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Groupoids: a motivating example

We quotient G X Y to obtain:

the groupoid of germs

Define (g, y) ~ (h, y) if there exists
U C Y open such that y € U and
glu = hlu

G X Y/ ~ is a topological groupoid
with the quotient topology

Basis:

(8, U) ={lg,y]: y € U} where
g€ G,UC Y open

It is typically not a Hausdorff space!

Example:

Z:LD< Y/N

Convention: the identity arrows are
identified with the unit space
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Given an ample groupoid G, its (complex) Steinberg algebra CG consist of
span{xy : U is a compact open bisection} C B.(G)

where B.(G) is the vector space of compactly supported Borel functions.

Cg is equipped with the convolution product:

fra(y)= Y fa)a(B).

y=ap

Example: let f € CG and U C G(© compact open.
Then
Fevo(y) = {f(v) if s(v) € U,

0 otherwise.
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If G is a discrete group G, then the compact open bisections are the
singletons,
CG =span{xg: g € G} + CG.

Xg * Xa(k) = Y xg(k)xn(ko) =

{1 if k = gh,
k=ky ky

0 otherwise.

So xg * Xh = Xgn and CG = CG.

Remark: CG also recovers inverse semigroup algebras.
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Groupoid C*-algebras

The reduced C*-algebra of an ample groupoid G is the completion of CG
in reduced norm:

For x € GO, let G, = {y € G : s(7) = x}, and consider the family of
representations

A CG — B(£%(Gy))

ADE) = D §(a)das
azs(a)=r(7)

We define the reduced norm of § as |[f|| = sup,cgo || Ax(f)I]-

The reduced C*-algebra of G: C,(G) := @g”'”_

If G = G is a discrete group, then G(® = 1¢, G1. = G, and A = \.
Then A(xg)(dn) = Z Xg(k)Okh = Ogn, so X is the usual representation of

keG
CG on B(f*(G)), and C,(G) = C~,(G).
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The j-map

Recall: C:,(G) is the completion of CG C B.(G) in norm.
Renault's j-map allows us to think of C},(G) as G — C functions.

Theorem (Renault, '80)
There exists an injective linear map j: C},(G) — By(G) such that for

any a,b e C:,(G),
1. jlcg is the identity;
2. j(ab) =a=xb;
3. |lafl = [Li(a)|

oo -

Note: 3. says that if a, LN a, then j(a,) — j(a). In particular
o0 =l
J(Cea(9)) €CGT

From now on we identify a with j(a) in notation.
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Brown-Clark-Farthing-Sims [Semigroup Forum, 2014]

<= (G is minimal and effective <= @G is minimal and effective
= (G is minimal, effective when
G is amenable

Minimal: every orbit is dense in the unit space, i.e. for all x € G,
GxG NGO is dense in GO,

Effective: int({y € G : s(7) = r(7)}) = GO

Remark: any groupoid of germs (as we defined it) is effective
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Simplicity
When is CG simple (as a complex When is C,(G) simple (as a
algebra)? C*-algebra)?

Non-Hausdorff, second countable case:

Clark-Exel-Pardo-Starling-Sims [Trans. AMS, 2019]

<= (G is minimal, effective, and <= @G is minimal, effective, J =0
Jaig(G) =0 == @G is minimal, effective and
J =0 when G is amenable
Where J = {f € C},(G) : § vanishes on a dense subset} is called the
(C*-)singular ideal of C%;(G).
Jaig := JNCG is called the (algebraic) singular ideal of CG.

It is natural to ask:
Question 1: Does J,; = 0 imply J = 07
Question 2: Is J,;; dense in J?
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G comes from a contracting self-similar group action

e Brix-Gonzales-Hume-Li [preprint, 2025]: Yes if s: GO — GO s
finite-to-one

e Hume [preprint, 2025] further extends the above (but the condition is

too technical to phrase here)

Question 2: Is J,;; dense in J?

