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The influence of gravity on the steady propagation of a semi-infinite bubble
into a flexible channel
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Motivated by discrepancies between recent bench-top experiments 关A. Juel and A. Heap, J. Fluid
Mech. 572, 287 共2007兲兴 and numerical simulations 关A. L. Hazel and M. Heil, ASME J. Biomech.
Eng. 128, 573 共2006兲兴 we employ computational methods to examine the effects of transverse
gravity on the steady propagation of a semi-infinite, inviscid air finger into a two-dimensional elastic
channel filled with a Newtonian fluid. The special case of propagation in a rigid channel is also
discussed in Appendix B. The coupled free-surface, fluid-structure-interaction problem is solved
numerically using the object-oriented multiphysics finite-element library OOMPH-LIB. In the absence
of gravity the relationship between the applied pressure and the propagation speed of the finger is
nonmonotonic, with a turning point at small values of the propagation speed. We demonstrate that
the turning point disappears when a modest gravitational force is applied and conjecture that it is
this effect of gravity rather than any instability of the zero-gravity solution, as postulated in previous
studies, that explains why the turning point has never been observed in experiments. At large
propagation speeds, the presence of transverse gravity is shown to increase the pressure required to
drive the air finger at a given speed, which is consistent with the observed discrepancies between
previous zero-gravity simulations and the experimental results. Finally, we briefly discuss the
possible implications of our results for the physiological problem of pulmonary airway
reopening. © 2008 American Institute of Physics. 关DOI: 10.1063/1.2982520兴
I. INTRODUCTION

We consider the steady propagation of a semi-infinite air
finger into a two-dimensional elastic channel filled with a
Newtonian fluid, a model problem motivated by the desire to
understand the mechanisms underlying pulmonary airway
reopening.
The airways of the lung are elastic vessels normally
lined by a thin film of viscous fluid. The smaller airways are
prone to a fluid-elastic instability that results in the collapse
of the vessel wall and redistribution of the lining fluid. The
end result is a blockage of the lumen, the air-conveying core
of the airway.1 Under normal physiological conditions, airway closure only occurs toward the end of forced expiration,
and the blocked airways reopen during early inspiration.
However, many pulmonary diseases, including respiratory
distress syndrome, emphysema, and pulmonary edema, increase the likelihood of airway closure and, in addition,
make it more difficult to reopen the collapsed vessels.2,3 If
the airways remain closed for a significant fraction of the
breathing cycle the efficiency of the lungs is reduced and gas
exchange is compromised. Once occluded, therefore, the airways must be reopened as quickly as possible but without
causing damage to the delicate lung tissue.
Airway reopening is believed to occur through the
propagation of an air finger into the collapsed fluid-filled
region, a mechanism that also occurs at the “first breath”
when air displaces the fluid that fills the lungs of a newborn
baby. Gaver et al.4 conducted the first experimental model
study of airway reopening by considering the propagation of
an air finger into a fluid-filled, thin-walled polyethylene tube.
1070-6631/2008/20共9兲/092109/13/$23.00

One result of the experiments was a characterization of the
propagation speed of the bubble, U, as a function of the
applied bubble pressure pⴱb. As U decreased, pⴱb also decreased and appeared to approach a finite value as U → 0,
which was interpreted as the minimum pressure required to
generate bubble motion: the yield pressure.
Subsequently, motivated by the large aspect ratio of the
experimental system, Gaver et al.5 developed a twodimensional model of steady airway reopening in the absence of gravitational forces and fluid inertia. The airway
was modeled as an infinite channel with flexible walls under
an applied axial tension and supported by linearly elastic
springs. Inside the channel, it was assumed that an inviscid,
semi-infinite air bubble at pressure pⴱb advanced at a constant
speed U, displacing a Newtonian fluid with viscosity . The
surface tension at the air-fluid interface was assumed to be a
constant ␥ⴱ and the capillary number Ca= U / ␥ⴱ was used
as a dimensionless measure of the propagation speed of the
bubble.
In contrast to the experimental results, the model predicted a two-branch behavior in the relationship between the
bubble speed and applied bubble pressure. At high speeds
共large Ca兲, the bubble speed increased monotonically with
applied bubble pressure, as observed experimentally. As the
capillary number decreased, however, a minimum was
reached below which the applied bubble pressure began to
increase again, growing without bound as the speed tended
to zero. The explanation for this behavior is that at low Ca a
large volume of fluid is “pushed” ahead of the bubble tip and
the system behaves as though the bubble was propagating
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into a rigid channel but with the additional constraint that the
film thickness around the bubble is set by the level of collapse far ahead of the bubble tip. In the rigid system, the
ratio of film thickness to the channel width tends to zero as
the capillary number decreases6 and thus, in order to conserve mass in the elastic system, the channel width, and
hence the bubble pressure, must increase. The above argument is independent of the spatial dimension and, indeed, a
similar two-branch behavior was also found in the equivalent
three-dimensional model system: a semi-infinite bubble
propagating into an elastic tube.7
Extensions to the two-dimensional model have examined
the effects of surfactant, and hence nonuniform surface tension at the interface,8 fluid inertia,9 and the effects of the
reopening process on the epithelial cells that line the airway
walls.10 Halpern et al.11 investigated the stability of the
steady reopening process in the two-dimensional model and
found that the low-Ca 共pushing兲 branch was unstable when
the bubble pressure or volume flux was prescribed. Halpern
et al.11 suggested that the instability of the pushing branch
was the reason why it has not been observed in experiments.
More recently, Juel and Heap12 conducted an experimental study of the reopening of a fluid-filled elastic tube with
sufficiently thick walls that bending effects could not be neglected. A direct comparison of their experimental results
with computational results from the three-dimensional model
of Hazel and Heil13 revealed significant differences. The numerical results consistently underpredicted experimentally
measured bubble pressures and, as in the experiments of
Gaver et al.,4 there was no evidence of two-branch behavior
in the experimental data. Moreover, the domain shapes were
obviously affected by the presence of gravity in the experimental system, a physical effect that was neglected in the
numerical simulations. On the basis of these observations,
Juel and Heap12 conjectured that gravitational effects were
largely responsible for the difference between the two sets of
results.
Motivated by Juel and Heap’s12 work, we wish to assess
the effects of gravity on the system and, for simplicity, we
shall perform our study with the two-dimensional model
problem used in many previous investigations.
II. THE MODEL

