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[Adapted from a previous exam question.] 

(i) Let .  What does it mean to say that  is a Fuchsian group?


       is a     	 	 	 	    	 	 	 	 	  of .


(ii)  Consider the hyperbolic quadrilateral illustrated below.  Here .  Let    	 	 	 	
	                     .


     Show (by considering end points of the sides) that  pair the sides as indicated.


 

(iii) An elliptic cycle  satisfies the elliptic cycle condition if:  	 	 	 	 	  


     A parabolic cycle  satisfies the parabolic cycle condition if:  		 	 	 	 


(iv) Label the vertices and sides of the quadrilateral.  Show that there is one elliptic cycle and two 
parabolic cycles.  Show that the PCC holds for all .  Determine conditions on  such that the 
ECC holds.  Hence determine conditions on  that ensure that  generate a Fuchsian group 


In each case when  is a Fuchsian group, give a presentation of  in terms of generators and relations.


	 	                 	 	                                                   .                   (*)


(v) Consider the special case when  so that  (which do 
generate a Fuchsian group).  Check by explicit calculation that  satisfy the relation(s) that you 
obtained in (*).


(vi) By modifying the construction in (iii) above, show that  generate , 

the free group on 2 generators.    

Γ ⊂ Mob(H) Γ

Γ Mob(H)

θ ∈ (0,π)
γ1(z) = z + 2 + 2 cos θ, γ2(z) =

z
−z + 1

γ1, γ2

ℰ

𝒫

θ ∈ (0,π) θ
θ γ1, γ2 Γ .

Γ Γ

Γ = ⟨ ∣ ⟩

θ = π /2 γ1(z) = z + 2, γ2(z) = z /(−z + 1)
γ1, γ2

γ1(z) = z + 4, γ2(z) =
z

−z + 1
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