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1. PARTIALLY ORDERED SETS AND NAIVE SET THEORY

1.1. Partially ordered sets.

1.1.1. Definition. A partially ordered set (poset for short) is a pair (X, <)
where X is a set and < is a binary relation on X (in other words < is a subset of
X x X) satisfying the following properties:
(i) < is reflexive, ie. Vo € X :  <z.
(ii) < is anti-symmetric, i.e. Ve,ye X : 2 <y & y<z=z=y.
(i) < is transitive, i.e. Vr,y,z € X : s <y & y<z=z <z
The relation < is then called a partial order (on X) and X is called the base set,
or domain, or universe of (X, <).
Two elements x,y € X are called comparable if z < y or y < . We write x > y
for y < x and x < y for “z < y and = # y”. The relation x < y is called a strict
partial order; see also exercise 1(iii),(iv).

If in addition the totality axiom
(iv) Ve,ye Xtz <yory<ux

is satisfied (i.e. all elements are comparable), then we say that (X, <) is a chain
(aka totally ordered set, or linearly ordered set).

1.1.2. Examples.

(i) (R, <) with the natural order of real numbers is a chain. Similarly (Q, <),
(Z,<), (N,<) and ({1,...,n}, <) in their natural order are chains.
(ii) Here is a poset with three elements that is not a chain:

b C

N

a

The drawing indicates X = {a, b, c} and the strict relations are precisely a < b
and a < ¢. Thus, b and ¢ are incomparable. Here is another example:

C d f
a b e

So here X = {a,b,c,d, e, f, g} and the strict relations are precisely a < ¢, a <
d, b<ec, b<d, and e < f. (Notice that g does not appear in that list.)

(iii) On every set X we have the trivial partial order defined by x < y <~
xr =y. If X has three elements, then X with the trivial partial order just looks
like this:



(iv)
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A prominent poset that is not a chain is the following: Let S be any set and
let P(S) be the power set of S (hence the set of all subsets of S). Then the
inclusion C of subsets of S is a partial order on (S). The axioms for posets
are readily verified. If S has at least two elements, then (B(S5),C) is not a
chain.

1.1.3. Constructions on Posets We now see methods on how to construct new
posets from old ones. Starting with the examples in 1.1.2 one can actually show
that all posets are obtained by applying these constructions several times.

(i)

(i)

(iv)

Let (X, <) be a poset and let 7' C X. Then < induces a partial order <,
on T defined by < N (T x T). We write < again for this partial order, if no
confusion is caused. Then (7, <) is called a subposet of (X, <). Explicitly,
a poset (Y, <p) is a subposet of a poset (X, <) if and only if Y C X and for
all y,9/ € Y we have y <oy <= y <yl

Consider the following construction. Suppose (X, <) and (Y, <5) are partially
ordered sets. We can form the product of the two partially ordered sets
as follows: As the base set we take the cartesian product X x Y of the sets X

and Y. Then the binary relation < on X x Y defined as
(z,y) < (¢',y) <= x <12’ and y <y v/,

is a partial order on X x Y. The poset (X x Y, <) is the product of (X, <) and
(Y, <5). Concrete examples of products will be done on the examples sheet.

We can also put other partial orders on the cartesian product. The following
will be central for us. Suppose (X, <) and (Y, <,) are partially ordered sets
again. We can form the lexicographic product of the two partially or-
dered sets as follows: As the base set we take the cartesian product X x Y

of the sets X and Y again. But this time we define a binary relation <;., on
X XY as

(2,9) <iex (2,9) <= 2 <12 or (x =2" and y <y ¢/').

Then <, is a partial order on X x Y. The poset (X X Y, <j.,) is the lex-
icographic product of (X, <;) and (Y, <,) and is sometimes just denotes by
X Xlex Y.
The lexicographic product looks a bit more complicated than the product,
however it is the lexicographic product that appears most in everyday life:
Consider the following two letter words: it, me, by, in, on, as, up, at. If we
order these alphabetically we get: as, at, by, in, it, me, on, up. These words are
listed according to the lexicographic order of {a,b,c, ..., z} Xz {a, b, c, ..., 2}
More examples of lexicographic products will be done on the examples sheet.
The last example for now is a sort of “concatenation” of posets: Suppose
(X, <1) and (Y, <,) are partially ordered sets again and assume that XNY = ().
We form the ordered sum of (X, <) and (Y, <,) as follows: As the base set

[Un order to understand precisely what this means you should do question 3(v)(d).



Partially ordered sets 3

we take X UY and as partial order we take the relation < defined as
< U < U(XXY)

This just means for a,b € X UY that a < b if and only if

(a) a,b € X and a <y b, or,

(b) a,b €Y and a <3 b, or,

(c)ae X andbeY.
To visualize this: In the ordered sum, the original order of X and Y are
unchanged and Y is stacked on top of X (or to the right of X if we think of
orders going to the right), so that all elements of Y are greater than every
element of X. If both (X, <;) and (Y, <,) are chains, then this ordered sum is
again a chain. For example if X = (N, <) and Y = ({3, 2}, <) in their natural
order, then the ordered sum looks like

l1—2—3—4— ... —

N |—
N

So here n < % < g for all n € IN. In general, the ordered sum of two chains
can be pictured as

(X, <1) (Y, <5)

ordered sum of (X, <;) and (Y, <)

1.1.4. Definition. Let (X, <) be a poset, let S C X and let x € X.

(i) We write S < z for Vs € S : s < z. Similarly, < S means Vs € S : x < s,
S<zrmeansVs e S:s<xand xr < S meansVs € S:z < s.

(ii) If S < z, then z is called an upper bound of S (in X). If x < S, then x is
called a lower bound of S (in X).

(iii) If S <z and x € 9, then x is the largest element of S. If + < S and z € 5,
then x is the smallest element of S. Notice that it is correct to say “the”
largest /smallest element, i.e. these elements are unique (if they exist).

(iv) If x is the smallest upper bound of S, then z is called the supremum of S
(in X); written as x = sup(S). If z is the largest lower bound of S, then z is
called the infimum of S (in X); written z = inf(S). By the previous item, S
can at most have one supremum and one infimum.

(v) If z € S and if there is no s € S with < s, then z is called a maximal
element of S. If x € S and if there is no s € S with s < z, then z is called a
minimal element of S.

If S={s1,...,s,} is finite then we also say upper bound, lower bound, supremum,
infimum, etc., of s1,...,s,.

These definitions are well known for the chain (R, <) but need some new thought
for general posets. A common source of mistakes is the confusion of the notion
“largest element” and “maximal element”; make sure you understand the difference
by carefully studying the following
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1.1.5. Ezamples.
(i) Consider the poset

b C

N

a

(so here X = {a,b,c} in the order indicated, cf. 1.1.2(ii)). Then b and c
have no common upper bound, but a common lower bound, namely a, and
a = inf{b,c}. Furthermore, b and ¢ are maximal elements of S = {a,b,c}
(which is equal to X here) but S does not have a largest element. On the
other hand a is the smallest element of S.

(ii) In the poset

C d
a b

a and b have a common upper bound (both ¢ and d are upper bounds), but a
and b have no supremum.

1.1.6. Definition. An initial segment (aka down-set) of a poset X = (X, <) is
a subset Y of X such that for all x,y € X the following implication is true:

fz<yandyeY, thenxeV.
We denote this property of Y by
Y e X.

An important example is the following: Any a € X gives rise to the initial segment
Xeo={zeX|z<a}of X.

1.1.7. Observation. Let X = (X, <) be a partially ordered set.

(i) If I is an arbitrary index set and Y; € X for each i € I, then the union |J;c; Yi
and the intersection ( \;c; Vi are again an initial segment of X. This is left as
an exercise in question 4.

(i) If Y, Z € X and if X is a chain, then Y C Z or Z CY: To see this assume
there arey € Y\ Z and z € Z\Y. Since X is a chain, y and z are comparable.
Say y < z. But then also y € Z since Z is an initial segment of X, in
contradiction to the choice of y.
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1.1.8. Definition. Let (X, <;),(Y,<y) be posets. A map f: X — Y is called
monotone, or a poset-homomorphism if f preserves the partial orders, i.e.,

Ve, e X0 v <2l = f(x) <o f(2).
Furthermore, f is called a poset embedding if
Ve, o' € X @ <y 1 <= f(z) <o f(2).

The map f is called an isomorphism of posets if f is bijective and an embed-
ding. Two posets (X, <;), (Y, <) are called isomorphic is there is an isomorphism
between them.

1.1.9. Examples.

(i) Let (X, <) be a poset and let T C X be a subposet, see 1.1.3(i). Then the
inclusion map? f: T < X is a poset embedding.

(i) Let (X, <4),(Y,<s) be posets and let f : X — Y be a poset embedding.
Let T'= f(X) be the image of X under f. Then f induces an isomorphism
(X, <1) — (T, <3) onto the subposet (T, <,) of (Y, <s).

(iii) Let (X, <1),(Y,<s) beposets and let p; : X XY — X, py: X XY — Y be
the projections.
(a) If we equip X x Y with the product order, then p; and p, are monotone.
(b) If we equip X x Y with the lexicographic order, then p; is monotone, but

in general p, is not monotone.

2IFor a subset A of a given set B, the inclusion map A — B is the map A — B that sends
a to a. We also write f : A < B to indicate that A C B and that f is the inclusion map A — B.
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1.2. Well ordered sets and the Lemma of Zorn.

We will relax on the notation of the partial order whenever this is unambiguous. For
example if (X, <y), (Y, <,) are posets we will just write (X, <) and (Y, <). Keep
in mind that < on both sides should be considered as different objects. If the
partial orders are clear from the context we will even drop <. The expression “Let
X = (X, <) be a poset” is a common shorthand for “Let (X, <) be a poset, which
we abbreviate as X”. The convention here is similar to the one in group theory,
where one denotes groups as G, H, ... and the group operations are only specified
when necessary.

1.2.1. Definition. A well ordered set is a poset (X, <) such that every nonempty
subset has a smallest element.

1.2.2. Remark. Observe that a well ordered set is a chain because any two element
subset has a smallest element and therefore all elements are comparable.

Every finite chain is obviously well ordered. Further, the chain (IN, <) is well
ordered. Apart from these examples, you might have not seen any other well ordered
sets yet. The chain (Z, <) is not well ordered. At this point the constructions from
section 1.1 come in handy:

1.2.3. Proposition. Let (X, <) and (Y, <) be well ordered sets. Then the ordered
sum and the lezicographic product of (X, <) and (Y, <) are again well ordered.

Proof. The proof that the ordered sum is well ordered is left as an exercise in question
8. We show that the lexicographic product is well ordered. So let 7' C (X x Y') be
nonempty and let p : X x Y — X be the projection onto X. Then p(T) C X is
nonempty and as (X, <) is well ordered by assumption, p(7') has a smallest element
zo. Let Yo = {y € Y | (xo,y) € T}. Since zy € p(T), there is some y € Y with
(xo,y) € T, i.e. y € Yy and so Yy is a nonempty subset of V. As (Y, <) is well
ordered by assumption, Yy has a smallest element yy. We now claim that (xq,yo) is
the smallest element of T for the lexicographic order on X x Y. By choice of y, we
know that (xg,yo) € T. Hence we only need to show that (z9,v0) < (z,y) for all
(xz,y) € T. Recall that this means

xo <z or (rog=x and yy <y).
Since x € p(T) we have xy < z by choice of zy. If 2o < x then we are done. If

ro = x, then y € Yy and then yy < y by choice of . 0

1.2.4. Observation. If (X, <) is well ordered then each initial segment Y of X
with Y # X is of the form Y = X, for some a € X. In fact the element a is
uniquely determined by Y, namely

a=min(X \Y).
Also observe that X, = 0 if a is the smallest element of X .
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1.2.5. Lemma of Zorn.

Let X = (X, <) be a nonempty, partially ordered set, such that each subset W of X
that is well ordered by <Pl has an upper bound in X. Then X possesses at least
one maximal element.

Proof. [This proof is not examinable]
Suppose X does not have maximal elements. Let € be the set of all well ordered
subsets of X. Notice that € # (), because the empty set is an element of % .

Then, by the assumption of the theorem, for each W € % there is some z € X
with W < x. As we are assuming that X does not have maximal elements, x is not
a maximal element, hence there is an element v € X with x < u. This shows that
for each W € €, the set

Uy ={ue X | W <u}
is non-empty (here W < u stands for Vw € W : w < u).
By the aziom of choice, there is a map a : P(X) \ {0} — X with the property
a(Y) € Y for all non-empty subsets Y of X. Consequently, there is also a map
b:% — X such that

W < b(W) foral W € €
(define b(W) = a(Uw)).
Let
W ={W €% | forall we W we have b(W_,,) = w}.
(Recall that W., = {z € W | z < w}.)
Claim. For all W,V € # we have W € V or V e W.
Proof of the Claim. Define
K=UJACWnV|AeW and A e V}.

Then K C W NV and by 1.1.7(ii) we have K € W and K € V' (note that possibly
K ={)). Therefore it remains to show that W C K or V C K.
Otherwise K C W and K C V. So by 1.2.4 there are w € W and v € V with
K =W,, and K =V_,. Then
w=>bW,y) =bK)=>0bV) =0

But now K U{w} = K U {v} is an initial segment of W and V, which contradicts

the definition of K and w =v ¢ K. o
The claim easily implies that
(%) M=UWw

wew

is a chain, well ordered by < and that each W € # is an initial segment of M. But
then we get that M € #'.

On the other hand M U {b(M)} is well ordered, too. Since M U{b(M)} € # and
b(M) & M, this contradicts (x). O

[BIThis means that the subposet of (X, <) defined on the set W C X is well ordered. In
particular, W is totally ordered by <.
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Zorn’s lemma has a vast amount of applications in all parts of mathematics. We will
make use of it now, but also in the chapters on predicate logic and model theory.

1.2.6. Ezample. Every vector space over any field has a basis. For example, the
Q-vector space R has a basis (each such basis is called a Hamel basis)

Proof. |This proof is not examinable| Let K be our field and let V' be our K-vector
space. By definition, a basis B of V' is a linearly independent and generating subset
of V. Recall from linear algebra: If V' = K™, then a subset B of K™ is a basis of K™
if and only if B is a maximally linear independent set (i.e., B is linearly independent
and no proper superset of B is linearly independent).

The clue is that Zorn’s lemma enables us to find a maximally independent subset
B of V for any vector space (and they are in general not finite dimensional). Once
we have shown this, the old proof from linear algebra can be copied verbatim to
show that B is a generating set.

Hence we just need to find such a maximal independent set B: Let X be the set
of linearly independent subsets of V', partially ordered by inclusion. We are looking
for maximal elements in this poset and by Zorn’s lemma we only need to show that
any chain Y C X has an upper bound in X. We let B be the union of all subsets
C €Y. Since any two sets C; D € Y are comparable for inclusion (Y is a chain!)
the set B is also independent. This finishes the proof. 0

1.2.7. Well Ordering Principle.
Every set can be well ordered, in other words, for every set M there is a well order
with universe M.

Proof. We consider
W ={(A<)| AC M and < is a well ordering on A}.

and furnish it with the following relation: We define a binary relation C on #  as
follows:

(A1, <y) CE (Ag, <y) <= (A1, <) is a subposet of (Ag, <o)
and A; € A,.

Then C is a partial order on # (see questions 7 and 4 of the example sheets). By
question 9, every chain in # has an upper bound. By Zorn’s Lemma there are
maximal elements (A, <) in #. But this is only possible if A = M, because for any
m € M \ A the ordered sum of (A, <) and {m} would be an element of # strictly
bigger than (A, <) for C. Hence < is a well order on M. O
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1.3. Rigidity of well ordered sets.

1.3.1. Notation. If X and Y are well ordered sets we write X e Y, if there is a poset
embedding f : X — Y such that f(X) is an initial segment of Y. In other words
X eY if and only if there is some Z € Y such that X and Z are isomorphic.

The rigidity of well ordered sets says the following:

1.3.2. Theorem.
If X andY are well ordered sets and X Y, then there is a unique poset-embedding
f: X — Y such that f(X) is an initial segment of Y.

Proof. Let f,g: X — Y be poset embeddings with f(X) € Y and g(X) € Y. We
have to show that f = g. Since f(X),9(X) € Y we may assume f(X) C g(X).
Suppose there is some a € X with f(a) # g(a). Since X is well ordered, there is a
smallest a € X with f(a) # g(a). Then

(a) f(a) # g(a) by choice of a.
(b) f(x) = g(z) for all < a by choice of a.

(¢) gla) < f(a). To see this assume f(a) < g(a). As f(X) C g(X) we have
f(a) € g(X) and we may apply ¢! to f(a). Since g~! is order preserving we
get g71(f(a)) < a. By (b) applied to x = g~!(f(a)) we have

(o) = oo 0@) = @,

Now f is injective, hence g~ (f(a)) = a, meaning f(a) = g(a) in contradiction
to (a).
Since f(X) € Y, (c¢) implies that there must be some b € X with f(b) = g(a). We
will now derive a contradiction by considering two cases.
Case 1. b < a. Then f(b) = g(b) by (b) and so g(b) = f(b) = g(a), which
contradicts b < a and the injectivity of g.
Case 2. a <b. Since f is order preserving we have f(a) < f(b) = g(a). By (a) we
must have f(a) < f(b) = g(a). But this contradicts (c). O
1.3.3. Theorem. If X andY are well ordered sets, then
(i) XeY andYeX = X 2Y.
(ii)) XeY orYEX.
Proof. (1). By assumption there are poset embeddings g: X — Y andh:Y — X
such that g(X) € Y and h(Y) € X.
Then also the composition hog : X — X is a poset embedding and hog(X) € X
(see question 4(ii) on the example sheets). By 1.3.2, h o g is the identity on X. By

symmetry, g o h is the identity on Y. Hence g is a poset isomorphism and A is its
compositional inverse.

(ii).|This part of the proof is not examinable| Let
C={Ae X |AeY}

be the set of all initial segments A of X such that AeY. By 1.1.7(ii), its union
K = Jaec A itself is an initial segment of X.
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Claim. There is a poset embedding F' : K — Y with F(K) € Y. In particular
KeY.
Proof of claim. For every A € C let f4 : A — Y be the unique (by 1.3.2) poset
embedding with f4(A) € Y. If A,B € C then A,B € X andso A C Bor B C A.
Say A C B. Then the restriction of fg to A is again a poset embedding whose image
is an initial segment of Y. By uniqueness this restriction is f4. Therefore there is a
common extension F' : K — Y of all the f4 with A € C and this extension is again
a poset embedding. Since F(K) = Uuec fa(A) € Y, F has the required property.
o
Now take F' as in the claim. If K = X, then XEY and we are done. So assume
K # X. Let a be the smallest element of X \ K. As K € X we have K = X_,.
It suffices to show that F(K) =Y, since then F~! is a poset embedding of Y with
image K € X as required.

Suppose F(K) # Y. Let b be the smallest element of Y\ F(K). As F(K) €Y
we have F(K) = Y., Since K = X_,, F can be extended to a poset-isomorphism

KU{a} — f(K)U{b}
by mapping a to b. Since K = X_,, we know KU{a} € X and similarly F(K) = Y,

entails f(K)U{b} €Y. But then K U{a} € C which is impossible as a ¢ K and K
is the union of all sets in C. U
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1.4. Ordinal numbers.

Loosely speaking, ordinal numbers are special well ordered sets and natural numbers
will be the finite ordinal numbers. (We will actually define here what is a natural
number!) The definition of ordinal numbers looks a bit awkward at first sight, but
they have marvelous properties, as we will see in this section. First an auxiliary
notion.

1.4.1. Definition.
A transitive set X is a set such that each of its elements is a subset of X.

Another way of saying this is that X C B(X). Hence in a transitive set we know
that for all x € X and all y € x we have y € X, for short:

yerxeX =yelX.

An ordinal number, or just ordinal, is a transitive set o such that the element
relation is a strict well order on a.YThis means that the relation z < y defined as
r=yorzx€yisawell order on o (thus < y reads as x € y in an ordinal).

Hence an ordinal is a special kind of well ordered set. Prominent examples of ordinals
are:

0:=0, 1:={0},2:={0,{0}},3:={0,1,2},...
and more generally

n+1:=40,1,2,...,n}.

This is in fact the rigorous definition of natural numbers. Working with ordinals
feels a bit unusual at the beginning, in particular one needs to familiarize with the
use of the €-symbol as a partial order in ordinals. It is customary to write z < y
again instead of x € y inside an ordinal.

1.4.2. Basic properties of ordinals Let o be an ordinal.

(i) a* := a U {a} is again an ordinal, called the successor of «.’
(i) If x € «, then x = a, (see 1.1.6 for the definition of a,).
(iii) If K € a and K # «, then K is the smallest element of a \ K.
(iv) Every = € « is itself an ordinal and at the same time an initial segment of a.
(v) If 2 € a, then 2* = a or z* is the immediate successor®l of  in the chain .

Proof. Items (i)-(iii) follow quickly from the definition of an ordinal and are
left as an exercise in question 12. In order to get used to ordinals it is

vital that you attempt this exercise. We do the slightly more complicated (iv) and

(v):

(iv). By (ii) we know that z is an initial segment of o and therefore x is also well

ordered by €. We still need to see that x is a transitive set. If z € y € x, then y €

[40rdinals are usually denoted by small Greek letters o, 3,7, .. ..

5Im the literature, a* is often denoted by a™. However we will reserve the notation a* for
cardinal successors later on.

[6]For elements x,y from a chain C, we say that y is the immediate successor of z in C' if
x < y and if there is no element z € C with = < z < y. Notice that in general, not every element
of a chain has an immediate successor.
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(because « is transitive) and then for the same reason z € . Since « is transitive
for € we get z € x. Hence y C x, and z is transitive.

(v). If « is the largest element of o, then o = o, U {z}. By (ii) this is just x*.

If x is not the largest element of «, then the smallest y € o that satisfies x < y is
y=min{z € a | < z}. By (iv), y is an ordinal. Since x is the largest element of
y we get * = y as we have seen just above for a. 0

1.4.3. Proposition. For ordinals o, 3 the following are equivalent:
(i) aEp.
(i4) There is a poset embedding o — 3. |l
(iii) a C (. ¥
(v) a € 5.
(v) = ora € p.

Proof. (iii)=(iv). Let x,y € § with x < y € «, where < is the order on . We need
to show that © € a. But the strict order relation on g is €, hence x € y. Hence
r € y € a and as « is transitive we have x € a.
(iv)=(v) holds by 1.4.2(iii).
(v)=(i) holds by 1.4.2(ii).
(i)=(ii) is trivial.
(ii)=>(iii).[this part of the proof is not examinable| Let f : a@ — [ be a poset
embedding and suppose a € (. Let y := min(a \ 8). Then by 1.4.2(ii) we have
y=ac, C[. By 1.42(iv), y € @ and y is an ordinal.

As we have already shown the implication (iii)=-(iv) we get from y C [ that
y € 8. By 1.4.2(iii), using y ¢ (3, we get y = 3. Consequently, f(y) € 8 =y, i.e.
f(y) < yin a. Since f is a poset embedding, it follows that f(f(y)) < f(y), which
shows that the set {x € y | f(z) < 2z} is not empty (it contains f(y)).

Let oy € y be minimal with f(z¢) < xo. Then f(xy) € xo € y and so f(zo) € y.
Hence the definition of zy implies f(zo) < f(f(x0)). On the other hand f(zq) < xo,
thus f(f(x0)) < f(zo) as f is a poset embedding. This is a contradiction. O

1.4.4. Definition. “Ordering on ordinals”
For ordinals «, 8 we will just write o <  instead of @ C 8 and a < [ instead of
a € 3. By 1.4.3, these relations can be interpreted in all plausible ways.

1.4.5. Corollary. If a, 3 are ordinals, then o € 5 or € a. Hence also o« C 5 or
BCa,anda<p orfp<a.

Proof. This follows from 1.3.3 and 1.4.3. O

1.4.6. Corollary. If I is an index set and «; is an ordinal for all © € I, then also
Uiel o; 18 an ordinal.

[7The image of such an embedding does not need to be an initial segment of 5.

81 This inclusion is indeed meant as inclusion of sets, not as subposet relation. Hence we do a
priori not ask that the order of « is the restriction of the order of § in this condition
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Proof. By 1.4.5 we know that for all 7, j € I we have o; € o or o; € «;. This easily
implies that (J,c; ; is transitive and totally ordered by €.

If X C U is non-empty, then X N «; is non-empty for some i € I. Let
x = min(o; N X). Now, for every other index j € I we know that o; € a; or a; € a;
by using 1.4.5. It now follows easily that x is in fact the smallest element of X. [

1.4.7. Corollary. FEvery ordinal « is equal to the set of ordinals that are strictly
less than «. In symbols:

a={p | B is an ordinal and § < a}.

(This generalises the identity n + 1 = {0,...,n} from the beginning of the section
to all ordinals.)

Proof. For ordinals the relation § < « is equivalent to € « by 1.4.3. Hence we
know O. The other inclusion follows with 1.4.2(iv). O

1.4.8. Definition. There are two principle kind of ordinals: An ordinal « is called
a successor ordinal if there is an ordinal § such that o = (*. Otherwise « is
called a limit ordinal. Limit ordinals are frequently denoted by A (resembling the
“I” in “limit”). Notice that there is a unique finite limit ordinal, namely 0. We will
be talking about these notions on the example sheets.

1.4.9. Theorem. IfW s a well ordered set, then there is a unique ordinal o that is
isomorphic to W (and in fact, by 1.3.2, there is exactly one isomorphism W — «).

Proof. |this proof is not examinable| Uniqueness of « follows from 1.4.3(ii)<(iii). In
order to find a let

K :={A €W | Ais isomorphic to some ordinal}.

For A € K take an ordinal a4 and an isomorphism f4 : A — a4. We will show
that @ = (U @a 1s an ordinal as required. By 1.4.6 we already know that « is an
ordinal.

If AC B, then A € B and so fg(A) € ap. By the rigidity of well ordered sets
we see that fp is an extension of f4. Since K is a chain for inclusion, it follows
that there is a common extension f of all the f4 with A € K and clearly f is an
isomorphism

K=UA— UJas=0a.
AEK AEK

It remains to show that K = W. Suppose this is not the case. Since K is a union
of initial segments of W, K is itself an initial segment of W. As K # W, there
is some w € W with K = W_.,. Hence K U {w} € W and f can be extended
to an isomorphism K U {w} — a* = a U {a} by mapping w to the element «
of the ordinal a* (see 1.4.2(i)). But this implies K U {w} € K, which contradicts
K =Ujer A < w. O

Combining 1.4.9 with the well ordering principle we get

1.4.10. Corollary. Fuvery set is in bijection with some ordinal. U
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Notice that an ordinal in 1.4.10 is in general not unique. More precisely:
Every infinite set is in bijection with infinitely many ordinals; see question 15
from the example sheets.