A semi-infinite air bubble propagates at a constant speed
U into a flexible channel containing an incompressible Newtonian fluid with density  and dynamic viscosity . The
pressure within the bubble is pⴱb and the 共constant兲 surface
tension at the air-liquid interface is ␥ⴱ, see Fig. 1.
The channel walls are modeled by two prestressed elastic beams with thickness h and the walls are connected by
ⴱ
and natural length 2H.
linear springs with stiffness Kspring
The distance H is chosen to be our reference length scale and
the problem is formulated in dimensionless Cartesian coordinates, x = 共x1 , x2兲 = xⴱ / H. Throughout this paper an asterisk
is used to denote dimensional quantities, as opposed to their
dimensionless equivalents. The treatment of the springs is
conceptually different from that of previous models,5,9 in
which the walls were supported externally by the linear
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FIG. 1. 共Color online兲 An air bubble with internal pressure pⴱb propagates at
a constant speed U into a flexible channel formed by two beams connected
ⴱ
and each prestressed by an axial force
by linear springs with stiffness Kspring
T. The channel contains incompressible Newtonian fluid with density  and
dynamic viscosity  and the surface tension at the air-liquid interface is a
constant ␥ⴱ. Far ahead of the bubble tip, the channel width approaches the
natural length of the springs, 2H. Far behind the bubble tip, the channel
opens to a width 2Wⴱ. The entire system is under the influence of a gravitational force with magnitude g that acts in a direction normal to the direction of bubble propagation and the system rests on a table located at x2 = 0.

springs and the spring deformation was measured from a
fixed coordinate 共x2 = 1兲. In the present context, the spring
extension depends only on the distance between the two
walls and not their absolute position in the global coordinate
system, but the results of the two models are identical in the
absence of gravity, see Fig. 6 below.
The bubble propagates in the positive x1 direction and a
constant gravitational body force with magnitude g acts on
the system. We restrict attention to the case in which gravity
acts in a direction normal to the direction of bubble propagation, as in the experiments. Far ahead of the bubble tip the
fluid is at rest and the channel walls are separated by the
natural length of the springs, 2H. The external 共pleural兲 pressure is chosen to be our reference pressure and is set to zero.
A. Fluid equations

We nondimensionalize the fluid velocity by the propagation speed of the bubble, u = uⴱ / U, and the fluid pressure on
the viscous scale, p = pⴱ / 共U / H兲. In a frame moving with
the constant velocity of the bubble 共U , 0兲, the motion of the
fluid is governed by the dimensionless steady Navier–Stokes
equations
Re u j

冉

冊

 ui
Bo
p
  ui  u j
ki ,
=−
+
+
+
Ca
xj
 xi  x j  x j  xi

共1兲

and the equation of continuity

uj
= 0.
xj

共2兲

The indices take the value i = 1 , 2 and we use the Einstein
summation convention. The unit vector k = 共0 , −1兲 indicates
the direction of the gravitational body force. The dimensionless groups in Eq. 共1兲 are the Reynolds number Re
= UH /  共the ratio of fluid inertial forces to viscous forces兲,
the capillary number Ca= U / ␥ⴱ 共the ratio of viscous forces
to surface-tension forces兲, and the Bond number Bo
= gH2 / ␥ⴱ 共the ratio of gravitational forces to surface tension兲. The dimensionless grouping Bo/ Ca= gH2 / U that
occurs in Eq. 共1兲 is the ratio of gravitational forces to viscous
forces.
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B. Wall equations

The channel walls are modeled as prestressed elastic
beams with thickness h, connected by linear springs with a
ⴱ
. The undeformed system consists of
spring stiffness Kspring
two parallel beams separated by a vertical distance of 2 so
that the springs are vertical and at their rest length.
Geometrically nonlinear beam theory is used to describe
the deformation of the channel walls.14 Material lines normal
to the undeformed centerline are assumed to remain unstretched and normal to the centerline during the deformation; hence, the position of the centerline is sufficient to describe the deformation of the beam. In the global Cartesian
coordinate system, the undeformed centerlines are located at
R关u兴 = R关u兴ⴱ/H = 共,2兲
R关l兴 = R关l兴ⴱ/H = 共,0兲

共upper wall兲,
共lower wall兲,

and each centerline is parametrized by a single Lagrangian
coordinate,  = ⴱ / H.
Working in a frame moving with the constant velocity of
the bubble tip is equivalent to working in Lagrangian
traveling-wave coordinates,  =  − t, where t = tⴱU / H. The
position of the walls is then given by
关u兴
R关u兴共,t兲 = R关u兴共兲 = 关r关u兴
1 共兲,r2 共兲兴,
关l兴
R关l兴共,t兲 = R关l兴共兲 = 关r关l兴
1 共兲,r2 共兲兴.

The beams are prestressed by a force T, which generates
an initial tension ⴱ0 = T / h, and we assume that the additional
strains induced by subsequent deformations are sufficiently
small to justify the use of an incrementally linear constitutive
equation. Thus, the dimensionless second Piola–Kirchhoff
stress is given by  = ⴱ / E = 0 + ⑀, where E is the incremental Young modulus 共a linear approximation to the stressstrain relationship of the system after the application of the
initial tension兲 and ⑀ is the Green–Lagrange centerline strain,
see Eq. 共4兲.
The principle of virtual displacements states that external work generated by the virtual displacement of an elastic
body must be equal to the virtual change in its strain energy.
Under the above assumptions the variational principle for the
upper wall takes the form

冕冋
⬁

共0 + ⑀关u兴兲␦⑀关u兴 +

−⬁

=

H
h

冕

⬁

−⬁

冉冊

1 h
12 H

2

册

关u兴␦关u兴 d

关u兴 2
关u兴 2
f关u兴 · ␦R关u兴冑共r1,
兲 + 共r2,兲 d

共3兲

after analytic integration through the thickness of the beam.
The subscript  denotes differentiation with respect to the
Lagrangian traveling-wave coordinate . In the above, ⑀关u兴 is
the Green–Lagrange centerline strain

⑀关u兴 =

1
2

冉冏 冏 冊
 R关u兴


2

1 关u兴 2
关u兴 2
− 1 = 关共r1,
兲 + 共r2,兲 − 1兴,
2

共4兲

关u兴 is the dimensionless change of curvature of the centerline

关u兴 =

关u兴 关u兴
关u兴 关u兴
r2,
r1, − r1,r2,

冑共r1,关u兴兲2 + 共r2,关u兴兲2

共5兲

,

and f关u兴 = f关u兴ⴱ / E is the nondimensional traction acting on the
wall. Thus, the first two terms in Eq. 共3兲 represent the change
in internal strain energy due to stretching and bending, respectively, and the final term is the work done by the external
load acting on the deformed wall. An analogous equation
governs the deformation of the lower wall.
The load on the upper wall may be decomposed into the
contribution from the fluid, the contribution from the linear
springs, and the contribution from the mass of the wall, f关u兴
关u兴
= ffluid + fspring + fwall
. The spring at the material point  in the
upper wall is connected to the material point  in the lower
wall and remains attached to the same two points during the
deformation; its position is thus described by the vector
Dspring共兲 = R关l兴共兲 − R关u兴共兲, and
fspring =

