

15
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Hence
hiop(0) = hiop(0, @)

1 n—1

— ; - -J

= nlLrglo nHtOp \/ o’

§=0
.1 n
= lim —log|| A"
n—oo n
= logA
by the spectral radius formula. O

§8.5.1 The variational principle

The following important result relates metric and topological entropy.

Theorem 8.18 (The variational principle)
Let T : X — X be a continuous transformation of a compact metric space
X. Then

hiop(T) = sup  h,(T).
HEM(X,T)

Proof. We use a,f,... to denote open covers (used in the calculation of
topological entropy) of X, and (,n,... to denote partitions (used in the

calculation of metric entropy) of X.
First note that one can also define metric entropy as

hu(T) = sup hy, (T, ¢)

where the supremum is taken over finite partitions. (Our previous definition
had the supremum taken over all partitions of finite entropy.)

Let p € M(X,T). We show that h,(T) < hiop(T). Let ¢ = {A1,..., A}
be a finite partition of X. Choose £ > 0 such that ¢ < 1/klogk. We can
choose compact sets Bj such that B; C Aj and pu(A4;\ Bj) <e,1<j <k.
Let n denote the partition n = {By, Bi,...,Br} where By = X \ Ule B;.
Note that u(Bp) < ke.

We calculate the conditional entropy of ¢ given 7. Indeed,

k
o (N HANB) | p(A 0 By)
Hu(Clm) = ;MB»; WB) 5 (B

w4 N Bo) | - 1(A; N Bo)
1(Bo)

I
=
&

™

5

IAIA A
o
(L)
<)
0
e

16
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since, for ¢ # 0, u(A; N B;)/p(B;) = 0 or 1. Hence
hu(T', Q) < hy(T,m) + Hu(C [ m) < hy(T',m) + 1. (8.5)
For i # 0, we have that By U B; = X \ U;j;B; is open. Hence
B ={BoUDBu,...,ByU By}

is an open cover of X. Moreover,

n—1 n—1
H, \/T_jn < log | card \/T_jn
=0 =0
n—1 ‘
< log |2"N \/ T
=0
n—1 '
= nlog2+log N \/ T3,
=0
so that
h(T,m) <log2 + hiop(T, B) < log2+ h(T) (8.6)

Combining (8.5) and (8.6) we have that
hu(T,¢) < hiop(T') +log 2 + 1.
Taking the supremum over all finite partitions ¢ we have
hu(T) < hiop(T) 4 log 2 + 1. (8.7)

This holds for all continuous transformations T'. In particular, replacing
T by T" for each n > 1 and using exercise 8.4, we have

nhu(T) = hy(T") < hiop(T™) +10g 2 + 1 = nhiop(T') + log 2 + 1.

Dividing by n and letting n — oo gives h,(T") < hiop(T).

Conversely, we show that hiop (1) > sup hy,(T') where the supremum is
taken over all 4 € M(X,T). Let € > 0. To show that hyp(T") > sup h,(T)
it is sufficient to construct p € M (X, T) such that h,(T") > q(e).

Let E,, be an (n,c)-separated set of cardinality ¢,(¢). Define

1
Op = ——— s € M(X).
qn(€) z;;n &0
Let

1 n—1
fn = ZTﬁan.
=0

Since M (X)) is weak™ compact, i, has a weak* convergent subsequence with
limit p € M(X,T) (see Lecture 6). One can then show (with some work)
that h,(T) > q(e). O

17
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§8.5.2 Measures of maximal entropy

We are interested in measures which maximise the entropy.

Definition. A measure p € M(X,T) is called a measure of maximal en-
tropy if h,(T) = hiop(T).

Let Myax(X,T) denote the set of all invariant measures whose entropy
achieves the maximum:

Mmax(Xa T) = {M € M(X7 T) | hM(T) = htop(T)}'

It is possible for Mpax(X,T) to be empty. However, under reasonable
assumptions there is always at least one measure of maximal entropy.

Proposition 8.19
Suppose that the entropy map p — h,(T) : M(X,T) — R is upper semi-
continuous. Then My (X, T) # 0.

Proof. An upper semi-continuous function on a compact metric space at-
tains its supremum. O

More interesting is the case when there is only one invariant measure
that maximises entropy.

Definition. We say that T has a unique measure of maximal entropy if
Miax (X, T) contains exactly one point.

Lemma 8.20
Suppose T' has a unique measure of maximal entropy p. Then p is ergodic.

Proof. Exercise. o
We can show that shifts of finite type have measures of maximal entropy.

Proposition 8.21
Let ¥ denote the full one-sided k-shift with shift map o : ¥} — Xj. Then
the Bernoulli (1/k,...,1/k)-measure is the unique measure of maximal en-

tropy.

Proof. We already know that the topological entropy, hiop(c), is equal to
log k. The entropy of the Bernoulli (1/k,...,1/k)-measure is also log k.