1.4.11. Ordinal Minimisation Principle.
Let P be a property of ordinals and assume there is an ordinal with property P.
Then there is a smallest ordinal with property P.

Proof. Take an ordinal 8 with property P. Since (5 is well ordered, there is a smallest
ordinal o < 8 that has property P and we claim that « is the smallest ordinal with
property P:

To see this, let v be any ordinal with property P. If v < 3, then by choice of a
we know a <. If, on the other hand, v £ 3, then by 1.4.5 we know 3 < v and so
again a < 7. 0

An easy example here is the following: There is a smallest infinite ordinal and
this is denoted by w. This follows from the ordinal minimisation principle for the
property “« is infinite” for ordinals a.!” Then w is the set of all finite ordinals (=
{0,1,2,3,...}): The set of all finite ordinals is the union X\ of all finite ordinals.
Note that this union is an ordinal by 1.4.6. This union is infinite and so w < A.
Since w is infinite we have n < w for all finite ordinals n, hence by definition of A
we see w = A. More applications of 1.4.11 can be found in question 14

9'We have actually not defined what it means that a set is finite, so we should specify this here:
We say that a set S is finite if every injective function S — S is surjective. Another formulation
is: A set is infinite if it is in bijection with a nonempty limit ordinal.
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1.5. Cardinal numbers.

Let X be any set. By 1.4.10, there is an ordinal that is in bijection with X. Hence
by the ordinal minimisation principle 1.4.11 there is a smallest such ordinal and we
can make the following

1.5.1. Definition. For a set X, the cardinality of X, or the size of X is the
smallest ordinal « that is in bijection with X. In symbols

card(X) = a, or, | X|=a.

A cardinal number, or just a cardinal, is an ordinal @ whose cardinality is «. In
particular, the size of any set is a cardinal number.

Obviously all finite ordinals are cardinals. The smallest infinite cardinal is w,
since it is defined as the smallest infinite ordinal. This cardinal is also written as
No.[lo]

1.5.2. Proposition. Let X,Y be sets with X # (). The following are equivalent.
(i) card(X) < card(Y).
(ii) There is an injective map X — Y.

(11i) There is a surjective map Y — X.

Proof. We may assume that X = x and Y = X are cardinal numbers, just replace
X,Y by their cardinals and recall that a set is in bijection with its cardinality.

(i)=(iii). Since K < X and &, A are also ordinals we know that x C \. Hence we may
define a surjective map g : A\ — k by g(y) = y if y € k and g(y) = 0 otherwise.
Notice that we need k # 0 here, which is implied by X # ().

(ili)=-(ii). Suppose g : A — K is a surjective map. This is equivalent to saying
that for each € &, the fibre g~ (z)!'!l is nonempty. Then we may define f(z) :=
min(g~!(z)) and get an injective map f : k — .

(ii)=(1). Let f : K —> X be injective. Then the image f(x) of f is a well ordered
subset of A and by 1.4.9 there is a unique ordinal number « which is isomorphic to
f(k). By 1.4.3(ii)=(iii) we know o C A.

On the other hand, the function f, when considered as a map k — f(k), is a

bijection. Hence there is also a bijection kK — « and by definition of “cardinal” we
then know k < . Thus k < a < A. O

Notice that by 1.4.5 we always have card(X) < card(Y") or card(Y") < card(X).

1.5.3. Theorem of Bernstein.

If X)Y are sets then the following are equivalent.
(i) card(X) = card(Y).
(ii) There is a bijective map X — Y.

(i1i) There are injective maps X — Y and Y — X.
(iv) There are surjective maps X — Y and Y — X.

[10]X is the first letter of the Hebrew alphabet and pronounced ’aleph’
[1HRecall from year 1 that g () is the set of all y € \ with g(y) = .
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Proof. By 1.5.2, item (iii) is equivalent to card(X) < card(Y) and card(Y) <
card(X). But card(X) < card(Y) and card(Y) < card(X) means card(X) =
card(Y)."?] and therefore there is a bijection X — Y. The same argument shows
the equivalence of (iv) and (i). Finally, the equivalence of (ii) and (i) is immediate
from the definition of the cardinality of a set.

O

1.5.4. Size of the power set.
For every set X we have card(X) < card(P(X)).

Proof. Since there is an injective function X — P(X) we know card(X) <
card(B(X)). Suppose card(X) = card(P(X)). Then there is a surjective map
f: X — P(X). Consider the set

(%) V={zeX|zg/[f(r)}
Then Y C X and as f is surjective there is some y € X with f(y) =Y. Consequently
(%) says that for every x € X we have

v € fly) <= =& f(z).

But this is impossible when z = y. 0J
1.5.5. Corollary. If X is a set, then there is a cardinal k > card(X).
Proof. Take k = card(B(X)) and apply 1.5.4. O

We will now study the size of cartesian products X x Y of sets. You have most
likely seen in your first year that the product of two countable infinite sets is again
countable. We record this again, but in a very explicit way, which is used at the
very beginning of coding in Godel style (cf. [Goedel]).

1.5.6. Theorem and Definition. The Pairing Function

Pair: w X w — w,

defined by
+ +y+1

Pair(z,y) :=
18 bijective.

Proof. [this proof is not examinable] We first show that Pair is surjective. Take
n € w and let z € w be maximal with @ <n. Then n < w and therefore
0<n— 2(22—1—1) _ (z+1)2(z—|—2) B 2(22—1—1)

= 2 + 1 we have

1
ng::n—%gzandso

Since (z+1)2(z+2) . z(z;—l)
y=z2—x2>0

[12I\ake sure you understand why card(X) < card(Y) and card(Y) < card(X) implies
card(X) = card(Y)
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Now . .
Pair(z,y) = (:1:+y)(a;+y+ )—I—:E:@—Fx:n,

as required for surjectivity.
We now show that the preimage (x,y) of n under Pair constructed above is indeed
unique; hence we show that Pair is injective.

Assume Pair(2’,y') = n. Then w < n and so by choice of z above we
know 2’ + 1/ < z. Suppose =’ + 3y’ < z. Then

(' +y)(+y +1) Lo < (z—1)z

— Pai A —1<
n air(z', y') 5 <5tz
z(z+1 ) o
< g < Pair(z,y) = n, a contradiction.
Thus 2’ + ¢ = 2, which implies 2’ = n — Ww =n— (Hy)(zﬂ = z and
theny = (@' +vy)—2'=(z+y) —z=uy. O

1.5.7. Size of products.
If X, Y are nonempty sets and at least one of them is infinite, then

card(X X Y) = max{card(X), card(Y)}.

Proof. [this proof is not examinable] We may assume that card(Y) < card(X), and

so X is infinite. Since card(X) < card(X xY') < card(X x X) it suffices to show that

card(X x X) = card(X), i.e., we need to show that there is a bijection X x X — X.
We will apply Zorn’s lemma to the following poset. Let

S ={(A, f)]AC X and f: Ax A— Ais a bijection}
and consider the relation
(A, f) £ (B,g): <= AC Band glaxa = f.

It is straightforward to see that < is a partial order on .. Obviously .¥ is not empty
(consider singleton sets).

Now, if " C .7 is a chain for <, then (U p)er A, U4, pyer f) is an upper bound
for 2 in .. Here U4 s)cr f stands for the common extension of all the f when

(A, f) runs through the elements of # .I"! Notice that this common extension is
indeed defined on the product U e A X Uwa pyer A-

Therefore, by Zorn’s lemma, there is a maximal element (A.f) in (., ). The set
A must be infinite, because otherwise A has to be a singleton and then we could use
1.5.6 to find a larger element in .7 above (A, f). 4

Claim 1. If n € N and A,,..., A, are sets with card(A4;) < card(A) for all i, then
card(A; U...UA,) < card(A).

[13]1f we consider functions as sets by identifying a function with its graph, then the graph of
the common extension is indeed the union of the graphs of the functions in the family.

(1411t should be remarked here that the maximality of (A4, f) in . will not enable us to prove
that A = X; for example, X could just have one more element than A. However, the maximality
of (A, f) in . implies that A must be “big” in X, see claim 2.
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Proof of claim 1. We have
card(A; U...UA,) <card({1,...,n} x A), because there is an injective map
AjU...UA, —{l,....,n} x A
< card(A x A), because A is infinite, hence there

is an injective map {1,...,n} x A — Ax A
= card(A), because f: A x A — A is bijective.
We conclude that card(4; U...U A,,) < card(A). o

We will now use the maximality of (A, f) in . to show that A is “big” in X:

Claim 2. card(X \ A) < card(A).

Proof. Suppose for a contradiction that this is not the case. Then card(A) <
card(X \ A) and therefore there is a subset B of X \ A with card(B) = card(A); for
example one can choose B as the image of an injective map A — X \ A. Now look
at the following drawing of X x X:

Ax B Bx B

Ax A B x A

A B

Since card(A x A) = A and card(A) = card(B) we also know card(B x B) =
card(A x B) = card(B x A) = card(B). Let
C=(BxB)U(Ax B)U(B x A) (the green area).

Using claim 1 (with n = 3) it follows that card(C') = card(A) = card(B). Hence
there is a bijection g : C — B.

Since (AU B) x (AU B) is the disjoint union of A x A and C, we may define a
map h: (AUB) x (AUB) — AU B by

h(z) = f(x) ?fx € Ax A,
glx) ifzxed.
Since f: Ax A — A and g : C' — B are bijections, also h is a bijection. But h
extends f by definition. This shows that (A, f) <(A U B, h), which contradicts the
maximality of (A, f) in (7, <). o
Hence by claim 2, the set D = X \ A has cardinality < card(A). Since

XXxX=(AxA)UAxD)U(DxA)U(D x D)
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and each of the four sets on the right hand side has cardinality < card(A) we may
use claim 1 again to deduce that card(X x X) < card(A) < card(X). O

1.5.8. Ezample. card(C) = card(R) = card(B(Q)) = card(P(IN)).
Proof. card(C) = card(R) follows from 1.5.7, since C = R x R (as sets). Since Q

is countable (see level 1 material to find a bijection between IN and Q, or argue
with a surjection Z x Z — Q) we know card(P(Q)) = card(P(IN)). Thus, by the
Theorem of Bernstein, it suffices to show that

(a) card(R) < card(PB(Q)) and

(b) card(P(IN)) < card(R).
(a). Forre Rlet f(r) ={qe€ Q| q<r}. Then f(r) # f(s) if r # s € R, because
between two real numbers there is a rational number. Hence we have defined an
injective map f: R — PB(Q), which shows (a) (by 1.5.2).
(b) For an infinite subset S of IN define

= a, 1 ifneS
S) = —, wh n = ’
9(5) nzl?m’ e {0 ifn ¢ s.

From real analysis we know that g(S) # ¢g(T) for all S # T' C IN. Hence we have
defined an injective map ¢ : P(IN) — R, which shows (a) (by 1.5.2).

Why did we choose the denominator 3" in the definition of g and not 2”7 U
The most important application of 1.5.7 is the following.

1.5.9. Size of arbitrary unions

Let I be an index set and for each i € I let X; be a set. Let k be an infinite cardinal
with card(X;) < k for all i. Then

card(lJ X;) < max{card(I), x}.

il
Proof. Since card(X;) < k, there is a surjective map f; : kK — X, for each i € I (use

1.5.2 and observe that we may assume X; # ()). We define a map f : [ x k —>
Uier Xi by f(i, @) := fi(«). Obviously f is surjective. By 1.5.2 again, we know

card(lJ X;) < card(I x k).

i€l
But now, 1.5.7 says card(/ x k) = max{card(/), k} showing the assertion. O
A particular case of 1.5.9 is
1.5.10. Corollary. If X and Y are sets and at least one them is infinite, then
card(X UY') = max{card(X), card(Y)}.
1.5.11. Corollary. If X is an infinite set, then
card(Maps(X, X)) = card(P(X)),
where Maps(X, X) denotes the set of all maps X — X.
Remark: The important part here is the inequality <.



Cardinal numbers 20

Proof. The inequality card(Maps(X, X)) > card(B(X)) follows from the fact that
every subset of a set is uniquely determined by its characteristic function X —
{0,1}; hence we may construct an injective map B(X) — Maps(X, X).
For the converse, consider the map
[': Maps(X, X) — PB(X x X)
that sends a function f: X — X to its graph. I' is obviously injective. Hence
card(Maps(X, X)) < cardB(X x X) = cardB(X),

where we use 1.5.7 for the last equality (for the implication card(X x X) =
card(X) = card B(X x X) = card P(X) take inspiration from the 4th question of
the list of warm-up questions for Set Theory).

O

1.5.12. Example. Let F be a field.

(i) Let V be an infinite F-vector space and let B be a subsets of V' that generates
V' as a vector space. Then

card(V') = max{card(F), card(B)}.
(ii) All infinite F-vector spaces of the same size strictly bigger than card(F) are
isomorphic.
Proof. |this proof is not examinable| (i) Let S be the set
S= U Maps(E,F).

ECB finite
Consider the map ® : S — V defined by

O(o) = Z o(v)w

veE

where 0 : E — I and £ C B is finite.

As B generates V' as a vector space, every element of V' is a finite linear combina-
tion of elements from B. This is equivalent to saying that the map & is surjective.
In particular, the cardinality of V' is at most the cardinality of the set S.

We estimate the cardinality of S: For £ C B finite, the cardinality of Maps(E, F')
is at most max{w,card(F)} as follows from 1.5.7 (notice that Maps(E, F) is in
bijection with F", where n is the size of the finite set F). Hence by 1.5.9 we know

card(S) < max{w,card(F),card({E CBI|E ﬁnite})}.
Now card{E C B | E finite} < max{w, card(B)} by question 17 and so
card(S) < max{w, card(F'),card(B)}.
Since V' is infinite, either F' or B must be infinite. Altogether it follows
card(V') < card(S) < max{card(F'),card(B)}.

Since the other inequality is obvious we get (i).
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(ii). Now assume VW are infinite F-vector spaces with card(V) = card(W) >
card(F'). By 1.2.6, both vector spaces have a basis. Let B be a basis of V and let C
be a basis of W. By (i) we have card(V') = max{card(F'), card(B)}. Since card(V') >
card(F) this is only possible when card(V') = card(B). The same argument applies
to W and C, thus card(W) = card(C'). But card(V) = card(WV), hence card(B) =
card(C') and there is a bijection fo : B — C. Since B is a basis of V, there is a
unique F-vector space homomorphism f : V' — W extending fy. Since C'is a basis
of W, f is an F-vector space isomorphism. O

1.5.13. Ezample. |This example is not examinable.|

Here is an application of some of the results about ordinals and cardinals. We claim

that there is a subset S of R? that intersects every line of R? in exactly two points.
Before proving this, here is some discussion. One can decompose the property of

S that is asked for into two pieces by saying that

(a) S intersects each line of R? in at least 2 points, and
(b) S intersects each line of R? in at most 2 points (equivalently: no three points
of S are colinear).

Now, if S is a set with properties (a) and (b), then S is maximal among subsets
of R? having property (b), because for p € R?\ S and any line ¢ through p, the
set S contains already two points of S. One could therefore be tempted to apply
Zorn’s lemma and check whether a set S that is maximal with property (b) would
also satisfy (a). However this is not true. For example the unit circle satisfies (b)
and any point not on the unit circle is on a line that hits the unit circle twice; hence
the unit circle is maximal with property (b), but still does not satisfy (a).

Proof. Let L be the set of all lines of R2. Since a line is determined by two points in
the plane there is surjective map R? x R? — L. Obviously there is also an injective
map R — L. Hence we know that card(R) < card(L) < card(R*). By 1.5.7 we
know card(R) = card(R*) and therefore we have card(L) = card(R). We write ¢ for
this cardinal. We fix a bijection ¢ — L, i +— ¢; (which we think of an enumeration).
For each i < ¢ we construct a set S; C R? with the following properties.

(a); S; intersects each line ¢; with j < ¢ in at least 2 points.
(b); No three points of \S; are colinear.
(¢); card(S;) < c.
(d)z If] < 1, then Sj CS;.
To start with, we choose Sy = ) (or in fact any subset Sy of R? of cardinality < ¢
not containing three colinear points). If ¢ < ¢ is a limit ordinal and for all j < i
we have already defined S; with properties (a);, (b);, (¢);, (d);. then we may take
S; = U< S; and see that the conditions also hold true for i (use 1.5.9 for (c);).
Now suppose ¢ < ¢ and S; is already constructed with the properties above. We
define S;;; such that conditions (a);y1, (b)it1, (¢)ir1, (d);+1 hold, as follows (here
i + 1 is the successor ordinal i*). Let L’ be the set of all lines passing through two
points of S;. If /; € L' then we may take S;;; = 5;.
Hence we may assume that ¢; ¢ L'. By (c); the cardinality of L' is < ¢ (using a
similar argument to the one used to calculate card(L) = card(RR) above). Now, each
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of the lines in L' and any of the lines ¢; with j < ¢ is different from ¢;, hence they
can only have at most one point in common with ¢;. We obtain that the set

T=1/N (U@»u U 4)
j<i ter
is of cardinality < ¢. Since every line is in bijection with R we know that card(¢;) = c.
In particular ¢; \ T has at least two elements.

Case 1. There is some q € ¢; N S;.

Take p € £;\ T with p # ¢q and set S;11 = S; U{p}. Then (a);;1 holds. Obviously
(d);+1 holds and condition (c);;1 follows from the size of sums. It remains to show
(b)it1, i.e. no three points of S;;; are colinear. By (b); one of these points would
have to be p and the other two would have to be in S;. But then p is on a line from
L’ and this contradicts the choice of p.

Case 2. ;N S; = 0.

Take p,q € ¢;\T with p # q and set S;;1 = S;U{p, q}. Then (a);;; holds. Again,
(d);+1 holds and condition (c);;1 follows from the size of sums. It remains to show
(b)i+1, i.e. no three points of S;.; are colinear. Suppose otherwise. If p and ¢ are
both among these points, then the third point would be in ¢; N.S; = () as ¢; is the
line through p and ¢. This is excluded in case 2. By (b); one of the three points
would have to be p or q. Hence we may assume that p is among these three points
and the other two points are in .S;. But as in case 1, this contradicts the choice of p.

The two cases finish the construction. But now we see that the set S = ;.. S;
satisfies condition (a) and (b). O
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1.6. A first attempt at axiomatic set theory.

So far, we have done set theory without much worry about ground assumptions; this
is often referred to as naive set theory. To motivate what is coming in the second
part of the course, we briefly consider axiomatic set theory.

First, consider the question ‘what is it that gives mathematics a certainty that
other subjects might appear to lack?”’. An answer might be that we prove our
results. But this raises the question of what it means to give a proof. One possible
answer to this is contained in the second half of the course. But even given that
proofs ‘preserve truth’, that is, lead from true hypotheses to true conclusions, there
remains the question of which hypotheses we should start from. Such hypotheses
are called azioms.

Historically, the introduction of axioms for set theory was motivated by certain
apparent paradoxes in the naive approach, and by a desire to make clear exactly
what the assumptions were underlying Zermelo’s proof that every set could be well-
ordered.

Perhaps the most famous of the paradoxes is Russell’s Paradox, which goes as
follows. Consider the collection

R={z:zisaset and z &€ z}.

If R is a set, we see that R € R if and only if R ¢ R, which is impossible. So R
cannot be a set. But it looks like one...
For a similar issue, consider
V ={z:xis aset}.

If V' is a set, then by Theorem 1.5.4 on the size of the powerset, there is no injective
function P(V) — V. But P(V) C V. So V cannot be a set.
Finally, let us consider the collection

On = {« : a is an ordinal }.

Suppose that On is a set. By 1.4.2, On is transitive and by the ordinal minimization
principle 1.4.11 it is strictly well-ordered by membership. So On is itself an ordinal.
But then On < On, contradicting On = On.

These examples have something in common: they consider ‘very large’ collections.
Why should they be sets in the first place?” When we think these examples are sets,
it is perhaps because of something like the following:

Naive comprehension axiom For any property @) of sets the collection
{X : X has property Q}

is a set. So this axiom — a priori — cannot stand by Russell’s paradox.

To try to avoid the problem with 'very large’ collections, we could replace this with
something like:
Restricted comprehension If X is a set and () is a property of sets then the
collection

{z € X : x has property Q}

is a set.
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The difference here is that we are picking out a subcollection of a set X, rather
than all sets satisfying some property. The idea is that if X is ‘small enough’ to be
a set, then we should not get into trouble declaring some subcollection of X a set.

However, there is a second problem here. What exactly do we mean by ‘a property
of sets’. To see the issue with this, consider the property ((n) of sets saying that

n is a natural number, which can be defined
by using at most 1000 letters of the roman alphabet.

Let us consider the set X = {n : Q(n) holds}. Since there are only finitely many
natural numbers that can be defined using at most 1000 letters of the roman al-
phabet, the set X is finite. Hence IN \ X is nonempty and thus there is a smallest
element k of N\ X. Is k € XI"1? This is a version of Berry’s paradoz.

To avoid this issue, we may introduce logical formulas and say that our property has
to be given by some such formula, in a certain language. We will start this process
very soon. This will also allow us to be precise about so called formal proofs.

At the end of the course, we will see an axiomatisation of set theory. In addition
to a version of the restricted comprehension axiom mentioned above, we will have
various other axioms. The full list appears later, but it will include axioms such as
‘If x is a set then so is its powerset’, and ‘there is an infinite set’. The most involved
axiom will turn out to be the Aziom of Replacement. This allows us to build, for
example, large ordinals. We secretly used this in the proof that every well-ordered
set is isomorphic to an ordinal. Our axioms together will give us the system ZF
(Zermelo-Fraenkel set theory). We will then add the Aziom of Choice, to get ZFC.
See question 21 on the example sheet for more on the Axiom of Choice.

A further advantage of the axiomatic approach is that we can treat these formal
set theories as topics for mathematical study, and prove theorems about these the-
ories. For example,

Theorem. (Godel) If ZF is consistent (that is, there is no contradiction provable
from the axioms of ZF) then also ZFC is consistent.

But now we may also ask if we can prove in ZF that ZF is consistent.

Theorem. (Godel, [GoedelStanford]) If ZF is consistent then ZF does not prove
‘ZF is consistent’.

These theorems are (some way) beyond the scope of the course, but they might pro-
vide further motivation for the idea of axiomatising set theory, and for the upcoming
development of formal logic leading to mathematical logic.

[15lRecall that natural numbers are sets: they are the finite ordinals
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2. PREDICATE LOGIC

We begin by giving an overview, which is meant to give ideas, rather than to be
precise.

Predicate logic deals with formal languages in which (in principle) all of mathe-
matics can be formulated, together with their semantics (i.e. the meaning attached
to certain expressions of such a language). Languages are designed with the inten-
tion of forming statements about “sets with structure” (which will be on the semantic
side). We will prove rigorous statements about these languages and this is important
to keep in mind.

To name two examples of such sets-with-structure one may think of a group (a set
whose structure is given by the group operation), or a poset (a set whose structure
is given by a partial order). In particular, we will be able to talk about elements
of sets. We will have variables (or rather variable symbols) x,y, z1, T2, ..., Y1, Y2, - . .
which, when meaning is attached to them, range over a given set. We will also have
quantifiers V, 3 (‘for all’ and ‘there exists’). So a formula in Predicate Logic could,
for example, begin with Vxdy---. What we are allowed to include in the formula
will depend on the structure we are studying. We will have different languages
for different types of structures. We give a language by choosing certain symbols
which stand for constants, certain symbols standing for relations and certain symbols
standing for functions.

Let us give some examples. Our sets-with-structure will always include = (for-
mally this is a 2-ary — aka binary — relation) and we will always have a binary
relation symbol in our language, denoted by = (notice: the symbol = here should
be understood as a letter only and no meaning is supposed to be attached to it -
only when it comes to the interpretation of these symbols we will get to a binary
relation). We might also have, for instance, an ordering, e.g. < in the integers Z or
the real numbers R. This is another binary relation, and if we wanted to study it
we could include another binary relation symbol in our language. If we wanted to
talk about arithmetic in Z or R we could add binary function symbols + and X, to
be interpreted as addition and multiplication, and perhaps constant symbols to be
interpreted as 0 and 1.

Before getting onto these, we start by looking at the basic language, which is
common to all languages and which serves here as a warmup for the general case
(which starts in section 2.3).
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2.1. Warmup I: The Basic Language.

The material here will be done in extended and rigorous form starting with section
2.3. Here we focus mainly on the syntactic side of the simplest language, which will
also be present in the general case.

2.1.1. Definition. The basic language %) has the following letters:

e The propositional connectives —, — as well as brackets ) and (.

e The universal quantifier symbol V.

e Variable symbols ..., vy, vy, 0o, .. ..

e The equality symbol =.
Note that these letters are intended to have meaning later, but at the moment
they should be read at a purely symbolic level. This can be compared to natural
languages, which have letters making up an alphabet and have in the first place no
meaning. (In our context the letters could also be understood as an object that one
could feed to a computer.) In order to distinguish them from their use in the meta
language we color them in red at the moment; this will stop at some point. The dot
in = will remain later and remind us that this is the symbol of the language.

One might wonder why the propositional symbols A, V and the existential quan-
tifier 3 are not listed here. The reason is that these will be defined in terms of the
above, but on a more practical side it is less work later in proofs to deal with a
smaller language.

2.1.2. Definition. A term of .%j is just a variable!'’ and the free variable of a
term is the variable that makes up the term: We define Fr(x) = {x} for any variable
.

2.1.3. Definition. An atomic formula of .%j is an expression (formally: a finite
sequence of letters) s=t where s, ¢ are terms. We define

Fr(s=t) = Fr(s) U Fr(t).

Notice that = here is just a letter of our language, which has no other meaning (at
the moment), whereas the symbol “=" here is used in the usual mathematical sense,
i.e. we are expressing that Fr(s=t) is equal to Fr(s) U Fr(¢) (by definition).

We define the formulas of .%j, and their free variables, as follows:

e Every atomic formula is a formula.
e If p is a formula then so is (=), and Fr((—¢)) = Fr(y).

Notice that in the expression Fr((—¢)) the inner brackets are formal symbols
of the language, whereas the outer brackets are meta theoretical brackets as
used in mathematics all the time.

o If , 9 are formulas then so is (¢p—) and Fr((¢—1)) = Fr(p) U Fr(y).
o If ¢ is a formula and x is a variable symboll'l. then (Vz ¢) is a formula and

Fr((Vay)) = Fr(p) \ {z}.

[161This looks a bit strange at the moment, but for more complex languages this definition will
be extended.

