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Optimization is one of the most important and challenging parts of any engineering design. In real-world
design, multiobjective optimization with constraints has to be considered. The optimal solution in this
case is not unique because the objectives can contradict each other. Therefore, a set of optimal solutions,
which forms the Pareto frontier, should be considered. There are many algorithms to generate a Pareto set.
However, only a few of them are potentially capable of providing an evenly distributed set of solutions.
This property is especially important in real-life design because a decision maker is usually able to analyse
only a very limited number of solutions. The main objective of this article is to develop and give detailed
description of an algorithm that is able to generate an evenly distributed Pareto set in a general formulation.
The approach is based on shrinking a search domain to generate a Pareto optimal solution in a selected
area on the Pareto frontier. The effectiveness of the algorithm is demonstrated by a number of challenging
test cases. For the first time, some of these test cases are successfully solved via a classical approach.
Keywords: multiobjective optimization; Pareto solution; Pareto set; directed search domain

1.

Introduction

A key challenge in real-life design is simultaneously to optimize different objectives. A decisionmaker (DM) has to take into account different criteria such as low cost, manufacturability, long
life and good performance, which cannot be satisfied at the same time. In fact, it is only possible
to consider a trade-off among all (or almost all) criteria. The task becomes even more complicated
because of additional constraints, which always exist in practice.
Mathematically, the trade-off analysis can be formulated as a vector nonlinear optimization
problem with constraints. Generally speaking, the solution of such a problem is not unique. It
is natural to exclude from the consideration any design solution that can be improved without
deterioration of any discipline and violation of the constraints; in other words, a solution that
can be improved without any trade-off. This leads to the notion of a Pareto optimal solution
(Miettinen 1999). Each Pareto point is a solution of the multiobjective optimization (MOO)
problem. A designer selects the ultimate solution among the Pareto set on the basis of additional
requirements, which may be subjective. In general, it is desirable to have a sufficient number of
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Pareto points to represent the entire Pareto frontier in the objective space. In real design, the DM
is able to consider only a few possible solutions (Pareto points). In such a context, it is important
to have a well-spread distribution of Pareto points to obtain maximum information on the Pareto
surface at a minimum (computational) cost.
Despite the existence of many numerical methods for vector nonlinear optimization, there are
few approaches potentially suitable for real-design applications. This is because the problem in
question is usually very time-consuming. In many practical multidisciplinary optimization applications, the design cycle includes time-consuming and expensive computations at each discipline.
For example, in the aerospace industry, aerodynamics and stress analysis have to be considered,
apart from other objectives. Thus, to take into account their mutual influences, interdisciplinary
iterations are required.
In general, optimization methods can be split into two principle categories: classical (preferencebased) methods and evolutionary algorithms. The classical methods usually use deterministic
approaches, whereas evolutionary ones are based on stochastic algorithms. It goes without saying that such a division is not strict and the combination of classical and evolutionary methods
is also possible. In classical MOO methods, vector optimization approaches are often reduced
to the minimization of an aggregate objective function (AOF) (preference function), which
includes a combination of objective (cost) functions. On the other hand, evolutionary methods consider all objective functions for optimization simultaneously. They start by generating
a random initial population. Using an iterative procedure, the current population is updated
and the next population is created by using some operators, namely: selection, mutation and
crossover. By setting some stopping criteria such as time limit, constraint tolerance or fitness
(objective) value, the iterative procedure reaches to the end (Michalewicz 1996, Deb 2001).
Evolutionary algorithms have a number of clear advantages over classical approaches. They
are not sensitive to non-smoothness of objective functions and are efficient in finding a global
extremum. Therefore, they are quite popular nowadays. However, in evolutionary methods, there
is no guarantee for capturing an optimum solution. In addition, a huge number of solutions are
to be considered to generate an even set of optimal solutions. In real design, eventually most
of them become redundant. Moreover, evolutionary-based algorithms are time-consuming in
multiobjective optimization.
In this article, a classical algorithm that provides a well-distributed representation of the entire
Pareto surface is considered. To seek the Pareto frontier, a strategy is described based on a Directed
Search Domain (DSD) algorithm, which was first suggested and applied for the modification of the
Physical Programming method (Utyuzhnikov et al. 2005, 2009). The main idea of DSD is to shrink
a search domain to obtain a Pareto solution in a selected area of objective space. A well-spread
distribution of the selected search domains should provide a quasi-even Pareto set.
The rest of the article is organized as follows. In Section 2, a short survey of the existing
classical methods is given. Then, in Section 3, the main notions of multiobjective optimization
are described. The principles and the steps of the DSD algorithm are explained in Section 4. The
efficiency and effectiveness of DSD is demonstrated in Section 5, in which the approach is tested
on two- and three-dimensional tasks. Some of these test cases are challenging for the existing
classical methods (Shukla and Deb 2007). By considering these examples, it is demonstrated that
the DSD algorithm can successfully be applied to them.

