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1 Sheet 6

Problem 1
(i). The value process of the portfolio ¢ is given by

d

Vo(t) =D Si(t)ei(t) = So(t)po(t) + S1 (D)1 (1) + ... + Sa(t)da(t)

=0

(ii). ¢ is self-financing if

=p(t+1)-S(t) = Z Si(t)gi(t + 1)

fort =1,2,...,7— 1. This means that the investor adjusts his strategy from
o(t) to ¢(t + 1) without bringing in or consuming any wealth.

(iii). A self-financing portfolio ¢(t) = (do(t), d1(t), ..., da—1(t), Pa(t)) is
called an arbitrage opportunity or arbitrage strategy if V4(0) = 0 and the
terminal wealth of ¢ satisfies

(1) Vo(T) = 0,

(2) P(Vg(T) > 0) > 0.

A market is arbitrage-free if and only if there exists an equivalent mar-
tingale probability measure P*, i.c., the discounted price process S (t) is a
martingale under P*.

(iv). A market is complete if every contingent claim X is attainable, i.e.,
there exists a replicating self-financing portfolio ¢(t) = (¢ (t), ..., pa(t)) such
that Vy(T') = X.

(v). An arbitrage-free market is complete if and only if there exists a
unique probability measure P* equivalently to P under which the discounted
price process S(t) is a martingale.

(vi). Let P* be the unique equivalent martingale measure. The price at
time zero is given by

ITx (0) = E*[%J,



where E* stands for the expectation under P*.

Problem 2.

(1). We need to choose r > 0 so that there exists an equivalent martingale
probability measure P*. Suppose P*({w;}) = p*, P*({w2}) =1 —p*.. If P*
is an equivalent martingale probability measure, then the discounted price
process S(t) is a martingale. In particular,

E*[gl(l)] = E*[gl(o)]

That is . ] R ]

On the other hand,

51(0)] = 80

= ES1(1)

= L P )+ S0P ()

1
= ——[120p* +40(1 — p*
T (12007 +40(1 = p")]
So P* is an equivalent martingale probability if and only if

1
—[120p* + 40(1 — p*)| = <1
1—|—r[ Op* +40(1 —p*)] =80, 0<p'<

Solve the equation to obtain

. 2r+1
P="
To make sure P* exists, we must have 0 < p* = 1+—22T < 1, which is equivalent

to0<r< %
(2). The market is complete since the martingale probability measure is
uniquely given by

_2T+1
2

Pr({w}) = p’  Pr({we}) =1 =7

(3). The price of the claim X at time zero is given by

1
147

I(0) = B' [« X] = B'[-——X]

So(1)

_ ﬁE*[So(D? 4 5y(1)?)

= 17+ T[S0 P () + 5112 P ()



2r+1 1—-2r
40?
2 + 2 )

1
=1+r+ 1207
I+r

1
= ——[(1+r)* + 12800r + 8000]
147

(4).The replicating strategy ¢ = (¢o, ¢1) for the claim X is determined
by
V(1) = ¢oSo(1) + ¢151(1) = X

Put w = w; and w = wy in the above equation to get

¢0(1 —|—7”) + ¢ x 120 = (1 +T)2 + 1202
Go(1+7)+ ¢ x40 = (1+7r)? + 40?

Solve the above equations to obtain

(1+7)? —3 x40
147

o1 =160, ¢ =

Problem 3.

(1).Note that {So(t) = 1,t = 0,1,...,T} is always a martingale. So we
need to choose r,p so that the discounted price {S(t),t = 0,1,...} is a P-
martingale | i. e.,

E*[Si(t +1)|F] = Si(t)

Now,
S04 1) = g = S O Z(m)
- ﬁsl(omfng(m) 1 N S+ 1) = i) 20+
It follows that
EIS\( + DIF) = EIS(0) gy 20+ DI
=SBl N S+ DIF) = S0 N SELZ(+ 1)

In order that {S;(t),t = 0,1,...} is a P-martingale, we must have
1 +r=EZt+1)],t=01,2,..T—1
But
EZ(t+ 1)) =uP(Z(t)=u)+IP(Z(t)=1)=up+1(1—p).
Therefore we must have
up+1(1—p)=1+r

3



This yields

1+r—1
p =
u—1
In order that P exists one must have

1 —1
0<p:%<1

which is equivalent to [ < 1+ r < u. It is also seen that p is uniquely

determined.
(2).The price of the claim is given by

X o Uy

O =Fg ) = v

=(1+r) "B Z(r) - K)"]

Now note that the random variable TI7_, Z(7) takes the values w/[T~7 j =
0,1,....T with o
P(I7_ Z(1) = w'I"™)

= P(j of Z(7) take the value u and T — j of them take the value [)

~(T)wra-pr

J

Therefore,

[Lx(0) = (14 7) " 31" = K)* POTE, Z(r) = i)

J=0

e T (1) 0 g g

=0



