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Abstract

We consider stochastic differential equations driven by Wiener processes. The
vector fields are supposed to satisfy only local Lipschitz conditions. The Lipschitz
constants of the drift vector field, valid on balls of radius R, are supposed to
grow not faster than log R, those of the diffusion vector fields not faster than
Vlog R. We regularize the stochastic differential equations by associating with
them approximating ordinary differential equations obtained by discretization
of the increments of the Wiener process on small intervals. By showing that
the flows associated with the regularized equations converge uniformly to the
solution of the stochastic differential equation, we at the same time establish
the existence of a global flow for the stochastic equation under local Lipschitz
conditions.
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Introduction

Let Ag, Ay,-++, Ay be N + 1 vector fields on the Euclidean space R? and (w;);>o be a
R” - valued standard Brownian motion. Consider the following Stratonovich stochastic
differential equation

N
(0.1) dry = Ai(w) o dwy + Ag(z) dt, w0 =,

=1

where w! denotes the ith component of w;. If the coefficients are sufficiently smooth,
for example, if A, -, Ay are C? and Ay is C', the stochastic differential equation (0.1)
has a unique solution (x;). In this case, (z;) solves also the following It6 stochastic
differential equation

N
(0.2) dxy = Z Ai(zy)dw! + flo(:vt) dt, xy=ux
i=1
where
. 1 4 04;
(0.3) Ag=Ag+ = LA7
2 ;jl dz;

Under global Lipschitz conditions on the coefficients Ay, Ay, - - -, Ay, Kunita [7] proved
that the It6 stochastic differential equation (0.2) defines a global flow of homeomor-
phisms. On the other hand, under the hypothesis that the coefficients Ay, ---, Ay are
C?, bounded, and with bounded derivatives of first and second order, and A, is C!, also
bounded with bounded derivative, J.M. Moulinier [10] proved that almost surely the
solutions (z}") of the following regularized ordinary differential equations

N .
(0.4) da} = Ai(a?)wi" dt + Ao(x}) dt,  zf =z,
i=1
where
(0.5) Wy = 2" (Wkg1)2-n — Wia-n), for t € [k27", (K +1)27"[, k>0,

converge to (z;), uniformly with respect to (¢,z) in each compact subset of R, x R
This gives another approach to the existence of global flows. For related works, we
refer to Bismut [1], Carverhill-Elworthy|2], Ikeda-Watanabe [4], Malliavin [9], Stroock-
Varadhan [11].

The main aim of this paper is to remove the global Lipschitz conditions from the
hypotheses needed to arrive at these conclusions. Based on moment estimates for the
one-point and two-point motions with explicit dependence on the Lipschitz constants,
we still obtain the smooth approximation to the solution of (0.1). Consequently, we
will prove the following result



Theorem A. Let Aj,---, Ay be in the class C* and Ay in C'. Suppose that (i)
the growth of the coefficients Ay, ---, Ay and their first and second order derivatives is
dominated by /log|z| , (ii) the growth of Ay and its first order derivatives is controlled
by log|z|, as |x| — oo. Then the Stratonovich stochastic differential equation (0.1)
defines a global flow of homeomorphisms, that is, for each ¢ > 0 the map x — x;(z) is
a homeomorphism of R? almost surely.

The moment estimates we propose in order to derive this Theorem are in the spirit of
Imkeller, Scheutzow [5] and Imkeller [6]. Their starting point is a specification of the
constant ¢,(p > 1) in an inequality of the type

E(sup |z,(z) — z,(y)I") < ¢yl —yl”, 2.y €R"
0<t<1

In [5], under global Lipschitz conditions on the vector fields, it is seen to be essentially
given by ¢, = exp(cp?) with a universal c¢. Here we shall work with similar ideas.
The essential novelty is the following observation. Assume that only local Lipschitz
conditions are given, which on large balls of radius m centered at the origin are given by
L,,. For each m, replace the original vector fields by vector fields with global Lipschitz
conditions and Lipschitz constant essentially equal to L,,. Then the global two-point
motions (z;(x),x¢(y)) are related to the two-point motions (z}*(x),z}"(y)) associated
with the modified vector fields through the following key equality

oo

[z (@) — ()P = D |27 (@) — 27 (W) Lim—1<vi (@)vyi(w)<m}»

m=1

where ¢t € [0,1], and Yi(z) = supge,«q |7¢(z)], 2 € RY. So, the two-point motions of
the global flow will be controlled by the two-point motions of the modified flows and
the growth behavior of the one-point motions of the global flow. This idea is exploited
in section 1 below (Theorems 1.7 and 1.8). Section 2 is devoted to giving moment
estimates of the same type for regularized ordinary differential equations obtained by
discretizing the increments of the Wiener process on dyadic time intervals. Again, this
is done for one- and two-point motions separately. But the discretization procedure
will produce a bad term e®" (see theorem 2.6) where «, is an exponential function of
Lipschitz constants. In order to get the desired result, in section 3, we truncate the
vector fields and at the same time we discretize the Wiener process. In this way, the
bad term e®* can be handled. We show by using our moment inequality techniques,
that the flows of the regularized ordinary differential equations converge to the flows of
the original stochastic differential equation, under local Lipschitz conditions (Theorem
3.4). The Lipschitz constants on balls of radius R centered at zero are of the order log R
for the drift vector field and +/log R for the diffusion vector fields. These conditions
constitute hypothesis (H). Hence Theorem 3.4 implies Theorem A in the usual way
(see for example [4]).

We should mention that the existence of global flows of homeomorphisms for one
dimensional stochastic differential equations was established by Yamada and Ogura



[12], under local Lipschitz and linear growth conditions on the coefficients. For the
multi-dimensional case, the situation is quite different; in fact if we denote by 7, the
life-time of the solution (z,(z)) to the stochastic differential equation (0.1), the linear
growth (even boundedness) of coefficients is not sufficient to ensure that

(0.6) P(1, = 400, for allz € RY) = 1.