2. The existing classical generating methods
As noted above, in classical methods, the MOO problem is reduced to the minimization of the
combination of objective functions or AOF. The simplest and often used AOF is a linear (weighted)
combination of the objective functions (Miettinen 1999). This approach has many drawbacks,
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mainly related to an uncertainty in the weighting coefficients. It may require many iterations to
find the combination of the weights leading to a solution that corresponds to the DM’s expectations
(Messac 2000). Furthermore, it is well known that this method can generate only the convex part
of a Pareto surface (Koski 1985, Athan and Papalambros 1996, Das and Dennis 1997, Messac
et al. 2000b) while real-life problems often result in non-convex Pareto frontiers. This drawback
can be avoided by using either a more complex consideration of the AOF (Athan and Papalambros
1996) or the weighted Tchebychev method (Miettinen 1999). However, the weights remain to be
unknown functions of the objectives (Messac 2000).
Das and Dennis (1997) showed that an even spread of weights in the AOF does not necessarily
result in an even distribution of the solutions on the Pareto frontier. Further, the most successful methods for evenly generating the entire Pareto frontier in the general multidimensional
formulation are reviewed.
The Normal Boundary Intersection (NBI) method was developed by Das and Dennis (1998)
and Das (1999). The method has a clear geometrical interpretation. It is based on the well-known
fact that a Pareto surface is related to the boundary of a feasible domain towards the minimization
of objective functions (Miettien 1999). First, so-called anchor points are obtained in the objective
space. An anchor point corresponds to the optimal value of one and only one objective function
in the feasible domain. Thus, n objective functions provide up to n anchor points. Second, the
utopia plane passing through the anchor points is obtained. The Pareto surface is then constructed
by the intersection of lines, which are normal to the utopia plane, and the boundary of the feasible
objective domain. A single optimization problem with respect to one of the objective functions is
solved along each line. An even distribution of Pareto points is provided by an even distribution
of lines orthogonal to the utopia plane. The method, which seems to generate both non-Pareto
and locally Pareto solutions, requires a filtering procedure (Messac et al. 2003, Shukla and Deb
2007). In addition, the NBI method might be non-robust since the feasible domain is reduced
to a line.
The Normal Constraint (NC) method by Messac et al. (2003) and Messac and Mattson (2004)
represents a modification of the NBI approach. The single optimization problem, used in the NC, is
based only on inequality constraints. This modification makes the method more flexible and stable.
Both NC and NBI methods may fail to generate Pareto solutions over the entire Pareto frontier
in a multidimensional case (Messac and Mattson 2004). The modification of the NC (Messac
and Mattson 2004) partially eliminates this drawback. However, both methods may generate nonPareto and locally Pareto solutions (although the NC is less likely to do this – see Messac and
Mattson 2004). Shukla and Deb (2007) and Utyuzhnikov et al. (2009) show that both the NC and
NBI methods can be inefficient because of the significant number of redundant solutions. In the
example given by Utyuzhnikov et al. (2009), 66 points on the utopia plane lead to only 24 Pareto
solutions. Another example can be found in Shukla and Deb (2007). Both methods can encounter
significant difficulties in the case of a disconnected frontier (Shukla and Deb 2007). In particular,
they are not always able to find the entire Pareto surface. Meanwhile, one can note that recent
modifications of the NC method (Fantini 2007, Sanchis et al. 2008) are able to improve these
approaches.
The Physical Programming (PP) method was suggested by Messac (1996). This method also
generates Pareto points on both convex and non-convex Pareto frontiers (Messac and Mattson
2002). The method does not use any weight coefficients and allows one to take into account
the DM experience immediately. In the PP, the designer assigns each objective to one of the
four categories or class-functions. The optimization is based on minimization of an AOF determined by the preference functions (class-functions). The algorithm given by Messac and Mattson
(2002) is able to generate an evenly distributed Pareto set. However, it contains a few free
parameters, the optimal choice of which requires preliminary information on the location of
the Pareto frontier.
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Utyuzhnikov et al. (2005, 2009) suggested modifications to the PP method to make it possibly
simpler and more flexible for practical applications. A simpler structure for the class-functions
is suggested. The class-functions are generalized to shrink the search domain to a ‘hypercone’
and make its location in the objective space better. This is critical for generating an even set of
the Pareto frontier. The proposed modification combines the advantages of the PP, NBI and NC
methods. One of the main advantages of the approach (Utyuzhnikov et al. 2009, Utyuzhnikov
2010) is that it does not provide non-Pareto solutions while local Pareto solutions may be easily
recognized and removed. Utyuzhnikov et al. (2009) show that the modified PP is able to generate
a quasi-even Pareto set in the general formulation. It is mathematically proven that the method is
able to capture the entire Pareto frontier by conducting the search domain in the objective space.
The approach is based on the DSD algorithm described in this article. In the current article, the
use of the PP method is avoided to make the DSD approach simpler for practical implementation.