e Gonzales-Hume [preprint, 2025]: Yes if s: G(0 — G(©) is
finite-to-one or if all isotropies are abelian
e in general, no: in fact there are even minimal and effective

counterexamples (Martinez, Sz., 2025).
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The question is still open but there are positive results:

e Gardella-Nekrashevych-Steinberg-Vdovina [J. Math. Phys, 2025]: Yes if
G comes from a contracting self-similar group action

e Brix-Gonzales-Hume-Li [preprint, 2025]: Yes if s: GO — GO s
finite-to-one

e Hume [preprint, 2025] further extends the above (but the condition is

too technical to phrase here)

Question 2: Is J,;; dense in J?

e Gonzales-Hume [preprint, 2025]: Yes if s: G(© — G is
finite-to-one or if all isotropies are abelian

e in general, no: in fact there are even minimal and effective
counterexamples (Martinez, Sz., 2025). We present a (non-minimal,

non-effective) construction in the second half of the talk.
1



The strategy

Recall:

e J,g <CG =span{xy : U is a compact open bisection};
¢ JaCry(G)=CGCCG™;
e € J <= suppf contains no open set, J,; =JNC
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e J,g <CG =span{xy : U is a compact open bisection};
e J1C:y(G)=CGCTG™;
e € J <= suppf contains no open set, J,; =JNC
We construct a groupoid G where J,, C J. Specifically, G will have:

e an open, but
non-compact set B € G°
such that x5 € C,(G)
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support outside Gg



The strategy

Recall:

e J,g <CG =span{xy : U is a compact open bisection};
¢ JaCry(G)=CGCCG™;
e € J <= suppf contains no open set, J,; =JNC

We construct a groupoid G where J,, C J. Specifically, G will have:

e an open, but

non-compact set B € G° ()
such that x5 € C,(G) ?

e a function f € CG such

that 7 * yg = flg, is

singular (a B-singular

function), but f has large

support outside Gg



The strategy: creating \g

Our groupoid G will be a bundle of groups, i.e. s(v) = r(7) for any
v EG.
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The strategy: creating \g

Our groupoid G will be a bundle of groups, i.e. s(v) = r(7) for any
v EG.

Suppose there exists a sequence {B;}7_; of compact open bisections such
that B;N Bj = B for i # j.

Note: f * b, is non-singular.
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The strategy: creating \g

Our groupoid G will be a bundle of groups, i.e. s(v) = r(7) for any
v EG.

Suppose there exists a sequence {B;}7_; of compact open bisections such
that B;N Bj = B for i # j.

Define b, = — ZX LHILN

Note: f * b, is non-singular.

What about convergence in norm? 5



The strategy: creating yz — ‘scattering’

1< _ _ :
Need: b, = *ZXB; converges in norm; i.e. b,|gge MI% 0.
n

i=1
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Need: b, = *ZXB,- converges in norm; i.e. b,|gge MI% 0.
n

i=1
In our example, we will have s(B;) = G(© for all i, and each isotropy
group at GO\ B = B¢ will be F,, the free group of rank 2.
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In our example, we will have s(B;) = G(© for all i, and each isotropy
group at GO\ B = B¢ will be F,, the free group of rank 2.

We fix some sequence {g;}icn and for x € B we define B; N G, = g;.
Then \,: CG — B(£%(G,)) represents xpg, as \: CF, — B(£?(F))
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Need: b, = ’17;)(5,. converges in norm; i.e. b,|gge ML 0.

In our example, we will have s(B;) = G(© for all i, and each isotropy
group at GO\ B = B¢ will be F,, the free group of rank 2.

We fix some sequence {g;}icn and for x € B we define B; N G, = g;.
Then \,: CG — B(£%(G,)) represents xpg, as \: CF, — B(£?(F))

: 1
represents gj, so b,|gae L g i = E g — 0in Ciy(F2).
n
i—1

14



The strategy: creating yz — ‘scattering’

1 :
Need: b, = *ZXB,- converges in norm; i.e. b,|gge MI% 0.
n
i=1
In our example, we will have s(B;) = G(© for all i, and each isotropy
group at GO\ B = B¢ will be F,, the free group of rank 2.

