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Inverse semigroups

De�nition

A semigroup S is called an inverse semigroup if for any s ∈ S , there
exists a unique element s−1 ∈ S for which

ss−1s = s, s−1ss−1 = s−1.

Inverse semigroups form a variety in the signature (2,1).

The canonical example

The set of partial one-to-one maps on a set A under composition and

inverse: the symmetric inverse monoid SIM(A).

Nóra Szakács The simplicity of Katsura algebras AAA109, Ljubljana 2 / 18



Inverse semigroups

De�nition

A semigroup S is called an inverse semigroup if for any s ∈ S , there
exists a unique element s−1 ∈ S for which

ss−1s = s, s−1ss−1 = s−1.

Inverse semigroups form a variety in the signature (2,1).

The canonical example

The set of partial one-to-one maps on a set A under composition and

inverse: the symmetric inverse monoid SIM(A).

Nóra Szakács The simplicity of Katsura algebras AAA109, Ljubljana 2 / 18



Inverse semigroups

De�nition

A semigroup S is called an inverse semigroup if for any s ∈ S , there
exists a unique element s−1 ∈ S for which

ss−1s = s, s−1ss−1 = s−1.

Inverse semigroups form a variety in the signature (2,1).

The canonical example

The set of partial one-to-one maps on a set A under composition and

inverse: the symmetric inverse monoid SIM(A).

Nóra Szakács The simplicity of Katsura algebras AAA109, Ljubljana 2 / 18



Graph inverse semigroups

Let E be a �nite digraph with no sinks.

Each edge e has a source s(e) and range r(e).

E 0: vertices; E 1: edges; E ∗: �nite paths; Eω: in�nite paths

The inverse semigroup

SE ≤ SIM(Eω)

is generated by E 0 ∪ E 1,

where

v = idvEω for v ∈ E 0

e : r(e)Eω → eEω

p 7→ ep

for e ∈ E 1
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Graph inverse semigroups

Alternatively, SE can be de�ned by the following inverse semigroup

presentation:

Generators: E 0 ∪ E 1

Relations:

(i) uv =

{
u if u = v

0 if u ̸= v

(ii) e−1f =

{
r(e) if e = f

0 if e ̸= f

(iii) s(e)e = er(e) = e

SE has a normal form:

SE = {pq−1 : p, q ∈ E ∗, r(q) = r(p)} ∪ {0}

Nóra Szakács The simplicity of Katsura algebras AAA109, Ljubljana 4 / 18



Graph inverse semigroups

Alternatively, SE can be de�ned by the following inverse semigroup

presentation:

Generators: E 0 ∪ E 1

Relations:

(i) uv =

{
u if u = v

0 if u ̸= v

(ii) e−1f =

{
r(e) if e = f

0 if e ̸= f

(iii) s(e)e = er(e) = e

SE has a normal form:

SE = {pq−1 : p, q ∈ E ∗, r(q) = r(p)} ∪ {0}

Nóra Szakács The simplicity of Katsura algebras AAA109, Ljubljana 4 / 18



Inverse semigroup algebras

Let S be a nontrivial inverse semigroup with a 0, and K a �eld.

The contracted semigroup algebra KS consists of �nite linear

combinations of nonzero elements of S over K . It is

a vector space over K with basis S \ {0},
equipped with a multiplication by extending the multiplication on S
linearly, identifying the 0 of S and of K .

It follows that (KS ,+, · ) is a (not necessarily unital) ring. In particular

one can ask when it is simple.

Note: A congruence ∼ on S de�nes a quotient KS → K (S/ ∼), so if KS
is simple then S is congruence-free.
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Algebras of graph inverse semigroups

Recall: SE = {pq−1 : p, q ∈ E ∗, r(q) = r(p)} ∪ {0} acts on Eω.

This linearly extends to an action of KSE on KEω.

In the example:

SE is congruence free.

But

ee−1+ ff −1∼ iduEω = u

So the action of KSE is

non-faithful =⇒ KSE is

not simple.
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Algebras of graph inverse semigroups

Recall: SE = {pq−1 : p, q ∈ E ∗, r(q) = r(p)} ∪ {0} acts on Eω.

This linearly extends to an action of KSE on KEω.

The tight ideal of KSE is

TK := ⟨v −
∑

s(e)=v

ee−1⟩ ◁ KSE ,

and coincides with the kernel of the action on KEω.

KSE/TK is known as the Leavitt path algebra of E , denoted LK (E ).

Completing CSE/TC in a particular norm, we obtain the graph C ∗-algebra
C ∗(E ).

Fact: the simplicity of LK (E ) for any �eld, and of C ∗(E ) coincide and can

be characterized in terms of the graph E . When SE is congruence-free,

LK (E ) is simple.
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Simplicity

The notion of the tight ideal generalizes to any inverse semigroup.

For some time it was open whether there is a congruence free inverse

semigroup S such that KS/TK is nonsimple for some �eld K . The �rst

example is due to [Exel, Clark, Pardo, Sims, Starling, 2019].

Theorem (Steinberg, Sz., 2021)

Let S be a congruence-free inverse semigroup with 0. Then the singular

ideal IK ◁ KS is the unique maximal ideal of KS . In particular, KS/IK is

simple.

IK = {a ∈ KS : ∀e ∈ E (S) ∃0 ̸= f ≤ e s.t. af = 0}

Note: TK ◁ IK ; and if S is congruence-free, then KS/TK is simple i�

TK = IK . In general, this is not easy to check.
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Applications

There are other important classes of (C ∗-)algebras which arise as

(completions of) tight quotients of inverse semigroup algebras.

