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Groupoids: a motivating example

Consider a group G acting on a

locally compact, Hausdorff space Y .

The associated transformation

groupoid: G n Y

Objects: Y

Morphisms:

{(g , y) : y ∈ Y , g ∈ G}
s(g , y) = y , r(g , y) = g(y),

(h, g(y))(g , y) = (hg , y)

Topology:

sets of the form

(g ,U) = {(g , y) : y ∈ U}
form a basis where

g ∈ G ,U ⊆ Y open

Example:

Convention: the identity arrows are

identified with the objects

1
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Groupoids: a motivating example

We quotient G n Y to obtain:

the groupoid of germs

Define (g , y) ∼ (h, y) if there exists

U ⊆ Y open such that y ∈ U and

g |U = h|U
G n Y / ∼ is a topological groupoid

with the quotient topology

Basis:

(g ,U) = {[g , y ] : y ∈ U} where

g ∈ G ,U ⊆ Y open

It is typically not a Hausdorff space!

Example:

Convention: the identity arrows are

identified with the unit space
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Étale groupoids

Let G be a topological groupoid, i.e. a groupoid with a topology such

that source and range maps, and the operations are continuous.

Convention: the identity arrows are identified with the objects and form

the unit space G(0).

G is if:

• G(0) is a locally compact Hausdorff space

• the source (s) and range (r) maps are local homeomorphisms

U ⊆ G is an open bisection if it is open and s|U , r |U are homeomorphisms.

Examples: transformation groupoids, groupoids of germs
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Groupoid algebras

Given an ample groupoid G, its (complex) Steinberg algebra CG consist of

span{χU : U is a compact open bisection} ⊆ Bc(G)

where Bc(G) is the vector space of compactly supported Borel functions.

CG is equipped with the convolution product:

f ∗ g(γ) =
∑
γ=αβ

f(α)g(β).

Example: let f ∈ CG and U ⊆ G(0) compact open.

Then

f ∗ χU(γ) =

{
f(γ) if s(γ) ∈ U,

0 otherwise.
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Example

If G is a discrete group G , then the compact open bisections are the

singletons,

CG = span{χg : g ∈ G}

↔ CG .

χg ∗ χh(k) =

∑
k=k1k2

χg (k1)χh(k2) =

{
1 if k = gh,

0 otherwise.

So χg ∗ χh = χgh and CG ∼= CG .

Remark: CG also recovers inverse semigroup algebras.
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Groupoid C*-algebras

The reduced C∗-algebra of an ample groupoid G is the completion of CG
in reduced norm:

For x ∈ G(0), let Gx = {γ ∈ G : s(γ) = x}, and consider the family of

representations
λx : CG → B(`2(Gx))

λx(f)(δγ) =
∑

α:s(α)=r(γ)

f(α)δαγ .

We define the reduced norm of f as ||f|| = supx∈G(0) ||λx(f)||.

The reduced C∗-algebra of G: C∗red(G) := CG||·||.

If G = G is a discrete group, then G(0) = 1G , G1G
= G , and λ = λ1G

.

Then λ(χg )(δh) =
∑
k∈G

χg (k)δkh = δgh, so λ is the usual representation of

CG on B(`2(G )), and C∗red(G) ∼= C∗red(G ).
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The j-map

Recall: C∗red(G) is the completion of CG ⊆ Bc(G) in norm.

Renault’s j-map allows us to think of C∗red(G) as G → C functions.

Theorem (Renault, ’80)
There exists an injective linear map j : C∗red(G)→ Bb(G) such that for

any a, b ∈ C∗red(G),

1. j |CG is the identity;

2. j(ab) = a ∗ b;
3. ||a|| ≥ ||j(a)||∞.

Note: 3. says that if an
||·||−−→ a, then j(an)

||·||∞−−−→ j(a). In particular

j(C∗red(G)) ⊆ CG||·||∞ .

From now on we identify a with j(a) in notation.
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Note: 3. says that if an
||·||−−→ a, then j(an)

||·||∞−−−→ j(a). In particular

j(C∗red(G)) ⊆ CG||·||∞ .
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When is CG simple (as a complex
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The singular ideal

Recall:

CG = span{χU : U is a compact open bisection}, C∗red(G) = CG;

Jalg = {f ∈ CG : f vanishes on a dense subset} C CG.

Note: f ∈ J ⇐⇒ supp f = {γ ∈ G : f(γ) 6= 0} contains no open set.

Example:

χU0 − χU1 ∈ Jalg
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Progress

Question 1: Does Jalg = 0 imply J = 0?

The question is still open but there are positive results:

• Gardella-Nekrashevych-Steinberg-Vdovina [J. Math. Phys, 2025]: Yes if

G comes from a contracting self-similar group action

• Brix-Gonzales-Hume-Li [preprint, 2025]: Yes if s : G(0) → G(0) is

finite-to-one

• Hume [preprint, 2025] further extends the above (but the condition is

too technical to phrase here)

Question 2: Is Jalg dense in J?

• Gonzales-Hume [preprint, 2025]: Yes if s : G(0) → G(0) is

finite-to-one or if all isotropies are abelian

• in general, no: in fact there are even minimal and effective

counterexamples (Mart́ınez, Sz., 2025). We present a (non-minimal,

non-effective) construction in the second half of the talk.
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The strategy

Recall:

• Jalg / CG = span{χU : U is a compact open bisection};
• J / C∗red(G) = CG ⊆ CG∞;

• f ∈ J ⇐⇒ supp f contains no open set, Jalg = J ∩ C

We construct a groupoid G where Jalg ( J. Specifically, G will have:

• an open, but

non-compact set B ∈ G 0

such that χB ∈ C∗red(G)

• a function f ∈ CG such

that f ∗ χB = f |GB is

singular, but f has large

support outside GB
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The strategy: creating χB

Our groupoid G will be a bundle of groups, i.e. s(γ) = r(γ) for any

γ ∈ G.

