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Green's J relation

In a semigroup S

7 y E T S'xS S'ys

The J classes of S are of the form

Jx X'ES X1 X E T

Some semigroups have J classes that form
a chain Jx Jy S'xs S'ys
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Semigroups with chain like J classes

Transformation Semigroups

PTn all partial transformations on n

e g α E PT

In all partial bijection on n

e g β 1331558 E Io

Tn all functions from n into Tn

e g 8 To

Partition monoid Brauer monoid Temperley Lieb monoid

Matrix semigroups
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J classes and ranks

For S E Tn In.TT 2J β rank α rankβ

The T classes of S are of the form

Ji α E S rank α i

The T classes of S form a chain

J C Jn EE 0,13
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J clauses of the ideals of Tn In.PT

A subset I of semigroups is an ideal of S

if for all SES if I.si is E I

The ideals of Tn In.PT are of the form
Im α E S rank α Em men

The J classes of Im are Jec Jm

4





















































































































































Semigroup presentations

CAIRE a presentation for the semigroup

alphabet
s if S At R

where R is the smallest congruence on At

that contains R

The Cayley table presentation for a semigroup
S is

C Xs SES Xs7 1st sites
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Semigroup presentation for Sn

Proposition Moore 1897

The presentation

a b ad b ba lab ab

abniably 1 2 jan 27
defines Sn in terms of generators a 12

and b 1 2 n
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Presentation for Tn

Proposition Atzenstat 1958

suppose that Caib RS is a semigroup presentation

for Sn where a represents 12 b represents

11 2 n let t represent the transformation

T.li 3 T1ETn
Then the presentation

Laib t 1 R at b ab tbh a b babhtabtbhtaba.br
babu j t b dbty tb abt brab

Itbab ab bab data
defines Tn
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T

55 15 151

If

i c

i

8
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Aizen stat's presentation for To MI
So To

55 15 151a

b 1 If

f
Relations in Aizenstat's i I
presentation are

R at in t

Ibn abt in tbh tab it in
Itbab ab bab 2 ata

8
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Aizen stat's presentation for To 11 So To
a

j
5515 151

b 1 Ifos

C

Relations in Aizenstat's i I
presentation are

R at in t

Ibn abt in tbh tab it in
Itbab ab bab 2 ata

8
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Aizenstat's presentation for Tom
To

55 15 151a

i

b 1 Itos

f
Relations in Aizenstat's i I
presentation are

R at in t

Ibn abt in tbh tab it in
Itbab ab bab 2 ata

8
t





















































































































































Aizen stat's presentation for Tom 7 So To

a

j
5515 151

Hosab
b 1 Ifos

f
Relations in Aizenstat's i I
presentation are

R at in t

Ibn abt in tbh tab it in
Itbab ab bab 2 ata

8
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Aizen stat's presentation for To My
So To

H
55 15 151a

Hijab
b

Ios
Habastab

t 12 3 456
1 1 3 45 6

Relations in Aizenstat's i I
presentation are

R at in t

Ibn abt in tbh tab i
I in

Itbab ab bab data
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Presentation for Tn Sn
Proposition East 2013
Definemaps dig lieigen by xaij if n

Billsien l by

a I if oicieiemlbyxoi.fi io.ffIIiiiDefine an albabet Y AUBUS where

A Aig leic n B bill is h 13 S silleien 23

The semigroup TnlSn has
presentation Y Q7

9
soosmsannnay.br





















































































































































East's presentation for Is To So
55 15 151

It

i i i

i

J
1111

soosmsaninas.br to





















































































































































East's presentation for Is TolSo
taxis

AnAto Air is a relation

in A1 where aiz represents

Itan i
S S S Ss is a relation

in S3 where 5 represents

c6 and so i i

represents G 1
53934 956934 is a relation in SAG
where Asa represents an I in

aso represents 250 1 I 1111

10





















































































































































East's presentation for Is TolSo 9 xg

AnzAig Air is a relation

in A1 where aiz represents

Itan i
S S S Ss is a relation

in S3 where 5 represents

c6 and so i i

represents G 1 s

53934 956934 is a relation in SAG
where Asa represents a I in

aso represents 250 1 I 1111

10





















































































































































East's presentation for Is TolSo 9 xg

AnzAig Aid is a relation
153934

in A1 where aiz represents

Itan i
S S S Ss is a relation

in S3 where 5 represents

c6 and so i i

represents G 1
53934 956934 is a relation in SAG
where Asa represents a I in

aso represents 250 1 I 1111

10


































































































Presentation for In

Proposition Meakin 1993

Let Samir an it Rs be a semigroup presentation

for Sn where ai represents the transposition α li itt

for i b n t let t represent the partial bijection

T.li E 1EIn
Then the presentation

all any t R that tan it tan itan i an itan.it

Tai ait tsien 2

defines In





















































































































































JoMeakin's presentation for Ib
Ig

For leis 5 ai represents

di i ith represents i 1,1 5
I

The relations in the presentation are Js
i i 120201

R 2 t

tast astast

tai ait leien 2 i I
1 is

J

i
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JoMeakin's presentation for Ib
Ii

