Whar &d we do \or ¥iwe?

Wed  <R) Q\CJ&\\Y’& Wovdun bxy e

Th) >+ & x 15 e
K = %

3 g:oxw\)c\\c
zelo,d) & x 1 eligfc.

Yop Le&r  ~eMob (M), x#1d. Te %\\0\»\% ave equnale -
V) W paobok
@ k) -%

¥ X s QO«\QU\QQ\‘E B a oslaron
@ x v QWU\'ﬂ To eWher v 24l

o 2o 2-4

Consenn® Fear

S A Nov o (verr weell ) — dned e pewonchiad
e Yelen
(U, anm\rcdb cheudan ase permitied

Uoto B nduding  Sedr. A T Ye wden (:\103\?%3)
chure

(c) The University of Manchester 2019



?_L; @& RDlos Yown e evercisen, 0

M = !’L) dw\q )
@ = O duppr ¥ :
W Nowd owlovows a '?aru.bd\(.
Yeaw + s porahaic ( fee \ont \QC\\W\_
¢l wangue fved

B comguepiT o o Nowloin

O =) Sugeor ¥ O ’?Q(u\ch\ \ :
B ?0\\!% ot § e OM . Oneor 6@‘\(\0\0 (W) & \Cjb) =00

G ot O 924

Consider g*gQ;\_ “Twen XX
¥= g (959) 9 _\
W g (W & «lg'R)= sy glo=§
&) 2= 9(§) 70
0 %\66\ o A WG Rxed O ar X

Clouim %\gg‘)'\ s o Wondohon,

N _ o o
Wik orxq (7). _ar+b Qn ® O o fxed VT,
O Ce~rd we Wave =0

So g\gfg\ [2)= az+b T W o hved ¢ of
Y
._\_o_. QR 0 o Y (‘m\\\g Freed o N %35\

-

we nowve a=d. Yene @Sé\(ﬂ: 2% 1°/d/ A
o AONon n)

(c) The University of Manchester 2019



\’M?el\x)\ia Witoins Hbg_} ?
T < Ve el se s Yon 2 Pred on ot OH
one @ WA
Seom® X |2)= R w74, R70. — 0o dahon .
T Yoo Bved g or O 0
e kE, W T CThen Y
W, =Y, o k= Vi

sceto. Jer il

e meyggv =
(M) The Floang owe equivded

o ‘\\3
Vegosthon [+ e W
) + TN Covepie
My T B \(M?a\fo\\c , W k) ,Q\Db}l d\\ui\ﬁ:\'\?

?:_E— USSR done
@) = © Dlavow o Yugelodic. Wz 1 comepte e
\;\\ﬂ?e\\ﬂ\‘c ke Yen o S Y\g)pe(\oo\\‘c_
CEZAL NV T \iuyped o o Rxed Py ak
% ¢ 5, e Croox ge MO H) 3.’r.#‘
a(5), 9(5) = O/ » . Comder QI Then

oug © cogght (o TS 3" (vg)a).

Noke: A€G () = 2, & (') = §'1)
S W= f,5, & 9l 9lk)
= Z=0, %

1.

Qw9 g ® a Nafien
/e gﬁga’\(ﬂ: QZ+Y

Cz+0
On o = Axd, we Yove ¢=O
On O o Red, be N =0 ,5¢ b=0

Pee o6 ()= (@ — o dlafin Q

(c) The Uni



_Z\_\_\_@_’_\‘_c__&\\%\rﬁ\l\ﬂ A AN B
\NDe v v ™ Weeodh Yo WMtlduwo by ¢ D
Yoe Yo Bm @il 02 aipge C
BETra 1 =gl >0

On »  WRu( H) W con axume NI R
Vianahed (e \o;\1 ~\plt =1
e 3 B Novwvedd | ue dehne TR+ (01., 5‘)&

Wk 5 v W . Th) %
?O\JQ)O Q—D =4

eMiyp c L0,9)

1S
6&(1\:“@\‘3 Ta\ﬂe Xz € 2 p j@:O, “Then

<) < e;% 2 +0 _ @‘@% —  Ooton abowr O €D
Oz + o% Yoowdn onde O

They Yo o umgue Reed or ar 06€D, o ¥ ellvptie
Yoo et ?gemb\)(@ S AT\ %\\m\\r\\c) ot & unalent