ⴱ
H 共兩Dspring兩 − 2兲 Dspring
Kspring
.
2
E
兩Dspring兩

The load on the lower wall may be decomposed into four
关l兴
contributions, f关l兴 = ffluid − fspring + fwall
+ ftable. The load from
the linear springs acts in the opposite direction on the lower
wall and there is an additional load due to the presence of a
table, which is simulated by means of a large penalty force
applied in the positive x2 direction when the position of the
lower wall falls below the location of the table at x2 = 0. The
value of the force used in the computations was typically
ⴱ
H / E and it was confirmed that increasing the pen2000Kspring
alty force did not affect the results.
The fluid load on the walls is given by
ffluid =

U
兵pN − 关u + 共u兲T兴 · N其,
HE

共6兲

where N is the unit normal to the deformed wall directed out
of the fluid. The dimensionless grouping that multiplies the
fluid load may be written as

U U ␥ⴱ
=
= Ca ␥ ,
HE ␥ⴱ HE
where ␥ = ␥ⴱ / HE is the ratio of surface tension to the extensional stiffness of the channel walls.
The dimensional force due to the mass of the wall is
obtained by integrating the force generated by the acceleration of the wall and the gravitational body force wg through
the thickness of the wall and, so after nondimensionalization,
we have
关u/l兴
=
fwall

冉 冊冉 冊 冋
w


册

2R关u/l兴
h
␥ Re Ca
+ Bok ,
H
2

where w is the density of the wall. Typically the density
ratio 共w / 兲 will be of order 1, but we assume that h / H is
sufficiently small that the contribution to the total force due
to the mass of the wall may be neglected.
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C. Boundary conditions
1. Air-liquid interface

In the moving frame, the kinematic condition on the airliquid interface is a nonpenetration condition,
共7兲

uini = 0,

where n is the 共outer兲 unit normal to the interface, and the
dynamic boundary condition is
− pni +

冉

冊

1
 ui  u j
+
nj +
 n i = − p bn i ,
Ca
 x j  xi

共8兲

where pb is the dimensionless pressure of the air in the finger
and  = ⴱH is the dimensionless curvature of the interface.
2. Channel walls

The no-slip boundary condition on the walls implies that
the fluid velocity at the wall must be equal to the local wall
velocity in the moving frame

u=

冦

 R关u兴
, upper wall,

 R关l兴
−
, lower wall.


−

冧

共9兲

We truncate the computational domain at finite distances
from the finger tip so that l ⱕ  ⱕ r. The ends of the wall are
fixed in the axial direction but remain free to move vertically
except for the left-hand end of the lower wall, which is fixed
at  = l to prevent rigid body motions.
Sufficiently far from the finger tip in the moving frame,
the fluid will have uniform velocity u1 = −1, corresponding to
zero velocity in a fixed frame and the fluid pressure will be
hydrostatic,  p / x2 = −Bo/ Ca. Applying these conditions directly requires the computational domain to be extremely
long in order to avoid end effects, particularly at low capillary numbers. We find that accurate results can be obtained in
smaller domains, however, if we assume that variations in
the axial direction are gentle enough that a long-wavelength
approximation is valid at the ends of the domain. Far ahead
of the finger tip, the Navier–Stokes equations then reduce to
a one-dimensional equation for the axial component of
velocity,
共10兲

subject to the no-slip boundary conditions at the walls. As
 → ⬁ the channel width approaches the rest length of the
springs, 2, and the velocity approaches uniform 共plug兲 flow
u1 = −1. The mass flux is thus Q = −2, which is imposed as a
constraint at the finite distance  = r,

冕

u1兩=rdx2 = − 2.

 2u 1
= 0,
 x22

共12兲

where the pressure gradient is assumed to be negligible and
the boundary conditions are no-slip on the channel walls and
the 共natural兲 boundary condition on the air-liquid interface is

 u1
= 0.
 x2
Again, the resulting axial velocity is imposed as a Dirichlet
boundary condition and a consistent transverse traction is
applied.
D. Numerical methods

3. “End” conditions

 2u 1
= G,
 x22

共10兲 is imposed as a Dirichlet condition for the axial velocity
component and a traction consistent with the imposed velocity field is applied in the transverse direction.
Far behind the finger tip, the Navier–Stokes equations
again reduce to a one-dimensional equation for the axial
component of velocity,

共11兲

Constraint 共11兲 is used to determine the unknown constant
axial pressure gradient G in Eq. 共10兲. The solution of Eq.

The coupled set of equations that defines the system was
solved numerically by the object-oriented multiphysics library OOMPH-LIB15 using a finite-element method. The wall
equations were discretized by Hermite beam elements, in
which the unknown positions are approximated by cubic
polynomials within each element and the position and its
derivative with respect to the Lagrangian coordinate are continuous between elements. The fluid equations were discretized using isoparametric Q2 P−1 finite elements,16 which
use a bilinear approximation for the pressure and a biquadratic approximation for the global Cartesian coordinates and
fluid velocity components. The velocity components and coordinates are continuous between elements, but the pressure
may be discontinuous across element boundaries.
The fluid domain deforms in response to changes in the
position of the channel walls and also to changes in the position of the air-liquid interface. The deformation is treated
numerically by using a sparse node-update technique, a generalization of Kistler and Scriven’s17 “method of spines.” A
continuous field of unit vectors, the spines, is defined and the
nodes are positioned at fixed fractions of the “height” of the
fluid domain measured in the direction of these spines, as
shown in Fig. 2. In general, both the spine heights and spine
directions vary as functions of the variables in the problem.
The fluid domain is split into three regions, see Fig. 2. In
region III,  ⱖ 0, there is no air-liquid interface. The spines
are defined by the vectors that connect the points in the two
channel walls at the same Lagrangian coordinate. In regions
I and II,  ⬍ 0, the presence of the interface must be taken
into account. The interface position in the global Cartesian
coordinate system is given by
R fs共s兲 = ⌳共s兲 + h共s兲S共s兲,
where s is a surface coordinate. Here, ⌳共s兲 is a reference
surface defined by the channel walls in regions I and II and
the straight line that connects the points  = 0 in each wall
共the dividing line between regions II and III兲; h共s兲 is the
distance of the interface from the reference surface and S共s兲
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validation was provided by a high-resolution study 共approximately 105 000 degrees of freedom兲 for nontrivial Bond and
Reynolds numbers. The resulting bubble pressures at Ca= 2,
Bo= 0.5, and Re= 15, corresponding to the extremal point in
Fig. 10共b兲, differ by less than 0.2%.