For leis 5 ai represents

di i ith represents i
1 15

I

The relations in the presentation are Js
i i 120201

R t

tast astast

tai ait leien 2 i I
1 is

J

i

12





















































































































































JoMeakin's presentation for Ib
I

For leis 5 ai represents tast

di i ith represents i
1 15

I

The relations in the presentation are Js
i i 120201

R t

tast astast

tai ait leien 2 i I
1 is

J

i

12





















































































































































JoMeakin's presentation for Ib

For leis 5 ai represents fast ii Iii
18

di i ith represents i
1 15

I

The relations in the presentation are Js
i i 120201

R t

tast astast

tai ait leien 2 i I
1 is

J

i

12





















































































































































Presentation for In Sn

Proposition East 2006

For leien define hi by Xii if
f an

and pi by

Pi if a

For lejen 2

define Siby es
if I

Define and alphabet LUSUR where

the elements in L S R are in one one

correspondence with Ri's Si's Pi's
respectielyThen Inl Su haspresentation

LUSUR L1L2 R1R2 RLI RL
5154 521 5147 RSI 125477
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East's presentation for Is 16156 4

p
Sada Nots is a relation in 5231 where

sa i 3 Iii X in
a Iiii

Js
pass SapaPn is a relation in RSI where i a 12020

a i 3
s 1

i I
11 151

D P4 Paps is a relation in R1

J

I
14





















































































































































East's presentation for Is Iol So 54 4

Sada Nots is a relation in 15231 where ii
452 1 61

sa i 3 Iii X is

Iiii
Js

pass SapaPn is a relation in RSI where i a 12020

a i 3
s 1

i I
11 151

D P4 Paps is a relation in R1

Ji

i I
14





















































































































































East's presentation for Is Iol So 54 4

45118
Sana nots is a relation in 15h31 where at

gIii X

Iiiii
Js

pass SapaPn is a relation in RSI where i i I 12020
a i 3
s 1

Jsi 115 151
D P4 Paps is a relation in R1

Ji

i I
14





















































































































































Some other presentations for the transformation

semigroups and the singular part

0 Ganyushkin V Mazorihuk Classical Finite Transformation

Semigroups 12008 presentation for PT

J East Defining relations for idempotent generators in

finite partial transformation semigroups 2013 PTul Sn

J D Mitchell M T Whyte short presentations for transformatio
monoids 2024 short presentations for In Tn PTn

J East A symmetrical presentation for the singular part
of the symmetric inverse monoid 2015 In Sn

15





















































































































































Some other presentations for the transformation

semigroups and the singular part

0 Ganyushkin V Mazorihuk Classical Finite Transformation

Semigroups 12008 presentation for PT

J East Defining relations for idempotent generators in

finite partial transformation semigroups 2013 PTul Sn

J D Mitchell M T Whyte short presentations for transformatio
monoids 2024 short presentations for In Tn PTn

J East A symmetrical presentation for the singular part
of the symmetric inverse monoid 2015 In Sn

Question How about a general ideal Ik of Tn In.PT
15





















































































































































Relational depth
Consider a finite semigroup S whose J classes form
a chain let D A I R s be a presentation for S
Let WE At and in USER
depth T is the minimal length d of a maximal

chain of J classes J J Ja cm Td in S
depth 151 depth Js

depth W is the depth of the element it represents ins
depth lu ul depthful depth ul

depth P1 is the maximaldepth of a defining relation in P
The relational depth of S is