In the case where the diffusion coefficients are in C>*? and the drift is C1*° with § >
0, using local flows of derivatives of solutions, Xue-Mei Li [8] proved (0.6) for the
stochastic differential equation (0.1), as well as for its dual equation (see [7] for this
notion), under the same growth condition on the local Lipschitz constants as ours in
theorem A; therefore by theorem 6.1 or theorem 7.3 in [7] she obtains a global flow of
diffeomorphisms. Note that even for Ito stochastic differential equations, smoothness
of coefficients with § > 0 was needed to apply theorem 6.1 of [7]. For a study of
stochastic differential equations under non-(local) Lipschitz conditions, we refer to [3].

1 Moment estimates for one- and two-point mo-
tions

Let (z¢(x)) be the solution of the It6 stochastic differential equation (0.2). The growth
of the moments of (z;(x)) in the spatial parameter will crucially depend on the growth
behavior of the diffusion coefficients Ay, ---, Ay. In order to capture well the growth
of the local Lipschitz constants for estimating moments of the two-point motions
E(|z:(x) — x:(y)|?), we shall distinguish between the following hypotheses

(H1) there are constants C; and Cy > 0 such that
N ~
D Ai@)F < CF [Ao(@)] < Co(l+ [a));

i=1

(H2) there are constants C5 and Cy > 0 such that
N ~
D A@)F < C3A+[2*), [Ao(@)] < Ca(l + []).
i=1

Let us remark at this place that our setting could be extended to the case of infinitely
many vector fields and correspondingly an infinite dimensional Wiener process, by
noting that (H1) and (H2) only concern Euclidean norms, and could be stated for
Hilbert-Schmidt norms instead. In what follows, universal positive constants appearing
in the inequalities are denoted by C' and allowed to change from place to place.

1.1 Precise LP—estimates for the one-point motion
Denote Y;(z) = sup |zs(x)|. We shall first give the explicit estimate of ||Y;(x)||, as a
0<s<t

function of p.



Proposition 1.1  Under the condition (H1), we have for any p > 1,

(1.1) 1Yi(@)llp < (14 CCry/p)e™ (1+ |a]).
N t )
Proof. Fixz € R%. For0 < t < 1, put o(¢) = ||Y;(2)]], and M, = Z/ Au(zo(2)) dut.
=170
By the inequality of Burkholder, Davis and Gundy (see [5]), for any 0 < T < 1,

B( sup |M[) < CyF ] / Z|A r(@)Pds)”’] < C P,

0<t<T
or

|| sup [M["]|, < CC1y/p.
0<t<T
Using equation (0.2), we get the inequality

P(T) < lal + OB+ [ (14 pls)) ds.

Dividing both sides by the term 14 |z| and applying Gronwall’s lemma to the function

o(T) 4+ 1/(1 + |x|), we get ﬂllaz‘ < (14 CCiy/p) e and the estimate (1.1) follows.

The preceding moment inequality implies the following exponential inequality.

Corollary 1.2 Suppose that (H1) holds. For R > 0, there is §g = 6o(C1,Co, R) > 0
such that

(1.2) sup E( SoY( )> < 4o00.

|z|<R

Proof. By (1.1), there is a constant 3 such that ||Y;(x)|[, < 8/p (1 +|z|). Let 6 > 0.
We have

E(e‘Wf(x)) 14 io SPE(Y(z)) <14 +z°:° 6732 (2p)P (1 + |z|)2P

p=1 p! a p=1 P!
e jus eP . .
By Stirling’s formula: — ~ —— as p — +o00. Hence, if |z| < R, the above expression
pl \27p

is dominated by

C

C (1 +Z (208%e (1+ R)*)") = —2Fc(1+R)

p_

which is finite if 6 < 1/(26%€e (1 + R)?). So we get (1.2). »

In the following proposition, we shall investigate estimates under (H2).

Proposition 1.3  Under condition (H2), there are constants 31 and (2 > 0 such that
for all p>1 and x € R?

(1.3) 1Yi(@)ll, < Bre™ (1 + |a]).

5



Proof. Let M and ¢ be defined as in the proof of proposition 1.1. Under (H2), we

have
1/2

T
I sup M|l < COB[ [ (1+ ¢(s) ds]
0<t<T 0

Therefore in this case, the inequality

(1.4) o(T) < |z| + C(Jl\/ﬁ[/OT(l + ©2(s)) dsr/2 + Oy /OT(1 + ¢?(s)) ds

follows. To apply Gronwall’s lemma, we have to square the two sides of (1.4), with the
effect

P (T) < 3(Je + (C°Cp+203) [ (14 92(s) ds).

It follows that
p*(T) + 1
(1 + [z])?

from which we deduce (1.3).

< 3 exp{3(C*Clp + 2C3)T},

In the same spirit, we can treat the time variation of the one-point motion moments.

Corollary 1.4 Under hypothesis (H1) or (H2), for any p > 1, there is a constant
Cp, > 0 (which depends on Cy and Cy, or on Cs and Cy respectively) such that for
re€RYs5,t>0

(1.5) E(jzi(z) — 2(2)|") < Cp [t — s (1 + |2])*

Proof. We have for s < t,z € R,

xi(x) — zs(x Z/A Ty (7)) dw’, —|—/A0 xy (7)) du.

Hence there exists a constant 3, > 0 such that

E(|z:(x) - z,(2)|*) < /Z|A zu(@)]? du)’] + E[( /|A0 zu(@)) du)”]}.

So we see that for some constant C,, > 0 big enough, the right hand side of the above
inequality is dominated by

Cy(t — s)P (1 + E(Y1(2)™)).