[171S0 2 stands for one of the Vg, U1, U2,.... This should be compared with the handling of
objects in mathematics in general. For example when we want to prove a statement about integers
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e Nothing else is a formula of .%j.
The set of all Zj-formulas is denoted by Fml(.%j). A sentence of .%j is a formula
without free variables and the set of all Zj-sentences is denoted by Sen(.%j):
Sen(%y) = {0 € Fml(.%) | Fr(o) = 0}.

We will drop brackets if the expression is unambiguous to help readability at the
moment, but for formal proofs of statements about formulas one has to invoke
brackets as defined above.

2.1.4. Examples and Abbreviations Here are some examples of formulas of .Zj
together with their free variables.

(i) vy = v; is a formula, with free variables vy, v;. We could have also written:
“r=y is a formula”, with free variables x,y. So here we would use z,y as meta
theoretic symbol for one of the vy, vy, vs,. ...

When we use z,y, z we always mean distinct variables.

(ii) Vo xz=y is a formula where z,y are variables; we have dropped outer brackets
for readability. The only free variable is y.

(iii) Some abbreviations: For variables x,y we write x#y instead of —z=y.

For formulas ¢, 1) we write
©V1p for (—p)—1 (“disjunction of ¢ and ")
e\ for =(¢o— (1)) (“conjunction of ¢ and "), and
pey for (p=P)A(Y—o)

In the meta theory we will use <= to indicate equivalence of statements,
so again, <+ has to be understood as an abbreviation in the syntax of the
language. In 2.2.6 we will make this explicit.

If p is a formula and x is a variable we write
dz ¢ for =(Vz(—p)).

For better readability we could have written (and we will write) —Va—¢.

Strictly speaking we should not color these abbreviations because they are not
symbols of the language, but we still do it to alert the reader that this is just
a syntactical expression and not a meta theoretic assertion.

(iv) For example Va(x=yAy+#z) is a formula with free variables y, z and JxVy(z=yA
y#z) is a formula with free variable z.

(v) VaVyVzIu(—((u#r uy) — u=z)) is a formula with no free variables, that is,
it is a sentence. Try to figure out what this sentence says. Although we have
not yet defined meaning for formulas you can try to guess what the sentence
expresses. See question 22 on the example sheet.

we say “Let x be an integer. . .”, but no actual integer might appear in that proof. In our situation,
the objects we are dealing with are the vy, v1, vo,...and x ranges over them.
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2.1.5. How to understand the definition of a formula The definition of for-
mulas is inductive and each formula has a corresponding construction tree. Any
formula that occurs in the tree for ¢ is called a subformula of ¢. Each formula has
a principle connective (and there is a unique readability theorem, to be formulated
later). Here is an example. Consider the formula JzVy(z=y—y+#z). This is an
abbreviation for (—Va(=Vy(x=y—y+#z))). If we dismantle its construction we get
the following tree.

JxVy(r=y—y#2)
Va(—Vy(r=y—y#z))
Vy(r=y—y#2)

Vy(z=y—y#=2)

T=Y—y#z

y==
We can see that for instance y=z and Vy(x=y—y#z) are subformulas of
JzVy(z=y—y+#z) but that Jx(zx=y—y+#z) is not.

2.1.6. Definition. We define the free occurrences of a variable z in a formula as
follows:
(1) Every occurrence of x in any atomic formula is free.
(2) The free occurrences of x in () are the free occurrences of = in ¢.
(3) The free occurrences of = in (p—1)) are the free occurrences of = in ¢ together
with the free occurrences of x in 1.
(4) There are no free occurrences of z in V.

If v is a formula that has a subformula of the form (Qx¢) where @ is either ¥ or 3,

we refer to (Qxp) as the scope of Qz. Any free occurrence of x in ¢ is said to be
bound by Q.

2.1.7. Examples.

(i) In the formula Jz(x=yAy#z)A\Vz(x=z) the variable y is free. The first oc-
currence of z is free, the second is bound by Vz. The second occurrence of x
is free, the first is bound by Jz. The scope of the first Jx is the subformula
Jx(x=yAy+#z), the scope of Vz is Vz(x=z) (dropping brackets for readability).

(ii) Consider the formula

Jz((Vo(zx=zx))—r=x).
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The scope of the quantifier dx is the entire formula. But the first x=x here
lies in the scope of Vz, so these xs are bound by Vx, while the second x=x are
bound by Jz.

Instead of this formula, we could also write
Jr(Vy(y=y)—z=z).

This formula is different, but it has the same meaning (it is logically equivalent,
to be defined properly later). It is also much easier to read!
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2.2. Warmup II: Interpreting formulas in the basic language.
We now come to the semantics of the basic language, i.e. we will give meaning to
the formulas of .. First some informal explanations.

2.2.1. Given a formula ¢ of the basic language, it does in general not make sense
to ask whether it is true or false for two reasons:

(a) When ¢ has free variables, e.g. ¢ could be x = y, then we need to know
what x and y stand for. Hence at least we need to assume that ¢ has no free
variables, i.e ¢ is a sentence.

(b) When ¢ is a sentence, e.g. ¢ could be VzVy(x = y), then we need to know the
range of the quantifiers (we want to read “V” as “for all”.)

In order to address (b) we need to a fix a base set (aka universe or domain) U.
For example if U is the set IN of natural numbers, then the formula VaVy(z = y)
is false in U if we read the quantifier Vx as “For all x € IN”. If U is a set with
exactly one element, then the formula VzVy(x = y) is true in U. Hence truth of a
sentence depends on the chosen universe (at least). Of course one might also ask,
whether a sentence is true in all universes (or in all universes that have some specific
properties) and this will be addressed in great generality later.

When defining truth in (b) we are naturally lead to address the issue in (a).
Suppose ¢ is a formula which has at most one free variable z and let ¢ be the
sentence Vz ¢. Now let U be a set. If we want to know whether ¢ is true in U we
want to interpret v in U as

@(x) is true in U when we “replace” z by a.I*®l

This motivates the central definition of the semantics of Predicate Logic (for the
basic language):

[18l0bserve that ©(a) does not belong to the basic language, because the element a of U is in
general not a letter. Hence we cannot just literally replace = by a and say “¢(a) is true in U”
without defining what that means.
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2.2.2. Definition. A structure of the basic language is a nonempty set . .1**!

Given a structure .# in the basic language and a formula ¢ of the basic language

with at most free variables z1,...,x, (hence Fr C {xy,...,x,}), and elements
®
ai,...,a, of A, we define
(1) @ is true in A at aq, ..., a,"*",

and write this as
M play,. .., ap),

by induction on the construction of ¢, following definition 2.1.3:

(i) If ¢ is an atomic formula of the form x1=x, with variables x1, xs then
“M E plar,az)” is defined as a; = as.

(ii) For the induction step we take ¢,1 € Fml(.Z) and a variable x. Then

“AM ): (ﬁ(p) (alv s 7an)”
is defined as
“M IV p(ay, ..., a,)", in other words “.Z |= ¢(ay,...,a,) does not hold”

“AME (o—Y)(ag, ... a,)

is defined as

“U A E p(ay,...,a,) then A = Y(aq, ..., a,)"

“M = (Yro)(ay, ..., an)”
is defined as
M= pla, ... ap), in the case when x is not among the z;

MEplay,..., b ... a,) foralbe #, if x = x;.

ith position

(iii) If o is a sentence of %, and ¢ is true in .#, then we say that .# is a model
of ¢, in symbols: A = .

(iv) If T is a set of .Z-sentences, then we say that # =T if # = pforallp € T.

This definition is referred to as “truth definition in the basic language”.

(19T his definition again looks a bit strange but for general languages the notion of a structure
is rather complex and central in the course; so here we are looking at the simplest instance. At
the moment . just plays the role of the set U in the terminology of 2.2.1.

[20lWe also say “p holds/is true in .# at ay,...,a,”, or, “.# satisfies p at ay,...,a,".
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2.2.3. Remark. The definition of “.Z = (Vxy)(a1,...,a,)” in 2.2.2(ii) could have
also been

“ME (Vrip)(a, ... a,)”

is defined as

MEplar,..., b ... a,) forallbe ||
ith position
Why would that also cover the case “.Z = (Vzy)(ay,...,a,)” for x & {z1,...,x,}7
For an answer, see the solution to the additional question in question 25 of the

example sheet.

We will now drop the coloring of the letters (and the abbreviations) in
formulas of the basic language. We also use brackets not in accordance
to the formal definition in order to increase readability. After working
through the material in section 2.1 you should be able to write down
the formal expression in each case. Please keep in mind that we will
develop mathematics of these formulas and in proofs we have to refer to
the precise syntactic definitions.

2.2.4. Ezamples. Let ¢ be the formula Vzz = y, hence ¢ has exactly one free
variable, namely y.

(i) Let .4 be a structure of the basic language and let a € .Z. Is ¢ true in A
at a, in other words do we have

M= p(a)?
Answer: This depends on what .# is. If .# has exactly one element, then

M = p(a) where a is the unique element of .#. The reason is that .#Z = p(a)
is defined in 2.2.2 by

“For all b € .# we have b = a”,

which is clearly true since # = {a}.

On the other hand if .Z has at least two elements, then .# = ¢(a) fails, no
matter what we choose for a € .#: Since .# has an element different from a
we see that it is not the case that

“For all b € .# we have b= a’.

(ii) The reasoning in (i) shows that for every Zj-structure .#, if there is some
a € M with # = ¢(a) then for any other element a’ € .# we also have
A = p(d'). In other words, the truth of ¢(z) in a structure at some element
is only dependent on the structure, not on the choice of the element. This
will generally be an exceptional case. Formally the property says that every
structure .# is a model of the sentence

VyVz (Vx(x =y) & Vo(x = z))

Later we will show that every structure .# is a model of this sentence for
every choice of a formula ¢ of the basic language in at most one variable. Do
you see a way to prove this?
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2.2.5. Example. Let v be the formula Vz (z # y — « = z). Hence v has two free
variables, namely v, z. Let .# be a structure of the basic language and let a,b € .Z .
When is ¢ true in .# at the tuple (a,b), in other words when do we have

M= (a,b) ?
This again depends on the choice of ., but this time it also depends on the choice of
a and b. See question 24 of the example sheet for a guided discussion with examples.

2.2.6. Meaning of the abbreviations Let .Z be a structure in the basic language
and let o, 9 be formulas of the basic language with at most free variables x4, ..., x,
and elements aq, ..., a, of .#. Then

(i) A = (¢ VY)(al,...,a,) if and only if the following condition holds:
M= p(ay, ... a,) or A =U(ay,. .., a,).

(i) A E (¢ ANY)(ay,...,ay) if and only if the following condition holds:
M ): @(ala---aan) and .4 |: w(ala"'aan)‘

(i) & = (p <> ¥)(ay,...,a,) if and only if the following condition holds:
M= plar, ... an) = M= Y(ay,. .., a,).

Notice that < is just a syntactic construction with no further meaning, whereas
the symbol <= is the standard equivalence of mathematical statements (just
like the expression “if and only if”).

(iv) Fori € {1,...,n} we have A | Jx;p(ay,...,a,) if and only if there is some
b € A such that

M= play, ..., \b/_/ sy Oy)

ith position

Proof. This is done in question 25 of the example sheet. O
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2.3. Languages and formulas.

In this section we define what is a first order language in full generality, usually
denoted by .Z. Such a language consists of an alphabet — extending the basic
language — which will be used to form finite sequences (strings) of elements of that
alphabet, built according to certain rules; these strings will be called formulas.

First a brief explanation how we want to extend the basic language. There is not a
lot we can say with our basic language. For example consider the expression

Vn2<n-—3dp (QSp/\p|n/\Vk‘v’m(p:k;-m—>p:/<;\/p:m)).

When quantifiers are read as ranging over natural numbers, it expresses that every
natural number greater or equal to 2 is divisible by a prime number. The symbols
that are not in the basic language are

2 < |

These symbols are thus interpreted as follows:

2 is a symbol for a an element, we will say 'constant symbol’.
< is a symbol for a relation, we will say 'relation symbol’.

| is a symbol for another relation.

- is a symbol for a function, we will say 'function symbol’.

Most of mathematics is expressed with naming elements (or ’constants’), relations
and functions. Hence in order to get a more expressive logic and capture these
objects in the language, we now add symbols for constants, relations and functions.

2.3.1. Why do we set up languages? The goal in this chapter — and the fun-
damental theorems of Predicate Logic — is to explain Soundness and Completeness,
which says the following (in an informal way):

Using any language (as defined below), we can define an axiom system, consisting
of sentences in the language, together with rules about what is a formal proof, such
that

(1) all formal proofs produce true statements when fed with true statements (this
is called “Soundness”).

(2) the axioms system is complete in the sense that every mathematically true
statement of our language is provable in the system (this is called “Complete-
ness”)

We then obviously also need to define what we mean by “truth”, which will be done
via “truth in .Z-structures”; we have already defined this for the basic language.

One could respond to the two requirements above by declaring that the axioms
is the set A of all true sentences and the rule is “being a member of A”. But then
the rule is — a priori — not even verifiable. Hence the axioms system will have to be
as simple as possible (and consist of sentences that can be declared as obvious - we
shall call them tautologies) and the rules should be so that even a computer is able
to decide what is a formal proof and what is not.
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The task has significant syntactic complexity so the setup of the language and the
proof system will occupy us for a while, before we can realise the requirements (1)
and (2) above.

The alphabet of a language

We reintroduce the red color to distinguish symbols of languages from any perceived
meaning.

2.3.2. Definition. The alphabet of a language .Z consists of the following letters:

(I) A set of logical symbols, which are present in every language:
e — ('not’), — ("implies’), V (for all’)
e The equality symbol: =
e Brackets: ) (
e Comma: ,
e Symbols to denote variables: vy, vq, v, ... Notice that each v; is considered
as a single symbol (and not as a concatenation of two symbols).

Hence the letters of the basic language from section 2.1 are always present in any
language. However in general there are more letters and this is where languages
differ. These are recorded next.

(II) e Three mutually disjoint sets % (called the set of relation symbols or
predicate symbols), .# (called the set of function symbols) and ¢
(called the set of constant symbols). Further, none of these sets contains
a logical symbol.
e Maps
A Z — N called the “arity of relation symbols”

p: . F — NN called the “arity of function symbols”

For R € # and F' € %, the numbers A\(R) and u(F) are called the arity
of R, I’ respectively. We say that R, F'is n-ary, if A\(R) = n, u(F) = n,
respectively; if n = 1 we say unary and if n = 2, we say binary.

2.3.3. Terminology and Notation

(a) Every logical symbol and every element from ZU.Z U% is called an .Z-symbol
or simply a symbol whenever .Z is clear from the context. We shall also use
the term (.Z-)letter instead of (.Z)-symbol.

(b) We define the set of variables as

Vbl := {v, | n € Ny}
(c) The (alphabet of a) language .Z is called finite if #, .# and ¢ are finite.
Otherwise the alphabet of % is called infinite

The (alphabet of a) language .Z is called countable if #, .# and € are
countable or finite. Otherwise the alphabet of .Z is called uncountable. .

In general, the cardinality of an alphabet of a language .Z is the
cardinality of Z U . % U ¥ .
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(d) Obviously, the alphabet of a language is uniquely determined by the data in
item II of definition 2.3.2. These data are called the similarity type of .Z.
Hence the similarity type of .Z is given by the triple

N Z—N,u: F— N, %)

We will often communicate languages by stating the elements of ZU.% U%¥
explicitly and then say the arity of relation symbols and function symbols.
For example we could say, let £ be the language {R, S, F,c,d), where R is
a unary relation symbol, S is a relation symbol of arity 4, F' is a binary
function symbol and ¢, d are constant symbols; hence formally Z = {R, S}
with A(R) = 1, \(S) =4, .% = {F} with u(F) =2 and € = {c,d}.

If one of the sets Z..% or € is empty, we drop it.

2.3.4. Real world examples
(i) The empty language has similarity type Z = % = ¢ = (). In the terminology
of section 2.1, this language is just the basic language, which we also refer to
as “the empty language” (explaining the notation .%j).

(ii) The language of a composition (or of a “binary operation” ) has similarity {-},
where - is a binary function symbol. Formally this reads as Z = ¢ = 0,
F ={-}and p(-) =2 and € = 0.

(iii) The language of groups has similarity type {-, !, ¢}, where - is a binary func-
tion symbol, ~! is a unary function symbol and e is a constant symbol. For-
mally this reads as Z =0, # = {-, '}, € ={e} and u(-) =2, p("') =1

(iv) The language of unital rings has similarity type {+, —,-,0, 1}, where +, - are
binary function symbols, — is a unary function symbol and 0,1 are constant
symbols. Formally this reads as Z = 0, % = {+,—,-}, € = {0,1} and
p(+) = p(-) =2, p(=) = 1.

(v) The language of set theory has similarity type {€}, where € is a binary relation
symbol. Formally this reads as Z = {€}, .F = € = ) and \(¢) = 2.*!

(vi) The language of posets has similarity type {<} where < is a binary relation
symbol. Formally this reads as Z = {<}, & =€ =0 and \(<) = 2.

So this language is essentially the same as the language of set theory. We use
different letters for the binary relation symbol, which will suit better to what
we want to do with that language.

(vii) The language of ordered groups has similarity type {<,-, ', e}, where < is a
binary relation symbol, - is a binary function symbol, ! is a unary function
symbol and e is a constant symbol. As an exercise, write out what this means
following the patterns from the examples above.

21Some authors also use the similarity type {€,0}, which also has a constant symbol {).



Languages and formulas 37

(viii) The language of ordered rings has similarity type {<,+, —, -, 0,1}, where < is
a binary relation symbol, 4+ and - are binary function symbols, — is a unary
function symbol and 0, 1 are constant symbols. As an exercise, write out what
this means following the patterns from the examples above.

We now build up the definition of formulas for a given signature of a language.
These will be finite strings of letters of the language.

2.3.5. Definition. A string of an alphabet of a language £ (or simply “a string
of £ or an “.%Z-string”) is a finite sequence of logical symbols and elements from
X, 7 and €. The length of a string is the length of that sequence. Every logical
symbol and each element from %, % and % is also considered to be a string (a
sequence of length 1). We shall denote strings by simply concatenating letters, e.g.
we write vo—V, vy —, = vy instead of the sequence (vg,—, Y, ,, v, —,,, =, v9). (The
string does not make any sense on the semantic side and only exemplifies the way
of writing strings.)
In formal arguments we still make use of the notation of strings as sequences. Here
is an example:

A string (Z], ..., 2/ ) occurs in a string (z1, ..., z,) at position k if m+k < n+1

oy Am

and zg = 27, ..., Zkem—1 = 25, (i.e. 21 = 2} (1 <@ <m)). In a picture:

21 ce Zk—1 2k ce Zk4+m—1 Zk+m ce Zn
I I

/

In this case, (21,...,2,) is called a substring of (zi, ..., z,). If in addition & = 1,
/

then (21, ...,2},) is called an initial segment or an initial substring of (zy, ..., z,).
!/

Similarly, if & = n —m + 1, then (21,...,2},) is called a terminal segment or a
terminal substring of (zy, ..., z,).

Before defining formulas we define
Terms

2.3.6. Definition. Given the similarity type (A : Z — N,y : F — N, %) of a
language £, we define subsets tm(Z) of strings (i.e. of finite sequences) of the
alphabet of .Z by induction on k& € IN; as follows:

tmg () = VblU% and

? ?

tmg1(Z) = tmy (L) U {F(tl./tg ..... th) | ne N, F e.Z, u(F)=n, and

tl,...,tnetmk(.ﬁf)}.

The set of Z-terms is defined as
tm(2) = J tm(2).

kelNg

The elements of tm(.Z) are called .Z-terms or simply 'terms’ if .Z is clear from
the context. Observe that the terms of the basic language are terms of .Z as well.
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Notice that by induction on k we see immediately that the number of opening
brackets occurring in a term ¢ € tmg (%), is equal to the number of closing brackets
occurring in t.

The complexity of an Z-term ¢ - denoted by c¢(t) - is the least £ € INy such
that ¢t € tmy(.Z). Notice that for t € tm(.Z) and k € INy we have by definition
c(t) <k <= tetm(?).

Every variable that occurs in a term ¢ is called a free variable of ¢ and the set of
these free variables is denoted by Fr(t). If Fr(¢) = 0, then ¢ is called a closed term
or a constant term.

2.3.7. Explanation of the definition of a term. FEach term is built up induc-
tively, starting from variables and constant symbols, by creating expressions of the
form F(tq,...,t,), where F' is an n-ary function symbol and ¢, . .., t, are previously
constructed terms. Notice that F(tq,...,t,) is (at the moment) just a list of symbols
in our language - F' is not a function and one cannot plug anything into it.

We do some examples.

(i) Suppose we have three constant symbols ¢y, ¢5, ¢3 in our language as well as a a
binary function symbol F' and a function symbol G of arity 3 (i.e. u(G) = 3).
We give some examples of terms of . and record their free variables and their

complexity:

Term Free variables | complexity

(&1 Q) 0

C2 0 0

G(CI,C%C;;) @ 1

G(z,c1,¢9) x 1

G(ry,2) T 1

F(G(er,x,y),c0) T,y 2

F(G(z,y,c1),F(x,c2)) x,y 2

The constant terms in this list are ¢, co and G(cy,c0,¢3).

(ii) The second example is from the real world. Suppose £ is the language with
similarity type {+,-,0, 1}, where + and - are binary function symbols (hence,
they are elements of .# and their arity is u(+) = p(-) = 2), and 0,1 are
constant symbols (not the numbers 0,1). Here are a few terms in that language:

(a) 0,1,v;. These are three terms of complexity 0.

(b) +(0,v5), «(1,1), +(v1,v3). These are three terms of complexity 1. In
a human readable form we would write 0 4+ vy, 1 -1, v; 4+ v3 (and we
will do that), because in the intended structures (namely rings) where
we deploy this language, the symbols will be interpreted as addition and
multiplication. The only constant term among these three terms is -(1, 1).

(c) +(1,(vs,v1)), «(+(1,v3),v1). These are two terms of complexity 2. In
a human readable form we might be tempted to write 1 + (vs-v1) and
(1 + "Ug)"Ul.



Languages and formulas 39

(d) «(«(4+(1,1),v9),v9) is a term of complexity 3. In human readable form this
would be 2v3.

We can see that in this language, terms (in human readable form) look like

polynomials (with coefficients in IN). In fact, if you understand this example

well, the general case is in essence not more complicated, just more general.

2.3.8. Alternative definition of terms Here is another way to define terms:

(1) Each variable symbol is a term and each constant symbol is a term.

(2) If F'is an n-ary function symbol and t;, ..., t, are terms, then F(ty,... t,) is
a term

(3) Nothing else is a term.

Proof. The equivalence of this definition with the definition of “term” in 2.3.6 is done
in question 30 of the example sheet O

2.3.9. The construction tree of a term Yet another way of thinking about terms
is in the form of a construction tree. This is not defined formally and is meant to
build up intuition. So we do this in examples only:

Suppose the similarity type of a language .Z is given by

e two constant symbols ¢, d,
e two binary function symbols F', G and
e a binary relation symbol 7.

Then the terms of .Z are the strings of symbols formed by finitely many applica-
tions of the following rules:

(1) all the variable symbols are terms and ¢, d are terms,
(2) if t1,ty are terms, then F'(t1,t9) is a term and G(¢;,t5) are terms,
(3) nothing else is a term.

To see whether a string is a term, we can try to form a construction tree. For
example,

F(z,c)
x c
At the bottom of the tree, we have x and ¢, both of which are terms. Then above,

we have F'(x,c), which is formed by applying one of the rules. So we get a term.

Here is a non-example. We can see that G(c¢,F'(y)) is not a term, by trying to draw
a tree, and follow what happens:
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At the bottom of the tree we have y which is a term, but above it we have F(y),
but F'is binary, so F(y) is not a term according to the rules. Hence we cannot use
it to form other terms, and so G(c, F'(y)) is not a term.

We need three results about terms later on, which require a rigorous proof. These
proofs are not examinable and may be found in the appendix to this section. How-
ever, these results are very plausible if we think of how terms are constructed:

2.3.10. Unique Readability Theorem for Terms Ift is an £-term, then either
t is a variable or t is a constant symbol or there are uniquely determined n € IN,
Fe.Z of arity n and ty, ..., t, € tm(Z) such that

t= F(tltg/tn)

Proof. This proof is not examinable and may be found in 2.3.36 for the interested
reader. U

The unique readability theorem is important when we make definitions or when we
prove properties of terms by induction. Here is a first example.

2.3.11. Corollary. For alln € IN, all £-terms ty,...,t, and each n-ary function
symbol F of £ we have

c(F(ty, ... ty) =1+ max{c(t1),...,c(tn)}

Proof. This proof is not examinable and may be found in 2.3.37 for the interested
reader. O

2.3.12. Definition. A term s is called a subterm of a term ¢, if s occurs in ¢; see
2.3.5 for the definition of “occurs in”.

2.3.13. Proposition. Let s be a subterm of a term t occurring at position p in t.
Let r be another term. We define a new string u by replacing the substring s of t
occurring at position p with the string r. Then u is again a term.

Proof. This proof is not examinable and may be found in 2.3.41 for the interested
reader. O

We now define the central object of the syntax of Predicate Logic.
Formulas

2.3.14. Definition. (formulas)
Given a similarity type (A : Z — N, u : F — IN, %) of a language .Z, an atomic
Z-formula is a string of the alphabet of £ of the form

t1=to,

where tq,1, are Z-terms or a string of the form

where R? is a relation symbol of arity n € IN and ty,...,t, are Z-terms. The set of
atomic Z-formulas is denoted by at-Fml(.Z).
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We define
Fmly(.¢) = at-Fml(¥) and inductively for each k € Ny :
Fmlg () = Fml (L) U{(—p), (=), (Vze) | ¢, v € Fmly (L), = € Vbl}.
The set of £-formulas is defined as
Fml(Z) = |J Fml(2).

kelNg

If the letter V does not occur in the Z-formula ¢, then ¢ is called quantifier free.

In the literature one can also find the expression well formed formula (abbreviated
'wif’) instead of “formula’.

Observe that every formula of the basic language is an .Z-formula. As for terms, the
number of opening brackets in a formula is equal to the number of closing brackets
in that formula.

Warning. Not every formula that has (obvious) meaning in mathematics is a
formula in our sense. This is in particular important after we have proved significant
theorems involving formulas. Here is an example:

VneNIr,geNg(n=qg-m+r A r<m).

There is no language (according to our definition) such that the above is a formula in
that language: Notice that the quantifier introduced in the definition of Fml; (%)
(cf. 2.3.14) is always applied in a nonrestricted way, e.g.