B
ζ=0

III. RESULTS

C

h
A
I

ζ=0
II

III

FIG. 2. Illustration of the spine-based, node-update technique used to deform the fluid domain in response to changes in the positions of the channel
walls and the air-fluid interface. In region III, the spines are vectors that
connect points at the same Lagrangian coordinate in the two channel walls.
In region II, the spines are directed from the channel walls, or the line
connecting the material points at  = 0, to the point C. In region I, the spines
are oriented vertically.

is the field of spines. In contrast to the situation in region III
where the chosen distance can be determined from the wall
positions, the distance h共s兲 is an unknown in the problem. In
region II, the spines are all directed to a fixed point, C, a
chosen fraction of the distance between two specified points
on the channel walls, A and B in Fig. 2. In region I, the
spines are vertical and directed toward the center of the
channel.
The unknown function h共s兲 is approximated by piecewise quadratic polynomials and the resulting discrete values
are found from the weak form of kinematic boundary condition 共7兲. The dynamic boundary condition 共8兲 is incorporated
into the weak form of the fluid momentum equation on integration by parts.18 Finally, the translational invariance of the
problem is removed by fixing the position of the finger tip, a
constraint that is used to determine the unknown bubble
pressure.
The coupled system described above is assembled and
solved by a fully coupled 共monolithic兲 Newton method. A
suitable initial guess is obtained by solving an approximation
to the problem of bubble propagation in a rigid channel,
ⴱ
to a high value, and replacing
achieved by setting Kspring
boundary conditions 共10兲 and 共11兲, applied far ahead of the
finger tip, by u2 = 0 and p = −Bo/ Ca x2. An initial bubble
shape of two parallel lines connected by a semicircular cap is
sufficient to obtain a converged solution at Ca= 0.05. Next,
the boundary conditions far ahead of the finger tip are
changed back to Eqs. 共10兲 and 共11兲, but the 共unrestricted兲
flux from the converged “rigid” solution is applied as the
right-hand side in constraint 共11兲; G is then computed as part
of the next solution. From this “second” solution simple parameter continuation is used to extend the computations to
the desired regions of parameter space.
In typical computations, the computational domain extended from −300ⱕ  ⱕ 150 and the system consisted of approximately 50 000 degrees of freedom. Code validation involved a comparison with the symmetric, zero-Bond-number
calculations of Heil,9 see Figs. 6 and 10 below, and further

Although simplified, our model involves a large number
of dimensionless parameters. In the interest of brevity, we
shall concentrate on the effects of varying the Bond number
Bo= gH2 / ␥ⴱ 共the ratio of gravitational to surface-tension
forces兲, which is estimated to lie in the range 0.08ⱕ Bo
ⱕ 0.12 for the experiments of Gaver et al.4 and Perun and
Gaver;19 in contrast, Bo⬇ 1 in the experiments of Juel and
Heap.12
Unless stated otherwise, the results are obtained using
the same parameter values as Heil,9 which, in turn, correspond to those of the “basic state” defined by Gaver et al.5
The ratio of the wall tension to surface tension is

=

T ⴱ0h 0h
= 100,
=
=
␥ⴱ ␥ⴱ
␥H

and the ratio of spring stiffness to surface tension is
⌫=

ⴱ
H2
Kspring
= 0.5.
␥ⴱ

The ratio of surface tension to extensional stiffness of the
wall is ␥ = 10−7, and the wall thickness h / H is 5 ⫻ 10−4,
which ensures that bending effects are weak and that the
mass of the channel walls can be neglected.
The effects of varying the parameters, , ⌫, ␥, and h / H
are essentially unaffected by the inclusion of gravity and are
comprehensively discussed by Gaver et al.4 and Heil.9
A. Gravitational effects

The most dramatic effect of gravity is its influence on
the shape of the domain. Figure 3 shows the domain shapes,
streamlines, and fluid pressure contours at a fixed capillary
number, Ca= 2.5, as the Bond number is increased. For Bo
= 0, the system is symmetric and the results are in agreement
with previous calculations.5,9 The fluid pressure is approximately uniform across the channel and the lowest pressure is
attained in a “neck” region just ahead of the bubble tip. For
nonzero Bond numbers, the symmetry is broken by the presence of gravity and the bubble is noticeably asymmetric with
an approximately horizontal lower surface. The lower channel wall drops onto the table apart from the neck region,
where the fluid pressure is sufficiently negative to lift the
wall above the table. As the Bond number increases, the
gravity-induced vertical pressure gradient increases and the
resulting increase in fluid pressure at the lower wall pushes
the wall onto the table. The neck region is still evident at the
upper wall, however, where the fluid pressure remains negative.
Along with the changes in domain shape, the increase in
gravitational forces causes a change in the pressure field
from a predominantly horizontal viscous pressure gradient to
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FIG. 5. 共Color online兲 Contours of fluid pressure and streamlines at a fixed
capillary number, Ca= 0.1, for Bond numbers Bo= 0, 0.05, 0.1, 0.15,
and 0.2.

FIG. 3. 共Color online兲 Contours of fluid pressure and streamlines at a fixed
capillary number, Ca= 2.5, for Bond numbers Bo= 0, 0.5, 1, and 1.5.

a predominantly vertical “hydrostatic” pressure gradient. In
terms of the overall behavior of the system, however, the
most important effect is the buoyant rise of the bubble within
the channel. This effect is more clearly presented in Fig. 4,
which shows the vertical thickness of the upper and lower
fluid films far behind the bubble tip plotted against the Bond
number for varying capillary numbers. At Bo= 0, the system

2

h[l]
1.5
Ca = 0.1
Ca = 1
Ca = 2.5

1

h[u]
0.5

0

0

0.5

1

1.5

Bo = ρgH 2 /γ ∗

FIG. 4. The vertical height of the fluid films deposited on the upper, h关u兴
共lower lines兲, and lower, h关l兴 共upper lines兲, channel walls measured at  = l
plotted as a function of the Bond number. The results are shown at three
different capillary numbers, Ca= 0.1, 1, and 2.5. In the absence of gravity,
the system is symmetric and h关u兴 = h关l兴 = 1.

is symmetric and both films are of thickness 1. As the Bond
number increases, the lower film thickens as the bubble rises
and because mass conservation implies that the sum of the
two film thicknesses must remain the same far behind the
bubble tip, the upper film thins, see Fig. 4. The influence of
gravity in the Navier–Stokes equations 共1兲 is represented by
the term 共Bo/ Ca兲k. The system will, therefore, be more sensitive to changes in the Bond number at small capillary numbers. The rapid change in film thickness with Bond number
at Ca= 0.1 is a direct result of this sensitivity.
The extreme sensitivity of the system to changes in the
Bond number at small capillary numbers is also demonstrated in Fig. 5, which shows channel shapes, streamlines,
and pressure contours at a smaller capillary number of Ca
= 0.1. The buoyant rise of the bubble is much more evident in
Fig. 5 than in Fig. 3. At Bo= 0, the system is symmetric and
a large volume of fluid is pushed ahead of the bubble tip.
Three stagnation points are located on the bubble surface:
one on the channel’s centerline and one at the end of each of
the two recirculation regions. Again, the inclusion of the
gravitational body force breaks the symmetry of the system
and the central and lower stagnation points move toward one
another with a consequent increase in the size of the upper
recirculation region. By Bo= 0.05 these two stagnation points
have merged, which causes the two recirculation regions
ahead of the tip to be replaced by a single one in the upper
half of the channel. The angle of the upper channel wall to
the horizontal increases and a vertical pressure gradient becomes noticeable. As the Bond number increases further, the
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FIG. 6. The bubble pressure pb plotted against capillary number Ca for
Bond numbers Bo= 0, 0.5, 1, 1.5, and 2, increasing in the direction of the
arrow. The data from the symmetric calculations of Heil 共Ref. 9兲 for Bo
= 0 are shown as markers.