M x o\ (D (e [0,0,) @ 5 B conpiepr 1O &
Qanon

o= g Previawd \ectree
@ = 0 XZQ-J\_O\\\W o.% Q)“\\!Q\&(. \g' > W COV\Q%O\\“( Yo an
elgvic b Yren xS red eWphe

O = &) SU‘WOX s Yon a WhG e R‘&td (p\f‘ o G D
Chook Se‘(\(\%\o(“)) . g(5)= 0. Cosder 3‘({‘3“' |
Then ¥ D onug b (o0 g v S(ems))

(c) The University of Manchester 2019




o aud (Dt & wlg'1) < ') @
e dV-5 & 2 9gPH=0

Cuin  oxg B v o wanon,

/& osg (@< x2rp  On sy (0= O, we

ﬁ%ﬂr?

1)
Yowe P -0, w F:Q ek a=ce'? Trea
X
‘3%5\(%\‘ "2 = ez\g% o TN
-3 /
e’ 8]

Tl e Mdws b & B gvea by
\6’—'0 < (COB S/(,) Zz + Sin 9/(
(— sio ¥ z) 2 3 @®, ‘_

Yorn o ungle Red gr od TeH 2 dhen
coled A dphen & M ddaak T

(c) The University of Manchester 2019



r\’_b\(\O\’ A e do \ar Fwe ©

ClossPied o Waswe ts (e Vol Wee oo
ypecat Y0ddwn b (Pt \ode Wihe d\\fﬁw
Ahwphc TNOGw  Txy (‘i\(\e\») Yoot \he (8?0\\0@'

W Wl we do Tudogy’
Wradue  TodNon ofau

L dwce g & Wds(h) oeE)

Coptsanali Yed

S A Nou (ted el i
(. oggrovd) cdadae o vetved

Voo & \\(\c_\\j\c)&% Sr M fo Tre A (kg?)ﬁ (dx(!f@ \echu “).

(c) The University of Manchester 2019



’Lz _ Sudnsion QRS @

e QL %c\nsia\r\M D o el swhgoup o
Mob(H) o (D).

Disceetevey  ecall (X,d) w a weWic  spue LR
® dh9y>0 A =0 & %=y
@) dhuy) = dlux)
@ dlryg) € dh2) +dlz,v)

oo @ X=R  dhgl= lx-y)

e ———

@ X:‘R"‘ d ( (’J‘, —,:(D,(\O\; _7‘:0,,]) = v] (“\‘HD? N "*(Jn“jn)z
® %=M  dsdp , X=T d=dy

Jor  (rid) e a W\’?\V“\(ﬁwmce/ ek WX - A podr yeY
s 7sdaed & 3670 sy ¥ y'ed u'#y, Fhen
d\\b.\a')? (g\

rgq\k\\lok\n\'\b: \et+ ’Eg (\'jw = 72e?§\ d’?,\\h < 33 , Yhen \36\\‘5
5 ded it FO20 s Vs(y) NG = Iy J

e D) b dueel ey pont @ Yoo idabed
Soweer @ K=, V=42

\ ‘- 1 — R
—\ O \ 2
(Aven 3:1/ Yove 0=V  Then here
o o dher podn ¢ D whitm ddiune " at .

(c) The University of Manchester 2019



@ K=0 5—’?,/\0 /ﬂe“\)iﬁ 18 OOy @

M \
[ 1 i \ l N
y \

N 2 1
/—\ l£ S 1S SW\UU\ Qmﬁ\'\)

\ole \Os\/,/\
NS Y S Cade: W @l Jeperdh oA A

%u\ \'/r\' . Wea vo cver pownl
& Y w o Yefe

@ K=K - ?'/\4} aeMNI VY 0] & wdr dveek an O
B0 Wdaed (@\\m{\ Oy 020 e @ QB )
Vo st Y © withn Ao § & O.)'