Vnr,g (n=q-m+r A r<m)

will be a formula in the language of ordered rings; we introduce the appropriate
abbreviations (concerning the symbols 3 and A) shortly, r < m stands for r <
mAr#m.

The language or signature .Z is the triple consisting of the alphabet of ., the
set of Z-terms and the set of Z-formulas. Obviously, tm(.Z) and Fml(.Z) are
uniquely determined by the similarity type of . and we shall simply communicate
languages by their similarity type.

Hence the expression let . = (A : Z — N, u : F — N, %) be a language’
stands for ’let .Z be the language with similarity type (A : Z — N,u : ¥ —
N,%).

We say that a language is finite, infinite, countable or uncountable if the
alphabet of that language has this property. In general, the cardinality of a language
Z, denoted by card(.Z), is the cardinality of the alphabet of that language.

2.3.15. Ezample. Like in the case of formulas of the basic language and the case of .Z-
terms, the definition of an .Z-formula is inductive and one can draw a construction
tree for each formula. Here is an example. We work again in the language of example
2.3.9. Given variables u, x, y, z consider the .Z-string

VaVy(R(z,u) — F(c,y) = Gz, F(z,u)))
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We draw its construction tree following the definition of an .Z-formula.

VaVy(R(z,u) — F(T y) = Gz, F(z,u)))
Vy(R(z,u) — F(c, ‘y) = G(zx, F(z,u)))
R(z,u) — F(c,y) = G(z, F(z,u))

R(z,u) Fl(e,y) =Gz, F(z,u))

At the bottom we have atomic formulas. To be more precise, we should also check
that F'(c,y) and G(x,F'(z,v)) are terms. This can be done as in the term examples
above. Then everything above is formed following the definitions, so what we get is
a formula.

2.3.16. Alternative definition of formulas Here is another way to define .Z-
formulas: The formulas of .Z are defined as in the case of the basic language, but
with the more general definitions of terms and atomic formulas. So

(1) Every atomic formula is a formula.

(2) If ¢ is a formula then so is (—¢).
(3) If p, 7 are formulas then so is (¢—1).
(4) If  is a formula and z is a variable symbol then (Vxy) is a formula.
(5) Nothing else is a formula of .Z.

Proof. The equivalence of this definition with the definition of “.Z-formula” in 2.3.14
is done in question 33 of the example sheet. U

As for terms we have a unique readability theorem:

2.3.17. Unique Readability Theorem for Formulas Let & = (A : Z —
N,pu: F — N, ¥) be a language and let ¢ be an L -formula. Then exactly one of
the following conditions holds true:
(i) ¢ is atomic and there are uniquely determined ti,ty € tm(Z) such that ¢ is
tlitg, or
(i1) @ is atomic and there are a unique n € N, a unique R € % and uniquely
determined £ -terms ty, ..., t, such that ¢ is R(ty,....t,), or
(111) ¢ is equal to a string of the form (=) for a uniquely determined 1) € Fml(Z),
or
(iv) ¢ is equal to a string of the form (v1—¢2) for uniquely determined @1, o €
Fml(.Z), or
(v) ¢ is equal to a string of the form (Yai) for uniquely determined ¢ € Fml(.%)
and x € Vbl.

Proof. This proof is not examinable and may be found in 2.3.44 for the interested
reader. O
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2.3.18. Abbreviations and Domestication of the Notation
o We will omit brackets if this increases readability and does not lead to ambiguity.

e We use the following abbreviation for Z-formulas ¢, 1: Vi = (=)=,

A = (= (), et = (¢ = Y)A(Y — p) and Jxp = —Vz(~p) where
x 1s a variable.

e We shall generally not color the symbols of our languages anymore. We also
will generally not use the logical symbols in the meta theory, hence in the meta
theory we will write “forall” instead of V, “and” instead of “A”, etc.

o We write
Vry,...,z, @ instead of Vx;...Vx,p and dxq, ..., x, ¢ instead of dz;...3x,¢

where each x; is a variable. The strings Vo and dx are called quantifiers. A
string of quantifiers is a string of the form Q) x;...Q,x,, where each @); is either
V¥ or 3 and each z; is a variable.

o We write
n-times
. =~
/\ @; instead of (...(" @1 A@a) As)... A p,) and
i=1
n-times
"o =
\/gpi instead of (...( @1V ¢2) V ¢3)... V on).
i=1

o We write t; # to instead of (—t; = o).
e If R is a binary relation, we write ¢; Rty instead of R(t,ts).

It should be understood that these conventions are meta theoretic conventions and
they are meant to increase readability in the notes. When we are arguing about syn-
tactic manipulations with terms and formulas we still refer to the rigorous definitions
2.3.6 and 2.3.14.
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Complexity and subformulas

The unique readability theorems 2.3.10 and 2.3.17 allow us to define new objects
from formulas, and to prove statements about formulas. This will be done via
induction on the construction depth (or the ’complexity’) of terms and formulas:

2.3.19. Definition. The complexity of an .Z-formula ¢ - denoted by ¢(p) - is
the least k € Ny such that ¢ € Fml,(.Z).

Notice that this is not in conflict with the definition of the complexity of .Z-terms
(cf. 2.3.6), since the set of Z-terms is disjoint from the set of .Z-formulas. Notice
also that for any given terms ty,t,...,t, and each n-ary relation symbol R of .Z,
c(R(t1,...,t,)) = 0. Similarly c¢(t; =1t3) = 0.

By definition, for every .Z-formula ¢ and each k € INy we have

clp) <k <= peFml(2).

Here is a consequence of the Unique Readability Theorem for Formulas 2.3.17.
2.3.20. Corollary. For all Z-formulas ¢, we have
c(mp) =1+ c(p), clp =) =1 +max{c(p), c(¥)} and c(Vrp) =1+ c(p).

Proof. This proof is not examinable and may be found in 2.3.45 for the interested
reader. U

2.3.21. Definition. We say that a formula ¢ is a subformula of a formula v if ¢
occurs in the string ¢; see 2.3.5 for the definition of “occurs in”.

The next proposition can also be understood as the definition of “subformula”, but
is it less obvious that the two definitions are equivalent.

2.3.22. Proposition. Suppose ¢ is a subformula of 1.
(i) If c(v) = 0 (equivalently: 1 is atomic), then ¢ = 1.
(i) Now suppose c(1p) =k + 1.
(a) If v = (VYx?) or ¢ = (=), then ¢ is ¢ or ¢ is a subformula of V.
(b) If ¥ = (Y1 — o), then ¢ = 1, or ¢ is a subformula of 1y or ¢ is a
subformula of 5.

Proof. This proof is not examinable and may be found in 2.3.48 for the interested
reader. OJ

2.3.23. Theorem. Let i be a formula.

(i) Let ¢ be a subformula of 1 occurring at position p in 1. Let & be another
formula. We define a new string v by replacing the substring ¢ of 1 occurring
at position p with the string . Then v is again a formula.

(i1) Let t be a term occurring in ¢ at position p. Let s be another term. We define
a new string v by replacing the substring t of ¢ occurring at position p with
the string s. Then v is again a formula.

Proof. This proof is not examinable and may be found in 2.3.49 for the interested
reader. 0J
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Free and bound occurrences of variables

We will write down formulas that we would like to consider as absolutely true (they
will be called azioms). Instances of such formulas could be formulas of the form

(*) (Vzp) — w(x/y),

where ¢ is a formula of some language and ¢(z/y) stands for the formula obtained
from ¢ by replacing x with y. It seems plausible that () should be an axiom,
because a priori (Vzp) seems to say something stronger than ¢(x/y). However,
there is a glitch here: For an example, consider the formula ¢ defined as Jy = # .
If we replace x by y we obtain Jy y # y and hence () is

(Vedy z #y) = By y #y).

But obviously we do not want this formula to be a universal axiom. The problem
here is that we replace x in a position of ¢ within the scope of the quantifier Jy and
this has to be avoided if we want to include formulas of the shape () as axioms. So
we need to clarify the situation and first address the clause scope of the quantifier.

Let =N % — N,u: % — IN,%) be a language.

2.3.24. Definition. (scope of a quantifier)
The scope of a quantifier Vx in an Z-formula ¢ is the set of all positions of letters
in ¢, which are captured in a subformula of the form (Vx) of .

More formally: the scope of Vx in ¢ is the set of all & € IN such that there is a
subformula of the form (V1)) of ¢, of length [ € IN which occurs at a position p in
pwithp <k<p+1.

2.3.25. Example. For example, look at the formula ¢ of the language of ordered
groups (cf. 2.3.4) defined as

(Voo (Vo1 - (e,01) = v5) = ~'(v1) < e)).
Here is the scope of the quantifier Vo;:

scope of Vup

(Vo ( f\m - (e,v1) = v53 — “Huy) <e)).
2.3.26. Definition. (free and bound occurrence of variables)
Let ¢ be an Z-formula and let x be a variable.

(i) If = occurs in ¢ at position k € IN and if k is not in the scope of the quantifier
Vz in ¢, then we say x occurs free in ¢ at position k.
(ii) If 2 occurs in ¢ at position k£ € IN and if k is in the scope of the quantifier Vz
in ¢, then we say x occurs bound in ¢ at position k.
(iii) = is a free variable of ¢ if there is some k& € N such that x occurs free in ¢
at position k.

The set of free variables of ¢ is denoted by Fr(y). If Fr(y) = ), then ¢ is called an
(Z-)sentence and the set of all Z-sentences is denoted by Sen(.Z), hence

Sen(.Z) = {p € Fml(.Z) | Fr(p) = 0}.
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(iv) Recall from 2.3.6 that the free variables of an Z-term are those that occur
in the term. Notice that there are no variables which are possibly bound in a
term.

Different occurrences of a given variable in a formula may be free or bound,
depending on where they are. In example 2.3.25 above, v; occurs bound at two
positions in ¢ and free at one position.

bound occurrence bound occurrence free occurrence

p=WMo((Y O e, O ) =w) = TN T ) <e).

We have Fr(p) = {vy, v5}.

2.3.27. Proposition. Let v, be £ -formulas.

(i) If v is quantifier free then Fr(yp) is the set of variables occurring in .
(ii) Fr(—p) = Fr(p)
(i) Fr((p — ) = Fr(p) UFr(¢).
() Fr(Vxp) = Fr(e) \ {z} for all x € Vbl.

Proof. This proof is not examinable and may be found in 2.3.50 for the interested
reader. O

2.3.28. Important Convention

e The expressions 't(xy,...,2,) € tm(Z)’ or 'let t(z1,...,x,) be an Z-term’ are
shorthand for

“t e tm(Z),x1,...,2, € Vbl with z; # x; (i # j) and Fr(t) C {xq,...,2,}"

This is common practice in mathematics, for example a polynomial in two vari-
ables is also considered as a polynomial in three variables.

e The expressions 'p(z1,...,x,) € Fml(Z) or 'let p(z1,...,z,) be an £L-formula’
are shorthand for

“o e Fml(L),z1,...,x, € Vbl with x; # z; (i # j) and Fr(p) C {z1,...,2,}".

2.3.29. Definition. Let ¢ be an .Z-formula.
(i) Let =,y be variables. We define
z is free in ¢ for y %%

if no position of ¢ at which x occurs free in ¢, is in the scope of the quantifier
Yy in ¢.
(ii) Let ¢t be an Z-term. We define

x is free in ¢ for t

if x is free in ¢ for every variable that occurs in ¢.

221A more verbose expression would be “z is free in ¢ for a possible replacement by y”. In the
literature one also finds the expressions “x can be substituted by y in ¢, or, “y is substitutable for
x in ¢”, or, “z is substitutable in ¢ by y”.


https://dictionary.cambridge.org/dictionary/english/substitutable
https://en.wiktionary.org/wiki/substitutable
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So by definition, each variable x is free for x in ¢ and each variable which does not
occur in ¢ is free in ¢ for every term.

In example 2.3.25, i.e.
o = (Yoa((Yor o (e,01) =w5) = ~(vg) <e)),

vy is free for vs but not free for vy in ¢; vs is not free for the term o(wvy, vs).

2.3.30. Definition. Let ¢ € Fml(.%), ty,...,t,,t € tm(Z) and let x4, ...,z, ben
distinct variables.

(i) The expression t(z1/t,...,z,/t,) denotes the string obtained from ¢ by re-
placing every occurrence of x; in ¢ with the string ¢; (1 <i <n).

(ii) If for each ¢ € {1,...,n} the variable x; is free in ¢ for ¢; then the expression
o(x1/t1,. .., 2z, /t,) denotes the string obtained from ¢ by simultaneously re-
placing every free occurrence of z; in ¢ with the string ¢; (1 <i <n). We call
o(x1/t1,. ..,z /t,) the substitution of zy,...,x, by t1,...,t, in ¢.

2.3.31. Warning
Notice that we replace the variables x; by the terms ¢; simultaneously and not
consecutively: For example if ¢ is 1 = xo then (z1/t1,x2/ts) is t1 = ty
However, in general p(x1/t1, 22/t2) is not the same as p(x1/t1)(x/t2) and in general
these formulas also have a different interpretation of truth in structures. See question
36 of the example sheet.

2.3.32. Proposition. Let p € Fml(.%), t1,...,t,,t € tm(Z) and let xy,...,x, be
n distinct variables.

(i) t(x1/t1, ..., xn/tn) is an L-Term and if Fr(t) C {xy,..., 2.}, then
Fr(t(xz/t1, ..., 2 /tn)) C Fr(ty) U... U Fr(t,).
(i1) If for each i € {1,...,n} the variable x; is free in ¢ for t; then the string
o(x1/ty, ...,z /tn) is an L -formula and in the case Fr(yp) C{x1,...,x,} we

have
Fr(p(z/t, ..., x/tn)) C Fr(ty) U... U Fr(t,).

Proof. This proof is not examinable and may be found in 2.3.51 for the interested
reader. U
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APPENDIX TO SECTION 2.3

None of the proofs in this appendix is examinable. Only statements
that also occur outside of this appendix are examinable.

2.3.33. Remark. Obviously the substring relation defined in 2.3.5 is transitive. In
more detail: If r, s, ¢ are strings such that

e 1 is a substring of s occurring at position p in s and
e 5 is a substring of ¢ occurring at position k in ¢,

then 7 is a substring of ¢ occurring at position k + p — 1 in ¢.

2.3.34. Lemma. Lett be an L-term. Then

(i) t is a variable if and only if the first letter of t is a variable.

(ii) t is a constant symbol if and only if the first letter of t is a constant symbol.
(i1i) t € tm(Z) \ tmo(Z) if and only if the first letter of t is a function symbol.
() c(t) =0 < t € tmy(L).

Proof. (i). If t is a variable, then t € tmy (%) C tm(.%), thus ¢ is a term. If ¢ is not
a variable, then t is either a constant symbol, or, ¢ starts with a function symbols
(by definition of tmy1(%)). In either case, the first letter of ¢ is not a variable.

(ii). 1is similar to (i), just change swap the expressions “variable” and “constant
symbols”.

(iii). If the first letter of ¢ is a function symbol, then ¢t & VblUC = tmy(.Z). Con-
versely, if ¢t & tmy(Z), then t € tmy;1(.Z) for some k. By definition of tmg (%)
this implies that the first letter of ¢ is a function symbol.

(iv). By definition, the complexity of ¢ is 0 if and only if 0 is the smallest k € N
with t € tmy(.Z). But this is just the same as saying ¢ € tm (). O

2.3.35. Lemma. If s,t are £-terms and t is an initial segment of s then s = t.

Proof. We pick t € tmg () for some k € INy and we show the following assertion
by induction on k:

(%) If sis an Z-term and ¢ is an initial segment of s or vice versa then s = t.

If £ =0, then ¢ is a variable or a constant symbol and (x) follows immediately
from 2.3.34.

If t € tmpy1(Z) and ¢t € tmy (L), then pick n € N, F € .7 and ty,....t, €
tmg (L) with ¢ = F(tq,t2,....t,). Suppose t is an initial segment of G(s1,S2,...,5,)
for some G € Z#,r € N and sq,...,s. € tm(%) - or vice versa. Then obviously
F = G, which implies n = u(F) = u(G) = r, and the string t,ts,....t,) is an initial
segment of $1,S9.,...,5,) or vice versa. Depending on the length of the strings ¢; and
s1, it follows that t; is an initial segment of s; or vice versa. Since t; € tm(.Z) the
induction hypothesis gives t; = s;. It follows that t5.t5.....,t,,) is an initial segment

of $9,89,...,8,) oOr vice versa.
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Consequently t, is an initial segment of sy or vice versa. Since ty € tmy(.Z)
the induction hypothesis gives t5 = so. Continuing in this way we see that t; =
81y ey by = Sp- ]

2.3.36. Theorem. (Unique readability theorem for terms) If t is an £ -term, then
either t is a wvariable or t is a constant symbol or there are uniquely determined
neN, Fe.Z of arity n and ty,...,t, € tm(L) such that

t= F(tltg/tn)

Proof. That these cases are mutually exclusive follows by comparing the first letters.
The uniqueness statement is clear if ¢ € VblU%. Suppose t = F(t,ts,....t,,) and
t = G(s1,89,...,8,) for some G € Z#,r € N and sy,...,s, € tm(.Z). Then F = G,
hence n = r and the string t;,ts,....t,,) is equal to sq,s9,....8,). It follows that ¢; is an

initial segment of s; or vice versa. By 2.3.35 we get t; = s; and so ta,....,t,,) is equal
to $a,...,8,). Continuing in this way we get s; = t; for each i € {1,...,n}. O

2.3.37. Corollary. For all n € IN, all £-terms ti,....t, and each n-ary function
symbol F' of £ we have

c(F(ty,....tn)) = 1+ max{c(ty), ..., c(tn) }-

Proof. Lett = F(ty,....t,) and let k = max{c(t1),...,c(t,)}. Thenty,...,t, € tmy(Z)
by definition of the complexity and so t € tmy1(-Z). By definition of the complexity
again, this means c(t) < 1+ k. Suppose c¢(t) < 1 + k. We write [ := ¢(t). Then
t € tmy(Z). Since the first letter of ¢ is F', we know ¢(¢) > 0, thus [ > 0. By
definition of tm;(.Z) there are G € ., r € N and sy, ..., s, € tm;_1(.Z) such that
t = G(s1,...,8.). By 2.3.36 we have G = F, r =nand s; =t (1 <i<mn). It
follows that ¢; = s; € tm;_1(.Z) (1 < i < n), hence by definition of the complexity,
max{c(t1),...,c(t,)} < I1—1. Since max{c(ty), ..., c(t,)} = k we get the contradiction
k<l—-1=c(t)—1<(l+k)—1=Fk 0

Recall from 2.3.12 that a term s is called a subterm of a term ¢, if s occurs in t. We
want to show that the subterm relation is reasonable, which means the following A
term ¢ is built up (or ’constructed’) starting with constant symbols and variables by
repeatedly concatenating function symbols with brackets, commas and previously
build terms in the form F(ty,...,t,). Every term that is used in this construction
process, clearly is a subterm of ¢ in the sense of definition 2.3.12. However, it is a
priori not clear why a term s that occurs as a string in ¢ was indeed used to construct
t. This is the content of 2.3.40 and of 2.3.39. We need a preparation.

2.3.38. Lemma. Lett be a term and let s be a nonempty substring of t with s # t.

(i) If s is an initial substring of t, then either s is in CUFUVDbL, or, the number of
opening brackets occurring in s is greater than the number of closing brackets
OCCurTing in s.

In either case, the number of opening brackets occurring in s is greater than
or equal to the number of closing brackets occurring in s.
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(i1) If s is a terminal substring of t, then either t = F's for some function symbol
F', or the number of opening brackets occurring in s is less than the number of
closing brackets occurring in s.

In either case, the number of opening brackets occurring in s is less than or
equal to the number of closing brackets occurring in s.

Proof. Recall that the number of opening brackets occurring in a term is equal to
the number of closing brackets occurring in that term.

(i) By induction on ¢(t), where ¢(t) = 0 is clear by 2.3.34(iv). So assume ¢t =
F(ty,...t,) with F € F, \(F) = n and terms ti,...,t, of lower complexity than
c(t). Let s be an initial segment of ¢. If s is of length < 2, the assertion is clear by
2.3.34. Let s¢ be the string obtained from s by removing the first two letters. Since
s # 1, o is an initial segment of the string

ot

Using the induction hypothesis, we see that the number of opening brackets in sq is

greater or equal to the the number of closing brackets in sy. Since s is the string
F(SO

we see that the number of opening brackets in s is bigger than the number of closing

brackets in s.

(ii) follows from (i) applied to the initial substring sy of ¢ for which ¢ is sgs. O

2.3.39. Proposition. Letty,..., t, be terms and let l; be the length oft;. Let F' be a
function symbol of arity n and suppose s is a subterm of t = F(t1,....t,) occurring
at position p. Fori € {1,...,n—1}, letp; =1 +...+1;+i+2. Further, let py = 2
and let p, be the length of t. Here is a picture of the positions pg,...,p, in t.

F o t ., ot . . e )

L po P P2 ... DPp-1 Pn
(Notice that the seemingly more intuitive definition of the py, ..., p, as the position
“after” ti, ..., t,, would not be correct: for example, ty could occur in ti, so “after

ty” is ambiguous) .
Then, either p =1 and s = t, or, there is some i € {1,...,n} such that
Pi—1 < p < p; and s is a subterm of t; occurring at position p — p;_1 in t;.

Proof. If p =1, then s is an initial segment of ¢t and s =t by 2.3.35.

So assume p > 1. Since the first letter of s is in VbIUC U F, we know p ¢
{po,---,pn}. As p > 1, there is a unique ¢ € {1,...,n} with p,_; < p < p; and
it remains to show that s is a subterm of ¢; occurring at position p — p;_1 in ;.
Suppose this is not the case. Then the substring sy of ¢ starting at position p and
ending at position p; — 1 is a nonempty, initial segment of s with sy # s. It follows
that s is neither a variable nor a constant symbol, hence s, is neither a variable nor
a constant symbol either. If sy were a function symbol, then this function symbol
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would be the last letter of ¢;, which is impossible by the definition of 'term’. Thus,
Sp is not in C U F U Vbl and 2.3.38(i) implies that the number of opening brackets
occurring in sq is greater than the number of closing brackets occurring in s5. On the
other hand, sq is also a terminal substring of ¢; and this contradicts 2.3.38(ii). O

2.3.40. Corollary. Let s be a subterm oft. Then s =t, or there aren € N, F € %
of arity n and ty, ..., t, € tm(L) such that t = F(ty,ts,....t,) and s is a subterm of
one of the t;.

Proof. This is an immediate consequence of 2.3.39. O

The assertion of corollary 2.3.40 could thus be used as an inductive definition of
the subterm relation. Our reasoning in 2.3.39 and 2.3.38 would then prove that any
term that is a substring of a term ¢, necessarily must be used in any construction
of t. In fact, more is true. With the aid of 2.3.39 one can show easily that every
occurrence of a term as a substring necessarily appears in any construction of ¢ at
some stage. The strength of 2.3.39 over its consequence 2.3.40 becomes apparent in
the next proposition.

2.3.41. Proposition. Let s be a subterm of a term t occurring at position p in t.
Let r be another term. We define a new string u by replacing the substring s of t
occurring at position p with the string r. Then u is again a term.

Proof. By induction on the complexity of ¢: If ¢(t) = 0, then s = ¢ by 2.3.40 and
therefore also r = s, thus u =r = s = t.

For the induction step we may assume that ¢t = F'(¢y,...,t,). Choose the p; as in
2.3.39. By 2.3.39, we know that for some ¢, we have p;_; < p < p;, and s occurs in
t; at position p — p;_1. By induction, the string @ obtained from ¢; by replacing the
string s occurring at position p — p;_, with r, is again a term. consequently

u:F(tl,...,ti,l,&,tiﬂ,...,n)

is a term, as required.

Notice that 2.3.40 alone would not suffice for a proof here, because we need to
replace substrings at a prescribed position. The use of 2.3.40 would just give us that
we may replace the subterm at some occurrence. 0
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Formulas

2.3.42. Lemma. Let ¢ € Fml(.¥). Then

(1) ¢ is atomic if and only if the first letter of p is in ZU.F UE UVbl. Otherwise,
the first letter of ¢ is an opening bracket.
(ii) Let @,1,6,e € Fml(Z) and let v1,7v2 and 3 be defined as follows:

TS (_'6)7
Y2 is (p—1) and
Vs is (Vae) for some variable x.

Furthermore, let vy € at-Fml(.Z) be another formula.
Ifi,j € {0,...,3} with i # j, then ; is not an initial segment of ;.

Remark: For terms we had to prove a corresponding statement: see 2.3.3).

Proof. (i) If ¢ is atomic, then by inspection of the atomic formulas in definition
2.3.14, wee see that the first letter of ¢ is the first letter of a term, or it is in R. By
2.3.34, we know that the first letter of any term is in .% U % U Vbl. Consequently,
the first letter of ¢ is in Z U .# U% U Vbl.

If ¢ is not atomic, then ¢ is in Fml, (%) for some & € IN. By definition of
Fmly 1 (%), we see that the first letter of ¢ is an opening bracket.

(i) By (i), for every i € {1, 2,3}, the formula v, and ~; have a different first letter.
Hence 7 is not an initial segment of ~; and vice versa.

The formula 7, has a different letter than ~3 in its second position. Hence 7, is
not an initial segment of 73 and vice versa.

It remains to show that 7, is neither an initial segment of v; nor of 3, and vice
versa. To see this, it suffices to show that the first letter of ¢ is different from —
and different from V (because these are the second letters of 71, 3 respectively).
However, by (i), the first letter of ¢ is in Z U .% U % U Vbl, or it is an opening
bracket. This proves the assertion. O

2.3.43. Lemma. If ¢,9 € Fml(Z) and ¢ is an initial segment of 1 then ¢ = 1.
Remark: For terms the corresponding statement is 2.3.35.

Proof. We choose k such that ¢ € Fml, (%) and we show the following assertion by
induction on k& € INy:

(%) If ¢ € Fml(Z) and ¢ is an initial segment of ¢ or vice versa then ¢ = 1.

If £ = 0, then ¢ is atomic and by 2.3.42(i), also ¢ is atomic. If ¢ is a term
equality, i.e. of the form ¢;=t,, then also 1 has to be a term equality (compare the
first letter). Then, using 2.3.35, we see that ¢ is equal to 1. Hence ¢ and ) both
are of the form R(t;,...,t,) and again by using 2.3.35, it follows easily that ¢ is equal
to .