bubble rises toward the upper channel wall, and the recirculation region becomes smaller, having disappeared completely by Bo= 0.2.
The sequence of changes in the topology of the flow
field with increasing Bo are consistent with the trends observed by Zheng et al.20 who studied the propagation of liquid plugs in rigid channels. They also found three stagnation
points on the advancing interface at Bo= 0 and observed that
the lower two moved closer together as the Bond number
increased. The Bond numbers at which the two stagnation
points merge are rather higher than in our study, however.
We now consider the behavior of the system under variations in the capillary number. Figure 6 shows the bubble
pressure, on the capillary scale, plotted against the capillary
number for five different Bond numbers, Bo= 0, 0.5, 1, 1.5,
2. The data of Heil9 for the case Bo= 0 are reproduced on the
figure and are in excellent agreement with our results; the
maximum relative error between his computations and ours
is less than 0.1%.
At high values of the capillary number, the buoyancy
term in the Navier–Stokes equations becomes negligible, see
above, and gravity has no dynamic effect on the system.
Nonetheless, the presence of the hydrostatic pressure gradient means that the fluid pressure will drop through the thickness of the film between the upper surface of the bubble and
the upper channel wall. Thus, in order to achieve the same
transmural pressure across the upper channel wall in the
presence of gravity, the bubble pressure must increase by Bo
h关u兴, where h关u兴 is the vertical thickness of the upper film. At
high values of Ca, the shape of the fluid domain becomes
approximately independent of the Bond number and h关u兴 approaches a constant, ultimately reaching the value of 1.
Hence, the pb-Ca curves are simply shifted vertically by a
constant amount. Naturally, as Bo increases, the value of Ca
at which the curves become parallel increases.
As the capillary number decreases, the bubble pressure
decreases. A striking feature of the results at nonzero Bond
number, compared to those at Bo= 0, is the absence of the
turning point and the consequent disappearance of the two-

branch behavior. The bubble pressures decrease monotonically and appear to approach finite nonzero values as Ca
→ 0, in agreement with the experimental results.4,12
In order to explain this behavior, we exploit the fact that
at small capillary numbers a large volume of fluid is pushed
ahead of the finger tip and the slope of the channel walls is
small, so that the finger propagates into an approximately
parallel-walled channel. Therefore, we expect the system’s
behavior to be similar to that of a long bubble propagating
into a rigid parallel-walled channel with the same width,
2Wⴱ. Bretherton’s6 analysis of that problem demonstrated
that at zero Bond number the relative film thickness 共the film
thickness divided by the channel width, hⴱ / Wⴱ兲 tends to zero
as Ca→ 0. This is because, in the absence of gravity, the
air-liquid interface at the finger tip approaches the static
equilibrium configuration in which a semicircular cap spans
the entire channel. In the elastic system, mass conservation
requires that the absolute film thickness must remain constant as the capillary number decreases. Because hⴱ / Wⴱ → 0
as Ca→ 0 the film thickness can only remain constant if the
channel inflates, which is the explanation for the development of the second branch in the pb-Ca curve at Bo= 0.
Jensen et al.21 determined the static equilibrium configuration of an air-liquid interface in a rigid channel in the presence of transverse gravity. They found that when the Bond
number 共based on the channel half-width兲 exceeds 1, it is
possible to obtain solutions in which the upper surface of the
bubble meets the upper wall but the lower surface remains
above the lower wall. The dimensionless width of these
“floating” static bubbles was found to be Wⴱb / H = 2冑1 / Bo,
where H is equal to the channel half-width; see Appendix A
for a summary of their theory. An alternative interpretation of
their result is that for a fixed Bond number once the channel
width is large enough, 2W = 2Wⴱ / H ⬎ 2冑1 / Bo, a film with
finite thickness remains on the lower wall as Ca→ 0. Thus, in
the elastic system, provided that W ⬎ 1 / 冑Bo, mass can be
conserved at a finite bubble pressure in the limit Ca→ 0.
Moreover, no matter how small the Bond number the channel width can always be increased beyond 1 / 冑Bo; in other
words, once gravitational forces are included the bubble
pressure remains finite as Ca→ 0. For small Bo, the channel
must increase in width at low Ca before it exceeds 1 / 冑Bo
and so a second branch is still present. If W remains greater
than 1 / 冑Bo for all capillary numbers, however, then a second branch will never develop, as seen in Fig. 6. We can
obtain an approximation for the value Boc at which the second branch disappears by assuming that the minimum possible channel width is the minimum channel width in the
absence of gravity, Wmin ⬇ 5, corresponding to pb min ⬇ 2.
Thus, the largest Bond number at which the second branch
can occur is determined by the condition Wmin ⬇ 5
⬇ 1 / 冑Boc and so Boc ⬇ 1 / 25= 0.04.
In order to examine the validity of this approximation
Fig. 7 shows the bubble pressures plotted against the capillary number for small values of the Bond and capillary numbers. There is still evidence of a pushing branch at Bo
= 0.05, but it appears to have vanished by Bo= 0.07. The
simulation results are presented for Caⱖ 0.1, a regime in
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FIG. 7. The bubble pressure pb plotted against capillary number Ca for
Bond numbers Bo= 0.05, 0.06, 0.07, 0.08, and 0.09, increasing in the direction of the arrow. Calculations based on bubble propagation in rigid channels predict the disappearance of the pushing branch at Bo⬇ 0.07.

which our standard spatial resolution is sufficient to resolve
the flow field completely. The extreme thinning of the fluid
films at even lower capillary numbers would require a higher
spatial resolution, but regardless of the spatial resolution
chosen it would never be possible to continue the computations to Ca= 0. Hence, we cannot rule out the possibility that
pushing behavior could develop at very low capillary numbers. Nonetheless, the prediction of Boc from the static result
in a rigid, parallel-walled channel is surprisingly close to the
value at which the turning point seems to disappear.
A yet more accurate approximation for Boc can be obtained by making use of the fact that Wmin occurs at a finite
capillary number, Ca⬇ 0.3. An estimate for Boc was found
by modifying the numerical approach so that it applied to the
problem of bubble propagation in a rigid, parallel-walled
channel, see Appendix B. At Ca= 0.3, for a given Bond number, a Newton method was used to find the channel width at
which the total dimensionless flow rate was 2, as required to
conserve mass in the elastic-walled problem. The Bond number for which the calculated channel width first exceeded
1 / 冑Bo was found to be Boc ⬇ 0.07, in excellent agreement
with the numerical results above. Indeed, it is remarkable
that the agreement is quite so good given that the inclusion
of gravity in the problem means that the upper channel wall
is generally not parallel to the lower wall, see Fig. 5. Note,
however, that the channel walls become closer to parallel as
the spring stiffness is increased and the results of the elastic
system approach the predictions of the rigid, parallel-wall
simulations with increasing accuracy.
B. Fixed lower wall