We fix some sequence {g;}icn and for x € B we define B; N G, = g;.
Then \: CG — B(¢?(Gy)) represents xp, as A\: CFH, — B((?(F,))
: 1<
represents gj, so b,|gpe LEINNT; - Zg/ = 0in Cry(F).
i=1

Thom [IMRN, 2015] implies that such sequence {g;}en exists in F (in
fact, in any nonamenable group).
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The strategy: creating yz — ‘scattering’

1< .
Need: b, = *ZXB,- converges in norm; i.e. b,|gge MI% 0.
n
i=1
In our example, we will have s(B;) = G(© for all i, and each isotropy
group at GO\ B = B¢ will be F,, the free group of rank 2.
We fix some sequence {g;}icn and for x € B we define B; N G, = g;.

Then \,: CG — B(£%(G,)) represents xpg, as \: CF, — B(£?(F))

: 1<
represents gj, so b,|gpe L g i = E g — 0in Ciy(F2).
n
i—1

Thom [IMRN, 2015] implies that such sequence {g;}en exists in F (in
fact, in any nonamenable group).

Note: non-amenability is necessary here: in any amenable group,
1 n
1< |52 -

14



The example: the definition of G

. &
Z Py 0 [ ) L4 L4
4 4 xm Ren X‘r;'
NP e L4
2, ® Y3 ° -~ X

21. '31. [

Z Py l '] e [ ) L4 L4
! (3 xl,} 2 X',‘
G(©: black dots above (where - - - denotes convergence)
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The example: the definition of G

. &
’ Y ] [ J
z,° ‘
& du W Nep K4
oo [ ) e L4
Z} 0 Yy @ : %

21. %1. L]

Z|‘ {al. ° e o

A ‘typical’ basic compact open neighborhood of ¢
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The example: the definition of G

. &
: [ J
Z Py 0 [ L 4
4 ‘9# xm x,"z X‘r;'
Z Py 9} 0 [ ) L) [ ]
g xs,} 3,2 X’/'
2. 0 |3 0 L L) ]
1 (2
X2 xz,z Xz/'
200 - L] L4
Z ¢ 9

A ‘typical’ basic compact open set not containing ¢
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The example: the definition of G

. &
Z 0 P) [ L 4 o
4 d xt.,z xl«,z X-’r,l
.. ® L4 °
2, ¢ 4 ° T Ny

21. '31. . e

Z|‘ (al. ° L °

Notation: X, Y, Z
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The example: the definition of G

. &
: - ®
Z, o o L ® ° .
4 ‘9# 7(4,3 xl«,z X/r,l
2,0 Yo © e . °
2 >
xs,} x:s,z X’z'
Z e 'ﬂ 0 e N e J
1 1 f
xz,:b xz,z XZ/'
P ° L4 ° F
Z| 4 (a| x y

Notation: X, Y, Z
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The example: the definition of G

. &
Z Py 0 [ ) L4 L4
4 ‘9# xm x,"z X‘r;'
- L ) L) o
2, ® Y3 ° -~ X

21. '31. [

Z|‘ (al. ° e o

Notation: X, Y, Z and B: the set we ‘scatter’ to

15



The example: the definition of G

frz,

® )
@ [ 2.
@ L.
@\ ..
Frd, Z,

The groupoid:
units in Z and e have the isotropy group F, x Zs
units in Y have the isotropy group Z,
units in X have trivial isotropy group 15



The example: the definition of G

frz,

® S L.
@ ..
Q. ...
® ..
Frd, Z,

Basic compact open bisections:
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The example: the definition of G

(")
(97)°
o SO
(9, " = v
O e e e
0 i e e

frl, > o)

Basic compact open bisections:
Every pair (g, n) € F2 X Z; defines a compact open bisection
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The example: the definition of G

(3%
(97)°
0 T e e e
(9, = = v
%;m) "o -
0 IR

Frl 2 r)

Basic compact open bisections:
Every pair (g, n) € F» X Z, defines a compact open bisection
...which we can further restrict to any basic compact open U C G(©)
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The example: the definition of G

(9/"‘)

Q
(9({")’
Sy S e 0"
Q 'Sv\r .. @ @ ®
° .SV\. ® L] 14
PY P) N o o L4

E.”ZLP(D"‘) ((g’v‘)l M)