3.

Multiobjective optimization problems

Consider n objective functions. The n objectives form a space called objective space Z ⊆ Rn .
A design variable is represented by a vector in a decision space D ⊆ Rm . The set D∗ ⊆ D of the
elements satisfying all the constraints is called a f easible set or f easible space. For each x ∈
D∗ there exists a point in Z corresponding to mapping Rm → Rn . Hence, the feasible objective
space, Z ∗ , is the image of D∗ , i.e. Z ∗ ={z = F(x)|x ∈ D∗ }.
The generic form of any multiobjective optimization is given by
Min F = {F1 (x), F2 (x), . . . , Fn (x)},
subject to x ∈ D∗ .

(1)

A point corresponding to the minimum of all objective functions is usually situated outside
the feasible space D∗ . Therefore, a set of solutions called the P areto optimal set is considered
according to the following definition.
Definition 3.1 – Pareto optimality Vector x∗ ∈ D∗ is called a Pareto solution to problem (1)
iff  x∗∗ such that Fi (x∗∗ ) ≤ Fi (x∗ ) for any i = 1, . . . , n and ∃ j (1 ≤ j ≤ n) : Fj (x∗∗ ) < Fj (x∗ ).
Vector x∗ is called a local Pareto solution if the above condition holds in the -vicinity of x∗ .
If x∗ is a Pareto solution, it is said that x∗ is not dominated by any other feasible solution.
In the objective space Z, Pareto solutions lie on the boundary of Z ∗ called the Pareto frontier.
The above definition gives the best trade-off solutions to the multiobjective optimization problem
(1). For further consideration, the following definitions are also needed.
Definition 3.2 – Anchor point In the objective space Z, an anchor point μi represents the
minimum of an ith objective function subject to the constraints.
The above definition does not always provide a unique anchor point. To avoid this problem, a
lexicographic-based prioritization is introduced as follows (Utyuzhnikov et al. 2005, 2009).
Definition 3.3 – Modified anchor point In the feasible objective space Z ∗ , the anchor point
μi of an ith objective function is determined in the circular order: min Fi , min Fi+1 , . . ., min Fn ,
min F1 , min F2 , . . ., min Fi−1 . Any successive minimization problem: min Fi+l (1 ≤ i + l ≤
n, l  = 0), is to be considered only on the set {Al−1 }, which is the solution to the previous
minimization problem, and only if the set {Al−1 } contains more than one element.
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Generic utopia plane and anchor points in objective space.