& K= J= (D‘ o e (‘(\0 ?ow\\‘ i ”\S&Q\QCD
@ %= any s, Y 0 adal st Then W) 7 chwete

——

Qk e on W\\a\ocmﬁ.j
o\ do v e hap M

wo by du Y N eod "eacn dlver

Scomge T T (%) < _2_%_-}_% D= Zan 11
2+ L 2+ 4
—Yer snadd R dox”
By ) = Zar w&_h): Az x 27
Z2+4 5er 2
—ene \SN\UJ)\O\ e c\(_;y: ’
whls 2l k)= —22 11
Z+4 o4

— Yere Snohd = Mg !

(c) The University of Manchester 2019



Dehne  V(a v ¢, M= [atap.ctdt ®

s (D) T b
B\(\ —_— A3 V; C{O\\- ¢ (];0\;"‘\9..(‘_:1
C T+ O A t
1=4,2

Dehre
O\m&(\m (N,”G-,J = ‘N\F\\(\}z\ | (G\)\o\)q )O‘D ~(a, by ¢, aON
V(oo c,d) = (= b, -6 o)
el A Fodnsan Gowp » a dnerek suhgytounp o WY (1)
o (8 (D).
W Q) \m\re%e( oaion
T = ?“(5“(@: ZAN “GZ{S D & moun Gop.

(@) Planows g & POwes & Z
S\ - 275\'\\2\: 2'2 , Y\GZ‘E @ & TGN GOAP,
® @V\\\g R\fu}c SuWbglay o Maw Ny o o admon  Gow,
T =350, cdeven Yeagn 407, 180 ,’Z?o'} cN\Ew (D)

® o TuNSON  FOAP.
P cle\\\), I ?\Gy_(?-): o 2 ,}-R:Ol,li ’7‘2“43
MWD @ & Lo GIonp.
@ W% 5 2 & fonman gy & N el @ o suixime
Men T B G hsdn e
® 17 = P3Z% 'Z,‘) = ChodWal  Glonp

- Y xld: ard  abcd e ad-be =1
Cz+d
(c) The University of Manch@er 2& RAC\(\S\-O\‘A C;T{‘QA P .

2 &

7




Qels & 7' e o sbgamp - M8 (H) ©
Jex zell . TTwe ofaht 4 72 0B e Aet
() = X slz) xev}.
{XG\N\@( P: W\’rtﬁer MM\QMW :?\gﬂ (ﬂ:?—w\ /{\E‘-ZL]

-4 T I L
<. X XK 2 R X X - -

L

i) = { Ty, r\eZ/].
Yeop  Le¥ T = o supmp o Maw(H o WMeh(D)
e ,?0\\0\9% Qe QCL\J\\\IQ\N?T'-

Q) T\ n QA oo Gary

© YzeW (o D) Ye ol D) < N (o ]D)

B Adcere .
{‘{CQ\N\Q\? /e = ;“6(\ 12) = 2“% . n€ 27‘]
' a,
2 D) - %2“2,?0‘2’:
TS A\sCvele
‘ Vz el
o Yy
(et B

Wyence Vo a fudwan el

(c) The University of Manchester 2019



TOS
/SCN\ MATH32051

SECTION B

Answer TWO of the three questions

B5. Consider the following statements. In each case, state whether the statement is true or false
and justify your answer by giving either a proof or a counterexample. You will not be awarded any
marks for guessing true or false without attempting to justify your answer.

(i) Let 71,92 € Méb(H) be two Mébius transformations of H. Then “17¥2 is a Mobius transforma-
tion.

[4 marks]

(ii) Let 7(7) denote the trace of the Mébius transformation v of H. Then, for every v, v € Mab(H),
we have 7(vi72) = 7(71)7(72). g '
[2 marks]

(iif) Conjugacy between Mabius transformations of 1 is an equivalence relation.
[6 marks]

(iv) Let vi(z) = 2+ 1, 42(z) = 2 — 1. Then 1 and 7, are conjugate Mdbius transformations of H,

[4 marks]

(v) There exist parabolic M&bius transformations 71, ¥ € M6b(H) such that 4, is hyperbolic.

[4 marks]

(vi) Let L denote the geodesic in H with endpoints at -2 and 2. There exists a Mobius transfor-
mation vy € Mob(H) that maps L to itself but interchanges the endpoints.

[6 marks]

{vii) There exists a Mobius transformation v € Mob(H) that maps the hyperbolic triangle A,
with vertices at 0o0,4,1 to the hyperbolic triangle A, with vertices at oco,i, (-1 + iV3)/2.