depth S min death p P is a presentation for s

16





















































































































































Aizen stat's presentation for To
My

So To
H

55 15 151

Relations in Aizenstat's
presentation are in the b

Itostop 3 J classes so

has depth 3 and Hababtab

depth Tn 3

i i

i I

1
t





















































































































































Depth of the Cayley table presentation

Recall depth s min death p P is a presentation for s

Suppose that S Js U U J is a semigroup with chain

like J classes Let U J Um UJk The Cayley table

presentation restricted to U is

Ci Xa αEJiU UJK XαXB Xp α β αβEJiUmUJK

18
































































































































Depth of the Cayley table presentation

Recall depth s min death p P is a presentation for s

Suppose that S Js U U J is a semigroup with chain

like J classes Let U J Un UJk The Cayley table

presentation restricted to U is

Ci Xa αEJiU UJK XαXB Xp α β αβEJiUmUJK

Theorem

Let S be a semigroup whose J classes form a chain

Je Un UJK The depthof S is k ith when it's the

largest number for which Ci defines S

18


















































































































Relational depth of transformation semigroups ideals

Theorem

Let n 3 let SE Tn In.PT 3 Define 9 PT
For me in let Im be the ideal of all partiall maps
in S of rank at most m Then

depth Im
m max E 2m n if men

3 if men

19
























































































































Relational depth of ideals of In

Theorem

Let n 3 and for me to n let Im be the ideal of all

partial bijections in In of rank at most m Then

depth Im
m max 0,2m n if men

3 if men

In other words when me Ci defines Im if
and only if 1 0

If ms Ci defines Im if and only if is 2m n

20





















































































































































Idea of the proof
let men and let Im be an ideal of In
Do Find a lower bound for the depth

Lemma

If m r max 2m n o then Cv SXrimlRr.ms
does not define Im

21





















































































































































Idea of the proof
let men and let Im be an ideal of In
Do Find a lower bound for the depth

Lemma

If mors max 2m n o then Cv SXrimlRr.ms
does not define Im

sketch proof Suppose r max 2m n o Choose α B 8 E

such that αβ β8 αβtE Jr Show that the

relation 72 XpXy XpXy is not a consequence

of Prim

22





















































































































































Multiplication depth

Let S Je Un U Jk be a semigroup whose J classes

form a chain

The multiplication death of S is defined to be

m depth s k it

where i is the smallest number such that

there exist α.BE Jk with Oβ E Ji

23























































































































Multiplication depth

Let S Je Un U Jk be a semigroup whose J classes

form a chain

The multiplication death of S is defined to be

m depth s k it

where i is the smallest number such that

there exist α.BE Jk with Oβ E Ji

Following from the lemma if there exists a β.VE Jm

sit αB Br BrE Jr then

depth Iml m depth Im

23




















































































Idea of the proof continued

let men and let Im be an ideal of In
Dd Find an upper bound for the depth

Lemma

Let r 2m n Then Cv rim Rr.ms defines a

presentation for Im

sketchproof We show that some important

relations can be deduced from the relations

in Rrim

24




















































































Idea of the proof continued

show that relations of the form

i Xxxp Xxxs a B t.SE Tr αβ 88EJr
iii XαXβ X8Xs ranks ranks r

α.BE Jr αβ V8 Jr

iii Xxxp 78 Xxxr 1 a B V a E Jr

208 28 EJr
are consequences of Rr m

25




















































































Idea of the proof continued

show that relations of the form

i XxXp XsXs a B t.SE Tr αβ 88EJr
iii XαXβ X8Xs ranks ranks r
replace subwords of the α β E Jr αβ 88 Jr
same length

iii Xxxp 78 Xxxr 1 a B V a X E Jr
change the length 238 28 E Jr

are consequences of Rr m

W Xa Xa Xa Xx W XpXp
Kif JrU Trt U UJm B Ba E Jr




















































































Example Relational death of Ig and its ideals

relational depth Ci where i is the largest

Io I Co

I 2 Co

Iz 3 Co

Is 4 Co

14 5 Co

Is 5 C

If 4 Cs

I 3 Cs

Is 2 C

Iq 3 C

26




















































































Relational multiplication depth

on For the ideals of Tn In and Pth

relational depth multiplication depth

Is this always true

4




















































































Relational depth multiplication depth No

ample Let Im be a proper ideal of Tn where ms

and depth Im mart where r 2m n

Jmp JmlDefine the Rees quotient semigroup 1
Jul it

Im Iml Ir 1

multiplication depth is the same

Jr Jr IIax.ir ts'iieiiiidefineIm
July

11
In particular

depth Im m r 2 m depth Im 1 Jo II
Im Iml

28




















































































Other interesting semigroups

the semigroup of order preserving maps VI

diagram monoids Partition monoid

Brauer monoid v Temperley Lieb monoid

Idd
TA even cases

semigroup of nxn matrices

29




















































































Thank you