Suppose there exists a sequence {Bi}ni=1 of compact open bisections such

that Bi ∩ Bj = B for i 6= j .

Define bn =
1

n

n∑
i=1

χBi .

Note: f ∗ bn is non-singular.

What about convergence in norm?
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The strategy: creating χB – ‘scattering’

Need: bn =
1

n

n∑
i=1

χBi converges in norm; i.e. bn|GBc
||·||−−→ 0.

In our example, we will have s(Bi ) = G(0) for all i , and each isotropy

group at G(0) \ B = Bc will be F2, the free group of rank 2.

We fix some sequence {gi}i∈N and for x ∈ Bc we define Bi ∩ Gx = gi .

Then λx : CG → B(`2(Gx)) represents χBi as λ : CF2 → B(`2(F2))

represents gi , so bn|GBc
||·||−−→ 0 iff

1

n

n∑
i=1

gi → 0 in C∗red(F2).
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The example: the definition of G

G(0): black dots above (where · · · denotes convergence)
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The example: the definition of G

A ‘typical’ basic compact open neighborhood of ε
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The example: the definition of G

A ‘typical’ basic compact open set not containing ε
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Notation: X, Y, Z

and B: the set we ‘scatter’ to
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The example: the definition of G

The groupoid:

units in Z and ε have the isotropy group F2 × Z2

units in Y have the isotropy group Z2

units in X have trivial isotropy group 15
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Basic compact open bisections:
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The example: the singular element of C ∗
red(G)

Let gi ∈ F2 be such that
1

n

n∑
i=1

gi → 0 in C∗red(F2).

Consider the compact open bisection Ugi = ((gi , 0),G(0)).

16



The example: the singular element of C ∗
red(G)

We ’scatter’ to B: bn =
1

n

n∑
i=1

χUgi

||·||∞−−−→ χB
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The example: the singular element of C ∗
red(G)

We ’scatter’ to B: bn =
1

n

n∑
i=1

χUgi

||·||∞−−−→ χB

The choice of gi s ensures convergence in C∗-norm
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The example: the singular element of C ∗
red(G)

We create a B-singular function:
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The example: the singular element of C ∗
red(G)

We create a B-singular function:

f = χU1 − χU0
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The example: the singular element of C ∗
red(G)

We create a B-singular function:

f = χU1 − χU0

supp(f)|B contains no open sets =⇒ f ∗ χB ∈ J

16



The example: f ∗ χB /∈ Jalg

What remains is to show that f ∗ χB /∈ Jalg .
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The example: f ∗ χB /∈ Jalg

We show something stronger: f ∗ χB /∈ Jalg
∞
.

Observe that if ||f− g||∞ < 1 then Y ∈ supp g.

Claim: if Y ⊆ supp g for g ∈ CG, then g /∈ Jalg .

17



The example: f ∗ χB /∈ Jalg

Let g =
∑

V∈F cVχV where F is a finite set of compact open bisections,

and suppose Y ⊆ supp g.
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Any compact open bisection V ∈ F is of the form ((g , n),U) where

(1) U is either G 0 with finitely many sets {xi,j}, {yk}∪Xk , {zl} ‘removed’
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The example: f ∗ χB /∈ Jalg

Any compact open bisection V ∈ F is of the form ((g , n),U) where

(1) U is either G 0 with finitely many sets {xi,j}, {yk}∪Xk , {zl} ‘removed’

(2) or U consists of finitely many sets {xi,j}, {yk} ∪ Xk , {zl} ‘added’

18



The example: f ∗ χB /∈ Jalg

Since F is finite, there exists some K ∈ N larger than any ‘added’ or

’removed’ indices
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The example: f ∗ χB /∈ Jalg

Since F is finite, there exists some K ∈ N larger than any ‘added’ or

’removed’ indices

Above the ‘Kth level’, any V ∈ F looks either empty (type (ii)) or a like

a full bisection (type(i)). 18



The example: f ∗ χB /∈ Jalg

Recall: g =
∑

V∈F cVχV . Let i ≥ K . Then

0 6= g(yi )

=
∑

V=((g ,0),U)
g∈F2,U type (i)

cV =
∑
g∈F2

∑
V=((g ,0),U)
U type (i)

cV =
∑
g∈F2

g((g , 0), zi )
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The example: f ∗ χB /∈ Jalg

Recall: g =
∑

V∈F cVχV . Let i ≥ K . Then

=⇒ there exists some g such that g((g , 0), zi ) 6= 0

=⇒ g /∈ Jalg .
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The example: f ∗ χB /∈ Jalg

Recall: g =
∑

V∈F cVχV . Let i ≥ K . Then

=⇒ there exists some g such that g((g , 0), zi ) 6= 0 =⇒ g /∈ Jalg .

This completes the proof that f ∗ χB /∈ Jalg .
18



Remarks

• We also have a minimal and effective counterexample, the

construction is more involved but the basic strategy is the same.

• Like the bundle of groups example, this groupoid is also

non-amenable, which is necessary for ‘scattering’ to C∗-converge.

• Our strategy never gives Jalg = 0: there is always a compact open

U ⊆ B intersecting s(supp f), so supp f ∗ χU ∈ Jalg .

In particular, this is still open:

Question 1: Does Jalg = 0 imply J = 0?
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