For the induction step k& = k + 1 we may assume that ¢ € Fml, (%) is not
atomic. By 2.3.42(ii) there are exactly three cases possible:

Case 1. ¢ = (—p1) and ¥ = (—)y), where ¢ € Fmly (%) and ¢; € Fml(.Z).
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Case 2. p = (p1—¢2) and ¥ = (YP1—1P2) where @1, 0 € Fml, () and 11,1, €
Fml(.Z).

Case 3. ¢ = (Vzpy) and v = (Yyiby), where x,y € Vbl, p; € Fmlp(¥) and
(S Fm](f)

In all three cases it is clear that ¢; is an initial segment of 1); or vice versa. As
1 € Fmli (%) the induction hypothesis implies ¢; = 1. Hence in case 1 and case
3 we get ¢ = 1. In case 2 it follows that the string ¢9 is an initial segment of 5 or
vice versa. So again s = 19 by induction and ¢ = 1. O

2.3.44. Theorem. (Unique readability theorem for formulas)
Let =N % — N, u: F — N,€) be a language and let ¢ be an £-formula.
Then exactly one of the following holds true:

(i) ¢ is atomic and there are uniquely determined ti,ty € tm(Z) such that ¢ is
tlitg, or

(ii) ¢ is atomic and there are a unique n € N, a unique R € % and uniquely
determined £ -terms ty, ..., t, such that ¢ is R(ty,....t,), or

(i1i) ¢ is equal to a string of the form (=) for a uniquely determined 1) € Fml(.Z),
or

(1v) ¢ is equal to a string of the form (w1—¢2) for uniquely determined @1, o €
Fml(.&Z), or

(v) ¢ is equal to a string of the form (Ya) for uniquely determined ¢ € Fml(.%)
and x € Vbl.

Proof. By 2.3.42(ii) it is clear that ¢ is equal to exactly one of the strings stated
in (i)-(v). Now the uniqueness statements in (i)-(v) follow easily from 2.3.43. For
example: Suppose ¢ is of the form (p1—¢2) as in (iv). If ¢ is also of the form
(1h1—1)9), then ¢y is an initial segment of 1), or vice versa. Hence by 2.3.43, 1 = 94,
which then implies @9 = 15, thus ¢ = . 0

2.3.45. Corollary. For all £-formulas ¢, and every variable x we have

c(p) = 1+c(p), elp =) = 1+ max{c(p), c(y)} and c(Vrp) =1+ c(p).

Proof. We just show c¢(¢ — 1) = 1 + max{c(p), c(v))} the other two assertions are
similar and easier.

Let 6 be (¢ — v) and let & = max{c(p),c(?0)}. Then ¢,¢ € Fml,(Z) by
definition of the complexity (for formulas) and so § € Fml,1(.Z). By definition of
the complexity again, this means ¢(d) < 1+ k. Suppose ¢(d) < 1+ k. We write
[ := ¢(9). Then § € Fml,(¥). Since the first letter of ¢ is an opening bracket we
know ¢(d) > 0, thus [ > 0. By definition of Fml;(.¢) we know that § is of the
form —(dp), or, (Vz &), or, (§p — 01) for some formulas dp,d; € Fml,_1 () and
some variable z. Using 2.3.44 we know that &y is ¢ and d; is . It follows that
@, € Fml,_1(&), hence by definition of the complexity, max{c(y),c(¥)} <1 — 1.
Since max{c(y), c(v)} = k we get the contradiction k <l—1=¢(§)—1 < (1+k)—
1=k O
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As for terms, we need to verify that the subformula relation is reasonable, i.e. that
every subformula of a formula ¢ is indeed used when ¢ is “constructed”; this is the
content of 2.3.48. We need a preparation, similar to 2.3.38 for terms.

2.3.46. Lemma. Let ¢ be a formula that is not atomic and let s be a nonempty
substring of ¢ with s # .

(i) If s is an initial substring of ¢, then the number of opening brackets occurring
in s is greater than the number of closing brackets occurring in s.

(i) If s is a terminal substring of t, then the number of opening brackets occurring
i s s less than the number of closing brackets occurring in s.

Proof. Recall that the number of opening brackets occurring in a formula is equal
to the number of closing brackets occurring in that formula.

(i) By induction on ¢(¢), where ¢(¢) = 0 is trivial. So assume ¢ is equal to (—)), or
equal to (Vx 1), or equal to (1) — 0), where 1, § are of lower complexity than c(yp).
By the induction hypothesis we know the lemma for ¢ and ¢§ instead of ¢.

Let sg be the substring of s obtained by removing the first letter.

Case 1. ¢ is equal to ().

Since s is an initial segment of ¢ and s is different from ¢, the string s is an initial
segment of the string —¢). Hence the substring s; of sy obtained by removing the
first letter is an initial substring of 1. Since we have removed the opening bracket
and the = - symbol from s to obtain s; it is obviously enough to show that the
number of opening brackets occurring in s; is greater than or equal to the number
of closing brackets occurring in s.

However, either sy is 1, in which case this is true, or, s; is an initial segment of 1
with s; # ¢ and we may use the induction hypothesis (when s; is empty, or when
1 is atomic we don’t need induction of course).

This shows the lemma in case 1.

Case 2. ¢ is equal to (Y 1).

This is shown as in case 1; just work with s; as being the substring of sy obtained
by removing the first two letters (observe that sy is an initial segment of Vz 1 in
case 2).

Case 3. ¢ is equal to (¢ — 0).

Since s is an initial segment of ¢ and s is different from ¢, the string sy is an
initial segment of the string v — §. If the length of sy is less than or equal to
the length of v, then using the induction hypothesis we know that the number of
opening brackets occurring in sq is greater than or equal to the number of closing
brackets occurring in sq; this proves assertion (i).

If the length of sy is greater than the length of ¢, then let s; be the terminal
segment of sy such that the string v» — s; is equal to ¢ — d. Then s; is an
initial segment of § and using the induction hypothesis we know that the number of
opening brackets occurring in s; is greater than or equal to the number of closing
brackets occurring in s;. This again implies assertion (i).

(ii) follows from (i) applied to the initial substring so of ¢ for which ¢ is sos. O
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2.3.47. Lemma. Let,6 be formulas and let v be a subformula of (1 — 0) occurring
at position p. Let I be the length of 1. Then ¢ is (Y — 9), or, 2 <p <1+ 1 and ¢
15 a subformula of ¢ occurring at position p—1, or, [+ 3 < p and ¢ is a subformula
of 0 occurring at position p — [ — 2.

Proof. 1t | + 3 < p, then ¢ is a substring of the string
9)

Since ¢ is a formula, the number of opening brackets in ¢ is equal to the number of
closing brackets in ¢. Applying 2.3.46(ii) this entails that ¢ must be a subformula
of 4.

Hence we may assume that p <1+ 2. Since ¢ is a formula, the first letter of ¢ is in
RUFUCUVDI or it is an opening bracket. But this is not possible if p would be
[ + 2 (which is the position of a — - symbol in (¢ — §)).

Hence we may assume that p < [+ 1. If p = 1, then ¢ is an initial segment of
(1 — §) and ¢ is equal to (¢vp — §) by 2.3.43.

Thus we may assume that 2 < p < [+ 1 and it remains to show that ¢ is a
subformula of ¥. Suppose this is not the case. Then the substring s of (¢ — §)
starting at position p and ending at position [ — 1 is a nonempty initial segment of ¢
with s # . Further, ¢ is not atomic, since the symbol — occurs in . By 2.3.46(i),
the number of opening brackets occurring in s is greater than the number of closing
brackets occurring in s. On the other hand, s is also a terminal substring of 1) and
this contradicts 2.3.46(ii) (¢ is not atomic since s contains an opening bracket). [

2.3.48. Proposition. Suppose ¢ is a subformula of 1.
(1) If c(p) = 0 (equivalently: i is atomic), then ¢ = 1.
(1) Now suppose c(1p) =k + 1.
(a) If p = (Vxv) or ¢ = (=), then ¢ is 1) or ¢ is a subformula of 0.
(b) If v = (Y1 — 12), then ¢ = Y, or ¢ is a subformula of 1 or ¢ is a
subformula of 5.

Proof. (i). Firstly assume that 1 is atomic. Then no bracket appears in 1. Hence
no bracket appears in ¢ either and so ¢ is atomic, too. If ¢ is of the form R(t1, ..., ,)
then ¢ must occur at position 1 in 1, since the only position at which a relation
symbol can occur in an atomic formula is 1. By 2.3.43, we see that ¢ is .

On the other hand if ¢ is of the form t; = ¢, then also 1 is of this form (see the
definition of “atomic formula”). Say 1 is s; = s5. Then, ¢, is an initial substring of
s9 and by 2.3.35 we know ty = s5.

Further, ¢; is a terminal segment of s; and 2.3.38(ii) easily implies s; = t;.

(ii)(a). Both cases a similar, we only do the case ¥ = (Vzo)). If ¢ is an initial
segment of ¥, then ¢ is ¢ by 2.3.43. Hence we may assume that ¢ is a substring of

Vi)

By 2.3.42(ii), the first letter of ¢ is in RUFUCUVDbI, or an opening bracket. Hence
@ is a substring of

?)
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and by 2.3.38(ii), ¢ cannot be a terminating segment of that string. Thus, ¢ is a
substring of ¢ as required.

(ii)(b) is an immediate consequence of 2.3.47. O

2.3.49. Theorem. Let ) be a formula.

(i) Let ¢ be a subformula of 1 occurring at position p in 1. Let & be another
formula. We define a new string v by replacing the substring ¢ of 1 occurring
at position p with the string 6. Then v is again a formula.

(11) Let t be a term occurring in 1 at position p. Let s be another term. We define
a new string v by replacing the substring t of ¢ occurring at position p with
the string s. Then v is again a formula.

Proof. (i) By induction on the complexity of ¢ using 2.3.47: If ¢(¢)) = 0, then by
2.3.48(i), we know ¢ = 1) and therefore also v = ¢, which is a formula.

For the induction step we only do the difficult case, where 9 is 1)y — 1. Let [ be
the length of ¢;. By 2.3.47, we know that ¢ is (¢; — 13), or, 2 < p <[+1 and ¢ is
a subformula of ¢, occurring at position p — 1, or, [ + 3 < p and ¢ is a subformula
of 1 occurring at position p — [ — 2. If ¢ is (1); — 1)9) then we are done and it
remains to treat the other two cases.

Case 1. 2<p <[+ 1 and ¢ is a subformula of ¥; occurring at position p — 1.
By induction, the string 7 obtained from ); by replacing the string ¢ at position
p — 1 with ¢, is again a formula. consequently

7= = v2)
is a formula, as required.

Case 2. |+ 3 < p and ¢ is a subformula of ¥y occurring at position p — [ — 2.
By induction, the string 7 obtained from )5 by replacing the string ¢ at position
p — | — 2 with ¢, is again a formula. consequently

v = (Y1 = 7)
is a formula, as required.

(ii) The only positions where a term can occur in ¢ is within an atomic subformula
¢ of ¢ (which follows from a trivial induction on the complexity of ¥). Let ¢ be the
position of the atomic subformula ¢ of 9, such that ¢ < p < g+length(y). Let @ be
the string obtained from ¢ by replacing ¢ at position ¢ — p + 1 with s. Using 2.3.13
it follows easily that ¢ is again formula.

It is clear that the string 7 of 2.3.49(ii) is the string obtained from ¢ by replacing
@ at position ¢ with ¢. Thus by (i), 7 is a formula. O

2.3.50. Proposition. Let v, be £ -formulas.

(i) If v is quantifier free then Fr(yp) is the set of variables occurring in .
(i) Fr(—p) = Fr(p)
(iii) Fr(( — ¥)) = Fi() UR(®).
(v) Fr(Vxy) = Fr(e) \ {z} for all x € Vbl.



Languages and formulas 57

Proof. (i). If ¢ is quantifier free, then by definition of ‘free occurrence’, every oc-
currence of a variable in ¢ is a free occurrence.

(ii). By definition of Fr(y) it is enough to show for each & € IN and each variable
x the following:

x occurs in @ at position k and k is in the scope of Vz in ¢ if and only if
x occurs in (—g) at position k£ + 2 and k + 2 is in the scope of Vz in (—yp).

=. If x occurs in ¢ at position k and k is in the scope of Vz in ¢, then there is a
subformula of the form (Vzd) of ¢, of length [ € IN that occurs at a position p in
¢ with p < k < p+ 1. Obviously x occurs in (—¢p) at position k + 2 and by using
2.3.33 we see that k + 2 is in the scope of Vz in (—¢).

<. If x occurs in (—¢p) at position k + 2 and k + 2 is in the scope of Vx in (—¢y),
then there is a subformula of the form (Vzd) of (—¢), of length [ € IN that occurs at
a position p in (—p) with p < k+2 < p+ . Obviously (Vz0) is different from (=)
and so (Vzd) is a subformula of ¢. This shows the assertion.

(iii) We first show Fr((¢ — v)) € Fr(yp) U Fr(¢)). Let = be a variable that occurs
freely in (¢ — 1) at position k. Say k < 2+ length of ¢. We claim that x occurs
freely in ¢ at position k — 1. Otherwise and because = occurs at position k — 1 of ¢,
this occurrence is bound. I.e., there is a subformula of the form (Vzd) of ¢ occurring
at a position p with p < k — 1 < p + length(Vzd). Using 2.3.33 we see that (Vzd) is
a subformula of (¢ — ) occurring at position p + 2 and k is in the scope of Vz in

(o — 1), contradicting our assumption that = occurs freely in (o — 1) at position
k.

Now we show Fr((¢ — v)) 2 Fr(p) U Fr(y). Let x € Fr(p) U Fr(y). We do
the case € Fr(p), the case x € Fr(¢) is similar. Thus, x occurs freely in ¢ at a
position k. We claim that = occurs freely in (¢ — 1) at position k + 1. Otherwise
and because x occurs at position k + 1 of (¢ — ), this occurrence is bound. lLe.,
there is a subformula of the form (Vzd) of (¢ — ) occurring at a position p with
p < k+1 < p+ length(Vzd). Since (Vzd) is a subformula of (¢ — ), (Vo) is
equal to (¢ — ), or (Vad) is a subformula of ¢, or (Vzd) is a subformula of 1.
Comparing the strings and taking into account the position of (Vxd) in (¢ — 1)
this is only possible if (Vzd) is a subformula of ¢. Using 2.3.33 we see that (Vxd)
is a subformula of ¢ occurring at position p — 2 and k is in the scope of Vx in ¢,
contradicting our assumption that x occurs freely in ¢ at position k.

(iv). By definition, z is not in Fr(Vzp). Hence it is enough to show for each variable
y # x and every k € IN the following:

y occurs in ¢ at position k and £ is in the scope of Vy in ¢ if and only if
y occurs in (Yxyp) at position k + 3 and k + 3 is in the scope of Vy in (Vzy).
This is shown similarly to the proof of (ii) using y # z for the implication “<=":

=. If y occurs in ¢ at position k and k is in the scope of Yy in ¢, then there is a
subformula of the form (Vyd) of ¢, of length | € IN that occurs at a position p in
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¢ with p < k < p+ 1. Obviously y occurs in (Vzy) at position k£ + 3 and by using
2.3.33 we see that k + 3 is in the scope of Vy in (Vzyp).

<. If y occurs in (Vzy) at position k + 3 and k + 3 is in the scope of Vy in (Vzyp),
then there is a subformula of the form (Vyd) of ¢, of length I € IN that occurs at
a position p in (Vzy) with p < k43 < p+ 1. Since y # z, (Vy) is different from
(Vze) and so (Vyd) is a subformula of ¢. Now we use 2.3.33 again to show the
assertion. U

2.3.51. Proposition. Let ¢ € Fml(.Z), t,...,t,,t € tm(ZL) and let xy,...,z, ben
distinct variables.

(i) t(xq1/tr,...;xn/ty) is an L-Term and if Fr(t) C {x1,...,x,}, then
Fr(t(zy/t1,...,xn/ts)) C Fr(t;) U... UFr(t,).

(ii) If for each i € {1,...,n} the variable x; is free in ¢ for t; then the string
o(x1/t1, .., xn[tn) s an L-formula and in the case Fr(p) C {x1,...,x,} we
have

Fr(p(z1/t1, ..., xn/tn)) C Fr(ty) U... U Fr(t,).

Proof. (i) We proceed by induction on the complexity of t. If ¢ is a constant
symbol ¢, then t(z1/ty,...,2,/t,) is ¢ and we are done. If ¢ is a variable z, then
t(xy/t1, ..., xp/ty) is t; if x = x; and t(xq/tq, ..., x,/t,) is t otherwise. In both cases
we are done.

For the induction step, assume t = F'(sq, ..., sx) and assume we know (i) already
for the terms sq,...,s;. Then

(%) t(zy/ty, .o, xn/tn) = F(s1(x1/t1, ooy xn/tn), ..., sk(x1/t1, ...y 2n /L))

is a term. Since all (free) variables of ¢t are among x1, . . ., x,, the free variables of ¢t =
F(sq,...,s) are among x1, ..., x,, the free variables of each s; are among x1, ..., x,.
By induction, the free variables of s;(z1/t1, ..., ., /t,) are in Fr(¢;)U...UFr(t,). Thus,
(%) shows that

Fr(t(zy/t1, ..., xn/ts)) C Fr(t;) U... UFr(t,).

(ii). By induction on the complexity of . If ¢ is atomic, then the assertion follows
easily from (i); notice that any variable that occurs in an atomic formula, is a free
variable of that formula.

For the induction step, we only do the case where ¢ is Vzi. The other two cases
are done similar to the proof of (i).
Claim. For each ¢ € {1,...,n} with z; # x, the variable z; is free in ¢ for ;.

To see this, assume p is the position of a free occurrence of z; in . As x; # x,
the variable z; occurs freely in ¢ at position p + 3 and by assumption z; is not in
the scope of a quantifier Yy in ¢, where y is any variable occurring in ¢;. Clearly
then, z; at position p in 9 is not in the scope of such a quantifier Vy in 1 either.
This shows the claim.

Case 1. x # x; for all 7.

By definition and using x # x;, for each p € IN and all i € {1, ..., n}, the variable

x; is free in 1 at position p if and only if z; is free in ¢ at position p + 3.
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It follows that
(V:mb) (x1/t1, .y xn/tn) =V (1/)(x1/t1, ,xn/tn)>

Using induction we know that ¢ (x/ty, ..., x,/t,) is a formula and its free variables
are in in Fr(¢;) U ... U Fr(¢,) U {z}, provided the free variables of ¢ are among
T1,...,ZT,. But then ¢(xi/t,...,x,/t,) is a formula whose free variables are in
Fr(t;) U...UFr(¢,), provided the free variables of ¢ are among z1, ..., z,.
Case 2. = = z;.

W.lo.g. ¢ = n. Then x; is not a free variable of ¢ and we may apply case 1 to
I’Q,tg,...,l‘n,tn. [



Structures and Tarski’s Definition of Truth 60

2.4. Structures and Tarski’s Definition of Truth.

Throughout, . = (A : Z — N, u : F — N, %) denotes a formal language.

2.4.1. Definition. An .Z-structure is a tuple
M = (M, (R“ | Re %), (F"|Fe%), (cﬂ,ce%))

consisting of

(S1) A nonempty set M, called the universe or the domain or the carrier of
A . We shall also write |.Z| instead of M.

(S2) A family (R | R € %) of relations of M such that for R € Z, R” C MN®),
Hence R is a A\(R)-ary relation of M, called the interpretation of R in
A . Observe that for different Ry, Ry € # we may have R’ = Ry’ .

Formally, (R? | R € %) is a map Z — U,.en B(M™) such that the image
R of R € % under this map is a subset of M),

(S3) A family (F” | F € .%) of functions, where for F' € ., F-* : M*MF) — M.
Hence F* is a p(F)-ary function of M, called the interpretation of F in
A . Observe that for different Fy, F; € .% we may have F{/’ = F{” )

Formally, (-4 | F € .Z) is a map .# — |J,cy Maps(M™, M) such that the
image F*/ of F € .# under this map is a function M*¥) — M.

(S4) A family (¢? | ¢ € €) of elements of M. Hence ¢” is an element of M,
called the interpretation of ¢ in .#. Observe that for different ¢;,co € €

we may have ¢/ = ¢’ .

Formally, (¢? | ¢ € €) is simply a map € — M.

A is called finite/countable/uncountable/infinite if its universe |.Z| is fi-
nite/countable/uncountable /infinite. =~ More generally, the size of a structure,
or cardinality of a structure ./ is the cardinality of its universe. In symbols:

card(.#) is defined as card(|.Z]).

2.4.2. Ezamples. We give a list of examples of structures in various languages. Note
that in order to state an example of a structure we have to do three things:

(a) First we have to specify the language we are working in.

(b) We need to specify what the universe of the structure is.

(c) We need to specify the interpretation in our structure of each of the non-logical
symbols in the chosen language.

(1) An example (denoted by .#) in the language of a binary relation.
(a) Here the language has exactly one binary relation symbol R and no other
non-logical symbols.

(b) We choose the universe of .Z to be the powerset of C, hence |.Z| = PB(C).



(2)

(3)

(4)
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(c) We interpret R in .# as the inclusion between subsets of C. More formally
we define

R ={(A,B) € B(C) x P(C) | A C B}
Thus, .# is really just the poset (P(C), C).

Another example in the language of a binary relation.

(a) Again the language is the language of a binary relation symbol R.
(b) We choose the universe of .Z to be the set Z of integers.

(c) We interpret R in .# as the set

R” ={(k,k+1) € Z | k € Z}.

Note that in order to define an .Z-structure .# whose universe is Z we can in
fact specify any set as being %/, subject to only one restriction: R has to
be a subset of Z? (the ‘2’ here is communicated by saying that R is 'binary’, i.e
the arity of Ris A(R) =2. )

An example in the language of a unary function symbol.
(a) Here the language has no relation symbols, no constant symbols and exactly
one function symbol f and this is unary (i.e., u(f) = 1).
(b) We choose the universe of .Z to be the set Z of integers.
(c) We interpret f in .# as the function f : Z — 7 defined by

f7(k)=Fk+1.

This structure is very similar to the structure in item (2), but notice it is a
structure in a different language, and so it is indeed different from the structure
in the previous item.

An example of a finite structure

(a) Here the language has the non-logical symbols R, T and L, where R is a
binary relation symbol and T (called “top”) and L (called “bottom”) are
constant symbols.

(b) We choose five elements a, b, ¢, d, e (these could be the numbers 1,2,3.4,5)
and let the universe of .# consist of these 5 elements.

(c) We interpret T# = e, L */= a and we interpret R as the partially ordered
set given by the diagram

e
N
d c
|
y b
a
Recall that by definition of a poset, this also forces the pairs (a,c), (a,e€)

and (b, e) to be in ZM. The structure .# is a poset with a largest and a
smallest element.
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(5) An example of a group and a designated subgroup with a constant symbol.
(a) Here the language “is” £ = {f, R, ¢}, where f is a binary function symbol,
R is a unary relation symbol and c is a constant symbol.
(b) We choose the universe of .# to be the set R>" of positive real numbers.
(c) We interpret f in .# as the multiplication function f : R>% x R>* —
R>%. The relation symbol R is interpreted in .# as R” = Q>° The
constant symbol ¢ is interpreted in .# as ¢? = 1.
Hence R is the (universe of) a subgroup of (R>?,-).

(6) An example of a field with two constant symbols and a designated subset.

(a) Here the language £ has similarity type {R, F,G,c,d}, where F,G are
binary function symbols, R is a unary relation symbol and ¢, d are constant
symbols.

(b) We choose the universe of .# to be the set R of real numbers.

(c) We interpret F' in .# as the addition function F*/ : R x R — R and G
as the multiplication function G/ : R x R — R. The relation symbol R
is interpreted in .# as the nonnegative, rational numbers. The constant
symbol c is interpreted in .# as ¢ = 0 and d is interpreted as d” = 1.

(7) (a) Here the language is .£ = {f, R}, where f is a unary function symbol and
R is a ternary (i.e. “of arity 3”) relation symbol.
(b) We choose the universe of .# to be the unit interval [0,1] of the real
numbers.
(c) We interpret f in .# as the function f : [0,1] — [0, 1] defined by

) = e

(note that we may not define f#(t) = e - why?) and the relation symbol
R as the betweenness relation of [0, 1]:

R ={(a,b,c) €[0,1* | b is between a and c}

(8) In these examples we return to the language considered in 2.3.9, whose signature
is {R, F,G,c,d} where R is a binary relation symbol, F, G are binary function
symbols and ¢, d are constant symbols. Then the following are examples of .Z-
structures (we are now expressing items (a),(b),(c) from the instruction at the
beginning of 2.4.2 in a more compressed form):

(i) Take M = R, R” = {(a,b) € R? : a < b}, F“(a,b) = a + b,G"(a,b) =
a-b,c” =0,d" =1.

(ii) Same as in (i), but this time with M = Q and addition and multiplication
restricted to Q.

(iii) Or we could take M = R, R? = {(a,b) € R? : a®> + b* = 1}, F”(a,b) =
a’?+ 0%, G (a,b) =a® + 0%, c” = -1,d7 = 1.
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(iv) Or we could take a set M with six elements M = {ay, as, as, by, be, b3} and
choose ¢ = ay,d” = by, R? = {(a;,b;) : 4,7 = 1,2,3} and

F(a,b) = a; if a #0b G (a,b) = azif a #0
’ bllf&:b ’ bglfa:b

Note how different these are. All they have in common is their property of
having a ’structure’ as prescribed by the similarity type of .#: Each has two
distinguished elements, a distinguished subset of the square of the universe, and
two distinguished binary functions.

Also compare the examples in (8) with example (6): Is example (6) another
example of the language used in (8)7

We now turn to the definition of truth of formulas in #Z-structures and we first need
to talk about

Interpreting terms in Z-structures

We can interpret terms of .Z (defined in 2.3.6) in our .Z-structures. Informally,
terms define functions simply by interpreting n-ary function symbols as functions
M™ — M and constant symbols as elements of M, and by interpreting variable
symbols as variables ranging over M.

For instance, suppose we have a language . = {F,G,c} where F is a unary
function symbol, G is a binary function symbol and ¢ is a constant symbol. Consider
the Z-structure 4 = (N, F7 G ¢”), where M = N, F“(a) = a?,G" (a,b) =
a+band ¢” =5. Then the term

G(c, F(z))
gives the function N — IN defined by
ars G (c? F(a))
=c” + F(a)
=5+d°
That is, the interpretation of this term in this structure gives the function a — 5+a?.
For a second example, consider the term
F(G(c,G(z, F(y))))-
We can unravel this as follows:
PG (G (0, FY0)) = (G, G (0, 1)
= (e G (0, P D)
(5+a+ F”(b))*
= (5+a+0b)>%
So this term, interpreted in .# gives the function IN? — IN defined by
(a,b) = F(G7 (c”,G" (a, F(b)))).
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Now we give the formal definition. The informal way above is the right way to think
about it, but for proving statements about terms in general we need a robust notion:

2.4.3. Definition. Let .Z be a language and let .# be an .Z-structure with universe
M.

(i) An assignment or a valuation of an .#-structure .# is a map
h:Vbl — |A|.

