A study of a class of stochastic differential equations with non-Lipschitzian coefficients

Shizan FANG and Tusheng ZHANG

March 1, 2004

I.M.B, UFR Sciences et techniques, Université de Bourgogne, 9 avenue Alain Savary, B.P. 47870, 21078 Dijon, France.

Department of Mathematics, University of Manchester, Oxford road, Manchester, M13 9PL, England.

Abstract

We study a class of stochastic differential equations with non-Lipschitz coefficients. A unique strong solution is obtained. The dependence with respect to the initial values is investigated. We establish the non confluence of the solutions of the stochastic differential equations under our general conditions. To obtain a continuous version of the solution, the modules of continuity of coefficients is assumed to be less than |x − y| log^1_{|x−y|} . In this case, it will give rise to a flow of homeomorphisms if the coefficients are compactly supported. A large deviation principle of Freidlin-Wentzell type also has been established in the paper.

Mathematics Subject Classification: 60H10, 60J60, 34A12, 34A40. Key words: Gronwall lemma, non Lipschitz conditions, pathwise uniqueness, non explosion, non confluence, flow of homeomorphisms, large deviation principle, Euler approximation.

1 Introduction

Let σ : R^d → R^d ⊗ R^m and b : R^d → R^d be continuous functions. It is well-known that the following Itô s.d.e:

dX(t) = σ(X(t)) dW_t + b(X(t)) dt, X(0) = x_o (1) has a weak solution up to a lifetime ζ (see [SV], [IW, p.155-163]), where t → W_t is a R^m-valued standard Brownian motion. It is also known that under the assumption of linear growth of coefficients σ and b, the lifetime ζ = +∞ almost surely. The celebrated result of Yamada and Watanable says that if the s.d.e (1) has the pathwise uniqueness, then it admits a strong solution (see [IW, p.149], [RY, p.341]). So the study of pathwise uniqueness is of great interest. It is a classical result that under the Lipschitz conditions, the pathwise uniqueness holds and the solution of s.d.e. (1) can be constructed using Picard interation; moreover the solution depends continuousely on the initial data. The main tool to these studies is the Gronwall lemma. When the coefficients σ and b do not satisfy the Lipschitz conditions, the use of Gronwall lemma meets serious difficulties. Therefore, there are few results of pathwise uniqueness of solutions of s.d.e. beyond the Lipschitz (or local Lipschitz ) conditions in the literature except in the one dimensional case (see [IW, p.168], [RY, CH IX-3]). In the case of ordinary differential equations, the Gronwall lemma was generalized to establish the uniqueness result (see e.g. [La]). However the method is not applicable to s.d.e.. For s.d.e. with non-Lipschitz coefficients, a new concept of solutions has been introduced recently and many interesting phenomena have been obtained in [LJR1,2]. In this work, we shall study a class of stochastic differential equations with non-Lipschitzian coefficients, which are not covered in [LJR1,2]. Our basic assumptions are (H1) and (H2) in section 2, which can be seen as the critical conditions to guarantee the existence of non confluent flow.

Now let’s describe briefly the content of this paper. First we prove the pathwise uniqueness of solutions under (H1.b) and non explosion of the solution under (H2.b). For the pathwise uniqueness, we impose a condition on the modules of the continuity of the coefficients only in an arbitrarily small neigbourhood of the diagonal. This seems the first time in the literature to notice this phenomena. Our method is dimension-free and does not require that the control function of the modules of the continuity of the coefficients is concave in contrast to the existing literature . The crucial idea is to construct a family of positive increasing functions (Φ_ρ)_{ρ>0} on R_+ so that the Gronwall lemma can be applied to the composition of the functions (Φ_ρ) with appropriate processes. Secondly, we study the dependence of the solutions on the initial data. Let X_t(x_o, w) be the solution of the s.d.e. (1) with initial value x_0. It is well-known that the solution admits a continuous version X̃_t(x_o, w) if the coefficients σ and b are locally Lipschitzian (see [Pr]), and it gives rise to a flow of homeomorphisms if the coefficients are globally Lipschitzian (see [Ku]). We refer also to [Ma2], [IW] and [El] for the study of stochastic flow of diffeomorphisms, to [Ma1] and [F] for the non-Lipschitz feature in the study of homeomorphism of the circle S^1. In the last part of the paper, we will establish a Freidlin-Wentzell type large deviation principle for the solutions of the s.d.e’s (see [FW]). As a by-product, it is seen that the unique solution of the s.d.e. can be obtained by Euler approximation. Our strategy for the large deviation is to prove that the Euler approximations to the s.d.e. is exponentially fast. The method of estimating moments used in the literature ([DS],[DZ], [S] ) wouldn’t work here because of the non-Lipschitzian feature of the coefficients. We again appeal to a family of positive functions (Φ_{ρ,λ})_{ρ>0}. The proof of the uniform convergence of solutions of the corresponding skeleton equations over compact level sets is also tricky due to the non-Lipschitzian feature.

The organization of the paper is as follows. Section 2 is the framework. We formulate the precise assumptions and present some examples. In Section 3, we discuss the case of ordinary differential equations; although the results about non explosion and uniqueness are not new, but our method can be used to study the dependence of initial values and the non confluence of the equations. In Section 4, we consider the s.d.e. case. The pathwise uniqueness and the criterion of non-explosion will be established. In Section 5, we prove that the non confluence (or non-contact) property holds under (H1.b). Such properties were also studied by M. Emery in an early work [Em] for Lipschitz case, and by T.Yamada and Y. Ogura for a non-Lipschitz case in [YO]. The mixing condition imposed in [YO] for σ and b seems difficult to check in general. In Section 6, we establish a continuous version of the solutions. The main tool for doing this is the Kolmogorov’s modification theorem, which will work in the case where r(ξ) = log^1_ξ . In Section 7, we shall prove that the continuous version of solutions will give rise to a flow of homeomorphisms if the coefficients are compactly supported (for simplicity). The ordinary differential equation

dX(t) dt = b(X(t)), X(0) = x_o (2)

gives rise to a dynamical system on R^d. In section 8, we shall consider its small random perturbation:

dX^ε(t) = ε^{12} σ(X^ε(t)) dW_t + b(X^ε(t)) dt, X^ε(0) = x_o (3)

and state a large deviation principle for (X^ε(t))_{t∈[0,1]}. Section 9 and 10 are devoted to the proof of the large deviation principle. Section 9 is for the case of bounded coefficients. Section 10 is for the general case.

2 Framework

Let {W_t, t ≥ 0} be a R^m-valued standard Brownian motion defined on a probability space (Ω, F, P ) equipped with a filtration {F_t, t ≥ 0} satisfying usual conditions. Let σ : R^d → R^d ⊗ R^m and b : R^d → R^d be continuous functions. Consider the following Itô stochastic differential equation:

dX(t) = σ(X(t)) dW_t + b(X(t)) dt, X(0) = x_o. (4)

We first introduce the basic assumptions throughout the paper.

( H1.a): There exists δ_0 > 0 such that { ||σ(x) − σ(y)||^2 ≤ C |x − y|^2 r(|x − y|^2), |b(x) − b(y)| ≤ C |x − y| r(|x − y|^2), (5) for |x−y| ≤ δ_o, where r :]0, δ_o]→R_+ is a strictly positive, continuous function satisfying (i) lim inf_{s→0} r(s) > 0, (ii)

∫_{δ0} 0 ds sr(s) = +∞.

( H1.b): There exists δ_0 > 0 such that { ||σ(x) − σ(y)||^2 ≤ C |x − y|^2 r(|x − y|^2), |b(x) − b(y)| ≤ C |x − y| r(|x − y|^2), (6) for |x − y| ≤ δ_o, where r :]0, δ_o]→R_+ is a strictly positive function of class C^1 satisfying (i) lim inf_{s→0} r(s) > 0, (ii)

∫_{δ0} 0 ds sr(s) = +∞ and (iii)

sup_{0≤s≤δ0}^{sr′(s)}_{r(s)} < +∞.

( H2.a): There exists K > 0 such that for |x| ≥ K, { ||σ(x)||^2 ≤ C (|x|^2 ρ(|x|^2) + 1), |b(x)| ≤ C (|x| ρ(|x|^2) + 1), (7) where ρ is a positive continuous function satisfying (i) lim inf_{s→∞} ρ(s) > 0, (ii)

∫_∞ K ds sρ(s)+1 = +∞.

( H2.b): There exists K > 0 such that for |x| ≥ K, { ||σ(x)||^2 ≤ C (|x|^2 ρ(|x|^2) + 1), |b(x)| ≤ C (|x| ρ(|x|^2) + 1), (8) where ρ : [K, +∞[→R_+ is a C^1 function such that (i) lim inf_{s→∞} ρ(s) > 0,

(ii)

∫_∞ K ds sρ(s)+1 = +∞, (iii) sups≥K

|sρ^′(s)| ρ(s) < ∞.

Remark 2.1. Functions r(s) = log(^1_s ), log(^1_s ) log log(^1_s ), · · · and ρ(s) = log(s), log(s) log log(s), · · · are typical examples satisfying the conditions in the above assumptions. If r(s) ≡ 1, the assumption (H1.a), (H1.b) reduces to a Lipschitz condition in the neigbourhood of the diagnoal. If ρ ≡ 1, the assumption (H2.a), (H2.b) reduces to the well known linear growth condition.

Remark 2.2. In s.d.e. (4), we can consider a sequence of noises (W^i_t ; i ≥ 1). The covariance function C(x, y) of (4) satisfies d∑ i=1 (C^{ii}(x, x) + C^{ii}(y, y) − 2C^{ii}(x, y)) = d∑ i=1 ∞∑ j=1 |σ^{ij} (x) − σ^{ij} (y)|^2.

The same results hold under the assumption (H1.b), (H2.b).

Example 2.3 Define

f(x_1, x_2) = ∑ k≥1 sin kx_1 · sin kx_2 k^2 . Obviously the function f is continuous on R^2. We claim

|f(X) − f(Y )| ≤ C |X − Y | log 1 |X − Y | for |X − Y | < 1 e , (9) where X = (x_1, x_2) and Y = (y_1, y_2). Now,

f(X)−f(Y ) = ∞∑ k=1 { (sin kx_1 − sin ky_1) sin kx_2 k^2 + (sin kx_2 − sin ky_2) sin ky_1 k^2 } . It follows that

|f(X) − f(Y )| ≤ 2 ∞∑ k=1 { | sin (k^x1^{−y}1_2 )| k^2 + | sin (k^{x2−y2}_2 )| k^2 } .

To prove (9), we need the following lemma.

Lemma 2.4 For 0 < θ < 1/e, we have

V (θ) := ∞∑ k=1 | sin kθ| k^2

≤ C_1 θ log 1 θ . (10)

Proof. Consider ϕ(s) =^{sin sθ}_{s2} . We have

ϕ^′(s) = s^2θ cos sθ − 2s sin sθ s^4 . Then |ϕ^′(s)| ≤^{3θ}_{s2} . Let W (θ) =

∫_{+∞} 1 | sin sθ| s^2 ds. We have

|V (θ) − W (θ)| ≤ +∞∑ k=1 ∫_{k+1} k |ϕ(s) − ϕ(k)| ds

≤ 3θ +∞∑ k=1 1 k^2 = π^2θ 2 . (11) Now W (θ) = θ

∫_{+∞} θ | sin t|

t^2 dt ≤ θ

∫_1 θ sin t t dt t + θ ∫_{+∞} 1 ds s^2 , which is dominated by θ ( log 1 θ + 1 ) . Therefore, according to (11)

V (θ) ≤ θ ( log 1 θ + 1 + π^2 2 ) , which is less that 2(^{π2}_2 + 1) θ log^1_θ for 0 < θ <^1_e .

