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Problem 1.

Proof. Let 7" = {t§ =0 < {} <ty <--- <ty =T} be any partition of the
interval [0, 7]. We have

kn—1
Z|f thr) = F(E)]
< Y I = AEDI+ D 1)~ R
kn—1 kn—1
= D () ~ A+ D (lth) = ol
= fi(T) = f(0) + fo(T) — f2<) (0.1)

Hence,

kn—1

Sllnp Z ‘f(t?-',-l) - f(t?)’ < fl(T> - fl(o) + fz(T) - fz(o) <00

This proves the statement.

Problem 2.

Proof. Let {0 =1y <t < ... <tp,—1 <tn, =t} be asequence of partitions
of the interval [0,¢] such that Ay = mazi1<,, (t; —ti-1) — 0 as k — oco. It
suffices to prove

kll—{goE[(Z(Btz - Bti71)2 - t) ] =0

i=1
Noting that ¢t =Y " (t; — t;_1), we have

ng

Z(Bt B, ) —t_Z{ (B, = By, _y)” = (ti — tim1) },

=1



Hence,

E[(ém By~ 17
_ Z BI{(B — Bu ) — (s — e ) H(By — By ) — (15— )}
_ iE[{(Bti B (i~ ) H(By — By ) (t— 1))

" Z BI{(Bu — Bu ) — (i~ te )Y 0.2)

If i # j, by the independence we have

BBy = Buy)* = (s = ti) H(By, = By ) = (6 — tj-0)}
= E{(By = Bi,.,)* = (ti = tim) HE{(By, — By, 0)* = (8 — 1)}
=0 (0.3)

On the other hand,

ER(B )P = (= tis))]
= E[(B;, - Btz 1) | = 2B((By, = By, )t — tia) + (ts — ti1)”
= E[(Btz o) = (= tien)?
< Ot — ) + (ti — 1) (0.4)
Combining the above calculations together, we obtain
n
E[<Z<Btz - Bti—l)Q - t)2]
=1

— 0 (0.5)

as k — o0.

Problem 3.

Proof. Let {0 =1y <t < ... <tp,—1 <tn, =t} be asequence of partitions
of the interval [0,¢] such that Ay = mazi<,, (t; —ti—1) — 0 as k — co. We
need to show that

Nk

[B A}t - kh—{go (Btz - Bti—l)(Ati - Ati—l) =0
i=1



By Holder inequality, we have

(Z(Btz - Btiﬂ)(Ati - Atil))

=1
ng Nk
< [Z(Btz - Bti—1)2][Z<Ati - Ati—1)2] (06>
=1 =1
We already know that
ng
lim (Btz — Bti,1)2 =t.
k—o0 Py

To complete the proof, it is sufficient to show that

Nk
lim (Atl - Ati,1)2 =0.
k—o00
=1
In deed, we have
ng nE
Z(Atz - Atifl)Q < sup |Atz - Ati—l| ) Z |Atz - Ati—l|
i=1 ! i=1
< G Sup |Atz - Ati_1|7 (07>

where () is some constant because A is of bounded variation. Since A; is
continuous in ¢ and since Ay = maxi<p, (t; — ti—1) — 0, it follows that
sup; |Ay, — Ai,_,| — 0 as k — oco. Hence we deduce that
n
lim (Atl - At¢71)2 =0

k—o00 <
=1

which finishes the proof.
Problem 4.

Proof. (a). Since Z, is a functional of B,,0 < u < t, Z; is F;-measurable.

(b). As B; ~ N(0,t), we have

El1Z]) < E[BJ") + 3 / E(|B.JJdu < .



(c). For s < t,
t
E[Z|F) = E[B} -3 / By dul F.]
0

= E[(B; — Bs;+ B,)*> -3 / B,du — 3/t B,du|F,]

= FE[(B;— By)*+3(B; — BOS)QBS + 3(Bts— B,)B? + B3| F,]
-3 /S Bydu — 3E[/t B, du|F)

— BI(B,— B+ 3EI(B, - B.V)B. + 8E((B, — BB 1 B

-3 /S B,du — 3(t — s)Bs — 3E[/t(Bu — By)dul|Fy]
— 7, -3E] / (Bu— B.)du] = 7., (0.8)

where the property of independent increments of the Brownian motion was
used. The proof is complete.