Basic compact open bisections:
Every pair (g, n) € F2 X Z; defines a compact open bisection
...which we can further restrict to any basic compact open U C G(©)

15



The example: the singular element of ;*ed(g)

(5+°) M;‘e (g€ )

(Qa_,“’) °
0(931 o) o Y ) ® ®
[ [ [ ()
(95; o)
Q L [ J o )
(9;;0)
0 i .. & w

1 — ) .
Let g; € F, be such that " ;g,- —0in Cy(F).
Consider the compact open bisection U, = ((g,0), g(O)).
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The example: the singular element of C’,(G)

(9,9
(3:,9) ®
*(9.,0)
(340
0

.(ﬂc;‘))
0

n
We 'scatter’ S b, = 1
atter' to B: b, nZXUg;

Mai (‘}ce )

i=1

® [ ]
o ®
[ J [
(% °
RIS
— XB

16



The example: the singular element of C: (G)

6 Uy, o< B)

(9;.{‘0) e
Q(?-‘, o) o ® o e
r) [ ® [ ]
(9 o)
Q ) o o e
(9;;0)
Q ° e o 4 o

: , RS 1o
We ’scatter’ to B: b, = EZXUS"' — XB

i=1
The choice of gjs ensures convergence in C*-norm
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The example: the singular element of C’,(G)

Z, =93
2 u1
.Q)‘
A
e (‘p .91 .. ® @® ®
(‘r")
s 'Sq R @ ®
(IF.|)
[5) 0@1 .. @ @® ®
()
.Q ‘sq e @ @ ®
(‘r'l)

We create a B-singular function:
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The example: the singular element of C’,(G)

Z, =93
2 u1
.Q)‘
A
e (‘p .91 .. ® @® ®
(‘r")
s 'Sq R @ ®
(IF.|)
[5) 0@1 .. @ @® ®
()
.Q ‘sq e @ @ ®
(‘r'l)

We create a B-singular function:
Let U; = ((1F,1),G©) compact open bisection
Let Uy = G©) compact open bisection
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The example: the singular element of C: (G)

Z. =§9'% )
* u, %=9
OQ)
e 7 o, © ® @
(‘r")
Q@ GSQ .. @ @ ®
(IF.|)
s %1 L. ® @ ®
()
(‘r'l)

We create a B-singular function:
Let U; = ((1F,1),G©) compact open bisection
Let Uy = G©) compact open bisection
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The example: the singular element of C: (G)

Z, =93 -
2 Xu, Xu,
. %),_
e 7 o, © ® @
(‘r")
Q@ GSQ .. @ @ ®
(IF.|)
" o5, o ®
()
(‘r'l)

We create a B-singular function:

f:XUl _XUo
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The example: the singular element of C’,(G)

ZZ=Z°/13 {Xu - 'XU,‘,

Y
()" . . .
(‘r") y
Q@ OS" Y L] [
(et
Q@ %1 ™Y o 1 4
()
os %4 SN [ ) L4 L4
(‘r'l)

We create a B-singular function:
f - XUl - XUo
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The example: the singular element of C’,(G)

ZZ=Z°/13 {Xu - 'XU,‘,

Y
()" . . .
(‘r") y
O@ @S’l .. @ L4 L4
(IF.|)
‘@ %1 ™Y o 1 4
()
QQ %4 SN [ ) L4 L4
(‘r'l)

We create a B-singular function:
f - XUl - XUo
supp(f)|s contains no open sets = fx xg € J
16



The example: §x* x5 ¢ J,

_(:* [Xbe}

" o<, . o °
P @S" ® L] [
[} @@1 hd hd i
0 s b < *

What remains is to show that f x xg ¢ E.

17



The example: §x* x5 ¢ J,

_(:* [Xbe}

R o, - . v
0 QS,, b hd N

) @@1 hd hd M
0 es d < *

We show something stronger: f * xg ¢ f,goo.
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The example: §x* x5 ¢ J,

_(:* [Xbe}

° %1 .. @ o L4

P @S" .. @ o L4
Py £®1 ™Y o [
PY % N - L4 L4

1

We show something stronger: f % xp & Jog -
Observe that if ||f — g||co < 1 then Y € suppg.
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The example: §x* x5 ¢ J,

_(:* [Xbe}

0 o, - ° ° *

o s, — ° y ’
° £®1 ™Y e °
o % RN [ ] o 4

1

We show something stronger: f * xg ¢ f,goo.
Observe that if ||f — g||cc < 1 then Y € suppg.
Claim: if Y Csuppg for g € CG, then g & J,,.