Now applying (10), for |x_1 − y_1| + |x_2 − y_2| < 1/e,

|f(X) − f(Y )| ≤ 4C_1

(_{|x1−y1|}

2 log^1_{|x1−y1|} +^{|x2−y2|}_2 log^1_{|x2−y2|} ) ≤ 4C_1

(_{|x1−y1|+|x2−y2|} 2 log^2

|x_1−y_1|+|x_2−y_2| ) (12)

where the last inequality was due to the concavity of the function ξ log^1_ξ over ]0, 1[. Therefore (9) holds for some constant C > 0.

3 Ordinary differential equations

Let b : R^d → R^d be a continuous function. It is essentially due to Ascoli- Arzela theorem that the following differential equation:

dX(t) dt = b(X(t)), X(0) = x_0 (13)

admits a solution up to a lifetime ζ. The following result weakens the linear growth condition for non explosion.

Theorem 3.1 Assume (H2.a). Then the lifetime of any solution of (13) is infinite: ζ = +∞.

Proof. Extend ρ to [0, ∞) by setting ρ(s) = ρ(K) for 0 ≤ s ≤ K. We may assume that (H2.a) holds for all x. Define for ξ ≥ 0,

ψ(ξ) =

∫_ξ 0 ds sρ(s) + 1 and Φ(ξ) = e^{ψ(ξ)}.

We have Φ^′(ξ) =

Φ(ξ) ξρ(ξ) + 1

. (14)

Let ξ_t = |X_t|^2, where X_t is a solution to (13). Then d dt Φ(ξ_t) = 2Φ^′(ξ_t)⟨X_t, b(X_t)⟩, (15)

where ⟨ , ⟩ denotes the inner product in R^d. By assumption (H2.a), we have | | | d dt Φ(ξ_t) | | ≤ 2CΦ^′(ξ_t)|X_t| (|X_t|ρ(ξ_t) + 1). (16)

It follows from (H2.a)(i) that

sup_{s≥0} s^2ρ(s^2) + s s^2ρ(s^2) + 1

< +∞.

Therefore there exits a constant C_2 > 0, | | | d dt Φ(ξ_t) | | | ≤ 2C_2Φ(ξ_t). (17)

It follows that for t < ζ,

Φ(ξ_t) ≤ Φ(|x_o|^2) + 2C_2

∫_t 0 Φ(ξ_s) ds.

By the Gronwall lemma, we have

Φ(ξ_t) ≤ Φ(|x_o|^2) e^{2C2 t}. (18)

If ζ < +∞, letting t ↑ ζ in (18), we get Φ(ξ_ζ ) ≤ Φ(|x_o|^2) e^{2C2 ζ} which is impossible because ξ_ζ = +∞ and Φ(+∞) = +∞.

Remark 3.2. By considering the inequality^d_{dt} Φ(ξ_t) ≥ −2C_2 Φ(ξ_t), we have Φ(ξ_t) ≥ Φ(|x_o|^2) − 2C_2

∫_t 0 Φ(ξ_s) ds, which yields Φ(ξ_t) ≥ Φ(|x_o|^2)e^{−2C2 t}.

If we denote by X_t(x_o) the solution to (13) with initial value x_o, then we get lim_{|xo|→+∞} Φ(|X_t(x_o)|^2) = +∞, which implies that lim |x_o|→+∞

|X_t(x_o)| = +∞. (19)

In what follows, for simplicity, we shall assume that solutions of (2) have no explosion.

Theorem 3.3 Assume (H1.a). Then the differential equation (13) has a unique solution.

Proof. Let (X(t))_{t≥0} and (Y (t))_{t≥0} be two solutions of the equation (13). Set η_t = X(t) − Y (t) and ξ_t = |η_t|^2. Let ρ > 0, consider

ψ_ρ(ξ) =

∫_ξ 0 ds sr(s) + ρ and Φ_ρ(ξ) = e^{ψρ(ξ)}.

We have Φ^′_ρ(ξ) =

Φ_ρ(ξ) ξ r(ξ) + ρ

. (20) Let τ = inf{t > 0, ξ_t ≥ δ^2_0 }.

By assumption (H1.a), we have |⟨η_t, b(X(t)) − b(Y (t))⟩| ≤ C ξ_t r(ξ_t), t < τ.

It follows by chain rule, for t < τ,

Φ_ρ(ξ_t) ≤ 1 + 2C

∫_t 0 Φ_ρ(ξ_s) ds,

which implies that Φ_ρ(ξ_t) ≤ e^{2C t} for t < τ. Letting ρ ↓ 0, we get that e^{ψ0(ξt)} ≤ e^{2Ct}. Now by (H2.a)(ii), we obtain that ξ_t = 0 for all t < τ. If τ < +∞, letting t ↑ τ, we get δ^2_0 = ξ_τ = 0, which is absurd. Therefore ξ_t = 0 for all t ≥ 0. In other words, X(t) = Y (t) for t ≥ 0.

In what follows, we shall study the dependence of the solutions on the initial data.

Theorem 3.4 Assume (H1.a) and that the solution of (13) has no explosion. Then x_o→X_t(x_o) is continuous, uniformly with respect to t in any compact subset.

Proof. Given any 0 < ε ≤ δ^2_0 , where δ_0 is the parameter in (H1.a), let δ be a small parameter such that 0 < δ < ε. Let (x_o, y_o) ∈ R^d × R^d such that |x_o − y_o| < δ. Set η_t = X_t(x_o) − X_t(y_o) and ξ_t = |η_t|^2. Define τ(x_o, y_o) = inf{t > 0, ξ_t ≥ ε }.

Consider ψ_ρ(ξ) =

∫_ξ 0 ds sr(s) + ρ and Φ_ρ(ξ) = e^{ψρ(ξ)}.

As in proof of Theorem 3.3, we have for t < τ(x_o, y_o), Φ_ρ(ξ_t) ≤ Φ_ρ(ξ_o)e^{2C t}.

Taking ρ = |x_o − y_o|, we get Φ_ρ(ξ_t) ≤ e^ρ e^{2C t}, for t < τ(x_o, y_o). (21) Fix the point x_o. If lim inf_{yo→xo} τ(x_o, y_o) = τ < +∞, we can choose y_n→x_o such that lim_{n→+∞} τ(x_o, y_n) = τ. Applying (21) for (x_o, y_n) and letting t ↑ τ(x_o, y_n), we get Φ_{ρn} (ε) = Φ_{ρn} (ξ_{τ (xo,yn)}) ≤ e^{ρn} e^{2C τ (xo,yn)}.

where ρ_n = |x_o − y_n|. Letting n→ + ∞, we have +∞ = Φ_o(ε) ≤ e^{2C τ} which is absurd. Therefore lim y_o→x_o τ(xo, yo) = +∞,

which means that for any t > 0, there exists δ > 0 such that for |y_o −x_o| < δ, τ(x_o, y_o) > t. In other words, |X_t(x_o) − X_t(y_o)| ≤ ε.

Proposition 3.5 Assume (H1.a) and that the solution of (13) has no explosion. Then for x_o ≠ y_o, we have X_t(x_o) ≠ X_t(y_o) for all t ≥ 0. Proof. Let η_t = X_t(x_o)−X_t(y_o) and ξ_t = |η_t|^2. Without loss of generality, assume that 0 < ξ_o < 1/2δ^2_0 . Let

τ = inf{t > 0, ξ_t ≥ 3 4 δ^2_0 }.

By starting from τ again , it is enough to prove that ξ_t > 0 for t < τ. Consider ψ_ρ(ξ) =

∫_ξ 0 ds sr(s) + ρ and Φ_ρ(ξ) = e^{ψρ(ξ)}.

By (H1.a), for t < τ, we have | | | dΦ_ρ(ξ_t) dt | | | ≤ 2CΦ_ρ(ξ_t).

It follows that Φ_ρ(ξ_t) ≥ Φ_ρ(ξ_o) − 2C

∫_t 0 Φ_ρ(ξ_s)ds or

Φ_ρ(ξ_t) ≥ Φ_ρ(ξ_o)e^{−2Ct} for t < τ. (22)

For ρ > 0 small enough, Φ_ρ(ξ_o)e^{−2Ct} > 1. It follows that Φ_ρ(ξ_t) > 1 or ξ_t > 0.

Remark 3.6. By reversing the time, the non confluent property is equivalent to the pathwise uniqueness. However, this method is delicat to be applied for s.d.e..

Now using (H1.a) and Proposition 3.5, and by the standard arguments, we obtain Theorem 3.7 Assume (H1.a) and (H2.a). Then for any t > 0, x_o→X_t(x_o) defines a flow of homeomorphisms of R^d.

4 Uniqueness and non-explosion for stochastic differential equations

Let σ, b be defined as in section 2. Let X(t) be a solution of the following Itô stochastic differential equation:

dX(t) = σ(X(t)) dW_t + b(X(t)) dt, X(0) = x_o (23) with the lifetime ζ(w).

Theorem 4.1 Assume (H2.b). Then the s.d.e (23) has no explosion: P (ζ = +∞) = 1.

Proof. Extend the function ρ in the assumption (H2.b) to a strictly positive C^1 function on the whole half line [0, ∞[. It is easy to see that there exists a constant C > 0 such that (H2.b) holds for any x. Consider

ψ(ξ) =

∫_ξ 0 ds sρ(s) + 1 and Φ(ξ) = e^{ψ(ξ)}, ξ ≥ 0.

We have

Φ^′(ξ) (ξ ρ(ξ) + 1) = Φ(ξ), (24)

Φ^{′′}(ξ) =

Φ(ξ) (1 − ρ(ξ) − ξρ^′(ξ)) (ξρ(ξ) + 1)^2

. (25)

Let ξ_t = |X_t|^2. We have dξ_t = 2⟨X_t, σ(X(t)) dW_t⟩ + 2⟨X_t, b(X(t))⟩ dt +||σ(X(t))||^2 dt, (26) and the stochastic contraction dξ_t · dξ_t is given by dξ_t · dξ_t = 4|σ^∗(X_t)X_t|^2 dt, (27) where σ^∗ denotes the transpose matrix of σ. Define τ_R = inf {t > 0, ξ_t ≥ R }, R > 0.

Then τ_R ↑ ζ as R ↑ +∞. Now by Itô formula, we have Φ(ξ_{t∧τR} ) = Φ(ξ_o) + 2

∫_{t∧τR} 0 Φ^′(ξ_s)⟨X(s), σ(X(s))dW_s⟩ + 2 ∫_{t∧τR} 0 Φ^′(ξ_s) ⟨X(s), b(X(s))⟩ ds + ∫_{t∧τR} 0 Φ^′(ξ_s)||σ(X(s))||^2 ds + 2 ∫_{t∧τR} 0 Φ^{′′}(ξ_s) |σ^∗(X(s))X(s)|^2 ds. (28) Using (H2.b) it is straightforward to see that Φ^′(ξ_s) ||σ(X(s))||^2 ≤ C Φ(ξ_s). (29) Now, |Φ^′(ξ_s) ⟨X(s), b(X(s))⟩| ≤ CΦ(ξ_s) ξ_sρ(ξ_s) + ξ^{12}s ξ_sρ(ξ_s) + 1 . Using the condition (i) on ρ, it is easy to see that sup 0≤s<∞

s^2ρ(s^2) + s s^2ρ(s^2) + 1

< ∞.