Now we obtain (1.5) for an eventually different C}, by using (1.1) or (1.3).



1.2 Precise ’—estimates for the two-point motion under global
Lipschitz conditions

Here we shall work under the following global Lipschitz condition

(L) there exist constants Ly and Ly > 0 such that

N
Do 1Ai(2) = Aiy)? < Life —ylP, |Ao(x) = Ao(y)l < La|v —yl, 2,y € RY.
i=1
Set Yr(x,y) = sup |z:(x) — z¢(y)|. We shall give the explicit dependence on L; and
0<t<T
Lo for LP— estimates of Yi(z,y).

Proposition 1.5 Under hypothesis (L),we have for any p > 1, all z,y € R?

(1.6) E(Yi(z,y)") < 20 |z — y|P 7 HIP .

Proof. Put o(T') = ||Yr(z,y)||,- As in the estimates above, we have

T 9 1/2 T
(1.7) P(T) < la =yl +CLiyp| [ ¢ s)ds] " + Lo [ e(s)as.
Squaring the two sides of (1.7) results in
T
©*(T) < 2<2|a: —yl*+ (2C*Lip + Lg)/o ©*(s) ds), T<1.
It follows that for an eventually different constant C' > 0
p(1) < 2| —y|e7HPHE,

from which we get (1.6).

Remark. In squaring the two sides of (1.7), the control on the Lipschitz constant Lo
was lost. In order to recapture it, we shall now only consider E(|x,(z) — z:(y)|P).

Proposition 1.6  Assume (L). Then for any p > 2, all z,y € R%, t € [0, 1]

(1.8) E(|z(z) — 2:(y)|*) < |z — y[> 22 L3+2pLs

Proof. Let & = |z.(x) — 2,(y)|?. By Ito’s formula, we have

N

Zl — (), Ai(z(x)) — Ai(ze(y))) duw,
+2(wy(x) — 24(y), Ao(e(2)) — Ao(a(y))) dt
Z — Ai(zi(y))|? dt.



The It6 stochastic contraction d§; - d§; is dominated by
al 2
4 (wi() — 2o(y), Aie(2)) — Ai(a(y)))” < 4LTE

=1

Again by It6 formula,

gy = 2p;fffl<xt(iv) — (y), Ai(wi(z)) — Ai(w(y))) dwy

+2p€0 (wo(x) — wi(y), Ao(e(2)) — Ao(e(y))) dt

(p—1)

N
P& 3 A (w(2)) — Aula(y) P dt + BE— g d - e
i=1

which is less than
dM; + (2pLy + 2p*L7) & dt

where M; is the martingale part of £, Taking expectations, we get
t
B(§) < |o —yl” + (2pLo + 2°LY) [ E(&)ds.

Now Gronwall’s lemma gives

E(&) < |z —y|? 2Lt 1 2 0,1],

which is nothing but (1.8). s

1.3 Precise LP—estimates for the two-point motion under local
Lipschitz conditions

We shall next assume that the vector fields Ay, Ay, - - -, Ay are only locally Lipschitz.

We shall describe growth conditions in m for the Lipschitz coefficients L,, valid on

Euclidean balls of radius m that lead to LP— moment estimates for the two-point
motion of the flow. For this purpose, set

N
(1.9) Loy =Y sup [|A@)I[, Luz = sup ||A5(2)]]

m,1 =
i=1|z[<m |z|<m

where A} denotes the Jacobian of the mapping © — A;(z). Then for any z,y € B(m) :=
{z € R% |2| < m} we have

N
S lAi@) = AP < Li |z —yl*, |Ao(@) — Ao(y)| < Lz |z — yl.
=1

Now consider a family of smooth functions ¢,, : R¢ — R satisfying 0 < ¢,, < 1 and



(1.10)  @m(z) =1 for |x| < m, on(x) =0 for |x| > m+ 2, sup sup |¢,,(z)| < 1.

m geRd

Define A,,; = o A; for e =1,---, N and A, = gpmflo. Then we have

A1) swp AL @P <2( s [A@E+ s AP,
zeR4 ’ |z|<m+2 |z|<m+2
(1.12) sup |47, o(z)| < sup |Ag(2)[+ sup || Ay(2)|l.
r€R4 lz|<m+-2 |z|<m+-2
Set

N
L?n,l = Z sup ||Almz(x)||27 L2 = sup ||Almo($)||

i—1 z€RJ z€R4

Let (z}*(x)) be the solution of the following stochastic differential equation

N
da]" = Api(a) dw; + Apo(z) dt,  xf = =
=1
Applying (1.8), we get for p > 2,
(1.13) E(|2}(z) — 2" (y)|?) < |z — | ¥’ Paat@Ina -y e [0,1),

We have
“+oo
lze(x) — 2 ()P = D |we(@) — ()P Lim—1<vi @)vyi () <m)
m=1

—+o00
= > |27 (@) — 27 ()P Lim—1<vi (2)vyi (y)<m) -
m=1

According to (1.13) and the Cauchy-Schwarz inequality, we obtain

+00 - -
(1.14)  B(|zy(@) — 2(y)") < o =y 3 e Fnat?lee [P(Yi(2) v Yi(y) > m — 1),

m=1

With the aid of this inequality, we are able to formulate growth conditions on the
Lipschitz constants ensuring global moment estimates for the flow. In the following
Theorems, this will be done consecutively under (H1) and (H2).

Theorem 1.7 Assume (H1). Let p > 2. Suppose that Ly,1 < am, Lo < Bm?.
For R > 0, let 6y be given according to Corollary 1.2. Suppose

(1.15) pPa® + pB < 0y /2.
Then for any R > 0, there exists a constant Cp, g > 0 such that

(1.16) E(|zi(x) —z:(y)|P) < Cprlr —vylP, forxz,y € B(R), tel0,1].