[4 marks]

4ol 6 e,

(c) The University of Manchester 2019



B5

(i)

(i)

This is true. The composition of two Mobius transformations is a M6bius trans-
formation. See Exercise 3.4. (And remember that you need to check that ;7
is a Mobius transformation by checking that ‘ad — bc = 1'.)

Some people queried whether 719 meant the composition ; o y2 or the product
~v1(2)72(2). As I said many times in the course, we only ever compose Mobius
transformations together (and you should recoil in horror at the thought of
multiplying them). However if, in your answer, you wrote or made clear that
you were interpreting y1y2 as the product and gave a reasoned answer as to why
it wasn’t always a Mobius transformation, then I gave you full credit.

This is false. Some of you constructed highly elaborate counter-examples. The
simplest is to take v1(z) = 72(2) = z, the identity transformation. Then 7(y;) =
T(v2) =7(nv2) =4 # 7(1)7(72)-

A very large number of you took arbitrary transformations v;(z) = (a1z +
b1)/(c1z+d1), v2(z) = (a2z+b2)/(c2z+dz2) (in normalised form, I hope), worked
out the composition 179, calculated the traces of 71,792,712 and then boldly
stated that it was clear that these were different in general. This isn’t a proof!
If you are asked to find a counterexample then you actually need to find one
(and finding just one will do); you aren’t asked for a method which, in principle
and with a bit of work, will produce a large number of counterexamples.

This is true. I think everybody who attempted this got this right.

This is false. Stating that a parabolic Mobius transformation is conjugate either
toz+— z+1orto z — z—1isn’t sufficient: this doesn’t say that z— z+1,2z —
z — 1 aren’t conjugate.

You can’t say that the conjugacy must be of the form v(z) = kz and then deduce
a contradiction—you have to show that g1 # ~2g for any g € Méb(H).

See the solution to Exercise 10.3 for how to do this.

This is true. Take 7;(2) = z 4+ 1. This has matrix ( é 1 > There’s no point

taking 5 to also be a translation, as the composition of two translations is also a
translation and so parabolic. Instead, think what’s the next simplest example of
a parabolic transformation. It has to have trace 4, so the Mobius transformation

with matrix < i (1) ) might be worth looking at. Take y2(z) = z/(2+1). Then

my2(z) = (22 + 1)/(2 + 1), which is normalised and has trace 9, and so is
hyperbolic.

You can’t say that ~; is parabolic and so conjugate to a translation, -y is
parabolic and so conjugate to a translation, hence we can assume both v; and
7o are translations, hence their composition is a translation and so parabolic. It
is correct to say that a parabolic transformation i is conjugate to a translation;
however, this conjugacy depends on the parabolic transformation (it’s a change
of coordinates that maps the fixed point of 77 to 00). There’s no reason why
the same conjugacy is going to work simultaneously for both =1, s if they have
different fixed points (indeed, this is what makes the example above work).

This is true. There are two slog-it-out methods and a quick method to see this.

One slog-it-out method is to suppose that v(z) = (az+0b)/(cz+d) maps —2 to 2
and 2 to —2, use this to deduce two relationships between a, b, ¢, d, and then find



(vii)

(by trial and error) suitable values of a,b,c,d which satisfy these relationships
and the fact that ad — bc = 1.

Another slog-it-out method is to take find a Mobius transformation v that maps
the geodesic between —2 and 2 to the imaginary axis, compose this with the map
z + —1/z to interchange the endpoints 0 and oo, and then map the imaginary
axis back to the geodesic from —2 to 2. Many of those who tried this got confused
as to whether one of your maps was mapping to or from the geodesic between
—2 and 2 and the imaginary axis.

The quick method is just to note that v(z) = —4/z is a M&bius transformation
with the required properties.

This is false. Either you can note that the two triangles have different areas (by
the Gauss-Bonnet Theorem) and so—as M&bius transformations preserve area—
there cannot be a Mdbius transformation that maps A; to Ag. Alternatively,
just note that if such a Mobius transformation existed then it would have to
map vertices to vertices, but A; has two vertices on the boundary whereas Ao
has one vertex on the boundary. As Mdbius transformations map the boundary
to itself, this is impossible.



