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Solutions to Week 10 worksheet
(i) T < Méb(H) is a Fuchsian group if it is a discrete subgroup of Mab(H).

(ii) We know that M&bius transformations map geodesics to geodesics. So to show that
71, Y2 pair the claimed sides, we only need show that 7, map the end-points of the
respective sides to each other, i.e. we need to check:

(a) m(~(1 +cosB) +isinf@) =1+ cos + isin#,
(b) m(o0) =
(c) (0) =0,
(d) 72((1 + cos ) + isin@) = —(1 + cosf) + isind.
(a) follows easily as v1(—(1 + cos#) + isin@) = —(1 + cosf) + isinf + 2 + 2cos 8 =
1+ cosd+isinf.
(b) follows as v, is & translation and so fixes .
(c) follows as v2(0}) = 0/(—-0+ 1) = 0.
(d) follows as

(14 cos®) +isiné
—(1 +cosf) —isin@+1
(1+cos@) +isin@ —cosf+isind

—cosfl —isin @ —cosf +isinf
= —(1+cosf@)+isind.

Y2((1 + cos @) +isind) =

expanding out the bracket and recalling that cos® § + sin2 8 = 1.

(iii} An elliptic cycle £ satisfies the ECC if there exists an integer m > 1 such that
m x sum{€) = 2.
A parabolic cycle P satisfies the PCC if a corresponding parabolic cycle transforma-
tion is either parabolic or the identity.

(iv) Label the diagram as below:

(c) 2019 The University of Manchester



This gives:
— ellipticcycle £: 4 —+ B
— elliptic cycle transformation =5y,
— angle sum sum(€) = 26.
Thus the ECC holds iff there exists m > 1 such that 27 = msum(€)} = 2m4, i.e, iff

¢ = w/m for some integer rn > 1. The question assumes that 8 € (0, 7), so we require
m > 2.

We have the parabolic cycle
( ) - ( ) & ( )
81 52 5

— parabolic cycle P : 0

This gives:

— parabolic cycle transformation ;.

Note that 42(z) = z/(—=z + 1) is in normalised form and 7(y2} = (1 4+ 1)2 = 4. Hence
~9 is parabolic and so the PCC holds.

We have the parabolic cycle
83 84 83

— parabolic cycle P; : oo

This gives:

— parabolic ¢ycle transformation 7.

Note that 7;(2) is a translation. Hence ; is parabolic and so the PCC holds.

Let & = w/m for an integer m > 2. Then Poincaré’s Theorem holds and 7,7
generate a Fuchsian group I

As there is one elliptic cycle, there is just one relation. Thinking in terms of abstract
symbols, let a = v, b = y2. We have

I'={a,b]| (ba)™ = e).

(v) Let @ = /2 so that m = 2 in the above. We have

.
4

—z4+1

N =242 mlz)=

By (iii), these should satisfy the relation {(y271)? = id; we can verify this directly as
follows. Recall that composing Mébius transformations is given by multiplying the
corresponding matrices together. We have

1 oy/1 2V} /1 2\ /-1 o0

-1 1 01 -1 -1 R
Either by recalling that scalar multiples of a matrix give the same Mobius transfor-
mation or simply noting that the above matrix gives M&bius transformation (—z +

0)/(0z — 1) = z, we see that yo7)? = id.

2
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(vi) The free group F> has two generators and no relations. Relations come from elliptic
cycles. Thus we should expect to be able to construct it by removing the elliptic
cycle in the construction in (iii). Consider what happens in the ‘limit’ as 8 — 0 or,
equivalently, if the vertices A, B are on the real axis (at A = —2, B = 2, respectively).
We would have the picture as below.

LA

P

w1
N

A=-27 O B=2,

The same calculation as above show that we have the following parabolic cycles:

— P = 0 with parabolic cycle transformation s,

— P2 = co with parabolic cycle transformation ;.

(In both of these cases the PCC continues to hold for the same reasons as in (iii).)

However, A, B are now also boundary vertices and so must also be on a parabolic
cycle. The same (vertex,side)-pair chasing as in (iii} shows that we have the parabolic
cycle

— P3 = A — B with parabolic cycle transformation 2.

We need to check that the PCC holds. Note that 42+, has matrix

1 0 14 (1 4
-1 1 0 1) \ -1 -3
which is normalised and has 7(vz71) = (1 — 3)? = 4. Hence 7>7, is parabolic and so

the PCC holds.

Hence, by Poincaré’s Theorem, 1,72 generate a Fuchsian group I'. There are two
generators (a,b, corresponding to 7,72}, but no relations (as there are no elliptic
cycles). Hence I' = (e, b), the free group on 2 generators.
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[Adapted from a previous exam question.]
(i) LetI' € Mob(H). What does it mean to say that I" is a Fuchsian group?

I'isa of Mob(H).

(i) Consider the hyperbolic quadrilateral illustrated below. Here 8 € (0,7). Let
n@=z+2+2cos0, ()=

—z+1
Show (by considering end points of the sides) that y,, y, pair the sides as indicated.

0 V/\ 0

—(1+cosf)+isin@ 1+ cosf+isind

(iii) An elliptic cycle & satisfies the elliptic cycle condition if:

A parabolic cycle & satisfies the parabolic cycle condition if:

(iv) Label the vertices and sides of the quadrilateral. Show that there is one elliptic cycle and two
parabolic cycles. Show that the PCC holds for all @ € (0,7). Determine conditions on @ such that the
ECC holds. Hence determine conditions on @ that ensure that y,, y, generate a Fuchsian group I".

In each case when I is a Fuchsian group, give a presentation of I" in terms of generators and relations.

=/ I )- ()

(v) Consider the special case when 6 = n/2 so that y,(z) = z + 2, 7,(z) = z/(—z + 1) (which do

generate a Fuchsian group). Check by explicit calculation that y;, ¥, satisfy the relation(s) that you
obtained in (*).

(vi) By modifying the construction in (iii) above, show that y,(z) = z + 4, 1,(2) = generate &,
—Z
the free group on 2 generators.