Therefore there exists a constant C_1 such that |Φ^′(ξ_s) ⟨X(s), b(X(s))⟩| ≤ C_1Φ(ξ_s). (30) By (H2.b) and (25), Φ^{′′}(ξ_s) |σ^∗(X(s))X(s)|^2 ≤ CΦ(ξ_s) ξ_s (1 + |ξ_sρ^′(ξ_s)|) ξ_s ρ(ξ_s) + 1

. (31) Again by the conditions on ρ it follows that sup 0≤s<∞

s (1 + |sρ^′(s)|)

s ρ(s) + 1

< ∞.

Thus, there exists a constant C_2 such that

Φ^{′′}(ξ_s) |σ^∗(X(s))X(s)|^2 ≤ C_2Φ(ξ_s). (32) Now combining (29), (30), (32), it follows from (28) that E ( Φ(ξ_{t∧τR} ) ) ≤ Φ(ξ_o) + C_4

∫_t 0 E(Φ(ξ_{s∧τR} )) ds, which implies that E ( Φ(ξ_{t∧τR} ) ) ≤ Φ(ξ_o)e^{C4 t}.

Letting R→ + ∞, by Fatou lemma, we get E ( Φ(ξ_{t∧ζ} ) ) ≤ Φ(ξ_o)e^{C5 t}. (33) Now if P (ζ < +∞) > 0, then for some T > 0, P (ζ ≤ T ) > 0. Taking t = T in (33), we get E ( 1_{(ζ≤T )}Φ(ξ_ζ ) ) ≤ Φ(ξ_o)e^{C4 t}, which is impossible, because Φ(ξ_ζ ) = +∞.

Theorem 4.2 Assume (H1.b). Then the pathwise uniqueness holds for stochastic differential equation (23).

Proof. Let X, Y be two solutions of equation (23) with life time ζ_1 and ζ_2. Let η_t = X(t) − Y (t) and ξ_t = |η_t|^2. Let ρ > 0. Define the function ψ_ρ : [0, δ_o]→R by ψ_ρ(ξ) =

∫_ξ 0 ds sr(s) + ρ

. (34) It is clear that for any 0 < ξ < δ_0,

ψ_ρ(ξ) ↑ ψ_0(ξ) =

∫_ξ 0 ds sr(s)

= +∞, as ρ ↓ 0.

Define Φ_ρ(ξ) = e^{ψρ(ξ)}. (35) Then we have Φ^′_ρ(ξ) (ξ r(ξ) + ρ) = Φ_ρ(ξ), (36) and Φ^{′′}_ρ(ξ) =

Φ_ρ(ξ)(1 − ξ r^′(ξ) − r(ξ)) (ξ r(ξ) + ρ)^2

. (37) Let τ = inf { t > 0, ξ_t ≥ δ^2_0 }.

By Itô formula, we have

Φ_ρ(ξ_{t∧τ ∧ζ1∧ζ2} ) = 1 + 2

∫_{t∧τ ∧ζ1∧ζ2} 0 Φ^′_ρ(ξ_s)⟨η_s, (σ(X(s)) − σ(Y (s)))dW_s⟩ + 2 ∫_{t∧τ ∧ζ1∧ζ2} 0 Φ^′_ρ(ξ_s) ⟨η_s, b(X(s)) − b(Y (s))⟩ ds + ∫_{t∧τ ∧ζ1∧ζ2} 0 Φ^′_ρ(ξ_s)||σ(X(s)) − σ(Y (s))||^2 ds + 2 ∫_{t∧τ ∧ζ1∧ζ2} 0 Φ^{′′}_ρ(ξ_s) |(σ^∗(X(s)) − σ^∗(Y (s)))η_s|^2 ds. (38)

By (H1.b) and (37) we have for s ≤ τ

Φ^{′′}_ρ(ξ_s) |(σ^∗(X(s)) − σ^∗(Y (s)))η_s|^2

≤ CΦ_ρ(ξ_s) [ ξ^2_s |r^′(ξ_s)| ξ_sr(ξ_s) + ρ + ξ_s ξ_sr(ξ_s) + ρ ] (39)

It follows from the conditions on r in (H1.b) that sup 0≤s≤δ_0 [ s^2|r^′(s)| sr(s) + ρ + s sr(s) + ρ ]

≤ sup

0≤s≤δ_0 [ s|r^′(s)| r(s) + 1 r(s) ] < ∞ Therefore there exists a constant C_1 such that for s ≤ τ

Φ^{′′}_ρ(ξ_s) |(σ^∗(X(s)) − σ^∗(Y (s)))η_s|^2 ≤ C_1Φ_ρ(ξ_s) (40)

Keeping (H1.b) in mind it is straightforward to check that for s ≤ τ

|Φ^′_ρ(ξ_s) ⟨η_s, b(X(s)) − b(Y (s))⟩ | ≤ C_2Φ_ρ(ξ_s) (41)

|Φ^′_ρ(ξ_s)||σ(X(s)) − σ(Y (s))||^2| ≤ C_3Φ_ρ(ξ_s) (42) So it follows from (40), (41), (42)and (38) that E ( Φ_ρ(ξ_{t∧τ ∧ζ1 ∧ζ2} ) ) ≤ 1 + 2C_4 E

(∫ t∧τ ∧ζ_1∧ζ_2 0 Φ_ρ(ξ_s) ds ) . for some constant C_4. By Gronwall lemma, we get E ( Φ_ρ(ξ_{t∧τ ∧ζ1∧ζ2} ) ) ≤ e^{2ct} or E ( e^{Ψρ(ξt∧τ ∧ζ1∧ζ2 )} ) ≤ e^{2Ct}. (43)

Letting ρ ↓ 0 in (43), E ( e^{Ψ0(ξt∧τ ∧ζ}1^{∧ζ}2^) ) ≤ e^{2Ct}

which implies that for any given t ,

ξ_{t∧τ ∧ζ1∧ζ2} = 0 almost surely. (44)

If P (τ < ζ_1 ∧ζ_2) > 0, then there exists T > 0 such that P (τ ≤ T < ζ_1 ∧ζ_2) > 0. It follows that on {τ ≤ T < ζ_1 ∧ ζ_2},

ξ_τ = 0

which is absurd by the definition of τ. Therefore τ ≥ ζ_1 ∧ ζ_2 almost surely. So any given t , ξ_{t∧ζ1∧ζ2} = 0 almost surely. Now by the continuity of samples, the two solutions are indistinguishable.

Remark 4.3 In the case of d = m = 1, stronger results on pathwise uniqueness have been established. Namely σ was allowed to be Hölder of exponent ≥ 1/2 (see [RY, Ch. IX-3], [IW, p.168]). For related discussion, we refer also to [MX].

Theorem 4.4 Assume (H1.b) and (H2.b). Let X_t(x) be the solution of the s.d.e. (23) with initial value x. Then for any ε > 0, we have lim y_o→x_o P ( sup0≤s≤t |Xs(yo) − Xs(xo)| > ε) = 0. (45)

Proof. Let x_0, y_0 be such that |y_o − x_o| < ε < δ_0, δ_0 being the parameter in (H1.b). Let ξ_t = |X_t(y_o) − X_t(x_o)|^2. Define τ_w(x_o, y_o) = inf{ t > 0, ξ_t > ε^2 }.

The same arguments as above lead to E ( Φ_ρ(ξ_{t∧τ (xo,yo)}) ) ≤ Φ_ρ(ξ_o) e^{2Ct}.

Taking ρ = |x_o − y_o|, we have E ( Φ_ρ(ξ_{t∧τ (xo,yo)}) ) ≤ e^ρ e^{2Ct}. Hence

P (τ(x_o, y_o) < t)Φ_ρ(ε^2) ≤ E ( Φ_ρ(ξ_{t∧τ (xo,yo)}) ) ≤ e^ρ e^{2Ct}.

It follows

P ( sup_{0≤s≤t} |X_s(y_o) − X_s(x_o)| > ε) = P (τ(x_o, y_o) < t) ≤ e^{−ψρ(ε)} e^ρ e^{2Ct}→0

as ρ = |y_o − x_o|→0.

Corollary 4.5 The diffusion process (X_t(x)) given by the solution of the s.d.e. is Feller, i.e., the associated semigroup (T_t, t ≥ 0) maps C_b(R^d) into C_b(R^d).

Proof. It is a direct consequence of Theorem 4.4 and the definition T_tf(x) = E[f(X_t(x))], f ∈ C_b(R^d).

5 Non contact property

Theorem 5.1 Assume (H1.b) and the s.d.e (23) has no explosion. If x_o ≠ y_o, then X_t(x_o, w) ≠ X_t(y_o, w) almost surely for all t > 0. Proof. Consider

ψ(ξ) =

∫_{δ0} ξ ds sr(s) and Φ(ξ) = e^{ψ(ξ)}, for δ_0 ≥ ξ > 0.

We have

Φ^′(ξ) = −

Φ(ξ) ξ r(ξ)

≤ 0.

By condition (i) and (iii) on the function r, there exists a constant C > 0 such that Φ^{′′}(ξ) =

Φ(ξ) (1 + r(ξ) + ξr^′(ξ))

(ξr(ξ))^2

≤ CΦ(ξ) 1 ξ^2r(ξ)

, (46) for 0 < ξ < δ_0. Let η_t = X_t(x_o) − X_t(y_o) and ξ_t = |η_t|^2. We have

dξ_t = 2⟨η_t, (σ(X_t(x_o)) − σ(X_t(y_o))) dW_t⟩ +2⟨η_t, b(X_t(x_o)) − b(X_t(y_o))⟩ dt +||σ(X_t(x_o)) − σ(X_t(y_o))||^2 dt, (47) and the stochastic contraction dξ_t · dξ_t is given by 4|(σ^∗(X_t(x_o)) − σ^∗(X_t(y_o)))η_t|^2 dt, where σ^∗ denotes the transpose matrix of σ. Without loss of generality, we may assume |x_o − y_o| <^{δ0}_2 . Let 0 < ε < |x_o − y_o| <^{δ0}_2 . Define τ_ε = inf{t > 0, ξ_t ≤ ε}, τ = inf{t > 0, ξ_t = 0}.

We have τ_ε ↑ τ as ε ↓ 0. Let ζ = inf {t > 0, ξ_t ≥

3δ^2_0 4 }. Using Itô formula, Φ(ξ_{t∧τε∧ζ} ) = Φ(ξ_o) + 2

∫_{t∧τε∧ζ} 0 Φ^′(ξ_s)⟨η_s, (σ(X_s(x_o)) − σ(X_s(y_o))) dW_s⟩ +2 ∫_{t∧τε ∧ζ} 0 Φ^′(ξ_s)⟨η_s, b(X_s(x_o)) − b(X_s(y_o))⟩ ds + ∫_{t∧τε∧ζ} 0 Φ^′(ξ_s)||σ(X_s(x_o)) − σ(X_s(y_o))||^2 ds +2 ∫_{t∧τε∧ζ} 0 Φ^{′′}(ξ_s)|(σ^∗(X_s(x_o)) − σ^∗(X_s(y_o)))η_s|^2 ds. (48) By (H1.b) we have |(σ^∗(X_s(x_o)) − σ^∗(X_s(y_o)))η_s|^2 ≤ ξ^2_s r(ξ_s).