In the literature, also the pair (M, h) is called a valuation. Given an assignment
h of . , a variable x and an element a € |.#| we denote by h(?) the assignment
of .# which differs from h only at the variable x, with value a at x:

{Mw ify#x

a if y=x.
(ii) We define by induction on the complexity of an .#Z-term ¢ an element t%[h] €

M for each assignment h of .# as follows:

(a) If ¢(t) = 0, then

] = t?  ifted
~ | A(t) ifteVbhl.

(b) If tq,...,t, are ZL-terms and F' € ¥ with p(F) = n, then we define
Flty, ... ta) B = FY(H, ..., 6 h]).
This is a correct definition by 2.3.10 and is addressed further in question

40 of the example sheet.

Given a term t of .Z, we may thus define a function
7 M> — M,

where M> = {m : m = (my, ma, ms,...,my,...),m, € M,p> 1}, that is M is the
set of all infinite sequences of elements of M. So here an assignment h : Vbl — |.Z/|
is denoted as a sequence m = (h(vy), h(vs), h(vs), .. .).

It is easy to show that ¢“[h] only depends on those elements h(v;) for which the
variable v; occurs in ¢; this is done in question 41 of the example sheet. This means
that in practice, we can think of ¢+# as a function of finitely many variables, rather
than infinitely many variables.

Above is the formal definition of +#, but in practice we continue to work out exam-
ples as we did with the example above. Here is another one.
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2.4.4. Example. Let £ be the language {f,g,c,d}, with binary function symbols
f, g 2l and constant symbols ¢, d. Consider the term ¢ defined as

flg(g(f(z,2),9(2,y)),c),d) .
Hence t has two free variables namely z,y and in any .Z-structure .# it defines a
function t7 : |.#|*> — |.#|. For example:
(i) Suppose our .Z-structure is given by M = 7, f“(k,n) =k +n, g% (k,n) =
k—n, c”? =17, d” =19. Then for k,n € M = Z we have

Y kyn) =f"(g” (g” (f* (k. k), g7 (k,n)),c?),d”)
=g (g (f"(k.k),g" (k,n)),c”) +d”
=g (7 (k, k), g (k,n)) —c” +19
=7 (k,k) — g”(k,n) — 17+ 19
=2k —(k—n)+2
=k+n-+2.

So the function % : M? — M is the function
72 — 7, (k,n) —k+n+2.

(ii) For another example, we continue with the same language and the same term,
but this time we take .# as the .Z-structure given by M = R, f“(r,s) =
r+s, g%(r,s) =r-s, ¢” =0, d” = 1. Then, in this new .#, we have

t“(r,s) =1 for all r,s € M,
as you should work out in question 42 of the example sheet.

So in this structure, the term t is interpreted as the function R? — R with
constant value 1.

2311 this example we are choosing small letters for function symbols. In previous examples we
wrote F,G. In the future we write even +, - if we want to analyze a structure where the function
symbols are interpreted as addition and multiplication, for example if we want to analyze the
integers with addition and multiplication, or the set of polynomials R[z] with real coefficients,
equipped with addition and multiplication of polynomials.
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2.4.5. Tarski’s Definition of Truth Let . be a language and let .#Z be an
Z-structure with domain M.

(A)

We define by induction on the complexity of an Z-formula ¢ and each assign-
ment h of .#, the expression ¢ is true in .# at h, or ¢ holds in .#Z at h,
or ./ satisfies ¢ at h, denoted by

M = plh],
as follows:
(i) If o is of the form ¢; =ty with Z-terms ¢;,ts then
M=t =ty [h] = t7[n] =t [h].
If ¢ is of the form R(ty,...,t,) with R € & of arity n and t,...,t, €
tm(.Z) then

M= Rty t) [ = t[h],...,t7[h]) € R”.

(ii) For the induction step we take p, 1 € Fml(¥), z € Vbl and define
o« M= (p— VB = if A = plh] then 4 =[]

do M= (—p)h] = AV plh], ie. A = plh] does not hold
o M = (Vop)lh] <= forall ac |.#| wehave A = ¢[h(])]

This is a correct definition by the Unique Readability Theorem for formulas
2.3.17. The issue of well-definedness here is parallel to the case of terms, see
the discussion in question 40 of the example sheet.

Let ¥ C Fml(.Z) and let h be an assignment of .Z.
A is called a model of ¥ at h if
A = olh] for all 0 € X.
We denote this by
A = Y[h].
Some authors also use .#Z =), ¥ instead of .# = X[h|. We say that ¥ has a

model if it has a model at some assignment. In this case, ¥ is called satisfiable.

In particular, if ¥ is a set of .Z-sentences, it makes sense to write
M =X

and to say that .# is a model of ¥. This indeed contains the claim that for
sentences, truth at some assignment is actually independent of the assignment

- as one would expect in a correct setup of the matter. The proof of that may
be found in 2.4.12.
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2.4.6. Explanation As with the interpretation of terms, this looks like a compli-
cated definition. But it is much easier to get the idea by looking at examples. This
has to be understood as informal, but it will give the necessary intuition.

(i)

For instance let £ = {R, f,c} where f is a unary function symbol, ¢ is a
constant symbol and R is a binary relation symbol. Let .# be given by M =
R, R7 = {(r,s) € R? : r < s}, f”(r) = r*> and ¢ = 0. Let ¢ be the sentence
of .Z defined as

Va(R(c,x) = Jy(z = f(y)))-

Interpreting this in ., truth of ¢ in .#Z expresses

Vz € R(0 < 2 — 3y € R(x = ¢*)) - which is not a formula in our language,

(iii)

(or in any language),
but a way to communicate to the reader

what ¢ means in the chosen .7 .
So this is true in the chosen Z-structure .# and we say that ¢ is true in .Z.

In the same language, if we instead consider .# given by M = Q and
R?” ={(r,s) € Q*:r < s}, f”(r) =% and ¢ = 0, then in this new .# our
sentence @ says

Vr € Q0 < 2 — Jy € Q(x = »?)) (which is again not an .Z-formula)
But now ¢ is false in ., as for instance 0 < 2 but 2 # r? for any rational y.

Next, in the same language, consider .# given by M = Q, R” = {(r,s) €
Q% : 7 < s} and ¢ = 0 (as in the previous example), but now we choose
f(r) = 2r. Then in this .# our sentence ¢ means

Vo € Q0 <z — Jy € Q(z = 2y)) (which not an Z-formula)
which is true, so we say that ¢ is true in this .Z.

For another example, let .Z have a binary relation symbol R, a unary function
symbol f and constant symbols ¢, d. Let .# be given by M = Q,R” =
{(r,s) € Q*:r < s}, f7(r) =r%c? =0,d” = 1. Let ¢ be the sentence of
Z defined as
Jz(R(z, f(x)) = (x =c Az =d)).
Interpreted in . this says
JreQ((z<2®) = (x=0A2=1)).

Now the (z = 0 Az = 1)-part is always false. So the sentence will only be
true if there is some 7 € Q such that r < r? is false. (Then we will have ‘false
implies false’, which is true.) There are such r, e.g. 7 = 0. So the sentence is
true in .

If instead of a sentence ¢, we consider an .Z-formula ¢ with a free variable z,
which we indicate by ¢(x), then ¢ doesn’t make an assertion about a given
Z-structure .#. However, if we are also given an element m € M (= |[.Z]),
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then ¢(m), that is, “¢ with m substituted for all free occurrences of z” does
make an assertion, about m in ..

For instance, continue with the language .Z from (i) that has a binary
relation symbol R, a unary function symbol f and a constant symbols c. Let
M=QR"” ={(rs) € Q:r < s}hf?” =r*and ¢c? = 0. Consider the
formula

R(c,x) = Jy(z = f(y)).
Then if we interpret in .# and “substitute 2 for the free occurrences of 2”7 we
get
0<2— 3y e Q2=1y*) (which is not an .Z-formula)
And this is false (as 0 < 2 and therefore Jy € Q(2 = y?) is false), so we say
©(2) is false in .. On the other hand, if we interpret in .# and “substitute 4
for the free occurrences of x” we get

0 <4— 3y € Q(4=1y?). (which is not an .£-formula)
And this is true. So we say that ¢(4) is true in ..

2.4.7. What is the role of “assignments” in the Truth Definition The expla-

nation in 2.4.6(iii) hints at the intended meaning of the assignment A in definition
2.4.5: The function h : Vbl — |.#| takes on the role of “substituting elements of
the universe for variables that occur freely in the formula”. This is parallel to the
role of assignments for terms, see 2.4.3. Like for evaluation of terms, for each fixed
formula ¢ the truth of ¢ in .# at some assignment h only depends on the values of
h at the free variables of . For the interested reader this is shown in 2.4.12 of the
appendix to this section.

An alternative definition of truth can then be read as follows (and you are welcome
to use this definition throughout):
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2.4.8. The Truth Definition in different Form Let .Z be a language and let
A be an ZL-structure with domain M = |.Z]|.

(A) (Compare with 2.4.5(A)) We define by induction on the complexity of an .Z-
formula (zq, ... ,a:n)[24] and all a,...,a, € M the expression “.# satisfies ¢
at (ai,...,a,)" and write

M= play, ..., ay),

as follows:
(i) If ¢ is of the form ¢; =t with Z-terms ¢y, t, then
M= play,. .. a,) <= t(ar,...,a,) =t (a1, ..., a,).
If ¢ is of the form R(ty,...,tx) with R € Z of arity k and tq,...,t; €
tm(.Z) then

M= p(ay,. .. a,) <= (t(as,...,a,),... .t (a,...,a,)) € R?.

(ii) For the induction step we take ¢, € Fml(.¥), z € Vbl and define
o M= (p—=Y)(ar,...,a4,) <=
it A= plar,...,a,) then A = p(ay, ... a,),

o M = (—y)a,... a,) =
M plar, ... a,) le. A = p(ay, ..., a,) does not hold

and
o M = Vyp)lay,...,a,) =
MEplar,. .. a,), if y is not among the x;
M= pla,. .., \b’/ yooyay) forallbe |z | ify=ua,.

ith position

(B) (Compare with 2.4.5(B)) Let ¥ be a set of Z-formulas in at most n free
variables x1,...,2,. Let a = (ay,...,a,) € M. The Z-structure .# is called
a model of ¥ at a if

A = o(a) for all o € 3.

We denote this by
M= 3(a).

We say that ¥ has a model (or that X is satisfiable) if it has a model .#
at some n-tuple with entries in |.Z|.

[24Recall that this is shorthand for saying that ¢ is an Z-formula with free variable in
{z1,...,2,}; so for example every sentence is captured here, because a sentence does not have
any free variables.

[251We also say ¢ ia true/holds in .# at ay,...,an,, or ¢(ay,...,a,) holds/is true in .# or .4
satisfies p(ay,...,an).
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In particular, if ¥ is a set of Z-sentences, so here n = 0, it makes sense to
write

M =X
and to say that .# is a model of 3. This indeed contains the claim that for
sentences, truth at some assignment is actually independent of the assignment

- as one would expect in a correct setup of the matter. The proof of that may
be found in 2.4.12.

2.4.9. Example. Let us work formally through an example of the Truth definition
to see how it works. Normally, we proceed without it (as we did in the explanation
2.4.6). For the example, we may take & = {P, f, g,c} where P is a unary relation
symbol, f, g are binary function symbols and ¢ is a constant symbol. We take .Z to
be given by M = {1,2,3,4,...,}, the positive integers, P¥ = {2 3,5,7,11,13,...},
the prime numbers, f(m,n) =m-n,g?%(m,n) = m+n and ¢” = 2. Let ¢ be the
sentence
Va3y3z(g(f(c,x),c) = gy, z) A Py) A P(2))

let ¥(x,y, z) be the formula ¢g(f(c, ), c) = g(y, 2), let ¥(y) be the formula P(y) and
let x(z) be the formula P(z). Note that the term g(f(c,x),c) interpreted in .Z is
the function k — 2k + 2.

Now let h be an assignment of .Z, i.e., h is map h : Vbl — |.Z]|.

Then we have Z |= plh| <~
<= for every n € M we have A |= (Jy3z(V A A X))[h<x)],
n
<= for every n € M there is p € M such that

M= (329 AP A X)[h(f) (y)]

p
<= for every n € M there are p,q € M such that

M (ﬁA@DAX)[h(z) <y> <z>}

p/\q
<= for every n € M there are p,q € M such that

=) (0)(;)
and A = w[h(ﬂ (i) @]
and ./ = x[h(f) (i) <2>]

<= for every n € M there are p,q € M such that
2n+2 =p+ q and p is prime and ¢ is prime
<= every even natural number greater than 2 is the sum of two primes .

And this is Goldbach’s conjecture. No one knows whether or not this is true.

We revisit some of the natural examples from 2.4.2.
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2.4.10. Examples. We only indicate the languages and structures of these examples
here, please have a look back at 2.4.2 if you want to see the full definition. In each
of these examples we give a sentence that is true in the indicated structure. This
can be verified formally, but it suffices that you informally can verify the truth of
the sentence arguing like in 2.4.6 .
(1) Here A was (P(C), C) in the language of a binary relation R.

The sentence ¢ defined as

VaVyVz(R(z,y) A R(y, z) — R(z,z2))

is true in .# - this is just saying that the relation R on 3(C) is transitive.
Recall that when we want to check if a sentence is true in a structure, all
quantifiers range over the universe of that structure - in this case, the universe
is the powerset of C.

(2) Here .# was the structure (Z, {(k,k + 1) | k € Z}) in the language of a binary
relation R again. The sentence ¢ from the previous example is not true in .Z.
But the sentence

(V:);EIyR(:E, y)) A (VxVsz(R(x, YA R(x,2) =y = z))

is true. It says that R is interpreted as the graph of a function from the universe
of the structure to the universe of the structure.

(3) Here A was (Z,s), where s(k) = k+ 1 in the language of a unary function
symbol f. The sentence

Vo,y(f(z) = fly) =z =y)
is true in ., because it says that the function s is injective. Note that this is
not a sentence in the language of (2), although the structures in (3) and (2)
describe essentially the same mathematical object (in different cloths).

(4) This example was also a poset, but this time in the language whose non-logical
symbols are R, T and 1, where R is a binary relation symbol and T, L are
constant symbols. We refer to 2.4.2(4) for structure .# that we are considering
here. In .# the following sentence is true:

VaVy3dz (R(z, x) A R(z,y) ANVu(R(u,z) A R(u,y) — R(u, Z)))
This says that any two elements in the (universe of the) poset .Z have a greatest

lower bound for the binary relation R/ (such posets are called “lattices”).

We finish this section with a Proposition showing that our syntactic setup for re-
placing variables by terms in 2.3.30 is correct.

2.4.11. Proposition. Let t,t' € tm(&L), ¢ € Fml(¥) and x € Vbl. Let h be an
assignment of an £ -structure M and let a = t[h).

(i) (t'(x/t)) " [h] = t“"[h(})].
(i) If x is free in @ fort then M = p(x/t) [h] <= A = o[h(])].

Proof. This proof is not examinable and may be found in the appendix 2.4.13. [
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APPENDIX TO SECTION 2.4

None of the proofs in this appendix is examinable. Only statements
that also occur outside of this appendix are examinable.

2.4.12. Proposition. Let p(z1,...,z,) € Fml(Z), t(xy,...,z,) € tm(ZL) and let A
be an L -structure. If h and b’ are assignments of A with h(z;) = h'(x;) (1 <i < n)
then t“[h] = t“[h'] and

M plh] = M = pll].

Proof. That t”[h] = t“[h'] has already been done in question 41 of the example
sheets. We show that .# = ¢[h] = 4 = ¢[h']. This also follows by a straight-
forward but lengthy induction on the complexity of ¢ using 2.3.27 to deal with the
universal quantifier.

The base case: If the complexity of ¢ is zero, then ¢ is an atomic Z-formula,
hence ¢ is of the form ¢; = ¢, for some Z-terms t,ty or of the form R(ty,...,t,)
for some relation symbol R of .Z of arity n and some terms ti,...,t, of Z. Now
we know already that t#[h] = t“[h'] for all assignments h,h’ that agree on the
free variables of any term ¢, hence .#Z = ¢[h] is immediate from its definition in
2.4.5(A)(i).

Now for the induction step. We need to deal with formulas of the form (=),
(p — 1) and Yy 1. So assume we know the assertion already for ¢ and ). Then

M = —plh] = A ¥ o[h] by definition 2.4.5(A)(ii),
< M ¥ ¢[h'] by induction,
< M = —p[l'] by definition again.
Further
M= (o = Y)[h] <= A ¥ plh) or A |= [h] by definition 2.4.5(A)(ii),
— M ¥ ¢[h'] or A = [I] by induction,
< M = (¢ — ¥)[I] by definition again.
Finally suppose ¢ is Vyi and we know already the implication .# = ¢[h] =
A = Y[I] for all assignments h,h' of .# that are identical on Fr(¢). We show
M plh] = A | o[l] for assignments h, k' that are identical on {xy,...,x,}.
If # &= p[h] then 4 = [h(?)] for all a € |.#| by definition 2.4.5(A)(ii). Now
h(¥)(x;) = W (Y)(z;) (1 <4 < n) and both assignments are identical on y. Hence
h(¥)(z) = W (Y)(z) for each free variable z of ¥ (cf. 2.3.27, whose proof is done in

2.3.50(iv)) and from the induction hypothesis we get .# = ¢[h/(¥)] for all a € |.Z]|.
This in turn shows .Z |= ¢[]. O

2.4.13. Proof of 2.4.11 Let ¢, € tm(.Z), ¢ € Fml(.Z) and = € Vbl. Let h be an
assignment of an #-structure .# and let a = ¢ [h).

(©) (¢ (x/t)"[h] = t*"[h(3)].
(ii) If 2 is free in ¢ for ¢ then .4 |= p(z/t) [h] <= A = p[h(])].
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Proof. (i) holds by a straightforward induction on the complexity of t':

With a = t# [h] we show (¢'(z/t))”[h] = t"”[h(?)] by induction on the complexity
of t'.
If ¢’ is a variable y # z, then t'(z/t) = t' and

(¥ (e /1)) 1] = 1] = h(y) = b )(y) = [ )
If ¢ is z, then t/(x/t) =t and
(¢ (e/1)) 0] = t“[h] = a = h( )(a) = t[n(" )]
If ¢ is a constant symbol ¢, then #'(z/t) = ¢ and

(¢ (/) [0 = ¢ = ¢ [n()]

Now for the induction step assume t' is F(t|,...,t,) and we know the assertion
already for ¢7,... ¢, . Then

(¢ (x/t)"[h] = (F(ty,....t,)(@/t)) " [h]
= F(ty(a/t),....t(x/t)) " [h]
= F7 () (z/t)” [ l,...,t. (z/t)”[h]), by definition

:F/"(t’/’[h( ), t’/”[h(z)]) by induction

= F(t},...,t, )///[ ( )] by definition
_ xr
= (),

as required.

(i) is proved by induction on the complexity of ¢. It is not very difficult, but
lengthy.

For the base case, assume that ¢ is atomic. If ¢ is atomic and of the form ¢; = 5,
then

M p(x /)] = t1(z/t)?[h] = ta(a/t)”[h], by definition

= H[h( ) =t h()], by 24.110)

= M = p[h ( )] by definition
If pis R(ty,...,t,), then
M= p(z/t)[h] = (ti(x/t)?]h],... ta(x/t)?[h]) € R, by definition

gt z)] t/’[h(a)]) € R, by 2.4.11(i)

= (" [h(

= M = o[h ( )] by definition
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For the induction step related to negation assume we know the assertion already for
©, then

M = —p(x/t)[h] <= A ¥ o(x/t)[h], by definition

= MF cp[h(i)], by induction
— M= w[h(z )], by definition.

For the induction step related to implication, assume we know the assertion already
for ¢ and 1, then

M= (p =) (x/t)[h] < A ¥ p(x/t)|h] or A = (x/t)[h], by definition
= MF cp[h(x)} or A = w[h(x)] by induction
= M= (p—Y)h ( )], by definition.

Finally, suppose we know (ii) already for ¢ € le(of ) and ¢ is Yy with y € Vbl.
We show (ii) for ¢.
Case 1. x does not occur freely in ¢.

Then ¢(z/t) is equal to ¢ and h is identical to h(}) at the free variables of ¢. By
2.4.12 we have A |= o(z/t) |h] <= M = plh] <= A = o[h(])]

Case 2. x does occur freely in ¢.
Since ¢ is Yy 1, we must have x # y.

Claim. x is free in v for t.

Proof. Let z be a variable occurring in t. We have to show that x is free in v for
z. As x is free in ¢ for ¢ and x occurs in ¢ by assumption, y does not occur in t,
which shows that z # y. Since x # y, each free occurrence of x in ¢ is also a free
occurrence of x in ¢ (where the position is shifted by 3). Thus, as z # y and x is
free in ¢ for z, x is also free in ¢ for z. o
The claim 1mphes that the formula (Vyi)(x/t) is equal to Yy(i(x/t)) and we get

[

M= p(aft) B = A = (Vyp)(x/t) [h]
= M= Vy((z/t) (]

< M = Y(z/t) [h()] for all b € M, by definition
= e

> =

v

| for all b € M, by the induction
hypothesis using the claim

M= [h(z)(g)] for all b € M, since z # y
M= (Yy) [h(i)], by definition

T
A = olh(")
as desired. O

[
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2.5. The Proof System.

Recall from 2.3.1 that our proof system is supposed to have two components. An
axiom system and the definition of what is a (formal) proof. Before doing that
we first need to talk about Propositional Logic. Traditionally one would introduce
a proof system for Propositional Logic and then extend this to Predicate Logic.
However as the audience has seen Propositional Logic in an implicit way, we will
take a shortcut. Those who are interested may read the appendix of this section
exposing a proof system for Propositional Logic.

We are essentially skipping syntactic considerations for Propositional Logic as these
are rather transparent for mathematicians. Still, we indicate what formulas are in
Propositional Logic:

2.5.1. Definition. A propositional formula (we will often just call them propo-
sitions here) is an expression P built up from propositional letters pi, ps, ps, . ..
by successively applying the following rules:

If P and @ are propositions, then so are (—P) and (P — Q). We will drop
brackets if this is unambiguous.

2.5.2. Deciding propositional truth Since every particular proposition is built
up from only finitely many of the py, pa, ps, ... we can use truth tables®® to verify
whether a proposition is true for all possible assignments of truth values of the
P1,D2, P35 - - -

A proposition P is called a tautology (of Propositional Logic), or a proposi-
tional tautology if P is true for all possible assignments of truth values of the
P1, P2, P3, . ... For example p; — p; is such tautology.

The method of using truth tables to decide whether a given proposition is a
propositional tautology is straightforward and can even be performed by a computer.
This means that there is a computer program that accepts as input a proposition
(in form of a finite string of letters from {—, —,), (, p1, p2, P2, - . .}) and outputs

e YES if the proposition is a propositional tautology and
e NO if the proposition is not a propositional tautology.

We will therefore consider every propositional tautology as universally true when
we build our formal proof system for Predicate Logic in 2.5.6.

[261We assume that the reader has seen truth tables before.
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In order to import Propositional Logic into Predicate Logic one tool is needed:

2.5.3. Import Lemma Let n € IN and let P be a propositional formula build
up using at most the propositional letters py,...,p,. Let .Z be a language and
let p1,..., 0, be Z-formulas. Let 1 be the string obtained from P by replacing
simultaneously all occurrences of p; with ¢; for each 7 € {1,...,n}. Then

(i) ¢ is an Z-formula.
(i) If A is an Z-structure and h is an assignment of .#, then we may define

an assignment of truth values to the propositional letters pq, ..., p, as follows:
For i € {1,...,n} we define

(%) pi is true <= A = p;[h].

Then

P is true under the as-
(1) signment of truth val- — M = Y[h].
ues defined by (x)

Proof. We show (i) and (ii) at the same time and we perform an induction on the
construction of P.

For the base case, assume P is a propositional letter p;. Then 1 is just ¢;, which is
an .Z-formula by assumption and (}) is explicitly stated in (). This shows (i) and
(ii) in the base case.

Now for the induction step we have to consider two cases.

Case 1. Let P be (=Q) and assume by induction we know (i) and (ii) for Q.

Then we know (by (i) for () that the string 7 obtained from @ by replacing
simultaneously all occurrences of p; with ¢; for each 7 € {1,...,n}, is an .Z-formula.
Since 1) is equal to (—), we see that v is an .Z-formula.

Furthermore (ii) holds for @ by induction and by (}) for @ we know that @ is
true under the given assignment of truth if and only of .# |= [h|. But then P is
true under the given assignment of truth if and only of @) is false under the given
assignment of truth if and only of .Z ¥ «[h] if and only if .Z = ¢[h].

Case 2. Let P be (@ — R) and assume by induction we know (i) and (ii) for @
and R.

Then we know (from (i) for @ and R) that the strings 7, ¢ obtained from @, R
respectively by replacing simultaneously all occurrences of p; with ¢; for each i €
{1,...,n}, are Z-formulas. As 1) is equal to (7 — 9), it is an Z-formula.

Furthermore, by (}) for @ we know that @ is true under the given assignment of
truth if and only of .# = v[h], and by (}) for R we know that R is true under the
given assignment of truth if and only of .# = d[h].

Now P is true under the given truth assignment if and only if @) is false or R
is true under the given truth assignment. Consequently P is true under the given
truth assignment if and only if .#Z ¥ «[h| or 4 = 6[h]. But this is the same as

A = ). 0
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By 2.5.3(i) we may define

2.5.4. Definition. A tautology (of Predicate Logic) is an #Z-formula ¢ obtained
from a tautology of Propositional Logic by replacing simultaneously all occurrences
of propositional letters by Z-formulas.

2.5.5. Ezample. In the language with a unary relation symbol R the following .Z-
formula ¢ is a tautology:

R(z) —» (Vzx =y) — R(x)).
The reason is that ¢ is obtained from the propositional tautology P defined as

p1— (p2 = p1)
by replacing p; with R(z) and py with (Vzx = y).
From 2.5.3(ii) we also know that for any .Z-structure .# and each assignment h of

A we have A = ¢[h], because P is a propositional tautology (look at its truth
table).