Definition 3.4 – Utopia hyperplane A hyperplane that contains all the anchor points is called
the utopia hyperplane.
All of the above definitions are demonstrated in Figure 1.

4.

Directed search domain algorithm

Further, a Pareto set is generated by the use of the DSD approach. This approach exploits the
transformation technique of Utyuzhnikov et al. (2009). The algorithm contains six major steps
illustrated below.
It is to be noted that, in the algorithm, it is assumed that an even distribution of the reference
points leads to a well enough distributed Pareto set. This is not the case if the normal to the utopia
plane is almost orthogonal to the normal to the Pareto surface. A similar problem also arises for
the NBI, NC and PP methods. This can be overcome by an adaptive generation of the reference
points. However, this question is beyond the scope of this article.
4.1.

Major steps of DSD algorithm

Step 0 (Pre-processor scaling). In the general formulation, to avoid undesirable severe skewing
of the search domain in the algorithm, the objective functions should be preliminarily scaled
(Miettinen 1999):
Fi − μi
Fisc =
.
(2)
Fi,max − μi
Here, Fi,max = maxx∈D∗ Fi (x). This value can be found by solving a single objective optimization
problem. Alternatively, using the DM knowledge, Fi,max can merely be estimated because its exact
value is not necessary. Overall, if it is known that the objectives vary almost in the same range,
this step can be ignored.
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Step 1 (Modified anchor points).
to be calculated.

In this step, the anchor points according to Definition 3.3 are

Step 2 (Utopia hyperplane calculation). A hyperplane P containing all the anchor points is
considered. Its equation is given by (see e.g. Hoffman and Kunze 2002)
P =

n


αi μi ,

i=1
n


αj = 1.

(3)
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j =1

The interior of the utopia polygon formed by the anchor points is determined by
0 ≤ αi ≤ 1 (i = 1, . . . , n).
Step 3 (Reference points on utopia hyperplane). By varying the coefficients αi in Equation (3)
uniformly, it is possible to generate evenly distributed points on the utopia hyperplane, further
denoted by set M (Messac and Mattson 2004).
Step 4 (Aggregate objective function). In this step, an AOF is formed. Obviously, the AOF
cannot be arbitrary. Requirements for an admissible AOF can be found in Messac et al. (2000a),
according to whom an admissible AOF must be a locally coordinatewise increasing function of
the objective functions. By definition, a function is a coordinatewise increasing function if it is a
strict monotonically increasing function with respect to each argument (Steuer 1986).
In this article, the AOF is introduced as a sum of objective functions. To form the search domain,
each objective function is restricted from the top. A reference point M ∈ M with coordinates
(M1 , M2 , . . . , Mn ) determines the upper bound for Fi (i = 1, . . . , n). Thus, the following problem
is formulated:
Min

n


Fi (x),

i=1

subject to

Fi ≤ Mi ,

(4)

x ∈ D∗ .
For n = 2, this step is illustrated in Figure 2.
To solve problem (4), any minimizer algorithm can be used, e.g. a gradient based method if
the AOF is smooth enough. The formulated single-objective minimization problem (4) should be
solved for each reference point M ∈ M generated at step 3.
Step 4.1 (Shrinking search domain). A distribution of reference points on the utopia hyperplane leads to different search domains. As a result, one can expect different Pareto solutions to be
generated. However, as shown by Utyuzhnikov et al. (2009), this is not always the case. Although
the search domain is limited for each case, it is relatively large. This may lead to generating
redundant solutions for different optimization runs. To avoid this problem, the search domain
is shrunk around a given direction. To realize this, following Utyuzhnikov et al. (2009), a new
coordinate system ai is introduced with the origin at a reference point M and the axes forming
angle γc with an arbitrary unit vector l. Thus, a hypercone with its vertex at point M and surface
aligned with the edges of the search box is obtained. It is natural to choose l parallel to the normal
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Search domain in the two-dimensional case.

of the utopia hyperplane (Figure 3). Thereby, it is required to find an affine transformation:
F̂i =

n


Fj Bj i

(∀i = 1, . . . , n),

j =1

B = A−1 ,

(5)

where A is the matrix of transformation from the Cartesian coordinate system to the new local
coordinate system:
n