In some such classes, simplicity has been classi�ed through understanding

when TK = IK :

K -algebras associated to contracting self-similar groups [Steinberg, Sz.,

2022], extended to their C ∗-completions by [Gardella, Nekrashevych,

Steinberg, Vdovina, 2025]

K -algebras and C ∗-algebras associated to contracting self-similar

groupoids [Aakre, 2025]

Katsura algebras [Aakre, Sz., 2026+]
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Katsura algebras

Katsura algebras are an important class of C ∗-algebras; we also consider

their K -algebra analogues.

A Katsura algebra is associated to a

�nite directed graph E with no sinks

and a mapping B : E 0 × E 0 → Z such that B(u, v) = 0 when E has

no u → v edges.

We shall de�ne an inverse semigroup SE ≤ SE ,B ≤ SIM(Eω).

The (faithful) Katsura K -algebra is KSE ,B/TK , and the (faithful) Katsura

C ∗-algebra is the completion of the complex algebra in a particular norm.

(This de�nition follows [Hume, Whittaker, 2025].)

TK := ⟨v −
∑

s(e)=v

ee−1⟩ ◁ KSE ,B ,
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no u → v edges.

We shall de�ne an inverse semigroup SE ≤ SE ,B ≤ SIM(Eω).

The (faithful) Katsura K -algebra is KSE ,B/TK , and the (faithful) Katsura

C ∗-algebra is the completion of the complex algebra in a particular norm.

(This de�nition follows [Hume, Whittaker, 2025].)

Remark: there is also an �unfaithful� Katsura algebra, which always

quotients onto the faithful one, and is thus a less interesting candidate for

simplicity.
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De�nition by example

Let v ∈ E 0.

We de�ne an action of Z on vEω, the action

of 1 corresponding to a map gv .
For each p ∈ vEω, n ∈ Z, gn

v (p) ∈ vEω has

the same vertex sequence (ie. coloring) as p.

p := b0r1ℓ0b0r2 . . . ↔ 01002 . . .

We display p as a sequence of numbers on a

`water meter' (�rst digit has least value):

0,1 0,1,2 0 0,1 0,1,2

0 1 0 0 2 . . .

Each digit is on a dial, whose size is the

number of edges of that color. When a dial

completes a full rotation, the next dial is

incremented.
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De�nition by example

We calculate the path gn
v (p) by pumping n

units of water through the meter.

g9
v (b0r1ℓ0b0r2 . . .) =

b1r2ℓ0b1r2 . . .

0,1 0,1,2 0 0,1 0,1,2

0 1 0 0 2 . . .

9 4 1

9+ 0 = 4 · 2+ 1

4+ 1 = 1 · 3+ 2

1+ 0 = 1 · 1+ 0

1+ 0 = 0 · 2+ 1
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One more example

We calculate the path gn
v (p) by pumping n

units of water through the meter.

g9
v (b0r1ℓ0b0r2 . . .) =

b0r1ℓ0b0r2 . . . = p

0,1 0,1,2 0 0,1 0,1,2

0 1 0 0 2 . . .

9 4 1 18

9 · 2+ 0 = 9 · 2+ 0

9 · 3+ 1 = 9 · 3+ 1

9 · 2+ 0 = 18 · 1+ 0

18 · 2+ 0 = 18 · 2+ 0
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The inverse semigroup SE ,B

Recall: SE = {pq−1 : p, q ∈ E ∗, r(q) = r(p)} ∪ {0} ≤ SIM(Eω)

De�ne SE ,B := ⟨gv : v ∈ E 0, SE ⟩ ≤ SIM(Eω).

Note: gv can have �nite order.

o(gv ) = o(gu) = ∞ o(gv ) = 2, o(gu) = 3 o(gv ) = o(gu) = 1

Remark: the order of gv is computable in polynomial space on input E
and B . [Aakre, Sz., 2026+]
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Self-similarity

Recall our previous computation:

g9
v (b0r1ℓ0b0r2 . . .) =

b1g
4
u (r1ℓ0b0r2 . . .)

0,1 0,1,2 0 0,1 0,1,2

0 1 0 0 2 . . .

9 4 1

9 · 1+ 0 = 4 · 2+ 1

Hence: g9
v (b0q) = b1g

4
u (q) for any q, i.e.

`append b0 to q, then apply g9
v ' = apply g4

u to q, then append b1'.

So

g9
v b0 = b1g

4
u in SE ,B .
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Normal form

More generally, if the u → v edges are e0, . . . eA(u,v)−1, then

gn
v ei = ejg

m
u where nB(u, v) + i = mA(u, v) + j (1)

In particular, SE ,B is �nitely presented by the relations:

de�nining SE

g
o(gv )
v = v for v ∈ E 0

(1) for u, v ∈ E 0, 1 ≤ i ≤ A(u, v), n = 1.

It also follows that

SE ,B = {pgn
v q

−1 : r(p), r(q) = v} ∪ {0}.

If we further restrict n between 0 and o(gv ) whenever the order is �nite,

then the above is a normal form.
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Simplicity results

Recall: the (faithful) Katsura K -algebra is KSE ,B/TK , the C ∗-algebra is a

completion of the complex algebra.

It follows from [Munday, Kwasniewski, 2025] and [Steinberg, Sz. 2021] that a

Katsura K -algebra is simple i� LK (E ) is simple and TK = IK in KSE ,B .

Theorem (Aakre, Sz., 2026+)

Let E be a �nite graph.

The simplicity of the Katsura K -algebra does not depend on the �eld.

The simplicity of the complex Katsura algebra and coincides with the

simplicity of the C ∗-algebra. Relies on [Gonzales, Hume, 2025]

There is a polynomial space algorithm which on input E and B
decides if TK = IK in KSE ,B .

Remark: we prove similar results for the `unfaithful' Katsura algebras;

these are much easier to obtain.
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