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MATH32051

B5.

(i) Recall that the set of Mobius transformations of I is defined to be

z+

z4+a

Msb(D) = {’y:]D)—ﬁD|7(z)=g a,f€C, |a|2-|ﬁ]2>0}.

Let 1,72 € M&b(D) and write

a2+ ﬁ] Uz -+ ﬁg
= el bl - e
n(z) Bz ta ) Boz + 003

Show that the composition v;7, is a Mdbius transformation of I.
Show that 47! is a Mébius transformation of .
[10 marks]

(ii) Recall that if ¢ : [a,b] — D is a parametrisation of a path in D then the hyperbolic length of

o is defined to be "
2
lengthn(a) = [; ']W-J’(t)l dt.

How can the hyperbolic lengths of paths then be used to define a metric dy on D? (You do not
need to prove that dp is a metric.)

[2 mark

(iii) Let a € (0,1) and consider the path o along the imaginary axis that joins O and ia. Wri
down a parametrisation of ¢. Hence show that

lengthp(o) = log (i a ﬂ) .

-

[6 marks]
(iv) Hence show that dp(0,ia) = log (1 i- Z)
[8 marks]
(v) Find the hyperbolic mid-point of the arc of geodesic in ID between 0 and 41 /5.
[4 marks]
hof 8 R0},

(c) 2019 The University of Manchester



MATH32051

Ad4.

(i} Consider the regular hyperbolic decagon in Figure 1 below with each internal angle equal to
7/9 and with the sides paired as illustrated (you may assume that such a hyperbolic decagon
exists).

Show that there are two elliptic cycles and determine their orders. By using Poincaré’s Theo-
rem, show that the side pairing transformations generate a co-compact Fuchsian group I'. (You
do not need to give a presentation of " in terms of generators and relations.)

[10 marks]

(ii} Write down the signature sig(I) of I". Sketch a picture of the quotient space H/I.
[4 marks]

Figure 1: See  westion A4. Each internal angle is 7/9 and the sides are paired as indicated.

Jof 6 P

(c) 2019 The University of Manchester



B5

(i) We have

aq (%2227152) + b1
M(72(2) = —

B (322) o
ai(aez + f2) + 1
Bi(azz + Ba2) + &
(s + B1B2)z +
(Brag + a1 B2)z +
a3z + ,83
Bgz + 543.

Boz + az)
Boz + @iz)
a1z + Bf1an)
B1B2 + dnda)

~|—~ —~|

This is a Mobius transformation of D as

las]? — 83> = (c1ag + B1f2)(B1Bs + ar1a) — (a1 B2 + Braz)(Biras + a1 f2)
= (Jaa* = |81*)(az* = |B2]*) > 0.

[You would also have got full marks if you’d exploited the fact that composition of
Mobius transformations corresponds to multiplying matrices together, provided
that you'd stated this correspondence.]

For the inverse, if w = 71(z) then

ozt 3 2 —aw +
w= _17?1 S w(fiz+ar) = a1z+01 & (frw—a1)z = —qqw+f < z = _1751
Brz + aq frw — aq
Hence o
_ -1z 1
niz) = =———
pr1z — aq

which is a Mobius transformation of D as
—ay % (—a1) = 11 = |ar|* — |12 > 0.

[Again, you could also have used matrices to do this.]
Let z,w € D. We define

dp(z,w) = inf{lengthp (o) | o is a piecewise differentiable path from z to w}.

A parametrisation of the arc of imaginary axis from 0 to ia is given by o(t) = it,
0<t<a.

[There are other formulae that work (eg o(t) = iat, 0 <t < 1), but this is the
simplest and will make life easier in the calculation below.]

We have ¢'(t) =i and |o(t)| = t. Hence

@1 1
= ——+——dt
/0 =t T i4e
= (—log(l—1t)+log(1+1))[g
log(1+ a) —log(l —a)
1+4+a
= log .
1—a

@ 2
lengthD(O') = / ﬁ x 1dt
0




A4

(i)

[Here we did the integral using partial fractions. If you hadn’t realised /remembered
that partial fractions was the best way to integrate 1/(1 — ¢?) then you could
have gotten a hint from the question. You’re given that the answer involves a
log. You would get a term log(1 + t) by integrating 1/(1 + ¢), and similarly for
the (1 —t) term. This suggests that you need to look for 1/(1 —¢) and 1/(1 +1¢)
in the integrand.]

[This is very similar to Exercise 6.1(iii) in the notes.]

Let o(t) be any path from 0 to ia, 0 < t < 1. Write o(t) = z(t) + iy(¢). Then
y(0) = 0,y(1) = a. Also note that o’(t) = 2/(t)+iy'(t) and |o(t)|? = ( 2y (t)2.
Hence

1
lengthy(0) = /0 — (tf g < @Oy )
b
|
where we have used the facts that (2/(t)? 4 3/ (t)%)"/2 > 4/(t) (as 2/(t)2 > 0) and
>

1—(z(t)®* +yt)?) <1—y(t)? (as 2/(t)? > 0). Using partial fractions again we
have

Loyt y()
ngiholo) = = [0
= (—log(1 — y(t)) +log(1 + y ()l
_ 1+ y(0)
T 0
1+a
1—a’

= log

Combining this with the results in (iii) and the definition given in (ii), we see
that dp(0,ia) = log(1+a)/(1 — a).

The hyperbolic mid-point must lie on the imaginary axis, as this is the geodesic
from 0 to 4i/5. Suppose it occurs at ai. Then dp(0,ai) = 1dp(0,4i/5). By (iv)
we have

1 1. 144/5 1. 9/5 1
ta_ Ly it/ —log/:2log9:log91/2:log3.

1 _ _
1 e 2%®1 455 2815

Hence
1+a

1—-a
ie. 14+ a = 3(1 — a), equivalently a = 1/2. Hence the hyperbolic mid-point
occurs at i/2.

[Note that the numbers were chosen to work out nicely. This is deliberate: I'm
assessing you on whether you’ve learned some hyperbolic geometry, not if you
can do arithmetic!]

Label the diagram as shown below.
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N——

which gives elliptic cycle

which has angle sum sum(&;) = 9 x § = 7. Hence the elliptic cycle has order

m1 = 2 (so that m x sum(&) = 2m).
[When this was an exam question, lots of people took m = 1.]
We also have the elliptic cycle

(’Ug 39)73(1)9 810)—*>(U9 89).
Thus we have elliptic cycle
52 L Vg

which has angle sum sum(&y) = 7/9. This has order mg = 18.

Hence the Elliptic Cycle Condition holds for both elliptic cycles. Hence Poincaré’s
Theorem says that ~1,...,75 generate a Fuchsian group I'.



(ii) There are two marked points: one given by gluing together the vertices on &;
to give a marked point of order 2, and the other given by gluing together the
vertices on & to give a marked point of order 18.

There are two copies of side-pairing transformations of the following form:

(The other two sides glue together to give one of the marked points.) This
suggests that the genus of 2.

[If you don’t look this ‘stare-at-it’ method, then you could think about Euler’s
formula. The surface H/T' will have a triangulation with V' = 2 vertices (the
number of elliptic cycles), F = 10/2 = 5 edges and F' = 1 face. Hence 2 — 2g =
X=V-E+F=2-5+1=-2,50¢g=2.

Hence sig(I") = (2;2, 18).

H/T looks like the following:

2 woltedh ot