The reasoning in 2.5.5 applies to all tautologies: If ¢ is a tautology then .# = ¢[h]
for any Z-structure .# and each assignment h of .#. This is done in question 50
of the example sheets.
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We now get to our axiom systems for languages in Predicate Logic. Each axiom of
a language £ is a formula « of £, which is supposed to be universally true, i.e. for
cach Z-structure .# and every assignment h of .# we require .# = afh]. We list
these axioms now and verify their universal validity a bit later, see 2.5.13.

2.5.6. Definition. Let .Z be a language. Each of the following .Z-formulas are
called logical Axioms (of .Z), where ¢, ¢ and ~ are Z-formulas and z is a variable:

(AxProp) Every tautology of Predicate Logic as defined in 2.5.4.
Examples are :
(a) ¢ = (¥ = o)
(b) (¢ = (¥ —=7)) = (¢ =2 ¥) = (¢ =)
(©) (=) = (7)) = (¥ — )
[For those who are reading the proof system for Propositional Logic:
It does actually suffice to just take these three schemes.|

(AxV—)  (Va(p =) = ((Vop) = (Yay)) &7

(AxSubst) (Vzy) — @(z/t), where x is free in ¢ for t € tm(Z).*"

(AxGen) ¢ — Vap, where x is not free in (.7

(AxEq) For every Z-term ¢, every n-ary relation symbol R and all (not nec-
essarily distinct) variables x1, ..., x,, z, y, z the axioms
(a) z ==
(b)z=yANy=2z — z=z
() 7=y — t(3/y) = t(2/2)
)

(d) z=y — (R(ml, o xp)(z/x) < (R(x1, ,xn)(z/y))>

(AxY) Any formula of the form
Ve, ... Vo, o

where « is one of the formulas introduced by the other logical axiom
schemes above and x4, ..., z,, are variables.

27INotice that this is not just a single axiom, because for each choice of formula(s) and variables
we obtain a formula of the form displayed here. In particular there are infinitely many axioms of
this form and the expressions should rather be called an axiom scheme, which will be instantiated
later. Axiom systems of this form are sometimes referred to as Hilbert’s style axiom system.
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2.5.7. Definition. Let ¥ C Fml(.#). A formal proof or a deduction from ¥ (in
Z) is a finite sequence (¢1, ..., p,) of Z-formulas such that for each k € {1,...,n}
one of the following conditions hold:

(PR1) ¢y is a logical axiom (of .£), or
(PR2) ¢, €X,or

(PR3) (Modus Ponens) There are i, j < k such that
@; is the formula ¢; — ¢.

If & C Fml(.Z), then we say 3 proves ¢ and write
Y ke ®or ¥ ® when Z is clear from the context,

if every ¢ € ® is an entry of a proof from 3. If & = {p} we just write ¥ - ¢. If
Y = () we just write - ®.
We say that (@1, ..., ¢,) is a proof of ¢ from X if (¢4, ..., ¢,) is a proof from 3 and

Y = Pn.

2.5.8. Remark. The following are immediate consequences of definition 2.5.7:

(i) If (¢1, ..., n) is & proof from X, then also (1, ..., @) is a proof from ¥ for every
m < n. Moreover p; € X or ¢; is a logical axiom.

(ii) If (o1, ..., on) and (¢1, ..., 1y,) are proofs from 3, then also
(01, ey Py U1, ey ) 1s & proof from X.

(iii) X F & <= X F pforall p € .
(iv) ¥ F @ for all ¢ C 3.

Proof. To get used to definition 2.5.7, please carry this out; see Question 51 of the
example sheets. O

2.5.9. Corollary. (Modus Ponens for proofs)

IfXF o= and X+ @ then X .
Proof. By 2.5.8(ii) and Modus Ponens. O

The next theorem follows again immediately from definition 2.5.7 of a formal proof.
It is of central importance to Predicate Logic and used in many places later on.

2.5.10. Theorem. “Proofs are Finite”
For every p € Fml(.Z) and all subsets ¥ C Fml(.Z) the following are equivalent:

(i) S F .
(i1) There is a finite subset Yo C X with Yo F .
(i1i) There is a proof (o1, ..., on) of ¢ from X.

Proof. Again, please carry this out and use it for practicing definition 2.5.7; see
Question 51 of the example sheets. O
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2.5.11. Lemma. (Transitivity of proofs)
If 3,0, C Fml(%) with ¥ F & and &+ U then ¥ F V.

Proof. Since ® - W, it suffices to show by induction on n the following:
If (¢1,...,%,) is a proof from ®, then ¥ F 1,,.

If n = 1, then 7 is a logical axiom or ¢; € ®. In each case ¥ F 1y, using our
assumption X + .

For the induction step, suppose we are given a proof (¢1,...,%,+1) from &. If
Uni1 € © or 1,41 is a logical axiom then X F 1,1, again, using our assumption
Y F ®. Otherwise there are 4,7 < n such that v; is ¥; — 1,41. By the induction
hypothesis and because (91, ..., ¢;) and (¢1, ..., ¢;) are proofs from ®, we know X F 9
and X ;. As 1); is ¢; — 1,41 we may apply 2.5.9 to obtain X F 1),4. OJ

2.5.12. Example. Let ¥ C Fml(.Z).
(i) If ¢, € Fml(.Z) and L F (¢ — ¥), then L U {@} F 1.1
To see this take a proof (11, ...,1,,) from ¥ such that 1, is (¢ — ). then
(U1, ..., Um, @, 1) is a proof from X U {p} and so XU {p} F .
(ii) If o1, ..., pn € Fml(.Z), then
YE(@iA Ay <= YFpand ... and X+ @,.

[See 2.3.18 for the definition of the formula p; A ... A @]

The implication “=-" here is obtained from 2.5.11 and the fact that p; A... A
pn — Ppi is a propositional tautology (hence @1 A ... A ¢, — ¢; is an axiom of
“ As Y ko foralli € {1,...,n} we know that ¥ F {¢y,...,¢,}. Hence
by 2.5.11 it suffices to show {¢1,...,ont F @1 A ... Ap,.

Consider the propositional variables pq, ..., p, and let P be the proposition

pr—=>pe—= (o= (pn—= (PIA . ADPR))..)).
Then P is a tautology of Propositional Logic as one checks using truth tables.
Let ¢ be the Z-formula obtained from P by replacing, for each ¢ € {1,...,n},
pi by ¢;. Hence 9 is

p1 > (2= (o= (P = (P1 AL AR)) )
and ¢ is a logical axiom. By (i) we get {p1} F (w2 = (.. = (o0 = (L1 A
. Apn))...). By (i) again we get {¢1, 02} F (93 = (... = (pn = (@1 AL . A
©n)) --.)). By induction we thus obtain

{o1,- - yont Q1 A A p,

as required.

[281The converse here is also true, as we will see in 2.5.19



The Proof System 81

Correctness of logical axioms and formal proofs

We will now show that our logical axioms hold at all assignments of all structures
(see 2.5.13). Furthermore the soundness theorem 2.5.16 shows that our logical proofs
do not lead to contradictions. (Formally, 2.5.16 actually implies 2.5.13). This con-
stitutes one part of a justification of our choice of axioms. The second part, namely
that we did not state more axioms, will be justified later, by the so called Com-
pleteness Theorem: This theorem implies that, whenever ¢ is an .Z-formula, which
is valid in all assignments of all .Z-structures, then ¢ ¢, in other words there
is a formal proof of ¢ from our logical axioms. In this sense our choice of logical
axioms, together with the rules of a formalized proof is complete. We start with a
preparation:

2.5.13. Lemma. For every logical axiom ¢ and each assignment h of every £ -
structure M we have A = plh].

Proof. Tautologies are true in all structures at all assignments. This is worked out in
question 50 of the example sheets and follows essentially from 2.5.3(ii). This settles
the axioms in (AxProp).

For the axioms in (AxV —) and (AxEq) the assertion has a lengthy but not
difficult proof; this is left as question 52 on the example sheet.

We show the universal validity of the logical axioms built by the schemes (Ax-
Subst), (AxGen) and (AxY). Let h be an assignment of an Z-structure ..

Case 1. ¢ is an instance of (AxSubst), i.e. ¢ is of the form (V) — (x/t),
where z is free in ¢ for t € tm(Z).

We have to assume .# = (Vx1))[h] and we are supposed to show .Z |= 1(x/t)[h].
By 2.4.11(ii), it suffices to show . |= 9[h(?)] with a = t#[h]. This clearly holds,
as M = (Vzip)[h)].

Case 2. ¢ is an instance of (AxGen), i.e. ¢ is of the form ) — Vae), where x is
not free in 9.

We have to assume .# = ¢[h] and we are supposed to show .# |= Vxiplh|. This

means we have to pick some a € |.#| and to prove . [= ¥[h(})]. Since x is assumed

to be not free in 1, the assignments h and h(7) have the same values on all free
variables of 1. Hence with .# |= 1[h] we may apply 2.4.12 to obtain .# = ¢[h(?)].

Case 3. ¢ is an instance of (AxY), i.e. ¢ is of the form Vzi...x, 1, where 1 is
a logical axiom defined under one of the schemes (AxProp), (AxY —), (AxEq),
(AxSubst) or (AxGen).

Since we have already shown the lemma for these logical axioms we know that

A = [I] for all assignments h'. But now it is clear that 4 = Vx,...x, ¢¥[h]. O

2.5.14. Definition. Let ¥, ® C Fml(.Z). We say that ¥ logically implies ¢ (or
® is a logical consequence of ¥) if for every assignment h of every Z-structure
M we have:

M =YL = A E Dh.
If this is the case we write

.
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2.5.15. Examples.

(i) The notion ¥ |= ¢ indeed captures the format of standard mathematical the-
orems. For example consider the following assertion taken from group theory:

“If G is a group such that ¢g* = e for all g € G, then G is commutative.”
Here one could choose ¥ to be a set of sentences in the language £ of groups

that define groups, i.e. such that for every Z-structure .# we have .# | ¥ if
and only if .Z is a group. Furthermore one could choose ¢ to be the sentence

(Voa? =e) = (Vo,yx-y=y-x).
Then a proof of ¢ from ¥ in group theory, would in fact show ¥ |= ¢ (rather
than trying to show ¥ - ¢): We would take a group, then we would assume

that g2 = e for all g € G and then we would try to come up with an argument
why G is commutative.

(ii) Here is an example of a meaningful logical implication 3 = ®, where ¥ is finite
and & is (necessarily) infinite. Consider the following statement about posets:

“Every poset without maximal elements is infinite.”

Here ¥ could be the set of sentences in the language . of posets expressing
reflexivity, anti-symmetry and transitivity of the binary relation, together with
the sentence saying that the poset has no maximal element. What could ® be
here? See question 53 on the example sheet.

2.5.16. Soundness Theorem Let £ be a language. For all X, ® C Fml(.¥),
if X @, then ¥ = ©.

Proof. 1t is enough to show by induction on n the following: If (¢4, ..., ¢, ) is a proof
from ¥ then .# |= ¢,[h] for every assignment h of every Z-structure .# satisfying
M = Xh).

If p, € ¥ or ¢, is a logical axiom, then this holds true by 2.5.13. In particular
the claim holds for n = 1. Moreover for the induction step “n — 1 = n” it is clear
that we only need to show the claim in the case where ¢, is the result of applying
Modus Ponens to two entries of (o1, ..., o,—1). Hence there are k,j < n such that
Pk = Yj = Pn.

If h is an assignment of .# with .# |= X[h], then by induction we know .# = ¢,[h]
and A = ¢; = ¢, [h]. By 2.4.5(A)(ii) we get A4 = p,[h] as desired. O
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Frequently the Soundness Theorem is used in its contrapositive form, e.g., when we
want to show that > ¥ ¢ we can establish this by finding an Z-structure .# and
an assignment h of .# such that .# |= X[h] and 4 ¥ ¢[h].

2.5.17. Definition. A subset ¥ C Fml(.¥) is called consistent if there is no .Z-
formula ¢ with ¥ = ¢ A —¢. Otherwise X is called contradictory or inconsistent.
A formula ¢ is called consistent, inconsistent resp., if {} has this property.

2.5.18. Corollary. If> C Fml(.Z) and if there is a model of ¥ at some assignment,
then X 1s consistent.

Proof. This follows immediately from 2.5.16 since ¢ A —¢ does not hold for any
Z-formula ¢ in any Z-structure at any assignment. 0

Deduction and Generalisation

2.5.19. Deduction Theorem
Let ¥ C Fml(Z) and let p, € Fml(Z). Then

YFpo—=1vyY) <<= XZU{p}F.

Proof. The implication = has already been shown in 2.5.12(i).
In order to prove the implication < it suffices to show by induction on n the fol-
lowing;:

If (p1,...,pn) is a proof from ¥ U {¢}, then the sequence

(¢ = @1, ..., = ®,) can be completed to a proof from .

If n =1 and (¢1) is a proof from X U{¢}, then ¢ is a logical axiom or ¢; € XU{¢p}.
If o1 = ¢, then (p; — @) is a logical axiom of .Z because p; — p; is a propositional
tautology, which implies the assertion. If ¢; is a logical axiom or ¢; € 3, then

(o1 = (¢ = @1), 1,0 = 1)
is a proof from X, since ¢1 — (¢ — 1) is an instance of 2.5.6, (AxProp)(a).

For the induction step, suppose (@1, ..., pnt1) is a proof from ¥ U {¢}. By the
induction hypothesis there is a proof (¢1,...,1,,) from ¥ which contains (¢ —
©1, .-, = @) (in this order) as a subsequence.

Case 1. @n41 is a logical axiom or ¢,11 € XU {p}.
Then (¢n+1) is already a proof from ¥ U {¢} and as seen in the case n = 1,
(11, ..., ¥m) can be extended to a proof from ¥ with last entry ¢ — ¢,,11.

Case 2. There are k,l < n such that ¢; is o — @11
Then the sequence (¢, ..., ¥,,) has ¢ — ¢ and ¢ — (pr — @ne1) as entries. Let
¥ be the formula

(o = (x = @nt1)) = (¢ = @) = (P = Yni1)).

This is an instance of 2.5.6, (AxProp)(b). Hence ¥ is a logical axiom and

(@Dl, '-'7¢m7197 (90 — ka’) - (90 — ‘pn-i-l)a Y — Qpn-i-l)

is a proof from ¥ (Modus Ponens is applied twice). O
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2.5.20. Remark. The proof of 2.5.19 really belongs to Propositional Logic and this
can be found explicitly in the appendix of this section, cf. 2.5.26. Note that we also
have

YE@—Y) = ZU{ptEY

and this is much easier to prove than 2.5.19. You may want to have a go.

2.5.21. Generalisation Theorem

Let ¥ C Fml(Z) and ¢ € Fml(Z). If x € Vbl does not occur freely in any formula
from % then

Y if and only iof X F V.
[Notice that x may very well occur freely in ./

Proof. The implication < holds even without the assumption that z does not occur
freely in any formula from ¥ by 2.5.6 (AxSubst) applied with z = ¢ and Modus
Ponens for proofs. The crucial statement here is the implication =, which we prove
by induction on the length of a proof of ¢ from X::

If ¢ is a logical axiom, then by 2.5.6, (AxY) we know that also Vzyp is a logical
axiom, thus ¥ F Vzp. If p € 3, then by assumption, x does not occur freely in ¢.
Hence by 2.5.6, (AxGen), ¢ — Vzyp is a logical axiom. Applying Modus Ponens
for proofs we get X F V.

For the induction step, suppose (1, ..., pp11) is a proof from ¥ with ¢ = @, 41.
From what we have seen above we may assume that ¢ is neither a logical axiom
nor an element of X. Hence there are ¢,j < n such that ¢; is ¢; = @p41. By 2.5.6,
(AxV —) we have that

Va(o; = ong1) — (Yoo — Vopn)

is a logical axiom. By the induction hypothesis we know X - Vxy;, in other words
Y FVz(p; = ©ni1). So by Modus Ponens for proofs we get ¥ - Vop;, — Vrg, 1.
Since also X - Vxp; by induction we may apply Modus Ponens for proofs again to
obtain ¥ - Vzy, 1. O

2.5.22. Ezamples. Let £ be any language, ¢ € Fml(.%) and let = be a variable.

(i) If y is a variable that does not occur freely in ¢ and x is free for y in ¢, then

- ((op) - (oetaf) )
(ii) We have - ((—Pv’x ) < (3u w))

Proof. (i) Since x is free in ¢ for y, axiom (AxSubst) implies - ((Vzp) — ¢(z/y)),
hence Vxy b ¢(x/y), too. Since y does not occur freely in Vap, the generalisation
theorem 2.5.21 gives Vxy + Yyp(x/y). Applying the Deduction Theorem 2.5.19
yields the claim.
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(ii)*”! By the generalisation theorem applied to the logical axiom ¢ +» ——¢ we know
that - Va(p < ——¢). Using (AxV—) twice (together with 2.5.12(ii) and Modus

Ponens for Proofs) we obtain + ((‘v’x ) < (Vx —|—|g0)>. Using the propositional

tautology (pg <> p1) <> (—po <> —p1) we obtain

- () e (o))

But this is the assertion (see the definition of Jz). O

290ne can try to write out a formal proof, but this might be tedious. Note that the question

is not asking for a formal proof, just that we prove why + ((—\Vx ) < (3x —\cp)) holds.
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APPENDIX TO SECTION 2.5

None of the proofs in this appendix is examinable. Only statements
that also occur outside of this appendix are examinable.

There is also a proof system for Propositional Logic, which is exhibited in this
appendix. One can dream up various proof systems for propositions and many ideas
that are exposed in Predicate Logic above can already be seen on that level. This
alleviates the Predicate Logic material and can also be used directly (to some extent),
an example is the proof of the Deduction Theorem 2.5.19, which is essentially a task
of Propositional Logic.

If you read this appendix, you will therefore revise the entire section in a simplified
context.

2.5.23. Definition. Given propositions P, (), R, each of the following propositions
is an axiom of Propositional Logic, or a Propositional Axiom. I**!

Axiom 1: P—(Q— P)
Axiom 2: <P—>(Q—>R)> — ((P%Q)%(P_)R»
Axiom 3: (=P = -Q) = (Q — P)

Notice that this is not just a list of three axioms, because for each choice of proposi-
tions P, @), R we get a proposition out of each axiom above. In particular there are
infinitely many axioms and the above three expressions should rather be called an
axiom scheme, which we will instantiate below.

Axiom systems that are given in this form are called Hilbert’s style axiom
system (for Propositional Logic). The one above is by J. Lukasiewicz.

2.5.24. Definition. Let X be a set of propositions. A formal proof in Proposi-
tional Logic or a deduction in Propositional Logic from ¥ is a finite sequence
(Py, ..., P,) of propositions such that for each & € {1,...,n} one of the following
conditions hold:

PR1: Py is a propositional axiom, or
PR2: P, € X, or

PR3: (Modus Ponens) There are 7, j < k such that
P;j is the proposition F; — P,

If ¥ is a set of propositions and P is a proposition, then we say that > proves P
and write

kP

if there is a formal proof (Py,...,P,) from ¥ such that P = P, for some i €
{1,...,n}. If ¥ = 0 we just write - P.

[30lwe drop brackets again according to standard mathematical conventions
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2.5.25. Lemma. Let P be a proposition. Then = (P — P).

Proof. Here is the formal proof:
(1) P — ((P — P) — P) by Axiom 1.

2P, - (P-rP)—-P) - (P, —-P—=>P)—=> (P —_P)) by
-~ T~ -~ - =~
P 5 R P o P R
Axiom 2 P! as indicated under the braces.
(3) (P— (P — P)) = (P — P) by Modus Ponens applied to (1) and (2).
(4) P — (P — P) by Axiom 1.
(5) P — P by Modus Ponens applied to (4) and (3). O

2.5.26. Deduction Theorem for Propositional Logic
If ¥ is a set of propositions and P, () are propositions, then

YH(P—=Q) < XU{P}FQ.

Proof. =. If ¥+ P — @, then we may append a proof from ¥ of P — @ by (P, Q)
to obtain a formal proof of @) from ¥ U {P}:

(1) P> Q since ¥ F P — @, hence also YU {P} - P — Q

(2) P by PeXU{P}

(3) @ by Modus Ponens for (2) and (1).
<. Assume X U {P} F Q. It suffices to show by induction on n that for each proof
(Py,...,P,) from X U{P}, the sequence (P — Py,..., P — P,) can be completed
to a proof from ¥ (i.e., it is a subsequence of a proof from ).

If n =1, then P; is a logical axiom or P, € ¥ U {P}. If P, is a logical axiom or
P € X, then (P,P, - (P — P,),P — P;) is a proof from ¥ using Axiom 1. If
P, = P, then P — P, can be completed to a proof from ) by 2.5.25.

For the induction step, suppose (P, ..., P,y1) is a proof from 3 U {P}. By the
induction hypothesis there is a proof (Qi,...,Q,) from ¥ which contains (P —
Py, ...,P — P,) (in this order) as a subsequence.

Case 1. P,y is alogical axiom or P,y € ¥ U {P}.
Then (P,;1) is already a proof from ¥ U {P} and as seen in the case n = 1,
(@1, ...,Qm) can be extended to a proof from ¥ with last entry P — P,;.

Case 2. There are k,l < n such that P, is P, — P, 1.
Then the sequence (@1, ...,Q,,) has P — P, and P — (P, — P,.1) as entries.

Now the proposition () defined as
(P— (Px— Pyi1)) — (P — Py) = (P — Pui1)).

is an instance of the logical axiom Axiom 2. Hence

(Qla "'7Qm7 Q7 (P — Pk) — (P — PnJrl)a P — Pn+1)
is a proof from ¥ (Modus Ponens is applied twice). O

BOr rather an instance of this axiom.
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2.5.27. Corollary. Let ¥ be a set of propositions and let P,Q, R be propositions.
Then

(i) S Q, then S+ P — Q.
(ii)) fSFP—Q and S+ Q — R, then X+ P — R.

(1) (a) F(P—-Q)— (@ —R)—(P— R)) and
(b) F(@Q—R)— ((P—=Q)— (P—R)).

(w) If ¥+ Q, then ¥+ (Q — P) — P.

It is worth mentioning that the assertions above as well as 2.5.25 and 2.5.26 are
proved from Axiom 1 and Axiom 2 alone (and Modus Ponens of course); this is re-
ferred to as “Positive Implicational Calculus” and is part of “Intuitionistic Logic”,
which does not accept Axiom 3 as universally true, but which has other axioms in-
stead (all weaker than Axiom 3, given the first two axioms). For the remaining
statements we will use Axiom 3.

(v) b —==P — P and - P — ——P.
(vi) = (P = Q) = (-Q — —P).
(vit) If X+ @, then ¥ F (P — =Q) — —P.
(viii) {P,—~P} - Q.
Proof. (i) follows from 2.5.26 and X U {P} I Q.
(ii) By (i) we know that ¥+ @ — R implies ¥ - P — (@) — R). Applying Modus
Ponens twice using the axiom (P — (@ — R)) - (P — Q) — (P — R)) we
obtain ¥ - P — R.
(iii). By (ii) we know that {P — @,QQ — R} P — R. Now the Deduction
Theorem applied in two different ways gives (a) and (b).
(iv) By Modus Ponens we have YU{@Q — P} F P, hence by the Deduction Theorem
we get X+ (Q — P) — P.
(v) Here is the justification why there is a formal proof of - =—P — P. Let T be
any proposition with = T; for example T could be an axiom from 2.5.23.
(1) F ==P — (==T — ——P), which is an instance of Axiom 1.
(2) + (=—=T — —==P) — (T — P) by applying Axiom 3 twice and then invoking
ii).
(3) l(— zT — P) — P by (iv) using + T.
(4) F ==P — P by applying (ii) to (1) and (2) and then again to (3).
We can now apply - =P — P to =P and get - =——P — —=P. Applying Axiom 3
and Modus Ponens gives - P — == P.
(vi) We have
(1) H(P—>Q)— (-—P — Q) usingt (——P - P) = (P = Q) = (——P —Q))
by (iii)(a) and then invoking (v) and (ii) for ¥ = ().
@) b (=P = Q) = (=P — —Q) using - (@ — Q) = (P = Q) -
(-—=P — ——Q)) by (iii)(b) and then proceeding as in (1).
3) F(P—=Q)— (mP — —~Q) using (ii) with (1) and (2)
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(4) F (P — Q) = (-Q — —P) using (ii) with Axiom 3 and (3).
(vii) We have
1) F (P = =Q) = (-=Q — =P) by (vi)
(2) XF (-=Q — —P) — =P by (iv) as ¥ F ==Q using (v).
3) ¥F (P — —Q) — —P by (ii) for (1) and (2).
(viii) We have
P — —=P by (v)
F—==P — (-Q — ——P) by Axiom 1
F(-Q — ——=P) - (=P — Q) by Axiom 3
4) F P — (=P — Q) by (ii) applied twice using (1),(2),(3).
(5) {P,—P} F @ by using Modus Ponens twice using (4). O

2.5.28. Soundness Theorem for Propositional Logic Let X be a set of propo-
sitions and let P be a proposition with > = P. Then P is true under all truth
assignments of the pq, ps, p3, . .. that make all propositions from 3 true.

Proof. Tt suffices to show by induction on n for every proof (Py, ..., P,) from 3 that
P, is true under all truth assignments of the p, ps, ps3, ... that make all propositions
form X true.

n = 1. According to the definition of “formal proof” in 2.5.24, P; is an axiom from
2.5.23, or, P € X. If P, € ¥, then P, is true under the given truth assignments of
the p1, pa, p3, ... by assumption on that truth assignments. If P; is an axiom from
2.5.23, then P is in fact true under all truth assignments of the pi, pa, p3, ... as we
see easily by using truth tables.

For the induction step take a proof (Pi,...,P,) from X. Since (Py,..., FPy) is also
a proof from ¥ for each k < n we know by induction that P,..., P,_; are all true
under the given assignment of truth. We now examine how P, can occur in the
formal proof (P, ..., P,) from ¥ following the definition of a formal proof in 2.5.24:

Case 1. P, is a an axiom or P, € X. (This corresponds to PR1 and PR2 in 2.5.24.)
In this case we use the same reasoning as for P; in the case n = 1 and see that
P, is true under the given assignment.

Case 2. There are 7,7 < n such that
P;j is the proposition F; — P,.
(This corresponds to PR3 in 2.5.24.)
In this case we know by induction that P; and P, — P, are true under the given
assignment. But then the truth table of P, — P,,, written in terms of the possible

truth values of P; and P, tells us that P, is also true under the given assignment.
This finishes case 2 and the induction step. 0
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2.5.29. Completeness Theorem of Propositional Logic Let X be a set of
propositions and let P be a proposition that is true under all truth assignments of
the p1, p2, p3, . .. that make all Q € ¥ true. Then X F P.