Combining with (46), we get 2Φ^{′′}(ξ_s)|(σ^∗(X_s(x_o)) − σ^∗(X_s(y_o)))η_s|^2 ≤ C Φ(ξ_s).

Again by (H1.b) and the expression of Φ^′(ξ), we have | |Φ_′(ξ_s)⟨η_s, b(X_s(x_o)) − b(X_s(y_o))⟩ | | ≤ C Φ(ξ_s).

Therefore,

Φ(ξ_{t∧τε∧ζ} ) ≤ Φ(ξ_o) + martingale + C

∫_{t∧τε ∧ζ} 0 Φ(ξ_s) ds.

Taking expectation, we get

E ( Φ(ξ_{t∧τε∧ζ} ) ) ≤ Φ(ξ_o) + CE

(∫_{t∧τε∧ζ} 0 Φ(ξ_s)ds ) ≤ Φ(ξ_o) + C

∫_t 0 E(Φ(ξ_{s∧τε∧ζ} )) ds (49)

which implies that E ( Φ(ξ_{t∧τε∧ζ} ) ) ≤ Φ(ξ_o)e^{C t}, for all t > 0.

Consequently,

P (τ_ε < t ∧ ζ)Φ(ε) ≤ Φ(ξ_o)e^{C t}, for all t > 0.

Now first letting ε → 0, we obtain

P (τ < t ∧ ζ) = 0, for all t > 0,

and then letting t → ∞ we get P (τ < ζ) = 0. Therefore, ξ_. is positive almost surely on the interval [0, ζ]. Now define T_0 := 0,

T_1 := ζ, T_2 = inf{t > 0, ξ_t ≤ δ^2_0 4 } and generally

T_{2n} = inf{t > T_{2n−1}, ξ_t ≤ δ^2_0 4 }, T_{2n+1} = inf{t > T_{2n}, ξ_t ≥

3δ^2_0 4 } Clearly T_n → ∞ almost surely as n → ∞. By definition, ξ_. is positive on the interval [T_{2n−1}, T_{2n}]. By pathwise uniqueness of solutions, X enjoys the strong Markovian property. Starting again from T_{2n} and applying the same arguments as in the first part of the proof, one can show that ξ_. is positive almost surely also on the interval [T_{2n}, T_{2n+1}]. This completes the proof.

Theorem 5.2 Assume (H2.b). Then lim_{|xo|→+∞} |X_t(x_o, w)| = +∞ in probability.

Proof. Let f ∈ C^1(R_+) be a fixed, strictly positive C^1 function on R_+ that satisfies f(s) = ρ(s) for s ≥ 1.

Then it is easy to see that (H2.b) holds for all x ∈ R^d , with ρ replaced by f. From now on, we will use C to denote a generic constant which may change from line to line. Define

ψ(ξ) =

∫_ξ 0 ds sf(s) + 1

, ξ ≥ 0

and put Φ(ξ) = e^{−ψ(ξ)}.

Keeping the assumptions on ρ in mind it follows that

Φ^′(ξ) = −

Φ(ξ) ξf(ξ) + 1

≤ 0, and Φ^{′′}(ξ) =^{Φ(ξ)}_{(ξf(ξ)+1)2} [1 + f(ξ) + ξf^′(ξ)] ≤ CΦ(ξ)^{f(ξ)}

(ξf(ξ)+1)^2 . (50)

Let ξ(t) = |X_t(x_0)|^2. For any constant R > 0, define τ_R = inf {t ≥ 0, |X_t(x_0)| ≤ R }.

By Itô formula, we have

Φ(ξ_{t∧τR} ) = Φ(|x_0|^2) + 2

∫_{t∧τR} 0 Φ^′(ξ_s)⟨X_s, σ(X_s)dW_s⟩ + 2 ∫_{t∧τR} 0 Φ^′(ξ_s) ⟨X_s, b(X_s)⟩ ds +

∫_{t∧τR} 0 Φ^′(ξ_s)||σ(X_s)||^2 ds + 2 ∫_{t∧τR} 0 Φ^{′′}(ξ_s) |σ^∗(X_s)X_s|^2 ds. (51) By (H2.b), it holds that |σ^∗(X_s)X_s|^2 (ξ_s f(ξ_s) + 1)^2 ≤ C ξ_s (ξ_s f(ξ_s) + 1) (ξ_s f(ξ_s) + 1)^2 Together with (50), we have ∫_{t∧τR} 0 Φ^{′′}(ξ_s) |σ^∗(X_s)X_s|^2 ds ≤ C

∫_{t∧τR} 0 Φ(ξ_s) ds.

Similarly, we have for some constant C > 0, |Φ^′(ξ_s)⟨X_s, b(X_s)⟩| ≤ C Φ(ξ_s), s > 0.

Combining above inequalities, we get from (51) E(Φ(ξ_{t∧τR} )) ≤ Φ(|x_0|^2) + C

∫_t 0 E(Φ(ξ_{s∧τR} )) ds, which implies that E(Φ(ξ_{t∧τR} )) ≤ Φ(|x_0|^2) e^{Ct}.

This gives that P (τ_R ≤ t)Φ(R^2) ≤ E(Φ(ξ_{t∧τR} )) ≤ Φ(|x_0|^2) e^{Ct}.

Therefore,

P ( inf_{0≤s≤t} |X_s(x_o)| ≤ R) ≤ e^{Ct} exp { − ∫_{|xo|}2

R^2 ds sf(s) + 1 } , which tends to 0 when |x_o|→ + ∞.

6 Continuous dependence of initial data

In this section, we shall show that the solution to (23) admits a version that is jointly continuous in (t, x_o). Let’s begin with the following lemma. Lemma 6.1 Let p ≥ 1. Assume (H1.b) with the function r :]0, δ_o]→R_+ being decreasing and that the coefficients σ and b are compactly supported, say, σ(x) = 0 and b(x) = 0 for |x| ≥ R. (52) Then there exists a constant C_p > 0 such that for |x| ≤ R+1 and |y| ≤ R+1,

||σ(x) − σ(y)||^2 ≤ C_p |x − y|^2 r ( (^{|x−y|2}_M )^p ) , |b(x) − b(y)| ≤ C_p |x − y| r ( (^{|x−y|2}_M )^p )

where M =^{4(R+1)2}_{δo} ≥ 1.

Proof. Because of the similarity, we only prove the conclusion for b. Let δ = inf{^{δo}_2 ,^1_2 }. If |x − y| ≤ δ, by hypothesis (H1.b),

|b(x) − b(y)| ≤ C |x − y|r(|x − y|^2) ≤ C |x − y| r ( ( |x − y|^2 M )^p ) , (53)

since r is supposed to be decreasing. Remark that inf δ≤ξ≤2(R+1) ξ r ([ ξ2 M ]_p) ≥ δ r(δ^p)

and sup_{x,y} |b(x) − b(y)| ≤ 2||b||_∞. Therefore there exists a constant C_p > 0 such that

|b(x) − b(y)| ≤ C_p |x − y| r ( ( |x − y|^2 M )^p ) for |x − y| ≥ δ. (54)

Combining (53) and (54), we get the result.

Lemma 6.2 Assume the same hypothesis as in lemma 6.1 and furthermore ξ→ξr(ξ) is concave over ]0, δ_o]. Let p ≥ 1 be an integer. For |x_o| ≤ R + 1 and |y_o| ≤ R + 1, set

η_t = |X_t(x_o) − X_t(y_o)|^2 and ξ_t = ( η_t M )^p

where M is the constant appeared in Lemma 6.1. Put ϕ(t) = E(ξ_t). Then we have φ^′(t) ≤ C_p φ(t) r(φ(t)), (55) for some constant C_p.

Proof. We remark that under the assumptions (52), for any |x_o| ≤ R + 1, |X_t(x_o)| ≤ R + 1 almost surely for all t ≥ 0. In fact, this can be seen as follows. Define

T = inf{t ≥ 0; |X_t(x_o)| ≥ R + 1}

Set Y_t(x_0) = X_{t∧T} (x_o). Then

Y_t = x_0 +

∫_{t∧T} 0 σ(Y_s)dW_s +

∫_{t∧T} 0 b(Y_s)ds.

Since E (∫ t 0 σ^2(Y_s)(1_{(s<T )} − 1)^2 ds ) = E (∫ t T σ^2(Y_s) ds ) = 0,

we have for t ≥ 0,

∫_{t∧T} 0 σ(Y_s)dW_s =

∫_t 0 σ(Y_s)dW_s and

∫_{t∧T} 0 b(Y_s)ds =

∫_t 0 b(Y_s)ds,

almost surely. We see that {Y_t, t ≥ 0} satisfies the same stochastic differential equation as {X_t, t ≥ 0}. By the pathwise uniqueness in section 4, we conclude that Y_t = X_t a.s. for all t ≥ 0, which proves the claim. Now we shall proceed as in [F]. By Itô’s formula,

dη_t = 2⟨X_t(x_o) − X_t(y_o), (σ(X_t(x_o)) − σ(X_t(y_o))) dW_t⟩ +2⟨X_t(x_o) − X_t(y_o), b(X_t(x_o)) − b(X_t(y_o))⟩ dt +||σ(X_t(x_o)) − σ(X_t(y_o))||^2 dt, (56) and dξ_t = 1 M^p ( pη^{p−1}_t dη_t + 1 2 p(p − 1)η^{p−2}_t dη_t · dη_t ) . (57)

Now by Lemma 6.1, 2p M^p η p−1 t | |⟨X_t(x_o) − X_t(y_o), b(X_t(x_o)) − b(X_t(y_0))⟩ | | ≤ C_p^{2p}_{M p} η^{p−1}_t η_t r(ξ_t) = 2pC_pξ_tr(ξ_t). (58)

Similarly , we get the same control for other terms in (57) except the martingale part. Now by expression of dξ_t, we have

ξ_{t+ε} − ξ_t ≤ M_{t+ε} − M_t + C_p

∫_{t+ε} t ξ_sr(ξ_s) ds

where M_t is the martingale part of ξ_t. It follows that

E(ξ_{t+ε}|F_t) − ξ_t ≤ C_pE (∫ t+ε t ξ_sr(ξ_s)ds|F_t )

where F_t is the filtration generated by {w(s); s ≤ t}. Let φ(t) = E(ξ_t). Then φ(t + ε) − φ(t) ≤ C_p

∫_{t+ε} t E(ξ_s r(ξ_s)) ds.

It follows that φ^′(t) ≤ C_pE(ξ_t r(ξ_t)).

Since ξ→ξr(ξ) is concave over ]0, δ], we have φ^′(t) ≤ C_p φ(t) r(φ(t)). (59)

Theorem 6.3 Assume (H1.b) with r(ξ) = log^1_ξ and the s.d.e (23) has no explosion. Then there exists a version of X_t(x_o, w) such that (t, x_o)→X_t(x_o, w) is continuous over [0, +∞[×R^d almost surely.

Proof. We split the proof into two steps.

Step 1. Assume that σ and b are compactly supported, say,

σ(x) = 0 and b(x) = 0 for |x| ≥ R.

