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1 Sheet 4

Problem 1.
(1) For k > j, we have

EYi|F;] = BIEY:| Fra]lF]

= EBY, 1| F;] = E[E[Yy 1| Fra] | Fj]
= BY, | Fj] = = E[Y; 1| F;] =Y

E((Ys = Y))*] = B[(Y4)?] + B[(Y;)’] - 2E[Y,Y]]
= E[(Y)?] + E[(Y;)?] — 2E[E[Y,Y;|F;]]
= B[(Yi)] + EI(Y;)") - 2B(Y, E[Vi| F;]

= E[(Y4)*] + E[(Y;)*] = 2B[(Y;)"] = E[(Y)*] - E[(Y))"]

Problem 2. (1). From the definition, we see that M,, is F,-measurable.
(2). M, is integrable if for example, Sy, k > 1 is bounded.

(3).
E[Mn+1|fn] - E[Mn + Sn+1(Yn+1 - Yn)|]:n]

= E[Mn|]:n] + E[Sn+1(Yn+1 - Yn)|]:n]
=M, + Sn+1E[Yn+1 - Yn|Fn] =M, + SnJrl x 0= an
we have used the fact that S, is F,-measurable.

Problem 3. Measurability and integrability of Z,, follow from the fact that
X and Y are martingales. Let us show

E[Z, 1| F.] = Z,

Write
Zp = I{n<T}Xn + [{Tgn}yn
Note that
Int1<ry Xnp1 = Xns1 — Inypi>my Xnp

1



= An4l — [{n+1>T}Xn+1 - [{n+1:T}Xn+1
= Xot1 — >y Xnp1 — Iiny1=my X1
and
Lir<niyYonr1 = [ir<nyYou1 + [ir=ny Y7

We have
E[ZnJrl‘JT_‘n]

= Elltpi1<my Xon1 + Iip<ns1y Yo | Fn)
= E[Xp11 — Iir<ny Xnt1 — Ins1=1y X7 | )
+EIr<nyYni1 + Lir=ni1y Yr| Fol
= E[Xon|Fa] = Ellir<my Xonn1| Fo] = Ell =1y X7| Fn)
+E[Ir<nyYn1|Fn] + Ellir=ni1yY7|Fl
= Xy, — Iir<ny E[Xn1| Fn] = Elni1=1yY7|F]

+r<ny B[Y 1| Fol + Ellir=ni1yY7|Fl
= X, — Liremy X + Lirem Yo
— Ipomy X + Lirany Yo = Zy

Problem 4. Set S, = X;+ Xo+ ...+ X,,,n > 1, and Sy = 0. As in problem

1 we see that {S,,n > 0} forms a martingale. Then the stopped process
{Z, = Spar,n > 0} is also a martingale. In particular,

E[Z,] = E[Sunr] = E[So] = 0

Remark that
le Sn/\T = X1 + XQ + ...+ XT

and
1Sonr| < |1Xq| + [ Xa| + .. + | Xp| < TM

Since E(T) < oo, by dominated convergence theorem we have

E[Sr] = lim E[Spnr] =0