17



The example: §x* x5 ¢ J,

. &
2,0 0 e ® ¢ *
4 ‘9"’ xk,z xl‘lz‘ >("'I|
.. @ . 4
Z} ’ 43 ° . X X

21. '31. o e

Z|‘ (al. ) . °

Let g = >\ cr CvXv Where F is a finite set of compact open bisections,
and suppose Y C suppg.
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The example: |+ g ¢ Jjg

. &
. [ J
Z 0 0 bc o [ ) j
& du x4,3 N2 X-’r,l
Z Py 9} 0 - ® o [ J
? xs,} %32 %30
2 o |9 () » o 1
1 1 J
/(2 > K,Z,Z Xz/'
N ° (] L4
Z ¢ 9’

Any compact open bisection V' € F is of the form ((g, n), U) where
(1) U is either GO with finitely many sets {x; ;}, {yx} U Xk, {z/} ‘removed’
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The example: |+ g ¢ Jjg

. &
’ o
Z P Il R L J L4
& du 7(4,3 e X’r,!
Z P 9} 0 - L ) L) [ ]
> ‘ xs,} %32 %30
2. 0 ‘ |3 o | L] . L4
TR 1 |
)‘(2 > )S,:,Z Xz/'
\ \ ") oaa ° o L4
Z| ’ \ \ ”(al y X

Any compact open bisection V' € F is of the form ((g, n), U) where
(1) U is either GO with finitely many sets {x; ;}, {yx} U Xk, {z/} ‘removed’
(2) or U consists of finitely many sets {x; j }, {yx} U Xk, {z/} ‘added’

18



The example: |+ g ¢ Jjg

. &
’ ] [ J
z° 9 >
Kelp e Reows e xk~4,n
Z 0 3 0 Y e [ J
Ked KD
xz—s,:s xm,z XM/'
oo o [
2, ot S
k+2,3 Tkezz ¥z
Z r) laK '] PPN [ ) L4 °
+ ¢
B xm,} xKn,z XK*',l

“leved K"

Since F is finite, there exists some K € N larger than any ‘added’ or
'removed’ indices
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The example: §x* x5 ¢ J,

(") V=_((3,7), U)
(9,'.-“)@ ©
Zy.4lom) ?K*zew 7‘24,3 ;wﬁ,;w@n
2y (9,%) hetS" :; 33 ib “:m/.
2“‘%,@ Yot ; : ;

O k+2,3 Tkezz ¥z
P RN - @ o
Z‘KH. %K'l S X X X
K1, > TR 2 Ke L

"‘I-I/d K“

Since F is finite, there exists some K € N larger than any ‘added’ or
'removed’ indices
Above the ‘Kth level’, any V € F looks either empty (type (ii)) or a like
a full bisection (type(i)). 18



The example: §x* x5 ¢ J,

(9,7 V=((9,2), U)
0 &
(9({") he
. w . @ ®
Z P .e .- -
Ku,(?ﬂ‘) ey Xeees Kot Xk~4~,l
Z 9 'S'\' P @ ®
Kf}(gglnj K+ XK'-B,} KK’S,Z XK&J, |
ra |3 1.9"\- ® @® ®
! K+
(g?’ w) x\u 2,3 xhz,l ><K"2/l
@
Z P) Kf‘§~ Cea @ @
K+ % | xm,} Km,z ka,l
"Md K“
Recall: g =3}, rcvxv. Let i > K. Then
0 # a(vi)
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The example: §x* x5 ¢ J,

(3, V=((9,2), U)
0
(9({") he )
. y .
0 .e NP ) @
ZKM,(?/“‘) ey Xeees Kot Xk~4~,l
Z 'S'\' P @ ®
K (5, 0) Yy X33 Mos,2 L

P O '3 f@h .. @ @® ®
vt K+
(g?’ w) x\u 2,3 xhz,l ><K"z/ !