Let φ be defined as in Lemma 6.2. Solving (59), we get φ(t) ≤ (φ(0))^{e−Cp t} or explicitly E ( |X_t(x_o) − X_t(y_o)|^{2p} ) ≤ C_p |x_o − y_o|^{2pe−Cp t} .

On the other hand, it is easy to see that E ( |X_t(x_o) − X_s(x_o)|^{2p} ) ≤ C_p|t − s|^p.

Therefore, E ( |X_t(x_o) − X_s(y_o)|^{2p} ) ≤ C_p [ |t − s|^p + |x_o − y_o|^{2pe−Cp t} ] . (60)

Fix p > d + 1. Choose a constant T_o > 0 small enough such that 2pe^{−CpT0} > d+1. It follows from (60) and Kolmogorov’s modification theorem that there exists a version of X_t(x_o, w), denoted by X̃_t(x_o, w), such that (t, x_o)→X̃_t(x_o, w) is continuous over [0, T_o] × {|x_o| ≤ R + 1} almost surely. But

X_t(x_o, w) = x_o if |x_o| > R.

We conclude that (t, x_o)→X̃_t(x_o, w) can be extended continuously to [0, T_o]× R^d. Let (θ_{To} w)(t) = w(t + T_o) − w(T_o). Define for 0 < t ≤ T_o,

X̃_{To+t}(x_o, w) = X̃_t(X̃_{To} (x_o, w), θ_{To} w).

Then X̃_{To+·}(x_o, w) satisfies the s.d.e (23) driven by the Brownian motion θ_{To} w with the initial condition X̃_{To} (x_o, w). By pathwise uniqueness, we see that X̃_{To+t}(x_o, w) = X_{To+t}(x_o, w) almost surely for all t ∈ [0, T_o]. This means that X̃_t(x_o, w) is a continuous version of X_t(x_o, w) over |0, 2T_o] × R^d. Continuing in this way, we get a continuous version on the whole space [0, +∞[×R^d.

Step 2: general case. For R > 0, let f_R(x) denote a smooth function with

compact support satisfying

f_R(x) = 1 for |x| ≤ R and f_R(x) = 0 for |x| > R + 1. (61)

Define σ_R(x) = σ(x)f_R(x) and b_R(x) = b(x)f_R(x). (62)

Let X^R_t (x, w) be the unique solution of the s.d.e. (0.1) with σ and b replaced by σ_R and b_R. Let X̃^R_t (x, w) denote a continuous version of X^R_t (x, w). Such a version exists according to step 1. For K > 0, set

τ^R_K (x) = inf{t > 0; |X̃^R_t (x, w)| ≥ K} (63) τ_K (x) = inf{t > 0; |X_t(x, w)| ≥ K} (64) By the pathwise uniqueness, for |x| ≤ K, we have

τ_K (x) = τ^{K+2}_K (x) (65)

almost surely. For |x| ≤ R, define

X̃_.(x, w) = X̃^{R+2}_. (x, w) on [0, τ^{R+2}_R (x)) (66)

Then it is clear that X̃_.(x, w) is a version of X_.(x, w). Let us prove that X̃_t(x, w) is continuous in (t, x) for almost all w. Fix x_0 with |x_0| ≤ K. Since the life time of the solution is infinity, there exists R > 0 such that τ^{R+2}_R (x_0) > t. This implies that sup_{0≤s≤t} |X̃^{R+2}_s (x_o, w)| < R. By the continuity, we can find a neighbourhood B_δ(x_o) of x_o such that sup_{0≤s≤t} |X̃^{R+2}_s (x, w)| < R or τ^{R+2}_R (x) > t for all x ∈ B_δ(x_o). Hence, X̃_s(x, w) = X̃^{R+2}_s (x, w) for all x ∈ B_δ(x_o) and s ≤ t, which implies that X̃_s(x_o, w) is continuous with respect to (s, x_o).

Remark 6.4: Consider r(s) = log^1_s · log log^1_s for s ∈]0, 1/2e]. Clearly s→r(s) is decreasing and s→sr(s) is concave over ]0, 1/2e]. Applying (59), we get φ(t) ≤ exp ( −[log 1 φ(0)

]^{e−Cpt} ) . In order to apply the Kolmogorov’s modification theorem, we have to find α > 0 such that exp ( −[log 1 φ(0)

]^{e−Cpt} ) ≤ φ(0)^α, or [log 1 φ(0)

]^{e−Cpt} ≥ α log 1 φ(0) which is impossible when |x_o − y_o| is small for any t > 0.

7 Flow of homeomorphisms

Theorem 7.1 Assume (H1.b) with r(ξ) = log^1_ξ and that σ and b are compactly supported. Then the solution of the s.d.e (23) admits a version X_t(x_o, w) such that x_o→X_t(x_o, w) is a homeomorphism of R^d almost surely for all t > 0.

Proof. Let R > 0 such that

σ(x) = 0 and b(x) = 0 for |x| ≥ R.

From section 6, we know that the solution of s.d.e. (23) admits a continuous version, still denoted by X_t(x_o, w), in (t, x_o), such that |X_t(x_o, w)| ≤ R + 1 if |x_o| ≤ R + 1. So x_o→X_t(x_o, w) defines a continuous map from B(R + 1) to B(R + 1), where

B(r) = {x ∈ R^d; |x| ≤ r}.

Lemma 7.2 Let x_o ≠ y_o and α < 0. Then there exists C_α, K_α > 0 such that for x_o, y_o ∈ B(R + 1), E ( |X_t(x_o) − X_t(y_o)|^{2α} ) ≤ C_α |x_o − y_o|^{2αe−Kα t} . (67)

Proof. Let 0 < ε <^{|xo−yo|2}_{8(R+1)2} . Consider η_t(w) = X_t(x_o) − X_t(y_o) and

ξ_t(w) =

|η_t(w)|^2 8(R + 1)^2 . By theorem 5.1, we know that ξ_t(w) ≠ 0 almost surely for all t > 0. Define

τ_ε = inf{t > 0, ξ_t ≤ ε}. By Itô formula, for s < t,

ξ^α_{t∧τε} − ξ^α_{s∧τε} =

∫_{t∧τε}

s∧τ_ε

αξ^{α−1}_u dξ_u + 1 2 α(α − 1)

∫_{t∧τε}

s∧τ_ε

αξ^{α−2}_u dξ_u · dξ_u.

Where

dξ_t = 1 4(R + 1)^2 { ⟨η_t(w), (σ(X_t(x_o)) − σ(X_t(y_o)))dw_t⟩

+⟨η_t(w), b(X_t(x_o)) − b(X_t(y_o))⟩ dt +^1_2 ||σ(X_t(x_o)) − σ(X_t(y_o))||^2 dt } , (68) and dξ_t · dξ_t = ( 1 4(R + 1)^2

)_2

|(σ^∗(X_t(x_o)) − σ^∗(X_t(y_o)))η_t|^2 dt.

Using lemma 6.1 for p = 1, there exists a constant C > 0 such that

|b(X_t(x_o)) − b(X_t(y_o))| ≤ C |η_t| log

8(R + 1)^2 |η_t|^2

(69) and ||σ(X_t(x_o)) − σ(X_t(y_o))||^2 ≤ C |η_t|^2 log

8(R + 1)^2 |η_t|^2

. (70)

Therefore by (69), | | |αξ^{α−1}_u ⟨η_u, b(X_t(x_o)) − b(X_t(y_o))⟩ | | | ≤ −2Cα ξ^α_u log^1_{ξu} = −2C ξ^α_u log^1_{ξαu} . (71)

Similarly , we have 1 2 α(α − 1)ξ^{α−2}_u

(_1

4(R+1)^2

)_2

|(σ^∗(X_t(x_o)) − σ^∗(X_t(y_o)))η_t|^2 ≤ 2C|α − 1| ξ^α_u log^1_{ξαu} . (72) Let dM_t be the martingale part of dξ_t. Then we have

ξ^α_{t∧τε} − ξ^α_{s∧τε} ≤

∫_{t∧τε}

s∧τ_ε

αξ^{α−1}_u dM_u + K(α)

∫_{t∧τε}

s∧τ_ε

ξ^α_u log 1 ξ^α_u du. Define φ(t) = E(ξ^α_{t∧τε} ). From the above inequality, we get

φ^′(t) ≤ K(α)φ(t) log 1 φ(t) , which implies that φ(t) ≤ φ(0)^{e−K(α) t} .

Hence,

E(ξ^α_{t∧τε} ) ≤

( |x_o − y_o|2 8(R + 1)^2

)_{α e}−K(α) t for x_o, y_o ∈ B(R + 1).

Since τ_ε ↑ +∞ while ε ↓ 0, we get

E(ξ^α_t ) ≤

( |x_o − y_o|2 8(R + 1)^2

)_{α e}−K(α) t for x_o, y_o ∈ B(R + 1)

or (67) holds.

Lemma 7.3 Let δ > 0 and Δ_δ = {(x_o, y_o) ∈ B(R + 1)^2; |x_o − y_o| ≥ δ}. Take a continuous version X_t(x_o) and set η_t(x_o, y_o) = |X_t(x_o) − X_t(y_o)|^{−1}. Then for any p > 1, there exist constant C_{p,T,δ}, K_1(p) > 0 such that E ( |η_t(x_o, y_o) − η_s(x̃_o, ỹ_o)|^p )

≤ C_{p,T,δ} ( |x_o − x̃_o|^{pe−K1(p)T} + |y_o − ỹ_o|^{pe−K1(p)T} + |t − s|^{p/2} ) , (73) for (x_o, y_o), (x̃_o, ỹ_o) ∈ Δ_δ and s, t ∈ [0, T ]. Proof. We have |η_t(x_o, y_o) − η_s(x̃_o, ỹ_o)| = η_t(x_o, y_o)η_s(x̃_o, ỹ_o) | | ||X_t(x_o) − X_t(y_o)| − |X_s(x̃_o) − X_s(ỹ_o)| | | | ≤ η_t(x_o, y_o)η_s(x̃_o, ỹ_o) ( |X_t(x_o) − X_s(x̃_o)| + |X_t(y_o) − X_s(ỹ_o)| ) . By lemma 7.1, there exists a constant C_{p,T,δ} > 0 such that

E(η_t(x_o, y_o)^{4p}) ≤ C_{p,T,δ} for (x_o, y_o) ∈ Δ_δ, t ∈ [0, T ]. Now combining with (60), we get E ( |η_t(x_o, y_o) − η_s(x̃_o, ỹ_o)|^p )

≤ C_{p,T,δ} ( |x_o − x̃_o|^{2pe−K1(p)T} + |y_o − ỹ_o|^{2pe−K1(p)T} + 2|t − s|^p

)_{1/2}

which is dominated by the right hand side of (73). So we get the result.