9



In particular if for some € > 0 and constants [y, B we have
Lt <Bim'™, Lo < Bam® e,
then for any p > 2, there exists Cp, > 0 such that (1.16) holds.
Proof. Let Cr = sup E(e®"T®@). Then for m > 1, and z,y € B(R)

lz|<R
\/P Yi(x)vYi(y) >m—1) < \/QCR e—00(m—1)%/2
On the other hand, by (1.11) and (1.12), we have
L2 <2NC} +20*(m+2)%, Lo < Bm? + (Cy + 28)m + 3C» + 45.

Therefore there exists a constant 7, > 0, independent of m, such that

P Lonntplms < o @0 4pA)m? (203+CordBym,

Now using (1.14), we get

E(|zy(z) — 2:(y)?) < 7p\/2Ck |z — y|? Z e 00(m— e +pB)m? (202 +Co+4B)m

It is clear that if p?a® + pB < &p/2, the above series converges, so that (1.16) follows.

Remark: One can specify the R-dependence of the constant C), r by looking at the
proof of Corollary 1.2. It is seen that there is a subtle tradeoff between R and the
parameter (3 appearing in the bound for the Lipschitz constants L,,s which in our
setting is expressed through the value of §y = do(Cy, Cs, R).

Under (H2), the growth of the diffusion vector fields has to be counterbalanced by
a slower growth of the local Lipschitz constants. We shall formulate them implicitly
through conditions on the Lm 1, Lm,Q

Theorem 1.8 Assume (H2) and the existence of constants (31, B2 such that

(117) izml S ﬁl log m, Emg S /82 log m.
Then for any p > 2, R > 0, there exists a constant C, r > 0 such that
(1.18) E(|lzi(x) —z:(y)|P) < Cprlr —ylP, forxz,y € B(R), te€l0,1].

Proof. Let ¢ > 2. By (1.3), agr = sup E(Yi(x)?) is finite. Then for any |z| < R
lz|<R
and m > 2,
1
On the other hand, under the condition (1.17),
€p2[:3n,1+pim,2 < (m + 2),311)2-5-1752.
Therefore if we take % > B1p? + Bop + 2, the following series
1 2

S B1p°+pB2

> (= 17 (m+ 2)

m>2

converges. Now using (1.14), we get the desired result (1.18). a

10



2 Moment estimates for regularized ordinary dif-
ferential equations

Let n > 1 be an integer. Define (w}):cj0,1) by wi = 0 and

Let x}"(z) be the solution of the following ordinary differential equation
N

(2.2) da} = Ai(a)wi" dt + Ag(x}) dt, zf = =
i=1

The aim of this section is to prove moment estimates for one- and two-point motions
of these regularized ordinary differential equations, uniformly in the discretization pa-
rameter n. For this purpose, we shall use the techniques presented in the previous
section, involving the specification of Lipschitz constants.

2.1 Uniform moment estimates for the one-point motions

Define Y,,(t,z) = sup |z} (x)|. Set
0<s<t

4 0A;
(2.3) Bix=)Y Bz

j=1 97

AZ;, fort=1,---,Nand k=0,1,---, N.

For the first uniform boundedness result, we shall work under growth assumptions very
close to (H1) of the previous section.

Proposition 2.1 Assume that

N

(2.4) D lAi(@)]P < CF [Ao(2)] < Co(1 + ),
=1

and

(2.5) |Bir(z)| < C5(1+ |z])  for alli, k.

Then there exist positive constants ay and o, independent of n and p such that

(2.6) E(Y,(1,2)") < (14 |z|)? abe®2?”,

Proof. For t € [0,1], define ¢, = k27" if t € [k27",(k + 1)27"[ and ¢} = ¢, + 27"
Then we have for fixed but arbitrary ¢ € [0, 1]



accordingly. Consider Y;(s) = A;(2] ) for s < ¢, and Yi(s) = (t — t,)2" A;(z} ) for
ty .

t, < s <t. Then M,( Z/ Yi(s) dw,. We have

0

=1

o

n tn
[ Ive)ds = [T Vi) ds + 27 (= )2 | Ai(a ]2</|A P ds.
0 0

and by Burkholder’s inequality

() BM.(F) < € V7 B]( [ S V(s )] < CCt

Remark that for n fixed, t — M,(t) is not a martingale. Only k — M, (k27™) is a
Fro-n-martingale. Let t € [(27™", (¢ 4+ 1)27"[. According to (i) and by Doob’s maximal
inequality, we have

(i) E( sup [M,(k27)") < 2e B(|My(t,)[!) < 2eCCL/P.

0<k<e

Here e is Euler’s constant, resulting from the simple estimate

P yw<o 1
(p _ 1) — e? p > .
Now for s € [k27™, (k + 1)27"],
N . .
i) Ma(s) = Ma(k27) + (5 — k27 S Au(afyon) (0 ygn — g0) 2
i=1

Then |M,(s)| < |M,(k2™™)| + C,27"/2T,,(k27"), where

N
(2.7) La(s) =223 Jwi; —
=1
Therefore
(iv) sup [Mo(s)| < sup [M,,(k27")| + Cy sup (27"/°T,(k27")).
0<s<t 0<k<e 0<k<e

Now using lemma 2.2 below, we have, for p > 2,

E[sup (2_”/211(14;2_"))1)} < N 27PE(T,(k27))
k

0<k<{
(v) <227 (CNY 7 < (CNY PP

So combining (iv), (i7) and (v), we finally obtain

(2.8) || sup |My(s)[" [, < CCLy/p.
0<s<t

12



The remainder term R,, is more delicate to estimate. Using the vector fields defined in
(2.3), we may express R, by