Aij ej (∀i = 1, . . . , n).
ai =
j =1
T
In the Cartesian
√ coordinate system, a unit vector l0 = (l0 , l0 , . . . , l0 ) is introduced, where l0 ≡
cos γ0 = 1/ n.
It can be shown (Utyuzhnikov et al. 2009) that

A=

sin γc T sin(γ0 − γc )
R +
E.
sin γ0
sin γ0

(6)

Here, the rotation matrix R maps vector l0 onto the vector l:
Rl0 = l,

(7)

and Eij = lj (i, j = 1, . . . , n). Matrix R is given by
R = DTDT ,

(8)

where D is an orthogonal matrix, which can be obtained by the Gram-Schmidt orthogonalization
procedure from, for example, the normal vector to the utopia plane n, vector l0 and basis vectors
e3 , e4 , . . . , en (see Appendix A):
D = Gram–Schmidt (l0 , n, e3 , e4 , . . . , en ).
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Shrinking search domain.

In Equation (8), matrix T describes an elementary rotation in the hyperplane created by the vectors
n and l0 :
⎞
⎛
√
(l0 , n)
− 1 − (l0 , n) 0 · · · 0
⎟
⎜√
(l0 , n)
0 · · · 0⎟
⎜ 1 − (l0 , n)
⎟
⎜
⎟
⎜
..
..
..
..
(9)
T =⎜
⎟.
.
.
.
.
⎟
⎜
⎟
⎜
0
0
1 · · · 0⎠
⎝
0
0
0 ··· 1
The angles γc and γn used in Equation (6) are shown in Figure 3. It should be noted that γn = γ0
if l = l0 . In the general case, l0 is mapped onto l by matrix R (Equation 7).
In the two-dimensional case, as an example: n = 2, γ0 = 45◦ and it is easy to show that
A=

cos γ−
cos γ+

− sin γ−
,
sin γ+

where γ+ = γn + γc , γ− = γn − γc .
As can be seen, it is possible to shrink the search domain by the use of transformation (5). Thus,
the constraints of problem (4) can be replaced by the following:
F̂i ≤

n


Mj Bj i ,

(i = 1, . . . , n).

(10)

j =1

It is to be noted that, in Equation (5), matrix A is to be inverted to find matrix B. However, this
needs to be done only once because matrix A is the same for all the search domains. Therefore,
the DSD algorithm is not time-consuming even in a multi-dimensional case.
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Schematic illustration of the DSD algorithm for the generic two-dimensional case.

Step 4.2 (Flipping search domain). Consider the case of a non-convex boundary as illustrated in
Figure 4. It is possible not to have any feasible solution in the search domain including the reference
point M. In this case, the search domain should be flipped to the opposite side of the utopia
hyperplane to capture the points on the Pareto frontier. This can be done by changing the upper
bound of each objective function to its lower bound using the current coordinates of the point M
as follows:
n

F̂i ≥
Mj Bj i (i = 1, . . . , n).
(11)
j =1

Step 4.3 (Rotating search domain). In some cases, it is possible that the orthogonal projection
of the utopia hyperplane does not fully cover the entire Pareto surface (e.g. Figure 5).
Thus, the search cones, whose axes are perpendicular to the utopia hyperplane, are not able
to capture the entire Pareto frontier. To overcome this problem, the search cone is rotated if the
current point M is located on the edge of the utopia polygon. To realize this, a vector s is introduced
as the outer normal to the edge of the polygon on the utopia plane (Figure 6):
si =

νi−1 + βi νi
,
|νi−1 + βi νi |

βi = −

(νi−1 , νi )
,
(νi , νi )

where νi = μi − μi−1 are the boundaries of the polygon.

Figure 5.

Orthogonal projection cannot capture the entire Pareto frontier.

(12)
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Rotation of vector l.

Consequently, l is replaced by
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l = − cos θ n + sin θ si ,

0 < θ < π/2.