Proof of theorem 7.1 By (73), for p > 2(2d + 1) and T_o > 0 small enough, we can apply the Kolmogorov’s modification theorem to get that η_t(x_o, y_o) has a continuous version η̃_t(x_o, y_o) on [0, T_o] × Δ_o. This means that (t, x_o, y_o)→η̃_t(x_o, y_o) is continuous on [0, T_o] × Δ_o almost surely. Let D be a countable dense subset of [0, T_o] × Δ_o. Then almost surely, for all (t, x_o, y_o) ∈ D, η̃_t(x_o, y_o) = |X_t(x_o) − X_t(y_o)|^{−1}, or |X_t(x_o) − X_t(y_o)| = η̃_t(x_o, y_o)^{−1}. (74)

Now by continuity, the relation (74) holds for all (t, x_o, y_o) ∈ [0, T_o] × Δ_o. In particular, this relation shows that almost surely for all t > 0, x_o→X_t(x_o) is injective on B(R + 1). Since X_t(x_o) = x_o for |x_o| > R, x_o→X_t(x_o) is injective on the whole R^d. Let R^d = R^d ∪ {∞} which is homeomorphe to the sphere S^d. Extend the map X_t to R^d by setting X_t(∞) = ∞. It is clear that X_t is continuous near ∞. So X_t can be seen as a continuous map from S^d into S^d. Since X_t is homotope to the identity, we conclude that X_t is a surjective map on S^d. Therefore X_t is a homeomorphism of S^d and its restriction X_t on R^d is a homeomorphism of R^d. Now using the relation

X_{To+t}(x_o, w) = X_t(X_{To} (x_o, w), θ_{To} w),

we conclude that X_t is a homeomorphism of R^d for all t > 0.

8 Statement of large deviation principle

Let σ : R^d → R^d ⊗ R^m and b : R^d → R^d be continuous functions. Consider the following Itô s.d.e:

dX^ε(t) = ε^{12} σ(X^ε(t)) dW_t + b(X^ε(t)) dt, X^ε_o (w) = x_o (75)

where t → W_t is a R^m-valued standard Brownian motion. In this section we will state a large deviation principle for the law of X^ε. The proofs will be given in section 9 and section 10.

Let C_x([0, 1], R^m) be the space of continuous functions from [0, 1] into R^m with initial value x. If g ∈ C_0([0, 1], R^m) is absolutely continuous, set e(g) = ∫_1 0 |ġ(t)|^2dt. Set e(g) = ∞ if g is not is absolutely continuous. Let F (g) be the solution to the differential equation

F (g)(t) = x_0 +

∫_t 0 b(F (g)(s))ds + ∫_t 0 σ(F (g)(s))ġ(s)ds, 0 < t < ∞, (76) the uniqueness and non explosion being obtained in a similar way as as in section 3 for the differential equation (13). See also lemma 9.3 below.

Theorem 8.1 Let μ_ε be the law of X^ε(·) on C_{x0} ([0, 1], R^d). Assume (H1.b) with r(ξ) = log^1_ξ and (H2.b) with ρ(ξ) = logξ. Then {μ_ε, ε > 0} satisfies a large deviation principle with the following good rate function

I(f) = inf { 1 2 e(g)^2; F (g) = f } , f ∈ C_{x0} ([0, 1], R^d) (77)

i.e., (i) for any closed subset C ⊂ C_{x0} ([0, 1], R^d),

lim sup ε→0 ε log μ_ε(C) ≤ − inf_{f∈C} I(f) (78)

(ii) for any open subset G ⊂ C_{x0} ([0, 1], R^d),

lim inf ε→0 ε log μ_ε(G) ≥ − inf_{f∈G} I(f) (79)

9 Large deviations when σ, b are bounded

The theory of large deviations for diffusion processes under Lipschitzian coefficients is well established (see [A], [S]). Some new developments in infinite dimensional situations are discussed in [FZ1,2], [Z1,2]. The main task of this work is to handle the non Lipschitzian feature. For n ≥ 1, let X^ε_n(·) to be the solution to

X^ε_n(t) = x_0 +

∫_t 0 b(X^ε_n(

[ns] n ))ds

+ε^{12}

∫_t 0 σ ( X^ε_n ( [ns] n )) dW_s. (80)

We need the following lemma from Stroock [S,p.81].

Lemma 9.1. Let α(·) and β(·) be (F_t)_{t≥0} -progressively measurable with values in R^d ⊗ R^m and R^d respectively. Assume ||α(·)|| ≤ A and |β(·)| ≤ B, and set ξ(t) =

∫_t 0 α(s)dW_s +

∫_t 0 β(s)ds. Then for T > 0 and R > 0 satisfying d^12 BT < R:

P ( sup_{0≤t≤T} |ξ(t)| ≥ R) ≤ 2d exp ( − (R − d^{12} BT )^2/2A^2dT ). (81)

Proposition 9.2. Assume (H1.b) holds with r(ξ) = log^1_ξ and b, σ are bounded. Then for any δ > 0,

lim_{n→∞} lim sup_{ε→0} ε log P ( sup_{0≤t≤1} |X^ε(t) − X^ε_n(t)| > δ) = −∞. (82)

Proof. Assume δ < e^{−1} ∧ δ_0 < 1. Let Y^ε_n (t) := X^ε(t) − X^ε_n(t) and ξ^ε_n(t) = |Y^ε_n (t)|^2. We have

Y^ε_n (t) =

∫_t 0 [ b(X^ε(s)) − b(X^ε_n(

[ns] n )) ] ds +ε^{12}

∫_t 0 [ σ(X^ε(s)) − σ(X^ε_n(

[ns] n )) ] dW_s, (83) and dξ^ε_n(t) = 2ε^{12} ⟨Y^ε_n (t), ( σ(X^ε(t)) − σ(X^ε_n(

[nt] n )) ) dW_t⟩

+2⟨Y^ε_n (t), ( b(X^ε(t)) − b(X^ε_n(

[nt] n )) ) ⟩dt +ε||σ(X^ε(t)) − σ(X^ε_n(

[nt] n ))||^2dt. (84)

The stochastic contraction dξ^ε_n · dξ^ε_n is given by

dξ^ε_n · dξ^ε_n = 4ε| ( σ(X^ε(t)) − σ(X^ε_n(

[nt] n )) )_∗

Y^ε_n (t)|^2 dt, (85)

where σ^∗ denotes the transpose of σ. Let ρ > 0. Define the function ψ_ρ : [0, δ_o] → R by ψ_ρ(ξ) =

∫_ξ 0 ds s log^1_s + ρ

. (86)

It is clear that for any 0 < ξ < 1,

ψ_ρ(ξ) ↑ ψ_0(ξ) =

∫_ξ 0 ds s log^1_s

= +∞, as ρ ↓ 0.

Define for λ > 0 Φ_{ρ,λ}(ξ) = e^{λψρ(ξ)}. (87) Then we have Φ^′_{ρ,λ}(ξ) (ξ log 1 ξ + ρ) = λΦ_{ρ,λ}(ξ), (88) and Φ^{′′}_{ρ,λ}(ξ) = λ^2Φ_{ρ,λ}(ξ) 1 (ξ log^1_ξ + ρ)^2

+ λΦ_{ρ,λ}(ξ)

(1 − log^1_ξ ) (ξ log^1_ξ + ρ)^2

≤ λ^2Φ_{ρ,λ}(ξ) 1 (ξ log^1_ξ + ρ)^2 if ξ ≤ e^{−1}. (89)

Now, choose a positive constant δ_1 < e^{−1} ∧δ_0 satisfying δ_1 log^1_{δ1} < ρ. Define τ^ε_n = inf{t ≥ 0; |X^ε_n(t) − X^ε_n(^{[nt]}_n )| ≥ δ_1}, and set ξ^ε_{n,δ1} (t) = ξ^ε_n(t ∧ τ^ε_n), t ≥ 0. Putting T^ε_n = inf{t ≥ 0, |ξ^ε_{n,δ1} (t)| ≥ δ^2}, we have,

P ( sup_{0≤t≤1} |Y^ε_n (t)| > δ) = P ( sup_{0≤t≤1} |Y^ε_n (t)| > δ, τ^ε_n ≤ 1)

+P ( sup_{0≤t≤1} |Y^ε_n (t)| > δ, τ^ε_n > 1)

≤ P (τ^ε_n ≤ 1) + P (T^ε_n ≤ 1). (90)

Observe,

P (τ^ε_n ≤ 1) ≤ n∑ k=1 P ( sup k−1 n ≤t≤^k_n

|X^ε_n(t) − X^ε_n( k − 1 n )| ≥ δ_1 ) . (91)

Using Lemma 9.1 and the boundness of σ, b, there exists a constant c_{δ1} > 0 such that P (τ^ε_n ≤ 1) ≤ n exp(−nc_{δ1} /ε). (92) Hence, lim_{n→∞} lim sup_{ε→0} ε log P (τ^ε_{n,ρ} ≤ 1) = −∞. (93)

For notational simplicity, write T for T^ε_n and τ for τ^ε_n. By Ito’s formula,

Φ_{ρ,λ}(ξ^ε_{n,δ1} (t ∧ T ))

= 1 + 2ε^12

∫_{t∧T ∧τ} 0 Φ^′_{ρ,λ}(ξ^ε_{n,δ1} (s)) ⟨ Y^ε_n (s), ( σ(X^ε(s)) − σ(X^ε_n(^{[ns]}_n )) ) dW_s ⟩

+ 2 ∫_{t∧T ∧τ} 0 Φ^′_{ρ,λ}(ξ^ε_{n,δ1} (s)) ⟨ Y^ε_n (s), b(X^ε(s)) − b(X^ε_n(^{[ns]}_n )) ⟩ ds + ε ∫_{t∧T ∧τ} 0 Φ^′_{ρ,λ}(ξ^ε_{n,δ1} (s))||σ(X^ε(s)) − σ(X^ε_n(^{[ns]}_n ))||^2ds

+ 2ε

∫_{t∧T ∧τ} 0 Φ^{′′}_{ρ,λ}(ξ^ε_{n,δ1} (s)) | ( σ(X^ε(s)) − σ(X^ε_n(^{[ns]}_n ))

)_∗

Y^ε_n (s)|^2 ds. (94)

Note that for s ≤ T ∧ τ, |Y^ε_n (s)| ≤ δ_1 ≤ e^{−1} < 1 and

|X^ε_n(s) − X^ε_n(

[ns] n )| ≤ δ_1 < e^{−1}.

Therefore, for s ≤ T ∧ τ, | ⟨ Y^ε_n (s), b(X^ε(s)) − b(X^ε_n(

[ns] n )) ⟩ |

= | ⟨ Y^ε_n (s), b(X^ε(s)) − b(X^ε_n(s)) ⟩ | + | ⟨ Y^ε_n (s), b(X^ε_n(s)) − b(X^ε_n(

[ns] n )) ⟩ | ≤ C|Y^ε_n (s)|^2 log( 1 |Y^ε_n (s)|

) + C|X^ε_n(s) − X^ε_n(

[ns] n )| log( 1 |X^ε_n(s) − X^ε_n(^{[ns]}_n )| )

≤ 1 2 Cξ^ε_n(s) log( 1 ξ^ε_n(s)

) + δ_1 log( 1 δ_1

) ≤ C(ξ^ε_n(s) log( 1 ξ^ε_n(s)

) + ρ), (95)

where we have used the fact that the function x log(^1_x ) is increasing on [0, e^{−1}]. Furthermore, for s ≤ T ∧ τ,

||σ(X^ε(s)) − σ(X^ε_n(

[ns] n ))||^2

≤ 2||σ(X^ε(s)) − σ(X^ε_n(s)))||^2 + 2||σ(X^ε_n(s)) − σ(X^ε_n(

[ns] n ))||^2

≤ 2Cξ^ε_n(s) log( 1 ξ^ε_n(s)

) + 2C|X^ε_n(s) − X^ε_n(

[ns] n )|^2 log( 1 |X^ε_n(s) − X^ε_n(^{[ns]}_n )| )

≤ C(ξ^ε_n(s) log( 1 ξ^ε_n(s)

) + ρ). (96)

Similarly, | ( σ(X^ε(s)) − σ(X^ε_n(

[ns] n )) )_∗

Y^ε_n (s)|^2

≤ |Y^ε_n (s)|^2|| ( σ(X^ε(s)) − σ(X^ε_n(

[ns] n )) )_∗

||^2

≤ Cξ^ε_n(s)(ξ^ε_n(s) log( 1 ξ^ε_n(s)

) + ρ) ≤ C(ξ^ε_n(s) log( 1 ξ^ε_n(s)

) + ρ)^2. (97)

Taking these inequalities into account, it follows from (94) that

E[Φ_{ρ,λ}(ξ^ε_{n,δ1} (t ∧ T ))]

≤ CE [ ∫_{t∧T} 0 Φ^′_{ρ,λ}(ξ^ε_{n,δ1} (s))(ξ^ε_{n,δ1} (s) log(^1_ξε_{n,δ1 (s)} ) + ρ)ds ]

+ CεE [ ∫_{t∧T} 0 Φ^{′′}_{ρ,λ}(ξ^ε_{n,δ1} (s))(ξ^ε_{n,δ1} (s) log(^1_ξε_{n,δ1 (s)} ) + ρ)^2ds ] , (98)

which is smaller by (88) and (89) than

1 + Cε(λ^2 + λ)

∫_t 0 E[Φ_{ρ,λ}(ξ^ε_{n,δ1} (s ∧ T ))]ds.

