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Problem 1.
(1). We have

E[Sn+1|Fn] = E[Sn +Xn+1|Fn]

= E[Sn|Fn] + E[Xn+1|Fn] = Sn + E[Xn+1]

as Sn is determined by Fn and Xn+1 is independent of Fn. {Sn, n ≥ 0} is
a martingale with respect to Fn, n ≥ 0 if and only if E[Sn+1|Fn] = Sn, and
this is the case if and only if E[Xn] = 0 for all n.

(2) Since {Sn, n ≥ 0} is a martingale, E[Xn] = 0 for all n by (1). Mn

is a function of X1, X2, ...Xn. So Mn is determined by Fn. As |Mn| ≤
C(

∑n
k=1X

2
k + n), we see that E[Mn] < ∞. Write

Mn+1 = S2
n+1 − (n+ 1) = (Sn +Xn+1)

2 − (n+ 1)

= S2
n + 2SnXn+1 +X2

n+1 − n− 1

= Mn + 2SnXn+1 +X2
n+1 − 1

Taking into account the independence, it follows that

E[Mn+1|Fn] = E[Mn + 2SnXn+1 +X2
n+1 − 1|Fn]

= E[Mn|Fn] + E[2SnXn+1|Fn] + E[X2
n+1 − 1|Fn]

= Mn + 2SnE[Xn+1] + E[X2
n+1]− 1 = Mn

This shows that {Mn = S2
n − n, n ≥ 0} is a martingale.

Problem 2.
(i). Since Zn is a function of X1, X2, ..., Xn, Zn is Fn-determined.
(ii).

E[|Zn|] = e−naE[eSn ] = e−naE[eX1+X2+...+Xn ]

= e−na(E[eX1 ])n < ∞

(iii).
E[Zn+1|Fn] = E[exp(Sn+1 − (n+ 1)a)|Fn]

= E[exp(Sn − na)exp(Xn+1 − a)|Fn] = exp(Sn − na)E[exp(Xn+1 − a)|Fn]

= ZnE[exp(Xn+1 − a)] = ZnE[exp(Xn+1)]e
−a = Zne

ae−a = Zn
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Combining (i), (ii) and (iii) we see that {Zn = exp(Sn − na), n ≥ 1} is a
martingale w.r.t. Fn.

Problem 3. Yn is a function of X1, X2, ...Xn. So Yn is determined by Fn.
As Xk, k ≥ 1 are normal random variables, E[|Yn|] < ∞. Write

Yn+1 = Ynexp(Xn+1 −
1

2
σ2)

By the independence, we have

E[Yn+1|Fn] = E[Ynexp(Xn+1 −
1

2
σ2)|Fn]

= YnE[exp(Xn+1 −
1

2
σ2)|Fn] = YnE[exp(Xn+1 −

1

2
σ2)]

= YnE[exp(Xn+1)]exp(−
1

2
σ2) = Ynexp(

1

2
σ2)exp(−1

2
σ2) = Yn,

where we used the fact that E[exp(Xn+1)] = exp(1
2
σ2), which is true for

Gaussian random variables with mean 0 and variance σ2.

Problem 4. The martingale property requires that

E[Yn+1|Fn] = Yn

Now,
E[Yn+1|Fn] = E[aXn+1 +Xn|Fn]

= aE[Xn+1|Fn] +Xn = a(αXn + βXn−1) +Xn

= Xn(αa+ 1) + βaXn−1

In order that the martingale property holds, one needs

Xn(αa+ 1) + βaXn−1 = Yn = aXn +Xn−1

This will hold if αa+ 1 = a and βa = 1. Using α = 1− β, we see that both
αa+ 1 = a and βa = 1 lead to a = 1

β
.

Problem 5. For i ̸= j, let us assume without loss of generality that i < j.
Since {Sn, n ≥ 1} is a martingale, we have

E[Sj|Fj−1] = Sj−1

Equivalently,
E[Xj|Fj−1] = E[Sj − Sj−1|Fj−1] = 0

As i ≤ j − 1, Xi is also Fj−1 ⊃ Fi-determined. Multiplying the above
equation by Xi, we get

0 = XiE[Xj|Fj−1] = E[XiXj|Fj−1]

Taking expectation gives

E[XiXj] = E[E[XiXj|Fj−1]] = 0
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