Our simulations show that the inclusion of gravity in the
system has two main effects: 共i兲 the overall symmetry of the
domain is broken because the lower wall rests on the table
and 共ii兲 the symmetry of the bubble’s position within the
channel is broken because the bubble rises toward the upper
wall. We attempt to disentangle these two effects by fixing
the lower channel wall at x2 = 0. We note that this problem, in

1
0

0.5

1

1.5
2
Ca = µU/γ ∗

FIG. 8. The bubble pressure pb plotted against capillary number Ca for
Bond numbers Bo= 0, 0.5, 1, and 1.5, increasing in the direction of the
arrow, in the case when the lower channel wall is fixed at x2 = 0 共dashed
lines兲 and the case when the lower channel wall is free 共solid lines兲.

the absence of gravity, was also considered by Jensen et al.22
who proposed that a no-slip boundary on the lower wall
would be a better model of the experimental system of Perun
and Gaver.19
Figure 8 presents pb-Ca curves for fixed and free lower
channel walls at Bo= 0, 0.5, 1, and 1.5. In general, fixing the
lower channel wall leads to a higher bubble pressure at a
given capillary number. At low capillary numbers, gravitational effects are dominant and the channel wall rests on the
table even when not fixed; hence the results are identical in
the two cases. As the capillary number increases, the unfixed
wall can lift off the table and the different geometries in the
two cases leads to the differences in bubble pressures. The
precise capillary number at which the results begin to differ
increases with increasing the Bond number because the unconstrained wall remains on the table for a greater range of
capillary numbers as the gravitational force increases.
In the case when the lower wall is fixed, the two-branch
behavior is still evident at Bo= 0, confirming that the disappearance of the second branch is a consequence of the buoyant rise of the bubble within the channel. The breaking of the
symmetry of the domain causes a modest increase in bubble
pressure but does not lead to a qualitative change in the
behavior of the system.
C. Inertial effects

In a typical experimental study the bubble pressure is
measured at a number of different flow rates and the Reynolds number will vary because it depends on the propagation speed of the bubble, U. The dimensionless parameter
formed by the ratio of the Reynolds and capillary numbers,
Re ␥ⴱH
=
,
Ca
2
is a material parameter, however, and remains constant for
any system that consists of a given fluid and a given elastic
channel. Thus, we shall use Re/Ca rather than Re to quantify
the effects of fluid inertia on the system.
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FIG. 9. The bubble pressure pb plotted against capillary number Ca for fixed
Bond numbers 共a兲 Bo= 0 and 共b兲 Bo= 0.5 for four different values of
Re/ Ca= 0, 2.5, 5, and 7.5. In 共a兲 the results of Heil 共Ref. 9兲 for Bo= 0 and
Re/ Ca= 7.5 are shown as markers.

Figure 9 shows the pb-Ca traces for different values of
the material parameter Re/Ca for Bo= 0 and Bo= 0.5. The
results in the absence of gravity, Fig. 9共a兲, have been previously presented, see Heil’s9 Fig. 6, and we compare the two
sets of results at Re/ Ca= 7.5. At the very highest capillary
numbers, the results differ slightly which we attribute to
Heil’s9 use of lubrication theory in the regions −300ⱕ 
ⱕ −40 and 80ⱕ  ⱕ 150.
In both cases, Bo= 0 and Bo= 0.5, the main effect of
fluid inertia is to increase the bubble pressure required to
drive the system at a given capillary number, an effect that
becomes more pronounced as the capillary number, and
hence the Reynolds number, increases. At high Ca, the buoyancy term in the Navier–Stokes equations is negligible and
the change in bubble pressure caused by increasing Re is
unaffected by the Bond number. At low Ca, the Reynolds
numbers are very small and fluid inertia does not significantly alter the behavior of the system, but it is precisely in
this regime that gravitational effects are most important because the hydrostatic pressure gradient is much greater than
the viscous pressure drop. Thus, the effects of fluid inertia
and gravity are confined to different ranges of the capillary
number and are essentially independent.
Figure 10 shows the effect of fluid inertia on the system
at Ca= 2 and Bo= 0.5. The introduction of fluid inertia causes
an increase in the amplitude of a damped oscillatory eigen-

function of the wall displacement field, the first minimum of
which can be identified with the neck region in the case
Re/ Ca= 0. The increase in amplitude is consistent with the
Bernoulli effect, which only applies in the presence of fluid
inertia. In the neck region, the channel is at its narrowest and
the constant flow rate means that the fluid velocity must
increase locally. The Bernoulli effect causes a decrease in
fluid pressure, in response to the increased fluid velocity, and
the low fluid pressure “pulls” the channel walls inwards. The
channel width far ahead of the bubble tip remains at the same
prescribed value, however, leading to an increase in amplitude of the oscillations.
The explanation for the increase in bubble pressure with
fluid inertia has been given by Heil9 and Hazel and Heil13
who observed the same effect in a three-dimensional model
of the system. In essence, the change in the geometry of the
fluid domain leads to an increase in the size of the region in
which the flow is spatially nonuniform, causing an increase
in the viscous dissipation and hence an increase in the bubble
pressure required to drive the finger at a given speed. Moreover, the Bernoulli effect will become more significant as the
bubble speed increases, explaining the rapid increase in
bubble pressure with capillary number for relatively modest
values of Re/Ca.
IV. CONCLUSIONS