Let p € M(X,T) and suppose that h,(c) = log k. We need to show that
w is the Bernoulli (1/k,...,1/k)-measure. By the Kolmogorov Extension
Theorem, we need only check that the p-measure of each cylinder of length
nis 1/k".

18
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Let ¢ denote the partition into cylinders of length 1: ¢ = {[1],..., [k]}.
By Sinai’s theorem, h,(0,¢) = hy(o) = log k. Moreover, for each n > 1,

n—1

1 » 1 .
logk = hy(0,¢) < —H, \/()a ¢ < ~logh" =logh.
j:
Hence
n—1
H, | \/ T7¢| =logk". (8.8)
§=0

Zaj¢($j) <o (D ajuy (8.9)

where a; > 0, 2?21 a; = 1, with equality if and only if all the x; corre-
sponding to non-zero a; are equal. Let n = {A1,..., A;} be a partition with
k elements. Note that ¢(x) = —xlogz is strictly concave. Putting a; = 1/k
and x; = pu(A;) into (8.9) we see that H,,(n) < logk with equality precisely
when p(A4;) = 1/k, 1 < j < k. As there are k" elements in the partition
\/?;(} T=I¢, it follows from (8.8) that every element in \/;‘;01 T77¢ has the
same p-measure, namely 1/k™.

Hence p agrees with the Bernoulli (1/k,...,1/k)-measure on cylinders.
By the Kolmogorov Extension Theorem, p is the Bernoulli (1/k,...,1/k)-
measure. O

One can generalise the above result to shifts of finite type defined by
irreducible matrices.

Let A be an irreducible k x k matrix with entries in {0, 1}. Let 3 4 denote
the corresponding shift of finite type with shift map o : %4 — 4.

Let P be a stochastic matrix and let p be a left probability eigenvector,
so that pP = p. Recall that we can define a Markov measure 4 on ¥4 by
defining it on cylinders by

N[iO7 ceey Zn] == pioPio,il o —F)infl,in-
We will need the following well-known result:

Theorem 8.22 (Perron-Frobenius)
Let A be a non-negative aperiodic k x k matrix. Then:

(i) there exists a positive eigenvalue X\ > 0 such that all other eigenvalues
A; € C satisfy |)\1| <A,

19
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(ii) the eigenvalue X is simple (i.e. the corresponding eigenspace is one-

dimensional),
(iii) there is a unique right-eigenvector v = (vy,...,v;)! such that v; > 0,
Z?:l lvj| =1 and
Av = v,
(iv) there is a unique positive left-eigenvector u = (uq,...,ux) such that
uj >0, Y30 |uj| =1 and
uA = \u,

(v) eigenvectors corresponding to eigenvalues other than X\ are not positive:
i.e. at least one co-ordinate is positive and at least one co-ordinate is
negative.

By the Perron-Frobenius theorem there exists a unique maximal eigen-

value A for A with corresponding left and right eigenvalues u = (uq, ..., ux)
and v = (v1,...,vx), respectively. Define
A; v
P' . — J )
b )\Ui
U3 V;
pi =
c

where ¢ = Zle u;v;. Then P is a stochastic matrix and pP = p. Thus P
defines a Markov measure p on 4. We call p the Parry measure.

Theorem 8.23
Let 0 : ¥4 — Y4 be a two-sided shift of finite type defined by an irreducible
matrix A. Then the Parry measure is the unique measure of maximal en-

tropy.

Proof. Omitted. See Walters. O
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§8.5.4 Exercises

Exercise 8.1

Let D = {0} U {1/n} and let X = D%. Let o0 : X — X be the shift map.
Let u, be the measure which is the direct product of the measure on D
which assigns measure 1/2 to each of the atoms 1/n,1/n + 1. Show that
tn € M(X,T) and that o, with respect to p,, is isomorphic to the full 2-
shift. Show that p, — Jgeo Where dgee is the Dirac d-measure supported on
(...,0,0,0,...). Show that the entropy map is not upper semi-continuous.

Exercise 8.2
Show that the topological entropy of a homeomorphism of a circle is 0.

Exercise 8.3

Two continuous transformations T; of metric spaces X;, i = 1,2, are said to
be topologically conjugate if there exists a homeomorphism ¢ : X1 — Xo
such that To¢ = ¢T1. Show that topological entropy is an invariant of
topological conjugacy.

Exercise 8.4
Show that hiop(T™) = mhiop(T) for m > 1. If T' is a homeomorphism show
that hiop(T) = hiop(T71).

Exercise 8.5
Prove Lemma 8.20. (Hint: there are two cases. When hiop(T') = oo show
that if T has a unique measure of maximal entropy then it is uniquely
ergodic. When hiop(T) < oo show that Mpax(X,T) is convex and that
the extremal points in Mpyax(X,T) are precisely the ergodic measures in
Muax (X, T).)
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