(13)

Changing θ from 0 to π/2, rotation of the cone is possible from its normal direction to the direction
lying on the outer part of the polygon (Utyuzhnikov et al. 2009). The rotation continues until no
new solution is capturable.
Figure 7 shows this step for a generic three-dimensional case.
Step 5 (Filtering procedure). Because of generating local Pareto points in some cases, the
contact theorem (Vincent and Grantham 1981) is used to remove these points from the set of

Figure 7.

Rotation of search cone on the edge of the utopia polygon.

Downloaded By: [The University of Manchester] At: 15:54 15 April 2011

Engineering Optimization

Figure 8.

477

DSD filtering procedure.

solutions. The filtering procedure is based on the search domain of problem (4), in which point
M is situated at each generated Pareto-solution candidate denoted by P . If the intersection of
the search domain with the set D∗ is not empty, then the point P is not a Pareto solution. This
algorithm is applied at each Pareto candidate. It is clear that if a Pareto candidate is dominated by
another Pareto candidate, then the former one must be removed. A pseudo code for DSD filtering
is shown in Algorithm 1 and is depicted in Figure 8.
Algorithm 1 DSD filtering pseudo code.
Set PS the set of all P areto candidates
i←1
for all i = 1, . . . , |P S| do
P ← P aretoCandidatei
P
∗
if (Cone90
◦ ∩ D  = ∅) then
P S = P S − P aretoCandidatei
end if
i =i+1
end for

4.2. DSD algorithm sketch
Overall, the sketch of the DSD approach is formulated in Algorithm 2 and for a two-dimensional
case is illustrated in Figure 4 with an arbitrary reference point M.

5. The test cases
The effectiveness of the DSD approach is validated by five test cases, of which three examples
are three-dimensional and two cases are two-dimensional. The test cases include both convex and
non-convex Pareto frontiers with different peculiarities. In particular, they contain a discontinuous
Pareto frontier, a non-uniform density of feasible solutions, and the degeneration of the utopia
plane to a lower dimension. Each of these test cases represents a real challenge for classical
methods. For example, Shukla and Deb (2007) concluded that test cases ZDT6 and DTLZ5
cannot be tackled by any existing classical method. Test case Comet is considered by Deb et al.
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Algorithm 2 DSD algorithm
0. Scale the objective functions.
1. Find the modified anchor points.
2. Find the utopia hyperplane.
3. Generate evenly distributed reference points (M) on the utopia hyperplane assigned to the
set M.
4. Consider the following constraint:
F i ≤ Mi

∀i.

(∗)
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5. Shrink the constraint (∗) (search domain) by an angle γ : 0 < γ ≤ 45◦ using
F̂i ≤

n


M j Bj i

∀i.

j =1

for all M ∈ M do
6. Solve the following problem:
Min

n


Fi (x),

i=1

s.t.

F̂i ≤

n


Mj Bj i

∀i,

j =1

x ∈ D∗ .
6.1. if no solution is found then
flip the search box to the opposite side of the utopia hyperplane.
6.2. if the M is on the edge of the hyperplane then
rotate the search box by 0 < θ < π/2 to capture undiscovered regions.
end for
7. Apply the filtering algorithm to eliminate local Pareto solutions.

(2005) to be a very time-consuming problem for classical methods since it leads to a considerable
number of redundant solutions.
One of the important factors in judging the efficiency of an optimization algorithm is the number
of objective function evaluations. In the case of the DSD algorithm, this factor can be evaluated
as follows:
No =

Ps


kn ,

n=1

where Ps is the number of Pareto solutions and kn is the number of iterations required to solve
a single objective problem. The value of kn , of course, depends on the optimizer used, the initial approximation and requirements to the accuracy of the solution. In the presented study, the
coefficient kn was no greater than ten due to a relatively high convergence speed of the Newton
method exploited and a good enough initial approximation.
In order to evaluate quantitatively how well a Pareto set is spread, a coefficient of evenness,
suggested by Utyuzhnikov et al. (2009), is introduced as follows.
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Introduce first the Riemann metric:
dr2 =

n−1
n−1 


gij dxi dxj ,

(14)

i=1 j =1

where {xi } (i = 1, . . . , n − 1) is a coordinate system on the Pareto surface and g is the metric
tensor. Then, the coefficient of evenness can be determined as
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E=

maxi minj rij
mini minj rij

(∀i = 1, . . . , Ps i  = j ).