The main motivation of the present work has been to
assess whether the inclusion of gravitational forces can account for the differences between numerical simulations and
bench-top experiments modeling the airway reopening process. For simplicity, we considered a two-dimensional model
problem: the steady propagation of a semi-infinite air finger
into an elastic channel filled with a Newtonian fluid.
We find that the introduction of gravity causes a qualitative change in the behavior of the system, namely, the absence of a turning point in the pb-Ca curve. This change is a
consequence of the buoyant rise of the bubble, which ensures
that mass can be conserved at a finite channel width in the
limit Ca→ 0, no matter how small the Bond number. In our
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two-dimensional model, we find that once the Bond number
exceeds a threshold value 共Boc ⬇ 0.07 for the parameter values chosen in our simulations兲 the bubble pressure decreases
monotonically with decreasing capillary number for the
range of capillary numbers considered in our study 共0.1
ⱕ Caⱕ 5兲. In this regime, the bubble pressure appears to tend
to a finite limit as Ca→ 0, the yield pressure, in agreement
with experimental observations.4,12 In their experiments,
Gaver et al.4 estimated that the yield pressure was approximately 8␥ⴱ / Wⴱ. Using data from simulations at Bo= 0.1, corresponding to the middle of the experimental range of Bond
numbers, we estimate the yield pressure to be 9.4␥ⴱ / Wⴱ, in
close agreement with the experimental result. Hence, the fact
that two-branch behavior has never been observed experimentally is more likely to be a consequence of the influence
of gravity rather than the lack of stability of the low-Ca
共pushing兲 branch per se.
The influence of the dimensionless spring stiffness ⌫ on
the threshold value of the Bond number Boc may be estimated by using the 共linear兲 relationship between bubble pressure and channel width in the absence of gravity: pb = ⌫共W
− 1兲. Using the width of the floating static bubble to estimate
the critical value of the Bond number, as in Sec. III, gives
Wmin = pb min / ⌫ + 1 ⬇ 1 / 冑Boc and so Boc ⬇ 共pb min / ⌫ + 1兲−2,
suggesting that Boc decreases with decreasing ⌫ provided
that pb min does not also decrease at a faster rate. Figure 14 of
Gaver et al.5 shows that pb min ⬇ 3.3 for ⌫ = 1 and pb min
⬇ 0.8 for ⌫ = 0.1, so Boc ⬇ 0.054 for ⌫ = 1, Boc ⬇ 0.04 for ⌫
= 0.5 共see Sec. III兲, and Boc ⬇ 0.012 for ⌫ = 0.1. Thus, we
expect that Boc will decrease with decreasing spring stiffness
presumably because the channel is more inflated at a given
bubble pressure when the spring stiffness is reduced.
The effects of gravity on the fluid are most noticeable at
low capillary numbers 共low bubble speeds兲, when the viscous pressure gradient is small in comparison to the gravitational 共hydrostatic兲 pressure gradient. For sufficiently large
capillary numbers the effect of gravity is essentially passive,
leading to an increase in the bubble pressure to compensate
for the hydrostatic pressure drop through the thickness of the
fluid film deposited on the upper wall. In contrast, the effects
of fluid inertia are of greatest importance at high capillary
numbers 共large bubble speeds兲 and are negligible at low
speeds. Thus, the effects of fluid inertia and gravitational
forces are effectively independent but both cause an increase
in the required bubble pressure to drive the bubble at a given
speed for sufficiently large capillary numbers. The inclusion
of a finite wall mass would lead to a further slight increase in
the bubble pressure to compensate for the additional load on
the wall.
The detailed behavior of the three-dimensional system
will differ from our two-dimensional model. The development of transverse draining flows, for example, is not possible in two dimensions. Nonetheless, the buoyant rise of the
bubble and the consequent absence of the two-branch behavior will be a feature of the system for sufficiently large Bond
numbers. We believe, therefore, that the absence of gravity in
our previous simulations13 is indeed the reason for the discrepancy between the computational and experimental results reported by Juel and Heap.12

z* = H
z*
z* = 0
z * = H h0
z* = −H

Air
x*

xc
1

z* = H h+(x)
Tip
_

g

z *= H h (x)
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FIG. 11. 共Color online兲 Sketch of a floating static bubble in a rigid channel
with width 2H. At xc, the air-liquid interface meets the upper wall at zero
contact angle; far behind the tip the air-liquid interface becomes horizontal
at a vertical location z = zⴱ / H = h0. The interface is divided into two regions,
above and below the tip, parametrized by the functions z = h+共x兲 and z
= h−共x兲, respectively.

Based on the stability analysis of Halpern et al.,11 Hazel
and Heil13 concluded that stable steady reopening of the airways of the lung in the absence of gravity would require
such high speeds that it would be impractical. The present
results indicate that in conditions of weak gravity, however,
stable steady reopening of collapsed airways is possible at
low speeds and at relatively low pressures, which would
minimize damage to the airway walls. The application of our
results to the situation in vivo must, of course, be treated with
some caution, but we believe that the buoyant rise of the
bubble is sufficiently generic that it will apply to the situation in the lungs.
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APPENDIX A: THE THEORY OF JENSEN ET AL.
FOR STATIC AIR-LIQUID INTERFACES IN A RIGID
CHANNEL UNDER A TRANSVERSE
GRAVITATIONAL FIELD

We summarize the method of Jensen et al.21 used to
determine the width of a static floating bubble in a rigid
channel under a transverse gravitational field.
Consider a two-dimensional channel defined by the region −⬁ ⱕ xⴱ ⱕ ⬁ and −H ⱕ zⴱ ⱕ H, see Fig. 11. The channel
is occupied by a viscous fluid with density  at rest under
hydrostatic pressure pⴱ0 − gzⴱ, where pⴱ0 is the pressure at the
center of the channel, zⴱ = 0, and g is the acceleration due to
gravity. An interface with constant surface tension ␥ⴱ separates the viscous fluid from an air finger with negligible viscosity and density under internal pressure pⴱb. A normal stress
balance at the interface gives
− pⴱb + ␥ⴱⴱ = − pⴱ0 + gzⴱ ,
where ⴱ is the curvature of the interface. Nondimensionalizing lengths on the channel half-width H and pressures on
the capillary scale ␥ⴱ / H, the stress balance becomes ⌬p
= −Boz + , where ⌬p = pb − p0 and Bo= gH2 / ␥ⴱ. In order to
represent the interface by single-valued functions, Jensen
et al.21 parametrized the location of the interface above and
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below the bubble tip by the functions z = h+共x兲 and z = h−共x兲,
respectively. The pressure jump across the air-liquid interface using such a parametrization is then given by
⌬p = − Boh −

+
h,xx

+

⌬p = − Boh− +

关1 + 共h,x+ 兲2兴3/2
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where a comma is used to denote 共ordinary兲 differentiation.
Multiplying each equation by h,x⫾ and integrating gives
1
1
⌬ph + Bo共h⫾兲2 = ⫾
+ C⫾ .
2
关1 + 共h,x⫾兲2兴1/2
⫾

共A2兲

共A3兲

In the lower region, the interface becomes horizontal and
remains at an unknown distance h0 from the wall, so h−
= h0 and h,x− → 0 as x → −⬁. Equation 共A2兲 becomes
⌬ph0 + 1/2Boh20 = − 1 + C−

共A4兲

or, using normal stress balance 共A1b兲 directly,
⌬p = − Boh0

共A5兲

−
→ 0 as x → −⬁. Matching at the bubble tip rebecause h,xx
quires that h+ = h− and h,x⫾ → ⬁, so that C+ = C− and then Eqs.
共A3兲 and 共A4兲 imply that

⌬p共1 − h0兲 + 1/2Bo共1 − h20兲 = 2.