N t s . N t s .
Ra(t) = -; /0 [ / Byl do) ds+; /0 [ /  Bo(a)u" do] s

Let R, ; and R, 2 be the two consecutive terms on the right side of the preceding
equation. Using hypothesis (2.4), for o € [s,, s[ we obtain

N ' -
o] <l |+ C 27 Yl + G [ (14 Ja2l) ds.
i=1 sn
Hence Gronwall’s lemma implies with universal constants C, Cs

(2.9) L |22] < (a2 |+ 1+ Cr2 2Ty (sy)) €2

Using (2.9) and hypothesis (2.5), we have

(2.10) |Roa(t)] < CyeC22 " [/Ot(|xgn| F1)To(s,) ds + O /Ot D) ds].
By independence of z7 and I',(s,), we have

(2.11) (|22, + 1Tu(s0)?) < B((1L+ Yals, 2))") B(Ta(s,)").

Combining (2.10) and (2.11) and using (2.14) in Lemma 2.2 again, we get

(212) ] sup [Rua(s)l|lp < Cy (CNp /Ot(l +[[Ya(s,2)|[p) ds + Cy C*N?p).
In the same way

(2.13) ] sup [Rn1(s)l[l, < Cs e (CN?p /Ot(l + |[Ya(s, @)ll,) ds + Cy CEN?p*/2),

where (35 is another universal constant, and C results from Lemma 2.2. Now denote
Y(t) = ||Ya(t, 2)||,- Combining (2.8), (2.12) and (2.13), we finally obtain

b()+1 < |z +14CC P+ Cse(C1C2Np + CLCPN?p?/?)
t
+C3e%2(CN/p+ C2N?p) /O (14 0(s)) ds.

JFrom the structure of the bound just obtained we see that there are two constants
aq, a > 0 independent of n and p such that (1) < (Jz| + 1) ay €*2? holds. The result
(2.6) follows.

Lemma 2.2 There is a constant C > 0 such that

(2.14) Tn(s)lq < CNygq, forallse 0,1, n>1, ¢>2.

13



Proof. Let s e [k27", (k+1)27" be given. Put v; = 2"/2(w{,1y5-n — Wiy-n). Then
1, --,7n are independent standard Gaussian random variables. For any 1 <i < N

ds 24/2  r+oo
V2r VT o

By well known properties of the Gamma function, the above quantity is dominated by
C ¢ with a universal constant C' > 0. Now

E(|v]") = 2/+oo se /2 SatD/2=1 =5 go
0

N
ITn(s)lg < > [1illee < ON g
=1

We obtain (2.14). «

We next discuss the case where condition (2.4) is replaced by
N

(2.15) D A@)F < CTA+[al*), [Ao(2)] < Co(l + Ja]).
i=1

(2.15) combined with (2.5) resembles (H2) of the previous section.

Proposition 2.3 Assume (2.15) and (2.5). Then for any p > 2, there exists a
constant C, > 0 such that

(2.16) sup E(|zy(x)P) < C, (1 + |z|P),  for anyn > 1.
0<t<1

Proof. We resume the computation done in the proof of the previous Proposition,
taking into account the linear growth of coefficients Aq,---, Ay. Let t € [0, 1] be fixed,
and set M, (t) = SN, J¥ A;(z" ) ds. By the computations done previously, we see

Sn

that for some constant C, > 0
t
6) B(M,(0) < Cy [ (1+E(|z, 1)) ds.
Moreover, for o € [s,, s}, we have
o N . o
2] < Ja |+ Co( [ (k) ds) S jiti] +Cs [ (14 o)) ds.
Sn i=1 sn
So Gronwall’s lemma gives with some universal constants C7, Cy
2]+ 1< (Ja2 | 4+ 1) et (@ T ED,
It follows that

(2.17) 22+ 1< e (Jaf |+ 1) e g e [s,, 85
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Replacing (2.9) by (2.17) in the estimate of R,(t), we have with another universal
constant Cs

t
[Rua(t)] < Cye® [ (at |+ 1) €T T (s,) ds,
0

t
[Rua(t)] < Ce® [ (|az |4 1) €00 T, (5,2 ds,
0
By a direct calculation,

(74) E(eXC1Tn(5)) < QN 4p°CEN/2

Now using the independence of |z} | and I'(sy), (i) and (2.14), we see that there is a
constant C,, > 0 such that

(iii) B(R(OP) <G, [ (L+B(al, 1) ds.

Therefore, (¢) and (#ii) imply

B(laf) < G, (ol + [+ B(lat, ) ds+ [ (14 B(a2]?)) ds).

Finally consider 1(t) = supy<,<; E(|2%|?) + 1. The inequality just derived implies that

t
Y(t) < O, (|2 +1) +20p/0 W(s) ds.
So, a final application of Gronwall’s lemma yields another constant C), such that

sup E(|2] ) < Gy (14 [2]?). »
0<t<1

Using the same techniques, we may also derive uniform moment estimates for the time
fluctuations of the approximate ordinary differential equations.

Proposition 2.4 Assume (2.15) and (2.5). Then for any p > 2, there exists a
constant C, > 0, independent of n, such that

(2.18) E(|z}(2) — 2§ (2)”) < Cy(1 + |al”) [s — t""2.

We finally derive a result describing a bound for the maximal growth of the one-point
motions of the regularizing ordinary differential equations, uniformly in n.

Theorem 2.5 Assume (2.15) and (2.5). Then for any p > 2 there exists a constant
C, > 0 such that

(2.19) E(Y,(1,2)?) <C, (1 +|z|’), foranyn > 1.