(15)

The coefficient E represents the ratio between the maximal possible distance from any Pareto
point to its nearest point and the minimal one. Thus, rij denotes the distance between Pareto
solutions i and j (i = j ) in metric (14). It is clear that, in the case of a completely even set,
E = 1.
The scaling procedure (Step 0) is not used in any of the test cases considered below.
5.1. Two-dimensional test cases
TNK. In this test case introduced by Tanaka et al. (1995), a discontinuous Pareto frontier is
considered.
Minimize
s.t.

(x1 , x2 ),
g1 (x) = x12 + x22 − 1 − 0.1 cos 16 arctan

x1
x2

≥ 0,

g2 (x) = (x1 − 0.5)2 + (x2 − 0.5)2 ≤ 0.5,
0 ≤ xi ≤ π (i = 1, 2).
In the test problem in question, the decision space coincides with the objective space. The
boundary of the feasible space is non-convex and, as noted above, the Pareto frontier is discontinuous. This is due to the fact that both constraints should be satisfied. In Figure 9, the generated
Pareto frontier is represented by black dots with anchor points calculated as (1.1, 0) and (0, 1.1).
For this test case, the coefficient of evenness E equals 1.9, and the number of objective function
evaluations No is equal to 314 for 100 Pareto solutions. It should be noted that, because of nonlinear constraints, many optimization algorithms face difficulty in finding a good spread of solutions
across the discontinuous Pareto sets (Deb 2001).
ZDT6. This test case was introduced by Shukla and Deb (2007) as follows:
Minimize (F1 (x), F2 (x)),
s.t.

0 ≤xi ≤ 1 (i = 1, 2, . . . , 10),
where
F1 (x) = 1 − exp(−4x1 ) sin6 (4πx1 ),
F2 (x) = g(x) 1 −

g(x) = 1 + 9

10

i=2

F1 (x)
g(x)

2

,
1/4

xi2 /(n

− 1)

.
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Pareto front generation for the TNK test case.

As explained by Deb (2001) and Shukla and Deb (2007), the adverse (non-uniform) density of
solutions on the Pareto frontier creates a real problem for any generating method. Shukla and Deb
(2007) claimed that no classical method (including NC and NBI) is capable of finding the Pareto
frontier for this test case. The DSD algorithm works reasonably well for this test case as shown
in Figure 10. The generated Pareto set is characterized by E = 1.87, No = 675 and Ps = 100.
The anchor points for this test case correspond to (0.38,0.88) and (1,0). This test problem also
demonstrates the operation of the algorithm in generating a non-convex frontier.

Figure 10.

Pareto front generation for the ZDT6 test case.
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5.2. Three-dimensional test cases
DTLZ2. A relatively simple three-dimensional test case, introduced by Deb et al. (2005) is
considered. As shown by Utyuzhnikov et al. (2009) for a similar test case, the NBI and NC
methods generate a significant number of redundant solutions.
Minimize (F1 (x), F2 (x), F3 (x)),
0 ≤xi ≤ 1 (i = 1, 2, 3),

s.t.

where
F1 (x) = (1 + g(x3 )) cos(x1 π/2) cos(x2 π/2),
Downloaded By: [The University of Manchester] At: 15:54 15 April 2011

F2 (x) = (1 + g(x3 )) cos(x1 π/2) sin(x2 π/2),
F3 (x) = (1 + g(x3 )) sin(x1 π/2),
g(x3 ) = (x3 − 0.5)2 .
In this test case, three anchor points, (1, 0, 0), (0, 1, 0) and (0, 0, 1), are calculated. It appears
that not the entire orthogonal projection of the Pareto surface onto the utopia plane is situated
in the triangle created by the anchor points. To resolve this problem, the rotation of the search
domain is applied on the edges of the utopia triangle. This allows the entire Pareto surface shown
in Figure 11 to be captured. As can be seen, 82 solution points are generated corresponding to 55
reference points on the utopia plane with the number of objective function evaluations equal to
No = 288 (Ps = 82). This leads to E = 1.41 (See Equation 15).
DTLZ5. In this test case, introduced by Deb et al. (2005), the number of anchor points is less
than the number of objective functions.
Minimize (F1 (x), F2 (x), F3 (x)),
s.t.