2l

(a ‘s“ Cea @ @ ®
Ke|
xm} xm,z XK*',l

"‘I-I/d K*

Recall: g =3}, rcvxv. Let i > K. Then

0#g(yi) = Z CV:Z Z cv

V=((g,0),U) gc€F2 V=((g,0),U)
g€h,U type (i) U type (i) 18



The example: §x* x5 ¢ J,

(3% V=((9,2), U)
0 &
(9({") e )
: n ®
o Py .. ® e
ZK"'@M) dxet Rt Rerkn Xk~4s/l
Z 'S'\' e @ @ ®
K (5, 0) Yyed x ¢33 s 2 o3,

P O '3 f@h .. @ @® ®
vt K+
(g?’ ﬂ) x\u 2,3 xhz,l ><K"z/ l

2l

(a ‘s“ Cea @ @ ®
Ke|
xm} xm,z XK*',‘

"‘I-I/d K*

Recall: g =3}, rcvxv. Let i > K. Then

0#g(vi) = > cw=> > =) 00)2)

V=((g,0),V) geF V=((g,0),U) gch
geh,U type (i) U type (i) 18



The example: §x* x5 ¢ J,

(3, V=((9,2), U)
0
(9({") he )
. y .
0 .e NP ) @
ZKM,(?/“‘) ey Xeees Kot Xk~4~,l
Z 'S'\' P @ ®
K (5, 0) Yy X33 Mos,2 L

P O '3 f@h .. @ @® ®
vt K+
(g?’ w) x\u 2,3 xhz,l ><K"z/ !

2l

(a ‘s“ Cea @ @ ®
Ke|
xm} xm,z XK*',l

"‘I-I/d K*

Recall: g =3}, rcvxv. Let i > K. Then
= there exists some g such that g((g,0),z) # 0
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The example: §x* x5 ¢ J,

(3% V=((9,2), U)
0
(9({") ° )
’ n ®
. o .. @ °
ZKM,(?/“‘) Dt Reews St Xk~4~,l
Z 'S'\' P @ ®
K (5, 0) Yy X33 Mos,2 L

P O '3 f@h .. @ @® ®
vt K+
(g?’ w) x\u 2,3 xhz,l ><K"z/ !

2l

(a ‘s“ Cea @ @ ®
Ke|
xm} xm,z XK*',‘

"‘I-I/d K*

Recall: g =3}, rcvxv. Let i > K. Then

= there exists some g such that g((g,0),z;) # 0= g & Jaj.
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The example: §x* x5 ¢ J,

(3% V=((9,2), U)
0
(9({") ° )
’ n ®
. o .. @ °
ZKM,(?/“‘) Dt Reews St Xk~4~,l
Z 'S'\' P @ ®
K (5, 0) Yy X33 Mos,2 L

P O '3 f@h .. @ @® ®
vt K+
(g?’ w) x\u 2,3 xhz,l ><K"z/ !

2l

(a ‘s“ Cea @ @ ®
Ke|
xm} xm,z XK*',‘

"‘I-I/d K*

Recall: g =3}, rcvxv. Let i > K. Then

= there exists some g such that g((g,0),z;) # 0= g & Jaj.
This completes the proof that f* x5 ¢ Jag.
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e We also have a minimal and effective counterexample, the
construction is more involved but the basic strategy is the same.
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e Like the bundle of groups example, this groupoid is also
non-amenable, which is necessary for ‘scattering’ to C*-converge.
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non-amenable, which is necessary for ‘scattering’ to C*-converge.

e Our strategy never gives J,; = 0: there is always a compact open
U C B intersecting s(suppf), so supp f * xu € Jajg-
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e We also have a minimal and effective counterexample, the
construction is more involved but the basic strategy is the same.

e Like the bundle of groups example, this groupoid is also
non-amenable, which is necessary for ‘scattering’ to C*-converge.

e Our strategy never gives J,; = 0: there is always a compact open
U C B intersecting s(suppf), so supp f * xu € Jajg-

g

In particular, this is still open:
Question 1: Does J,; =0 imply J =07