By Gronwall’s inequality, we obtain that

E[Φ_{ρ,λ}(ξ^ε_{n,δ1} (1 ∧ T ))] ≤ e^{C(ελ2+λ)}. (99)

On the other hand, E[Φ_{ρ,λ}(ξ^ε_{n,δ1} (1 ∧ T ))]

≥ E[Φ_{ρ,λ}(ξ^ε_{n,δ1} (T )), T ≤ 1] = e^{λψρ(δ2 )}P (T ≤ 1). (100) Combining (90) with (100), we have

P (T ≤ 1) ≤ e^{−λψρ(δ2 )}e^{C(ελ2+λ)}.

Taking λ =^1_ε it follows that

lim sup n→∞ lim sup ε→0 εlogP (T ≤ 1) ≤ −ψ_ρ(δ^2) + 2C.

This together with (93) implies that

lim sup n→∞ lim sup ε→0 εlogP ( sup_{0≤t≤1} |Y^ε_n (t)| > δ) ≤ −ψ_ρ(δ^2) + 2C (101)

Sending ρ to 0 completes the proof.

For n ≥ 1, define a map F_n(·) : C_0([0, 1], R^m) → C_{x0} ([0, 1], R^d) by

F_n(ω)(0) = x_0,

F_n(ω)(t) = F_n(ω) ( k n ) + b ( F_n(ω) ( k n )) ( t − k n )

+σ ( F_n(ω) ( k n )) ( ω(t) − ω ( k n )) , (102) for^k_n ≤ t ≤^{k+1}_n . It is easy to see that F_n is a continuous map from C_0([0, 1], R^m) to C_{x0} ([0, 1], R^d).

Lemma 9.3. lim_{n→∞} sup_{{g;e(g)≤α}} sup_{0≤t≤1} |F_n(g)(t) − F (g)(t)| = 0.

Proof . Note that for g with e(g) ≤ α,

F_n(g)(t) = x_0 +

∫_t 0 b(F_n(g)(

[ns] n ))ds + ∫_t 0 σ ( F_n(g) ( [ns] n )) ġ(s)ds. (103)

Thus, F_n(g)(t) − F (g)(t) = ∫_t 0 [b(F_n(g) ( [ns] n ) ) − b(F (g)(s))]ds + ∫_t 0 [σ(F_n(g) ( [ns] n ) ) − σ(F (g)(s))]ġ(s)ds. (104)

Since b, σ are bounded, we have for t ≤ 1

|F_n(g)(t) − F_n(g) ( [nt] n ) | ≤ ∫_t

[nt] n |b(F_n(g)(

[ns] n ))|ds

+ ∫_t

[nt] n ||σ(F_n(g) ( [ns] n ) )|||ġ|(s)ds

≤ C_α ( 1 n ) 1_2

, (105)

where C_α is a constant depending only on α and the uniform norms of b and σ. Let Y^g_n (t) = F_n(g)(t) − F (g)(t) and Z^g_n(t) = |Y^g_n (t)|^2. For any 0 < δ < e^{−1}, define τ_n(g) = inf{t ≥ 0, |Y^g_n (t)| > δ}. Given ρ > 0, define

Φ_ρ(ξ) = e^{ψρ(ξ)},

where ψ_ρ(ξ) =

∫_ξ 0 ds s log^1_s + ρ . Then Φ^′_ρ(ξ)(ξ log 1 ξ + ρ) = Φ_ρ(ξ). (106)

By the chain rule, Φ_ρ(Z^g_n(t ∧ τ_n(g)))

= 1 + 2

∫_{t∧τn(g)} 0 Φ^′_ρ(Z^g_n(s)) ⟨ Y^g_n (s), b(F_n(g)(

[ns] n )) − b(F (g)(s)) ⟩ ds +2 ∫_{t∧τn(g)} 0 Φ^′_ρ(Z^g_n(s)) ⟨ Y^g_n (s), (σ(F_n(g)(

[ns] n ))−σ(F (g)(s)))ġ(s) ⟩ ds. (107)

Using (H1.b) and (105), for s ≤ τ_n(g), | ⟨ Y^g_n (s), b(F_n(g) ( [ns] n ) ) − b(F (g)(s)) ⟩ |

≤ | ⟨ Y^g_n (s), b(F_n(g) ( [ns] n ) ) − b(F_n(g)(s)) ⟩ | +| ⟨ Y^g_n (s), b(F_n(g)(s)) − b(F (g)(s)) ⟩ | ≤ C|Y^g_n (s)||F_n(g) ( [ns] n ) − (F_n(g)(s)| log( 1 |F_n(g)(^{[ns]}_n ) − (F_n(g)(s)| )

+ 1 2 CZ^g_n(s) log( 1 Z^g_n(s) ) ≤ CC_α( 1 n )^{12} log(n^{12} ) + CZ^g_n(s) log( 1 Z^g_n(s) ) ≤ C(Z^g_n(s) log( 1 Z^gn(s)

) + ρ), (108)

for n ≥ N^1_α, where N^1_α depends on α and ρ. Similarly, for s ≤ τ_n(g) and n ≥ N^1_α, |Y^g_n (s)|||σ(F_n(g) ( [ns] n ) ) − σ(F (g)(s))||

≤ C(Z^g_n(s) log( 1 Z^g_n(s)

) + ρ). (109)

It follows from (107) that for n ≥ N^1_α and all g ∈ {g; e(g) ≤ α},

Φ_ρ(Z^g_n(t ∧ τ_n(g)))

≤ 1 + C

∫_{t∧τn (g)} 0 Φ^′_ρ(Z^g_n(s))( 1 Z^g_n(s)

) + ρ)(1 + |ġ(s)|)ds ≤ C ∫_t 0 Φ_ρ(Z^g_n(s ∧ τ_n(g)))(1 + |ġ(s)|)ds. (110)

By Gronwall’s lemma,

Φ_ρ(Z^g_n(1 ∧ τ_n(g))) ≤ Ce^{1+}

∫_1

0 |ġ(s)|ds.

Since Φ_ρ(ξ) is incresing in ξ, it follows that for n ≥ N^1_α,

Φ_ρ ( sup g∈{g;e(g)≤α}

Z^g_n(1 ∧ τ_n(g)) ) ≤ Ce^{1+α}. (111)

Consequently, for any ρ > 0,

lim sup n→∞ Φ_ρ ( sup g∈{g;e(g)≤α}

Z^g_n(1 ∧ τ_n(g)) ) ≤ Ce^{1+α}. (112)

To complete the proof it suffices to show that for any δ > 0 there exists an integer N such that if n ≥ N, then τ_n(g) > 1 for all g ∈ {g; e(g) ≤ α}.

This is now a consequence of (112). In fact, otherwise, there exists δ > 0, a subsequence {n_k, k ≥ 1} of positive integers and g_{nk} ∈ {g; e(g) ≤ α} such that τ_{nk} (g_{nk} ) > 1. This implies that

Φ_ρ( sup

g∈{g;e(g)≤α}

Z^g_{nk} (1 ∧ τ_{nk} (g))) ≥ Φ_ρ(Z^{gnk}n_k (1 ∧ τ_{nk} (g_{nk} ))) ≥ Φ_ρ(δ^2).

Combing this with (112), we get

Φ_ρ(δ^2) ≤ Ce^{1+α}, (113)

for all ρ. This leads to a contradiction since the left side of (113) tends to infinity as ρ goes to 0. The proof is complete.

Proof of Theorem 9.1 when b, σ are bounded Notice that X^ε_n(s) = F_n(ε^12 W )(s), where W is the Brownian motion. The theorem follows from Proposition 5.2 , Lemma 5.3 and Theorem 4.2.23 in [DZ].

10 Large deviations: general case

In this section we will remove the boundeness assumptions on b and σ. We begin with Proposition 10.1 Assume (H2.b) with ρ(ξ) = logξ. Then

lim_{R→∞} lim sup_{ε→0} ε log P ( sup_{0≤t≤1} |X^ε(t) − x_0| > R) = −∞ (114)

where X^ε(·) is the solution to equation (75).

Proof. Let δ_0 be a fixed small positive constant, say δ_0 <^1_2 . Let f ∈ C^1(R_+) be a strictly positive C^1 function on R_+ that satisfies

f(s) = { −s log s if 0 ≤ s ≤ 1 − δ_0, s log s if s ≥ 1 + δ_0.

From now on, we will use C to denote a generic constant which may change from line to line. It is easy to see that there exists a positive contant C such that s| log s| + 1 ≤ C(f(s) + 1), f^′(s) ≥ −C for s ≥ 0. (115) Define ψ(ξ) =

∫_ξ 0 ds f(s) + 1

, ξ ≥ 0,

and put Φ_λ(ξ) = e^{λψ(ξ)}, λ ≥ 0.

It follows from (115) that

Φ^′_λ(ξ) = λΦ_λ(ξ) 1 f(ξ) + 1

≤ CλΦ_λ(ξ) 1 (ξ| log ξ| + 1)

, (116) and Φ^{′′}_λ(ξ) = λ^2Φ_λ(ξ) 1 (f(ξ) + 1)^2

− λΦ_λ(ξ) f^′(ξ) (f(ξ) + 1)^2 ≤ C(λ^2 + λ)Φ_λ(ξ) 1 (ξ| log ξ| + 1)^2

. (117) Let η^ε(t) = X^ε(t) − x_o and ξ^ε(t) = |η^ε(t)|^2. Define τ_R = inf {t > 0, |η^ε(t)| ≥ R }, R > 0.