Proof. Let v > 0 be a parameter such that 0 < v < 1/2 and ¢ > 2 be an integer
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such that 2¢y > 1, QQ(% — ) > 1. Then it is known from the regularity lemma of
Garsia, Rodemich and Rumsey that

sup W( )‘2(] < Cq,'y /01 1 |¢(S> — ¢<t>|2q dsdt.

0<t<1 0o |t —s|tH2y

Therefore we have

E( sup |zy'(z) ]2% <Cr //1E 75 (@) — 2 (@ Hz(lp)dsdt.

0<t<1 [t — s|(+2a7)p

But by (2.18), this bound is dominated by C, (1 + |x|F)??, since
/1/1 |t — 5|~ U200 st < 1.
0 Jo

So we get (2.19).

2.2 Uniform moment estimates for the two-point motions

For vector fields satisfying global Lipschitz conditions, and regularizations as considered
here, Bismut [1] or Moulinier [10] proved that E(|z}(z) — z}'(y)|?) < C, |z — y|? for
all x,y € R?, where C, is independent of n. However, the dependence of C, on the
Lipschitz continuity properties of the vector fields is not specified. In what follows, we
shall make this functional dependence explicit.

Theorem 2.6 Assume that for x,y € R?
(2.20) Z|A (W) < Lz —yP, |Ao(z) — Ao(y)| < Loz —y].

and for all 1 <i < N, 1<k <N
(2.:21) |Bir(z) — Bae(y)] < K|z —yl,  |Bio(z) — Bio(y)| < Ka |z —yl.
Let C be the constant appearing in Lemma 2.2. Define

an = 2p((2p—1)L3 + Kl)(4C2N22N68p2N2_nL%)esz_nLQ
+2729p((2p — 1)Ly Ly + Kg)(QC’NZN@SPQNT"L%)62”2_%2.

Then
E(|z}(z) — 2} (y)[?P) < |z — y[?P P2 e < |z — y[? P52 e,

Proof. For n,z,y,t fixed, we have
N ‘
@) i) = e-y+ ) / (Au(a () = Ai(a(y))ul" ds
+/ (Aol () — Ao(al(y))) ds.
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Set & = |27 (x) — £(y)|*. Then

de = 22 (e (@) — 2P (), Adaf (@) — A () i di
120 (x) — ) (y), Aola} (@) — Aola] (y)) d.

Set
Qi(t) = (= (z) — x¢(y), Ai(z}(2z)) — Ai(af(y))), fori=0,1,--- N.

Then dé; has the decomposition d&, = 235N | Q:(t)w" dt + 2Qo(t) dt. For p > 2, we
have

gy = 21925 ()i dt + 2p&l ™" Qo(t) dt
—%Zé ) dt + 2p€l Qo(t) dt
(2.22) +2pz( Qit) — €71 Qultn) )i} dt.
Let M, =2p >, fo €87 Qi(s,)w™ ds. Then E(M;) = 0. Moreover, we have

(2.23) 2 [ 9100 (s)| ds < 2pLs / "er ds.

To estimate the third term R(t) = 2p >N | [5(£27'Q;(s) — €271 Qi(sn)) W' ds appearing
on the right hand side of (2.22), we compute the derivative of £771Q;(s). We get

(€7Qi()) = (0 — DE2EQ(s) +E71QU(s).

Computing Q’(s) and using our Lipschitz continuity hypotheses, we get

N
|Q;<5)’ < (K1 + L%)fs Z \w?’“! + (L1 Lo + Ky)&s.

k=1

Therefore

N
(224)  |(€7'Qils) ) | <((2p— DELiLy+ K2)€0 + ((2p — LT + K&l > [ul|.
k=1

To estimate the contribution of €2, note first that for o € [s,, s;'[ we have

ai(@) — )| < Jal (0) — ot ()| + Ll( /S i) — i)l dn) 3 it

+L2/ |l (z (y)| du.
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Now apply Gronwall’s lemma. This leads to
—n N .M, —-n
[5(x) — a5 ()] < Ja%, (2) =, (y)] - &P Zam BT 2,
Therefore for o € [s,, s},

(2.25) & <er 202 /2 LaTn(sn) 292 " Lo

Hence by (2.24)
N t s
p—1. AR X
mwlswgééﬂg@mmmwww
< p{((2p - VL + K) / / A Zywm Z %)) dods

H(2p = 1)1 Ly + Ko>) /O / n gg(; jir']) dods},
which, according to (2.25), is dominated by
2p{((2p — 1)L2 + Ky)e?? "2 /ot €2 T (sn)” e2P2 "2 LT (sn) g
+272((2p — 1)Ly Ly + Ky)e®? "2 /0 t €P T (s,) €22 " *1alnlon) ds}.

We next employ the independence of & and I',(s,). Therefore
(gp T ( )2 2p27 /2 L1 Ty (sn, ) o (gp ) ( (Sn)2 62p2*n/2L1Fn(sn)).

By estimates derived before, using Lemma 2.22 we have
B(I(sa)? €2 "I ) < 402NN SN,

and
E(T,(s,) €22/ *hlnlon)) < 90NN SN2 L,

Summarizing, the definition

a, = 2p((2p—1)L3 + K ) (AC2 N22N 82N2 " 14 227" Lo
(2.26) +27"/22p((2p — 1)Ly Ly + Kp)(20N2N S N2 L) o227 o

implies the inequality for E(|R(t)]):

E(R()) < an [ B(E,)ds

Substituting all the estimates obtained so far in (2.22), we obtain
¢ ¢
E(¢) < |v — yf* +2pLs [ B(&)ds+a, [ E(&)ds
0 0
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Finally, let ¢, = supy<,<, E(§?). For T > 0 and any 0 <t < T, the above inequality
then leads to

T t
E(¢) < o — o +20La | vods+an [ wids,
0 0

T
in other terms v < |z — y|* + (2pLa + av,) / sds. So Gronwall’s lemma implies
0

that for any 0 <t <1
B(&) < |z -yl elaet,

We have the desired result. »

3 Limit theorem without global Lipschitz condi-
tions

The expression (2.26) for «, is quite complicated. But it gives the explicit dependence
of our uniform moment estimates on the Lipschitz constants for the vector fields of the
underlying stochastic differential equation. We shall exploit this fact in the present
section, to derive a Theorem about the convergence of the ordinary differential equa-
tion regularizations given in the preceding section to the solution of the stochastic
differential equation. The explicit form of the dependence allows us to relax the global
Lipschitz conditions to suitable local ones. For this purpose the techniques explained
in the first section will be applied. Let us first formulate convenient local Lipschitz
conditions.

