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Relational depth

> Consider o fimite Semigroup S 4 hoge et
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Depth ( 0T the Coyley teble  presentation )
> Recol: depth (S) = min {depth (P): P iy o presentation for S|,
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Depth ( of the Coyley teble  presentation )
> Recoll: depth (S) = min Tdepth (P): P iy o presentation for S .

> Suppose thot S il s Semigrovp thith chotin =
like T-clages. Let OSSFFUWOTY The Coypley toble
plesentortion restricted to U s

Co = <% RETUUTL| %atp= Zg s . poop € TivUk ).

Theorem
Let S be o Semigrop whose r)\ clagse) 'Form a chan
JeUw UJde. The depth o# Sy k-i+l where TIS the
largest nuwmber for whick C; defives .
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Relational depth of transformation Jemigrouvps & ideals

Theorem
let n=3, let SET T, T, PT. 3. Define ¢ = { ¢ (S=Ih,PT“)'

] (S-’Th)
For m € [g. 1], let Lm be the ideal v][‘ al)l  (partial) Mo

in S of rouk at mast m. Then

m— mox (& 2m-pn)+) if m <n

depth ( Im) = j
3

i m=n
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Relational depth Of (ideals o{) i

Theorem
let n=3, and for m€ [o,n). let Ln be vhe ideal of )

partiol lo'.\je(,'tiovg ) In 0]{‘ ronk ot most m., Then

m— mox (9, 2m-1) +) if m<n

depth ( Inm) = f
3

it men,

» In other words, when ms%, & o(e{:‘nex I ;‘T/
and  only T

ik m>L  Ci defwes I if and only e
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Idea of +he p/oo](\
Let m<n. and let Tm be oan ideal 0/\ T
> Fmd o lower bound 'Fal the depth *

Llemmer.
If m=r>s mox(om-n,0). then Cv =< Xroml R >
toes not define T

¥22( @ st~ andrews. ac- uk Purhown NBSAN 2025
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Idea of +he p/oo](\
Let m<n. and let Tm be oan ideal o/\ e

» TFmd o lower bound Lor the depth :

lemmer .

If m=r>s mox(om-n,0). then Cv =< Xroml R >
toes not define T

( sketch p/oa./‘), Suppose 1> mok (2m-n, o). Choose - p. ¥ Qjm
Such thot oB. RE¥=apYy € J,. Show that the

Eeloitign s 96(; %y = fk,g OCX is nit a conSeguence

iR -

¥22( @ st~ andrews. ac- uk Purhown NBSAN 2025
22



Multiplication depth
let S=JTsUw U Je be a Semigroup whog j—~c/auej
form o chain.
P The wultiplication depth of S g defived to be
M. depth (S)=  k =(+

where 1 is the smollest number such thot

there exist S pE T with op e Ji.

¥2201 @ §t- andiews. ac- uk Purhown NBSAN 2025 5
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Multiplication depth

[e_t S?:l-s Gzl Jeiihe o Sem}group whoge 7~claneJ

form a chain.
> The  wulbiplicotion depth 01(\ e defived to be

m. depth ($):=  f =(+]
where 1 is the smollest number such thot
there exist S pE Je with op € 5.

» Foll0wing from the lemmor, if there exivts op.yc Jm
5T AB. PV ABY € Jr, then
depth (Im) > wm.depth (Im ).

y2 70‘@8{7"61140'{&«/.!.010 uk Par horm NBSAN 2025 i
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Ideo 0]r the PIOO{\ (Continuned )

let m<n. avd let T be on tdeal of Ln.
> Td on upper  bound  for the depth :
Lenmimer.

let rs2m-n. Then C./:<Xr,ml7:?r,w,> de{'mej ot

presentation for Im,

(sketch pvooﬁ). We show thot some dportont

relwtions can be deduced from the relations

I.Vl ?f(m

¥22( @ st~ andrews. ac- uk Purhown NBSAN 2025
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Idea of the proof (continued)
Show thot relations of the Form :

1. %7«96(53 Xy Xg (0<\[7J\h’t86jr, d/ézxééjr-\)

). Oc,,k/,k@ = Xx%s (romk Y. FavIEg e
speJr. op=r§e J-)

| 9%«96(; e Lo (M.[%\Y\ DN e

ol st Te T )
(iie Con Sequences of o
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Idea of the proof (continued)
Show thot relations of the Form :

i). ;k(,g%(;: %)'9(5 (0(\[)3\3’186Tr; d/ézxééjf-\)

g,'). YaXp = XxXs (romk ¥ ronk§ >,
feplace Subwods of the o € W Al e 3_,,)

Sotme  lengythy !
). Kalp Ky = kXt (X pov,oy'e T,
'cfnom@e the (engtl,' APy el 'E Jo)
(ire Cov Sequemnces of e

| AR 950\. %o() f/kd\_g R j(o(k o ST 96(506(3;
(O{I- € SVU j('fl U“' Ujm) ({gh Bz e j-f')
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Exmmpla= Relotional 0{8/)1717 o/\ I7 av ts deals

relotional deptiy Ci where i 15 the lorges t
T [ e
I, D Co
1, ) Co
Is o Co
14 5 &
I 5 Ci
T 4 Cs
I 3 £
I; 2 C
AR 3 Co
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Relontional X multiplicotion depti

» [or the ideals 070 niealn s ond = Hla

relational depth = multiplicotion depth.

- 5 this alneys true?
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Relatimal depth = mwltiplication oepth 7 NO.

V‘-f-l

Exomple. Let Im be o proper ideal of . —where m>

aviol depth (Imd= py—ry; wWhere r=2m-n

4 iy I
D&‘*F;r;e the Qe&s 6V|O’tl'6nt Semi@roMP
lm': IVV\\I('|-

multiplication depthh s the same
m.dep‘b‘h(],l,):m-rﬂ, ﬁ Jr )J‘\

< XV,mlpv:m > does wot de](\ine Iw-.' :Sf'l H—) m

|
In porticulor . ;

depth (In') = m-r+2: M\olep'nﬂ[lml)"'l. Jo ]1

Tim ot
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Other interesting Jsemigrovps
» the semigroup v{\ order preServvg mops Lt

y o\ia@mm wonotd$ = Paufition monoid, j e \

Riower wonoid () . Temperk-Lieb monoiol

S Mg

...... even coyes

v SGVYI'\QVOMP OF Nnxin mortrices
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-quou/lk you =)
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