0 ≤xi ≤ 1 (i = 1, 2, 3),
where
F1 (x) = (1 + g(x3 )) cos(θ1 ) cos(θ2 ),
F2 (x) = (1 + g(x3 )) cos(θ1 ) sin(θ2 ),
F3 (x) = (1 + g(x3 )) sin(θ1 ),
g(x3 ) = (x3 − 0.5)2 ,
π
θ1 = (x1 ),
2
π
(1 + 2g(x3 )x2 ).
θ2 =
4(1 + g(r))

A specific characteristic of this example is that the utopia plane degenerates to a utopia line
in three-dimensional space. As quoted by Shukla and Deb (2007), all classical algorithms fail in
capturing the Pareto frontier for this test case. According to the modified definition of the anchor
point, two anchor points are obtained: (0.71, 0.71, 0) and (0, 0, 1). The DSD approach yields a
Pareto set as shown in Figure 12 with E = 1.43. The objective functions are called No = 22 times
in this test case for the whole Pareto set with Ps = 10.
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Figure 11.

Pareto front generation for the DTLZ2 test case.

Figure 12.

Pareto front generation for the DTLZ5 test case.

Comet. In the next test case, introduced by Deb et al. (2005), the Pareto frontier sharply shrinks.
Minimize (F1 (x), F2 (x), F3 (x)),
s.t.

1 ≤x1 ≤ 3.5,
−2 ≤x1 ≤ 2,
where
F1 (x) = (1 + g(x3 ))(x13 x22 − 10x1 − 4x2 ),
F2 (x) = (1 + g(x3 ))(x13 x22 − 10x1 + 4x2 ),
F3 (x) = 3(1 + g(x3 ))x12 ,
g(x3 ) = x3 .
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Pareto front generation for the Comet test case: front view (left); top view (right).

Generating a well-distributed Pareto set on the entire highly variable surface is a challenge for
the existing methods. As illustrated by Deb et al. (2005), the use of classical generating methods
is very time-consuming and leads to solving a significantly large number of redundant singleobjective optimization problems. Yet the DSD algorithm is effective enough in this case. The
Pareto set is represented in Figure 13 and characterized by E = 1.49, No = 611 and Ps = 100.
The anchor points have coordinates: (−14, 2, 3), (−37, −36, 35) and (2, −14, 3).

6.

Conclusion

The DSD algorithm has been represented in this article together with an efficient filtering procedure
for higher-dimension problems. The method provides an efficient way for quasi-evenly generating
a Pareto set in a quite arbitrary multidimensional formulation without a priori knowledge from
the DM. The approach is based on shrinking a search domain, the orientation of which can be
easily controlled in space. The method is formulated in a way which may be suitable for practical
implementation. The proposed approach requires the inversion of only one matrix, which makes
the algorithm computationally efficient. The approach has been successfully tested on five different
cases with specific peculiarities. The results obtained may demonstrate the method’s competency
in generating all parts of the Pareto frontier even if the anchor points are not unique and they number
less than the objective functions. It is worth noting that the DSD algorithm can be relatively easily
parallelized.
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Appendix A. Calculation of matrix D
According to the Gram–Schmidt procedure (Hoffman and Kunze 2002), the matrix D = (d1 , d2 , . . . , dn ) can be calculated
as follows:
D = Gram-Schmidt(l0 , n, e3 , e4 , . . . , en ),
d1 =l0 ,
n − (n · l0 )l0
d2 = 
,
1 + (n · l0 )2
ek −

k−1


(ek · di )di

i=1

,
dk = 

k−1


1 +
(ek · di )2

(k = 3, . . . , n),

i=1

where (·) denotes the dot product. In addition, ek = (δ1k , δ2k , . . . , δnk ) where δij = 1 if i = j and δij = 0 if i  = j (i, j =
1, . . . , n).