Let Ay, ---, Ay be C®vector fields on R, A is a C'-vector field. Suppose for x,y €
B(n)

N
(3.1) Yo lAi(x) = A(y))? < Loy le = yl? [Ao(z) = Ao(y)] < Laalz —yl,

=1

with positive constants L, 1, L, 2. Choose a family of smooth functions ¢, : R — R
satisfying 0 < ¢, < 1 and

(3.2) ¢, =1o0n B(n), ¢, =0 on B(n+2), sup||@, |l <1, sup||@)||e < C < 400

where || - ||oo denotes the uniform norm. Introduce the vector fields

An,i:SOnAZH fOTiIO,17“',N.

Put
~ N -
(3.3) Ly =Y sup [[AL;(2)|[, Lz = sup [|A] (2)]]
=1 IERd IERd
Define
d aAnz j
ZI];?:Z*’A‘ZL’C f()ri:17-..’]\[3/1’1(:‘[k’:o)lj...’]\f7
o O "
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and set

(3.4) Ky =sup sup [|(Bi)' ()|, Knp = sup sup [[(Bj)'(2)]].

i,k zeR? i zeRd4
For n € N, let (z/(z)) be the solution of the following ordinary differential equation

N
(3.5) dzp = Api(zp)wi dt + Apo(27) dt, 2§ ==,
i=1
with @™ as defined in (2.1). We can apply Theorem 2.6 to obtain the estimate
(3.6) B(|2f (r) = 2 (0)[7) < o — g7 €2 e

where

G = 2p((2p — 1)L2, + K1) (ACPN22N SN2 L) 202 L
(8.7) +2722p((2p — 1) L1 Lz + Ky o) (2O N2N ™ N2 F )22 " Ee,

Now suppose that with positive constants B,-, 1 <i <4, we have
(3.8) Iii,l < Bilogn, L,s < Bylogn, K,1 < Bslogn, K,» < Bi(logn)*>.

Under these conditions, it is easy to see from the definition of &, that there is a constant
C,, independent of n, such that

(3.9) G < Cp (L2 1+ Kpy +1).
Therefore (3.6) implies
(127 (0) — 2 )[¥) < lo — € inacSi s,

Our aim is to get an estimate which is uniform relative to n. For this purpose, we shall
again use the cut-off functions ¢,, introduced in (3.2). For the sake of simplicity, we

shall formulate conditions only on the coefficients Ag, Ay, -, Ay. For m > 1 set
N
C2, = Z(ﬁgp Ai(@)]?), Crna = Sup [Aofz)]
i=1 lz|<m z|<m

Jma = sup (sup [|B(@)|?),  Jma = sup sup ||Bly(x)]|

1,k7#0 \a:|§m ) ‘;r;|§m

We shall work under the following hypotheses

Cri < mlogm, Cnz2 < 72logm,
(H) L?n,l < ﬁl IOgma Lm,2 S ﬁQ lOgm>
Jma < 01 logm, Jma < Ga(logm)3/2.
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Recall that A, ; = ¢, A;. Under the hypothesis (H), we have

N
ZlAn,i|2 S’YI IOg (n+2)7 |An,0| §’7210g<n+2>

i=1
Z 1AL* <200+ By)log (n+2), (|47 ol < (72 + B2) log (n + 2).
5 ganA A] + ¢? By, hypothesis (H) moreover implies

(Bl < 01 log (n+2),  [[(Bjy)|| < 82 (log (n +2))**

for some constants 8; and d,. Therefore hypothesis (H) implies conditions (3.8), so
that (3.9) is validated. Now let m > 1. Consider

Am7n7i:g0mAn,i7 fOIZ':()’l’...,N.

We have
N
(3.10) Z ]Am,n7i|2 <mlog(mAn+2), [Annol <y2log(mAn+2),
i=1
(3.11) Z 1Al < Bilog(mAn+2), ||A,,oll < B2 log(mAn+2),
and
(3.12) I(BiY'l] < by log (m An+2), |[(Bg™)|| < 6 (log (m An +2))*>.

Let (2]"(x)) be the solution of
N .

(313) A=Y Awad ™) Pt Ao dt, " = a
=1

Using (3.10) — (3.12) to estimate @, in (3.7), we have for m <n

Co((Br + 1) log (m +2) + 1).
We conclude

E(|2™(z) — 2™ (y)[2?) < O p2pB2log (m+2) ,Cp(B1+81) log (m+2) |z — y[?
(3.14) =% (m + 2)2p52+0p(51+51) Iz — y|.

Extrapolating in m by means of the techniques presented in section 1, we obtain the
following moment estimate for the two-point motion, uniformly in the regularization
parameter.
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Theorem 3.1  Under the hypothesis (H), for anyp > 2 and R > 0, there is a constant
Cp.r > 0, independent of n, such that

(3.15) E(|z(x) = 2'W)") < Cpr v —yl’,  forz,y € B(R).