Now by Itô formula, we have

Φ_λ(ξ^ε(t ∧ τ_R)) = 1 + 2ε^{12}

∫_{t∧τR} 0 Φ^′_λ(ξ^ε(s))⟨η^ε(s), σ(X^ε(s))dW_s⟩ + 2 ∫_{t∧τR} 0 Φ^′_λ(ξ^ε(s)) ⟨η^ε(s), b(X^ε(s))⟩ ds + ε ∫_{t∧τR} 0 Φ^′_λ(ξ^ε(s))||σ(X^ε(s))||^2 ds + 2ε

∫_{t∧τR} 0 Φ^{′′}_λ(ξ^ε(s)) |σ^∗(X^ε(s))η^ε(s)|^2 ds. (118) By (H2.b), there exists C_1 > 0 such that { ||σ(x)||^2 ≤ C_1 (|x − x_o|^2 log |x − x_o| + 1), |b(x)| ≤ C_1 (|x − x_o| log |x − x_o| + 1).

It follows that |σ^∗(X^ε(s))η^ε(s)|^2 (ξ^ε(s) | log ξ^ε(s)| + 1)^2

≤ C_1 ξ^ε(s) (ξ^ε(s) | log ξ^ε(s)| + 1) (ξ^ε(s) | log ξ^ε(s)| + 1)^2 which is dominated by a constant C. By (117), we get ∫_{t∧τR} 0 Φ^{′′}_λ(ξ^ε(s)) |σ^∗(X^ε(s))η^ε(s)|^2 ds ≤ C(λ^2 + λ)

∫_{t∧τR} 0 Φ_λ(ξ^ε(s)) ds.

(119) In the same way, for some constant C > 0, we have |⟨η^ε(s), b(X^ε(s))⟩| + ||σ(X^ε(s))||^2

ξ^ε(s) | log ξ^ε(s)| + 1

≤ C, s > 0. (120) Combining above inequalities together, we get E(Φ_λ(ξ^ε(t ∧ τ_R))) ≤ 1 + C(ελ^2 + λ)

∫_t 0 E(Φ_λ(ξ^ε(t ∧ τ_R))) ds, which implies that E(Φ_λ(ξ^ε(1 ∧ τ_R))) ≤ e^{C(ελ2+λ)}.

Let λ =^1_ε . It follows that

P ( sup_{0≤t≤1} |X^ε(t) − x_0| > R)Φ 1_ε (R) ≤ E(Φ_λ(ξ^ε(1 ∧ τ_R)))

≤ e^{2C 1ε} .

This gives that lim sup ε→0 ε log P ( sup_{0≤t≤1} |X^ε(t) − x_0| > R) ≤ C − ψ(R). (121)

Note that lim_{R→∞} ψ(R) = +∞. Letting R tend to +∞ in (121) proves the proposition.

For R > 0, define m_R = sup{|b(x)|, ||σ(x)||; |x| ≤ R} and b^R_i = (−m_R − 1) ∨ b_i ∧ (m_R + 1), σ^R_{i,j} = (−m_R − 1) ∨ σ_{i,j} ∧ (m_R + 1), 1 ≤ i ≤ d, 0 ≤ j ≤ m. Put b_R = (b^R_1 , b^R_2 , ..., b^R_d ) and σ_R = (σ^R_{i,j})_{1≤i≤d,1≤j≤m}. Then for |x| ≤ R, b_R(x) = b(x), σ_R(x) = σ(x).

and b_R, σ_R satisfy (H1.b) and (H2.b) with the same constants. Let X^ε_R(·) be the solution to

X^ε_R(t) = x_0 +

∫_t 0 b_R(X^ε_R(s))ds + ε^{12}

∫_t 0 σ_R(X^ε_R(s))dW_s, t > 0. (122) For g with e(g) < ∞, let F_R(g) be the solution to

F_R(g)(t) = x_0 +

∫_t 0 b_R(F_R(g)(s))ds + ∫_t 0 σ_R(F_R(g)(s))ġ(s)ds. (123) Define

I_R(f) = inf { 1 2 e(g)^2; F_R(g) = f } , f ∈ C_{x0} ([0, 1] → R^d). (124) If sup_{0≤t≤1} |F (g)(t)| ≤ R, then F (g) = F_R(g). Therefore, I(f) = I_R(f), for f with sup_{0≤t≤1} |f(t)| ≤ R. (125)

Lemma 10.2 I(·) is a good rate function on C_{x0} ([0, 1], R^d),i.e., for any α ≥ 0, the level set {f; I(f) ≤ α} is compact.

Proof. Reasoning as in Lemma 9.3, it is easy to see that for α > 0, sup_{{g;e(g)≤α}} ||F (g)||_∞ ≤ R for some constant R. Thus F_R(·) = F (·) on {g; e(g) ≤ α}. On the other hand, It is easy to see that F_R(·) is continuous on the level set {g; e(g) ≤ α}, so is F (·). This is sufficient to conclude that I(·) is a good rate functional since e(·) is. Proof of Theorem 8.1 in the Unbounded Case.

Recall that the process X^ε_R(·) is defined by (122). Let μ^R_ε denote the law of X^ε_R(·) on C_{x0} ([0, 1], R^d). According to previous section, {μ^R_ε , ε > 0} satisfies a large deviation principle with good rate function I_R(·). Note that μ^R_ε and μ_ε coincide on the ball {f; ||f||_∞ ≤ R}. For R > 0 and a closed subset C ⊂ C_{x0} ([0, 1], R^d), set C_R = C ∩ {f; ||f||_∞ ≤ R}. Then,

μ_ε(C) ≤ μ_ε(C_R) + P ( sup_{0≤t≤1} |X^ε(t)| > R)

= μ^R_ε (C_R) + P ( sup_{0≤t≤1} |X^ε(t)| > R). (126)

By the large deviation principle for {μ^R_ε , ε > 0},

lim sup ε→0 ε log μ_ε(C)

≤ ( − inf_{f∈CR} I_R(f)) ∨ ( lim sup_{ε→0} ε log P ( sup_{0≤t≤1} |X^ε(t)| > R))

= ( − inf_{f∈CR} I(f)) ∨ ( lim sup_{ε→0} ε log P ( sup_{0≤t≤1} |X^ε(t)| > R)). (127)

Applying Proposition 10.1 and Letting R → ∞, we obtain

lim sup ε→0 ε log μ_ε(C) ≤ ( − inf_{f∈C} I(f)), (128)

which is the upper bound.

Let G be an open subset of C_{x0} ([0, 1] → R^d). Fix any ϕ_0 ∈ G. Choosing δ > 0 such that B(ϕ_0, δ) = {f; ||f − ϕ_0||_∞ ≤ δ} ⊂ G. Let R = ||ϕ_0||_∞ + δ. Since B(ϕ_0, δ) ⊂ {f; ||f||_∞ ≤ R},

we have

−I(ϕ_0) = −I_R(ϕ_0) ≤ lim sup_{ε→0} ε log μ^R_ε ( B(ϕ_0, δ) )

= lim sup_{ε→0} ε log μ_ε ( B(ϕ_0, δ) )

≤ ( lim sup_{ε→0} ε log μ_ε(G)). (129)

Since ϕ_0 is arbitrary, it follows that

− inf_{f∈G} I(f) ≤ lim sup_{ε→0} ε log μ_ε(G), (130)

which is the lower bound.

Acknowledgements. The second named author would like to thank I.M.B, UFR Sciences et techniques, Université de Bourgogne for the support and the hospitality during his stay where this work was initiated. This work is supported by the British EPSRC , grant no. GR/R91144. This work has been reported by the first named author at Toulouse, Nancy, Strasbourg and Evry, he thanks Professors M. Ledoux, B. Roynette, M. Emery and F. Hirsch for their interest and invitation; by the second named author at Warwick, Beijing and Trento, he thanks Professors D. Elworthy, Z. Ma, F. Gong, and Da Prato for their invitation. Both authors are grateful to the referee for his careful reading and useful suggestions.

References

[A] Azencott, R., Grande deviations et applications, Lect. Notes in Math., Vol 774, Springer-Verlag.

[DS] Deuschel, J.-D. and Stroock, D. W., Large Deviations, Academic Press, Boston, San Diego, New York, (1989).

[DZ] Dembo, A. and Zeitouni, A, Large Deviations Techniques and Applications, Springer-Verlag, Berlin Heidelberg, 1998.

[El] Elworthy, K.D., Stochastic flows on Riemannian manifolds, in Diffusion processes and related problems in analysis, ed. by M.A. Pinsky and V. Wihstutz, Birkhäuser Boston, 1992.

[Em] Emery, M.: Non confluence des solutions d’une equation stochastique lipschitzienne. Seminaire Proba. XV. Lecture Notes in Mathematics, vol. 850 (587-589) Pringer, Berlin Heidelberg New York 1981.

[F] Fang, S.: Canonical Brownian motion on the diffeomorphism group of the circle, J. Funct. Anal. 196 (2002), 162-179.

[FW] Freidlin, M. I., and Wentzell, A. D., Random Perturbations of Dynamical Systems, Springer-Verlag, New York, Berlin, Heidelberg, Tokyo, 1984.

[FZ1] Fang, S. and Zhang, T.S., Stochastic differential equations with non- Lipschitz coefficients: pathwise uniqueness and no explosion. C.R. Acad. Sci. Paris, Ser. I. 337 (2003), 737-740.

[FZ2] Fang, S. and Zhang, T.S., On the small time behavior of Ornstein- Uhlenbeck processes with unbounded linear drifts, Probability Theory and Related Fields 114:4 (1999) 487-504.

[FZ3] Fang, S. and Zhang, T.S., Large deviations for the Brownian motion on loop groups, Journal of Theoretical Probability 14:2 (2001) 463-483.

[IW] Ikeda, I. , Watanabe, S.: Stochastic differential equations and Diffusion processes, North-Holland, Amsterdam, 1981.

[Ku] Kunita, H. : “Stochastic flows and stochastic differential equations” Cambridge University Press 1990.

[La] LaSalle, J., Uniqueness theorems and successive approximations, Annals of Mathematics 50:3 (1949) 722-730.

[LJR1] Le Jan, Y. and Raimond, O., Integration of Brownian vector fields, Annals of Prob. 30 (2002), no. 2, 826-873.

[LJR2] Le Jan, Y. and Raimond, O.: Flows, coalescence and noise, Annals of Prob. 2003.

[Ma1] Malliavin, P., The Canonical diffusion above the diffeomorphism group of the circle, C.R. Acad. Sci. Paris, Série I 329 (1999), 325-329.

[Ma2] Malliavin, P.: Stochastic Analysis, Grunlehren des Math. 313, Springer, 1997.

[MX] Mao, X.: Exponential stability of stochastic differential equations, Marcel Dekker, Inc. 1994.

[Pr] Protter, P. : “Stochastic integration and differential equations” Springer-Verlag Berlin Heidelberg New York 1990.

[RY] Revuz, D., Yor, M.: Continuous martingales and Brownian motion, Grund. der Math. Wissenschaften 293, 1991, Springer-Verlag.

[S] Stroock, D.W., An Introduction to the Theory of Large Deviations, Springer-Verlag, Berlin, 1984.

[SV] Stroock, D.W., Varadhan S.R.S.: Multidimensional diffusion processes, Springer-Verlag 1979.

[YO] Yamada, T. and Ogura, Y., On the strong comparison theorems for solutions of stochastic differential equations, Z. Wahrscheinlichkeitstheorie verw. Gebiete 56 (1981) 3-19.

[Z1] Zhang, T.S., On the small time asymptotics of diffusions on Hilbert spaces, Annals of Probability 28:2 (2000) 537-557.

[Z2] Zhang, T.S., A large deviation principle of diffusions on configuration spaces, Stochastic Processes and Applications 91 (2001) 239-254.