共A6兲

Using Eq. 共A5兲 to eliminate ⌬p in Eq. 共A6兲 gives a quadratic
equation for h0 with the solutions
h0 = 1 ⫾ 2/冑Bo.
Discarding the solution that lies outside the channel gives
h0 = 1 – 2 / 冑Bo and so the dimensionless width of the bubble
is 2 / 冑Bo. Note that when Bo⬍ 1 the width of the bubble
exceeds the width of the channel and so the solution is
invalid.
APPENDIX B: RIGID-WALL SIMULATIONS

Air finger propagation in a rigid channel under the influence of transverse gravity is a special case of the model
problem described in Sec. II. The walls are fixed at x2 = −1
and x2 = 1, and there is no longer flux constraint 共11兲 on the
system. Boundary conditions 共10兲 and 共11兲 far ahead of the
finger tip are replaced by the conditions u2 = 0 and
p = −Bo/ Ca x2, which specify purely axial flow and set a reference fluid pressure. The latter is required because the external pressure does not affect the system when the channel
walls are rigid.
In rigid geometries, accurate results can be obtained in
much shorter domains than in the elastic case. We choose
−6 ⱕ x1 ⱕ 5, and the consequent increase in the spatial resolution for our standard mesh means that we can simulate the

8
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∆p0Ca6
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1
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In the upper region, the interface meets the wall at zero
contact angle at an unknown location xc, so h+ = 1 and h,x+
= 0 at x = xc. At this location, Eq. 共A2兲 becomes
⌬p + 1/2Bo = 1 + C+ .
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FIG. 12. The behavior of an air finger propagating at constant speed into a
rigid channel under the influence of a gravitational body force acting perpendicularly to the channel’s axis. Results are shown for Bond numbers
Bo= gH2 / ␥ⴱ = 0, 0.5, 1, 1.5, and 2, increasing in the direction of the arrows.
We present the 共a兲 dimensionless height of the lower fluid film h关l兴
= h关l兴ⴱ / H, 共b兲 dimensionless height of the upper fluid film h关u兴 = h关u兴ⴱ / H, and
共c兲 dimensionless width of the finger  = Wⴱb / H = 2 − h关u兴 − h关l兴, all evaluated at
the end of our domain, x1 = −6. We also present 共d兲 the pressure drop across
the interface at the centerline of the channel on the capillary scale ⌬p0Ca
ⴱ
= 关pⴱb − pfluid
共x2 = 0兲兴 / 共␥ⴱ / H兲. The data of Reinelt and Saffman 共Ref. 23兲 for
Bo= 0 are shown as open squares and the asymptotic results of Jensen et al.
共Ref. 21兲 for Bo⬎ 1 and CaⰆ 1, Eqs. 共B1b兲 and 共B1c兲, are shown as dashed
lines in 共c兲 and 共d兲.

range 10−4 ⱕ Caⱕ 100. In the absence of gravity 共Bo= 0兲 our
results are in agreement with the calculations of Reinelt and
Saffman23 to within an accuracy of 0.4%. Typical results for
zero fluid inertia, Re= 0, and Bo= 0, 0.5, 1, 1.5, and 2 are
presented in Fig. 12 which shows the thickness of the fluid
films and the width of the finger far behind the finger tip 共at
x2 = −6兲, together with the pressure drop across the interface
at the channel’s centerline, x2 = 0.
The effects of gravity are most pronounced at low capillary numbers 共low propagation speeds兲, where the viscous
forces are relatively weak and the dominant balance is between gravitational and surface-tension forces. Increasing the
Bond number causes a buoyant rise of the finger, decreasing
the upper-film thickness h关u兴, increasing the lower-film thickness, h关l兴, and decreasing the overall width of the finger, , as
it rises toward the upper wall. Note the dramatic reduction in
finger width once Bo⬎ 1, a regime in which the static 共Ca
= 0兲 solution no longer touches the lower wall, see Appendix
A. The interfacial pressure drop at the channel’s centerline is
approximately independent of the Bond number for Boⱕ 1
but then decreases with increasing the Bond number because
the interfacial curvature at x2 = 0 decreases when the finger
rises.
The asymptotic predictions of Jensen et al.21 are valid
when Ca/ 兩1 − Bo兩 Ⰶ 1, and when Bo= 1.5 and 2, our numerical results for the pressure drops and finger widths approach
the Bo⬎ 1 predictions of Jensen et al.21 as Ca→ 0:
h关u兴 ⬃

1.3375 Ca2/3
2冑Bo

,

h关l兴 ⬃ 2 −

2 + 1.9 Ca2/3

冑Bo

,

共B1a兲
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functional form Bo/Ca appearing in the governing equations
共1兲. In physical terms viscous forces dominate the behavior
of the system and the relevant balance is between the viscous
and surface-tension forces. The pressure drop and finger
width are essentially independent of the Bond number for
Caⱖ 1 共relative differences less than 0.8%兲, but the relative
differences in thicknesses of the fluid films do not fall below
1% until Caⲏ 20. In other words, the shape of the finger
remains essentially unchanged for Caⱖ 1, but the finger does
not become centered within the channel until Caⲏ 20.
Figure 13 shows streamlines and contours of the fluid
pressure on the surface-tension scale for Ca= 0.001 over a
range of Bond numbers Bo= 0, 0.5, 1, 1.5, and 2. As the
Bond number increases the development of a significant
transverse pressure gradient can be seen. The capillary number is small enough that the interface shape is close to the
static configuration and for Boⱖ 1, the development of a
non-negligible lower film can be seen. By Bo= 1.5, a single
recirculation region replaces the two that are present in the
absence of gravity.
1

FIG. 13. 共Color online兲 Contours of fluid pressure and streamlines for an air
finger propagating at a constant speed into a rigid channel at a fixed capillary number, Ca= 0.001, for Bond numbers Bo= 0, 0.5, 1, 1.5, and 2.

 = 2 − h关u兴 − h关l兴 ⬃

2 + 1.23125 Ca2/3

冑Bo

共B1b兲

,

⌬p0Ca ⬃ 2冑Bo − Bo + 1.9冑Bo Ca2/3 .

共B1c兲

These asymptotic expressions are shown by the dashed lines
in Figs. 12共c兲 and 12共d兲. The discrepancy between the numerical and asymptotic predictions for  remains below 1%
for Caⱗ 0.003 when Bo= 1.5 or Caⱗ 0.015 when Bo= 2, indicating the increasing accuracy of the approximation as Bo
increases. For Bo⬍ 1, the predictions of Jensen et al.21 for
the film thicknesses and pressure drop are
h关u兴 ⬃

1.3375 Ca2/3
1 + 冑Bo

,

h关l兴 ⬃

1.3375 Ca2/3
1 − 冑Bo

,

⌬p0Ca ⬃ 1 + 3.8 Ca2/3 ,
which reduce to the well-known Bretherton6 formulas for
Bo= 0. When Bo= 0.5 and 1, our numerical results approach
the predictions for h关u兴 and ⌬p0Ca as Ca→ 0 共not shown兲. The
prediction for h关l兴 diverges as Bo→ 1 and although the differences between the prediction and simulation decrease as
Ca→ 0, the discrepancy between the two is approximately
75% at Bo= 0.5 when Ca= 10−4. Thus the predictions for the
finger widths for 0.5ⱕ Bo⬍ 1 will be accurate only at extremely small capillary numbers.
In all cases as the capillary number increases the results
become independent of the Bond number, a consequence of
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