Proof. Itisclear that (H) implies the growth conditions (2.15) and (2.5). Let Y,,(x) =
SUPg<i<; |21 (z)]. We have

|21 () — 2 (y)|"

S @) = 22 (W) Lime1<va (2)vya (w)<m}

m>1
= > 12" (@) = 2" (W) L 1<vi @) vy () <m}-
m>1

Let ¢ > 2. By (2.16), there is a constant C, g > 0 such that for all |z| < R, |y| < R,
1
P(Yn(ZL’) \% Yn(y) Z m — 1) S C1q,R%-
Using (3.14), we have

(|5 (x) = 2" () Lim-1<vi(@)vvay<m) )
1

3 By +6 /
< ecp(m + 2)P52+Cp(/31+ 1)/2 CQ:qu/z |(L‘ . ylp'
Now taking ¢/2 > pfs + %Cp(ﬁl +01) + 2 gives (3.15).

The following Proposition states a similar uniform moment estimate for the time fluc-
tuations of the solutions of the regularized equations.

Proposition 3.2 Assume hypothesis (H) is satisfied. For any p > 2 and R > 0,

there exists a constant C, g > 0, independent of n, such that

(3.16) E(|2](x) — 20 (x)]P) < Cpr |t — s|p/27 lz| < R, s,t €]0,1].

Proof. The coefficients A,,; and Bjj, satisfy (2.5) and (2.15). So we can apply Corol-
lary 2.4 to get (3.16). «

We are finally in a position to prove the convergence of the ordinary differential equa-
tions’ regularizations (z]') to the solution of the stochastic differential equation (z;) in
the LP sense, uniformly in space and time. To state this result, we first establish it in
a weaker sense.

Lemma 3.3 Let R >0 and p > 2. Then

(3.17) lim sup sup E(|z]'(z) — 2 (x)|P) = 0.

n—-+00 |I|SR 0<t<1
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Proof. Let Y,(z) = supy<;<; |2{'(2)| and Y (z) = supg<;<; |74(7)[. Let m > 1. We
have

E(lz/(z) —z(2)") = E(]2{'(#) — ()" Ly, @pvy @<m})
+E(|Z?($) - ZUt(.QT)‘p 1{Yn(a:)VY(:Jc)>m})

Due to (1.4) and (2.16), the second term is majorized by

1
CPE((Yn(x)p + Y (x)") ]-{Yn(x)\/Y(x)>m}) < Cpr ﬁ

To get (3.17), it is therefore sufficient to prove that

(3.18) lirf sup sup E(|z'(z) — 2(2) [P Liv, 2)vy @)<m}) = 0.

OO 5| <R 0<t<1
Let n > m + 2. By uniqueness of solutions, on the subset {w; Y, (x) < m}, z}'(z) =
" (x) for all t € [0,1], where 2} (x) is the solution of the following ordinary differ-
ential equation

N .
427 = 3 (o Ai) (0™ () " dt + (o Ag) (2 () b, 23" = .

i=1
On the other hand, let 7,,,(z) = inf{t > 0, |z¢(x)| > m}. Then xn., ()(z) satisfies the
following Ito6 stochastic differential equation

mw@=;w¢mwmm@+wﬁﬁéz“§f%%@wuxmmzm

It follows that on the subset {Y(z) < m} or {7, (x) > 1}, we have x}"(z) = z,(x) for
all t € [0, 1]. Therefore

E(lz () = 2:(0) "Ly, @yvy@<my) = B2 (@) = 2" (@) "Ly, @vy )<my)
< E(li™ (x) — o (2)]").

We are now in the classical situation. Therefore Moulinier’s [10] result applies to get
(3.18). The proof of (3.17) is completed.

We finally strengthen the previous result to moment convergence, uniformly in space
and time.

Theorem 3.4 Assume hypothesis (H). For any p > 2,

(3.19) lim E( sup sup |z (z) — xt(x)|p) =0.

n—-+o0o OStSI |$|§R

Proof. Let p > 2 be given. By (3.15),(3.16) and the Kolmogoroff modification theo-
rem, there exists § > 0 such that for |x| < R, |y] < R and ¢, s € [0, 1],

(3.20) |20 (2) = (W] < Fu- (l—yl” + [t =s|”), n>1,
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where {F,; n > 1} is a family of measurable functions bounded in L? for any p. In the
same way, according to Corollary 1.4 and Proposition 1.8, there exists F' € LP such
that

(3.21) (@) = s(y)| < F - (Jo =yl + [t = s]").

Let e, = sup sup E(|z](x) —x(z)|"). By lemma 3.3, hm en, =0. Let g, > 0. Then
0<t<1|z|<R n—t00
1
there exists N, < C'(—)**! points 1, - - -, zy, in the ball B(R) and ty,-- -, ty, € [0,1]
On
such that
0,1] x B(R) C UMY [t — 0, ti + 0] X {25 |2 — 23] < 0}

Let (t,x) € [0,1] x B(R). There exists one i such that |t — t;| < o, and |z — z;| < 0,,.
We have, according to (3.20) and (3.21)

|2 (2) = @i(2)] < |2 (@) = 2 ()| + [ (20) — @, ()| + |, (22) — ()]

< 2F, + Foy + |27 (w:) — e, (2:)|-

It follows that

sup sup |27 (z) — z(x Co{(FE+ FP)ol + sup |27 (2:) — @y, ()|
0<t<1 |z|<R 1<i<N,
SC(FL+Fol + 3 |ap(wi) — a ()7}
1<i<N,

with a constant (), depending only on p. Therefore for another such constant C’p > 0,
we have

E( sup sup |z (z) —:Bt(x)|p) < C,o + N, e,
0<t<1|z|<R

Now taking o, = />@*D gives the result (3.19).

Due to the hypothesis (H), Theorem 3.4 finally implies Theorem A following a proce-
dure in Chapter V in [4].
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