Proof. Let T be any proposition with - T and let ' be (=T). The crucial point is
the following

Claim. Suppose ¥ is a maximal set of propositions with the property that > ¥ IF.
Maximality here means that for every proposition P with P ¢ ¥ we have XU {P}
. We define an assignment of truth values by declaring p; to be true if and only if
p; € 2. Then for every proposition P we have

(%) P €Y <= P is true under the given assignment.

Proof. If P is one of the p; then (%) is true by choice of the truth assignment. If
P = =@ and (%) is true for @, then it is also true for P, because

=. Suppose for a contradiction that P € ¥ and P is false under the given
assignment. Then =P = ——(@) is true under the given assignment using 2.5.28 and
F==Q — Q (see 2.5.27(v)). But then @ € ¥ as (x) holds for @ by assumption.
Hence @, —Q € ¥ and therefore X - I (see 2.5.27(viii)) a contradiction.

< If P ¢ %, then XU {P} F F by maximality of ¥. But then ¥ - =@ — =T
by the Deduction Theorem, hence > - T — @ using Axiom 3 and so ¥ + ) by
2.5.27(iv). By induction, @ is true under the given assignment and so P is false
under the given assignment.

Finally assume P is )1 — @2 and assume (x) is true for 1, Q2. We show (x) for P.

=. Let P € ¥. We need to show that ()1 — () is true under the given assignment.
So we may assume that (), is true under the given assignment. Then )1 € X by
induction and by Modus Ponens then ¥ F (). By maximality of ¥ we get Qo € X
and by induction then ()5 is true under the given assignment, as required.

<. We assume P is true under the given assignment.

Case 1. Q1 € Y or @y € X.

If @, € X, then by induction, (), is true under the given assignment and so also (),
is true under the given assignment, hence )s € ¥ by induction. Hence ()5 € ¥ in
either case. But then ¥ - @ — Q2 using the Axiom Q2 — (@1 — @)2) and Modus
Ponens. By maximality of ¥ then P € 3.

Case 2. Q1 ¢ ¥ and Q) ¢ X.

By maximality of ¥ and the Deduction Theorem we get ¥ - @)y — I and then X
=Q; by 2.5.27(vii). Now F =Q; — (Q1 — Q3), because - =Q; — (—=Qy — —=Q1).
We conclude that X F (Q; — @)2) and by maximality of P then P € X.

This finishes the proof of the claim. o
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Having proved the claim, we show the Theorem by contraposition. Hence we suppose
> ¥ P and show that there is a truth assignment of the p,ps, p3,... making all
Q) € X true, but P false.

Since ¥ ¥ P we know X U{—-P} ¥ I, otherwise ¥+ =P — I and so ¥ - =—P by
2.5.27(vii), in contradiction to ¥ ¥ P and - =—P — P.

Consequently ¥ U {—P} is in the set

S ={I' | I' is a set of propositions with ¥ U{-P} C T and I' ¥ F}.

The set S is therefore a nonempty poset, ordered by inclusion. For every chain C
of S, the union I' = Uree T is then again in S, because proofs are finite. But then
[ is an upper bound of C in S. Consequently, the lemma of Zorn applies and S
possesses maximal elements. But a maximal element I' of S is just the same thing
as a maximal set of propositions in the sense of the claim. So the claim says that
there is a truth assignment of the pq, po, p3, ... such that all ) € I" are true. Since
Y U{—-P} CT we get the assertion. O

2.5.30. Conclusion The Soundness Theorem 2.5.28 and the Completeness Theo-
rem 2.5.29 of Propositional Logic can be summarized in the following form.

Let X be a set of propositions and let P be a proposition. The following conditions
are equivalent.

(i) There is a formal proof of P from X.
(ii) Every truth assignment of the pi,ps, ps,... that makes all ) € ¥ true also
makes P true. (One might think of this condition as saying “If ¥ is true, then
P is true”.)
The implication (i)=-(ii) holds by the Soundness Theorem and the the implication
(ii)=>(i) holds by the Completeness Theorem of Propositional Logic.
So here, condition (i) is a syntactic statement that asserts a formal property of

propositions seen as strings, whereas (ii) is a semantic property, asserting a relation
of truth of ¥ and P.

The mathematical content of this equivalence may be viewed (and in fact proved)
in terms of algebra and topology. This is explained in [StoneBool, section 3.3|.
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2.6. Theories and Complete Theories. Let .Z be a language.

2.6.1. Definition.

(i) An Z-theory is a consistent set of .Z-sentences; we drop the letter .Z, if the
language is clear from the context.

(ii) A theory ¥ C Sen(.%) is called a complete theory if for all ¢ € Sen(.¥) we
have

pdEX = -peX.

(Notice that the other implication also holds by the consistency requirement)

By the Soundness Theorem, every set of Z-sentences that are jointly true in a given
Z-structure, is an Z-theory. For example the axioms of groups in the language of
groups is an example of such a theory. Another example is the set of poset axioms
in a language consisting of a binary relation symbol. In these notes, the notion of
a theory is often intended to mean “axiom system of a naturally defined class of
Z-structures” (like groups, rings, posets, graphs,... ).
The main example of a complete theory is the following:
2.6.2. Example and Definition If .7Z is an .Z-structure, then the theory of .#Z,
defined as

Th() ={p €Sen(Z) | A = ¢},
is a complete .Z-theory. This follows from the Soundness Theorem and the definition
of # = ¢. Please do this in question 61 of the example sheets.

Indeed we shall see soon, that all complete sets are of this form (this is a version
of the Completeness Theorem!)

2.6.3. Lemma. Let X C Fml(.%) and let ¢ € Fml(.¥). Then

(1) ¥ F ¢ <= XU {-¢} is inconsistent.

(11) If ¥ is consistent, then ¥ U {@} is consistent or XU {—p} is consistent.
Proof. (i). This has been done in question 56 of the example sheets.
(ii). If both XU {¢} and X U{—¢p} are inconsistent, then by (i), ¥ F —¢ and ¥ - .

Hence ¥ is inconsistent as well. O

2.6.4. Proposition. For every theory ¥ C Sen(%) the following conditions are
equivalent:

(i) ¥ is a complete theory, cf. 2.6.1.
(ii) For every £ -sentence ¢ we have p € ¥, or, =@ € X.

(i1i) The following two condistions hold.
(a) ¥ is deductively closed, i.e. for all p € Sen(.Z), if ¥ F ¢, then ¢ € X.
(b) For every £-sentence ¢ we have ¥ & ¢, or, ¥+ —g.

(iv) ¥ is a maximally consistent set of £-sentences, i.e. ¥ is a consistent set of
L -sentences (which we know already as ¥ is a theory) and each of its proper
supersets of £ -sentences is inconsistent.
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Remark: In 2.7.4, more characterizations will be recorded, but for that we first need
to show the Completeness Theorem.

Proof. (i) is equivalent to (ii), because the implication “p ¢ ¥ — —p € 3" is
equivalent to the disjunction “p € ¥ or —p € 3.

(ii)=-(iv). Let ¥’ be a proper superset of 3 consisting of .#-sentences. Take
@ € X'\ X. By (ii) we get = € . Since ¥ C ¥/ we get o, 7 € X', which shows
that >’ is inconsistent, as required.

(iv)=-(iii). If ¥ F ¢, then ¥ U {¢} is consistent and the maximality property of
Y implies ¥ = X U {¢}; hence ¢ € X, showing (a). To see (b) assume ¥ ¥ ¢.
Then by 2.6.3, ¥ U {—¢} is consistent. The maximality property of 3 again implies
Y =X U {~¢p}; hence ~p € 3.

(iii)=-(ii). For every .Z-sentence ¢ we know from (iii)(b) that ¥ F ¢, or, ¥ F —p.
But now (iii)(a) entails ¢ € X, or, —p € X. O

2.6.5. Remark. Every complete .£-theory X satisfies
Y —= —pex

for any Z-sentence ¢. However, this equivalence alone does in general not imply
that ¥ is a complete theory: See question 62

2.6.6. Theorem. Fvery consistent set of £ -sentences is contained in a complete
ZL-theory.

Proof using the Lemma of Zorn. Let ¥ C Sen(.%) be our consistent set. Let & be
the set of all consistent subsets of Sen(.¢) containing ¥. By 2.6.4 it is enough to
show that & contains elements that are maximal with respect to inclusion. However,
the partial ordered set (&, C) satisfies the requirement of Zorn’s Lemma, because the
union of a chain of (&, C) is again in & (as follows from the fact that formal proofs
are finite, see 2.5.10). Hence by Zorn’s lemma 1.2.5, & indeed contains elements
that are maximal with respect to inclusion. 0]

Proof in the countable case without Zorn. Let ¥ C Sen(¢) be our consistent set.
Suppose .Z is countable (or finite). Then the set of finite strings is also countable,
in particular Sen(.Z) is countable. Let ¢y, @9, ... be an enumeration of Sen(.Z’). We
define by induction a subset %, of Sen(.Z) as follows: ¥y = ¥ and

s Yo U{eni} i X, U{@ni1} is consistent
mh Y, U{~@ni1} otherwise.

We claim that T := U,cn, Xn is a complete theory (observe that ¥ = ¥ C T)).
By definition of >,,; we know that ¢,,1 € 3,11 or ~p,11 € X,11. Since each
¢ € Sen(Z) is one of the p, 1 for some n > 0 we see that ¢ ¢ T implies ~p € T
We still need to show that 7" is consistent. Since proofs are finite (2.5.10) it suffices
to show that each Y, is consistent and we show this by induction on n € INy. The
base case n = 0 holds by assumption and the induction step holds by 2.6.3(ii). O
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2.7. The Completeness Theorem and the Compactness Theorem.

2.7.1. Theorem. (Completeness Theorem, Gadel, 1929)
For all ¥,® C Fml(.Z) we have

YE®P = XkFo.
(Recall that the implication < also holds by the Soundness Theorem 2.5.16.)

Proof. The proof is done in section 2.8 and is not examinable. O

2.7.2. Warning on the terminology.
In mathematics, the term “completeness” refers to many different things (e.g.
complete space, complete graph, complete category, etc). “Completeness” in
theorem 2.7.1 refers to completeness of the logical axiom system as explained in
2.3.1. It has nothing to do with completeness of a theory, defined in 2.6.1.

2.7.3. Corollary. Ewvery consistent set of £-formulas is satisfiable (i.e. has a model
at some assignment).

Proof. Suppose X is a consistent set of .Z-formulas, but X is not satisfiable. Then,
trivially, ¥ = ¢ A ¢ for every Z-formula ¢. By the Completeness Theorem 2.7.1
we obtain X F ¢ A =, in contradiction to the assumption that X is consistent. [J

We can now extend the characterizations in 2.6.4 of the completeness property of a
theory.

2.7.4. Corollary. The following conditions are equivalent for every theory ¥ C
Sen(.Z).
(i) X is a complete theory.
(11) There is an £ -structure M with ¥ = Th(. ).
(111) 3 is deductively closed for all models A and AN of ¥ we have Th(A#) =
Th(A).

Proof. This is done in question 65 of the example sheets. 0]

2.7.5. Theorem. (Compactness Theorem)
If ¥ C Fml(.Z) and every finite subset of 3 has a model at some assignment, then
also X has a model at some assignment.

Proof. By 2.7.3 it is enough to show that ¥ is consistent. Since proofs are finite,
this can be checked by looking into finite subsets of ¥. But our assumption and the
Soundness Theorem imply that every finite subset of X is consistent. 0

2.7.6. Remark on the terminology. Readers familiar with topology might won-
der whether compactness here refers to compact topological spaces. This indeed is
the case: The theorem says precisely that the following space S (called type space of
%) is compact: S is the set of all complete Z-theories, together with the topology
generated by the sets {p € S | ¢ € p}, where ¢ runs through the Z-sentences.
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The compactness theorem has remarkable consequences and is the foundation of
Model Theory, to be studied in the next chapter. First applications are given right

away:

2.7.7. Examples.

(A) Finite and infinite structures. Let £ be any language. For n € N, let ¢, be
the Z-sentence

drq ...z, Yy \/ Yy =x;

and let o, be the Z-sentence

(i)

E|$1...5L‘n /\ JTZ#IJ
1<i<j<n

An Z-structure .# is a model of ¢, if and only if .#Z has size at most n
and . is a model of o, if and only if .#Z has size at least n. We have
discussed this at length in questions 27 and 48 of the example sheets.
Consequently .# is a model of ¢, A 0, if and only if the size of .Z is n.
It follows from (i) that an .Z-structure .# is infinite if and only is .Z is
a model of the set

Yo ={0, | n € N}

In spite of (ii) there is no single sentence ¢ in any language £ such
that the infinite .Z-structures are precisely the models of 1; informally:
there is no way to express that a structure is infinite, using only a single
sentence.

To see this we assume there is such a sentence 1 and we use the compact-
ness theorem to derive a contradiction: Consider the set

I'={-¢}U3..
Let I'y € I be finite and choose n € IN with

FO Q {_1770,0'1, e ,0'”}

Then any finite .Z-structure with at least m-elements (in its universe)
satisfies I'y, because by assumption it satisfies =7 and the o; with ¢« < n
hold in any structure of size n (see (i)). By the compactness theorem, T’
has a model .Z. Since A |= ¥, the structure .# is infinite. However
by assumption, every model of — is finite, a contradiction.

There are sentences in some languages that are consistent and that have
only infinite models. One such example will be done in question 64.
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(B) Pseudo Finite Groups. There is an infinite group G that has the following
surprising property: Whenever ¢ is a sentence in the language of groups that
is true in all finite groups, then ¢ is true in G.1*%

This can be seen with the aid of the compactness theorem. Let X be the set
of all sentences in the language of groups that are true in all finite groups and
let

Fr=YUX..
(Yoo defined as in (A)) The example just claims that I has a model and by
the compactness theorem we just need to show that every finite subset I'y of
I' has a model. Since I'y is finite, there is some n € IN such that

(*) FogEU{Ul,...,Un},
where o, is defined as in (A). The group (Z/nZ,+,0) is a model of ¥ by
definition of ¥. Since Z/nZ has size n, this group also satisfies o1, ...,0,. By

(%), this group is a model of Ty, as required.

We conclude this section with a theorem on how to write formulas in a natural
way. This could have been proved earlier on a syntactic level (using formal proofs),
instead we use the Completeness Theorem as this shortens the arguments:

The Prenex Normal Form Theorem

2.7.8. Definition. An .Z-formula ¢ is said to be in prenex normal form if there
are n € Ny, x1, ..., 2, € Vbl, Q1, ..., Q, € {V, 3} and a quantifier free formula x such

that ¢ is Q121...Qnx, X

We will show that every Z-formula is provably equivalent to a formula in prenex
normal form.

2.7.9. Lemma. If p, ¢ are Z-formulas and x € Frip, y & Fry then

(i) F (Yop) A (YY) < Yay(p A).
(i) F ((Vro) Vv (Yyu)) < Vay(e V).
(1) = ((3we) Vv (Fyy)) < Jzy(e V).
(iv) F (Bre) A Fyy)) < Jey(e AY).

Proof. In all statements we may assume that x # y. Otherwise, our assumption
x & Friy and y € Fry implies that neither x nor y occurs freely in any of the
formulas under consideration; now observe that F ¢ <> Vg for each formula ¢ and
every variable x & Fr(yp).

(i) By the Completeness Theorem 2.7.1 it suffices to show = ((Vzp) A (Vyy)) <
Vxy(p A 1). Hence we have to take an Z-structure .# and an assignment h of .#
and we have to show that .Z = ((Vzp) A (Yy))[h] < A = Vzy(p A)[h]. The
implication “<=" is clear. For the implication “=" we use assumption z ¢ Fr and
y & Frp and 2.4.12.

[32]Groups with these properties are called pseudo finite.
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(ii). By the Completeness Theorem 2.7.1 it suffices to show = ((Vzp) V (Yyy)) <
Vay(p V ¢). Hence we have to take an Z-structure .# and an assignment h of .#
and we have to show that

M = (Vo) Vv (Vyp)h] <= A = Vry(e vV Y)[h].
“=" We may assume that .#Z |= (Vxy)[h]. Since y does not occur freely in ¢ we
get A = (Vryp)[h] from 2.4.12. But then 4 |= Vay(p V )[h] as well.

“<": Suppose 4 ¥ (Vrp)V (Yy)[h]. Hence there are a,b € |.#| with .4 ¥ p[h(})]
and . ¥ 1p[h(Y)]. Since x ¢ Fre and y € Frp and = # y and by using 2.4.12 again,
we have .#Z ¥ oV [h()(})]. Hence .4 ¥ Vxy(p V ¥)[h].

(iii) and (iv) follow from (i) and (ii) by contraposition. O
2.7.10. Lemma. If ¢ is an Z-formula, x,y € Vbl and x is free in ¢ for y then

= (Vo) & (Vye(z/y)) and + (Fre) < Fyp(z/y)).
Proof. From the Completeness Theorem 2.7.1 using 2.4.11. O

2.7.11. Theorem. (Prenex Normal Form Theorem)
Every £ -formula is provably equivalent to a formula in prenex normal form.

Proof. By induction on the complexity of ¢, where ¢ is already in prenex normal
form if ¢ is quantifier free.

If o = =) or ¢ = Yy and ¥ is provably equivalent to a formula in prenex normal
form then clearly ¢ also is provably equivalent to a formula in prenex normal form.

It remains to show that @ A is provably equivalent to a formula in prenex normal
form provided ¢ and v have this property.

So assume F ¢ <> Q171...Q,x, x and F ¥ < Pyy;...Pyy, § with quantifier free
formulas x, ¢ and Q;, P; € {V3}.

Using 2.7.10 n-times we may substitute all variables z; in the string Q1z1...Q,, X
by variables which do not occur in Piy;... Py, 6. Hence we may assume that no x;
occurs in Pyy;... Pyyr 6. Applying this again to Pyy;... Pyyr 0 we may also assume that
no y; occurs in Q1z1...Qnx, x. Moreover we may assume that & = n, otherwise fix
this by placing quantifiers in front of one of the formulas containing a new variable.
Now we can apply 2.7.9(i) and (iv) to obtain

= lel-'-QnIn X A Plylpkyn 0 < lelplyl-'-Qnmnpnxn(X A 5)

Hence also ¢ A1) is provably equivalent to Q121 Piyy...Qnxn Pyzyn(x AJ), which is
in prenex normal form. O



The Completeness Theorem and the Compactness Theorem 98

2.7.12. Example. Let ¢ = Q121...Qnz, x and ¢’ = Q' y1...QLyr X' be formulas in
prenex normal form. We want to find a formula ¥ in prenex normal form such that
F(e—¢) < 0.

Let wy,...,u, be variables neither occurring in ¢ nor in ¢’ such that uw; = u;
for all 4,5 € {1,...,n} with z; = z;. Applying n-times 2.7.10 we see that F ¢ <>
Qruq...Quuy x(x1/u1)...(x, /uy,). Hence we may replace x by x(x1/uq)...(x,/u,) and
x; by u; if necessary and so we may assume that no x; occurs in ¢’. By applying
the same argument to ¢’ instead of ¢ we may also assume that no y; occurs in .

if Q; is 3
Fori e {1,...,n}, let QF := {; %f gl %S V’
1 ;1S V.

Let
V= Qx1...Qr v, Qi1 Qlyr(x — X').
By completeness, - —p < Qizi...Q%x, —x. Since F (¢ = ¢') < (mp V ¢') we
obtain - (¢ — ¢') <> ¥ from the Completeness Theorem (keeping in mind that
none of the x; occurs in ¢’ and none of the y; occurs in ¢).
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2.8. Proof of the Completeness Theorem.

Except for the statements that occur outside of this section, the
entire section is not examinable.

The core problem in the proof of the Completeness Theorem is the “construction” of
a model of a consistent set 3 of .Z-sentences. Hence we need to use the information
that ¥ does not formally prove a contradiction in order to “construct” a model of X.

In subsection B. below we give an outline of the proof before we carry out the
details. First we need to talk about a general method for building structures out of
formulas:

A. Term Algebras

In this subsection we introduce a key tool for building structures, namely term
algebras of (consistent) sets of formulas, which play a key role in the proof of the
Completeness Theorem. Independently of this application, the construction of term
algebras is omnipresent and highly important in mathematics.

2.8.1. Notation. Let & = (N: % — N,u:.% — N, %) be a language. The set of
all closed terms of .Z is denoted by ctm(.%). Recall from 2.3.26(iv) that an .£-term
is closed (or constant) if no variable occurs in it.

Notice that € C tm(.%), in particular ctm(.Z) # () if £ has a constant symbol.

Before we give the definition of term algebras, more precisely of the domain of a
term algebra, we have to understand the following relation ~y on ctm(Z) for a

given subset ¥ of Fml(.Z). We define
tl ~y t2 < El_tl itQ (tl,tg Ectm(.jf))

2.8.2. Lemma. Let > C Fml(.¥).

(i) ~x is an equivalence relation on ctm(Z).
(i) If F € F is a function symbol of arity n and ty,$1, ..., tn, S, € ctm (L) with
t; ~x s; for each i, then F(ty,...,t,) ~s F(S1,..., ).
(i) If R € Z is a relation symbol of arity n and ty, S1,...,tn, S, € ctm(Z) with
t; ~x s; for each i, then ¥ & R(ty,....t,) <> R(S1, ..., Sn)-

Proof. (i). If t € ctm(.Z), then ¢ ~y t: To see this, apply (AxEq)(a) and (AxY) to
obtain - Va x = z. Then using (AxSubst) and Modus Ponens shows F ¢ = t.

Now let t1,t9,t3 € ctm(Z) with t; ~x ty and ty ~yx t3. We have to show
ts ~x t1. Let x,y, z be three distinct variables. By (AxEq)(b) and (AxY) we know
FVryz (r = yAy =2 — z = x). Applying (AxSubst) three times we get
F(t1 =ty Aty =t3) — t3 =t;. Using a suitable tautology we obtain

Ftlit2—><t2it3—>t3it1).

Now, using Modus Ponens and the assumption ¥ - ¢; = t, and X F t5 = t3 shows
Y t3 =t as desired.
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(ii). Let 1,41, ..., Tn, Y be mutually distinct variables. The following are instances
of (AxEq)(c):

rn=y — F(zy,..,x,) = F(y1, 2o, ...,2,)
xo=vys — F(yi,xo,...,z,) = Fy1,y2, T3, ..., Tp)

Tn=Yn — Fyi, s Yn-1,2n) = F(y1, .., Yn)

Using a suitable tautology and (AxEq)(a),(b) then entail
F(zr =y A ATy =yn) = Fxy, oo, 20) = F(Y1, .oy Yn)

By the generalisation theorem 2.5.21 applied 2n times we get

FY2iy1.. 2000 ((:pl =P A ATy =Yy) = . x,) = F(yr, ,yn))

By applying (AxSubst) 2n-times we obtain
(=81 A Aty =8,) = F(ty, ..., tn) = F(s1,...,5n)
and using a suitable tautology we get
F(ty =s1— (ta =52 = ..(tn =80 = F(t1,...stn) = F(s1,...,80))-..)

Since ¥ F t; = s; for all i we may now apply Modus Ponens for proofs n-times to
obtain F(ty,...,t,) ~x F(s1,...,Sy).

(iii). Let z1,91, ..., Tn, ¥n be mutually distinct variables. The following are instances
of (AxEq)(d):

r1=y — (R(z1,....,x,) < R(y1,z2, ..., 2,))
o =1y — (R(y1,22,...,2n) < R(y1,y2, 23, ... Ty))

Tn=Yn = (R(Y1, s Yn-1,%0) < B(Y1s -, Yn))
Using a suitable tautology we obtain
F(zr =y Ao Ay = yn) = (R(21, ., ) < R(Y1, -, Yn))-
By the generalisation theorem 2.5.21 applied 2n times we get

V2. TYn <(:U1 = A Az =yn) — (R(xy, .., 2,) < R(y1, ,yn))>

By applying (AxSubst) 2n-times we obtain
H (t1 =51 N ...Nt, = Sn) — (R(tl, ,tn) < R(Sl, . Sn))

Since Y - t; = s; for all ¢ me may again use a suitable tautology and Modus Ponens
for proofs n-times to obtain R(t1,...,t,) <> R(S1, ..., Sp)- O
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2.8.3. Definition of Term Algebras Let .Z be a language with at least one
constant symbol and let X be a set of .Z-formulas. We will now define a certain .-
structure attached to 3, called the term algebra of ¥ and denoted by TmAlg(X).

Warning: Before giving the definition, it has to be mentioned that the term algebra
of ¥ will in general not be a model of ¥ (at any assignment).

Now the definition of TmAlg(Y).

(i) The domain of TmAlg(Y) is defined to be the set of equivalence classes of
constant .Z-terms with respect to the equivalence relation ~y (cf. 2.8.2(i)):

| TmAlg(X)| == ctm(Z)/ ~x .

We denote the equivalence class of ¢t € ctm(.Z) with respect to ~y by t/ ~x.
(ii) For R € Z of arity n we define

RIWABE) — £(1, [ gt/ ~x) |t € ctm(Z) and © F R(ty, ..., t,)}.

This is correct by 2.8.2(iii)
(iii) For F' € .Z of arity n we define the function FT™AB(X) ;| TmAlg(¥)|" —
| TiAlg(S)] by

FIoAe®) () [ st ~x) = Fty, o tn)/ ~s

This is correct by 2.8.2(ii)
(iv) For ¢ € C we define

TmAIE(®) .= ¢/ s (€ | TmAlg(E)]).

The term algebra of a formula o is defined as the term algebra of {c}.

C

2.8.4. Example. Here is an example of a consistent set ¥ such that TmAlg(X) is
not a model of X: Let . be a language that has exactly one constant symbol ¢ and
no function symbols. Let ¢ = dz x # ¢. Since every Z-structure with more than
one element is a model of o, o is consistent (Soundness!). Moreover, the models of
o are precisely the .Z-structures with more than one element. However, the term
algebra of o only has one element, since already ctm(.Z) only has one element!

2.8.5. Example. Let us compute another term algebra. This time, suppose .Z is
a language that has exactly three constant symbols ¢, d, e and no function symbols
(observe that .2 might have relation symbols). Let o be the Z-sentence ¢ = dV ¢ =
e. Since .Z does not have function symbols, ctm(.%) = {¢,d,e}. Hence TmAlg(o)
has at most three elements: | TmAlg(o)| = {¢/ ~,,d/ ~s,e/ ~,}. What is the
size of TmAlg(o)? We need to check which of the elements ¢/ ~,,d/ ~,,e/ ~, of
| TmAlg(o)| are in fact different. By definition of the equivalence relation ~,, this
means we have to check whether or not c-c=d, ok c=e¢and ot d =e. Since o
is the sentence ¢ = d V ¢ = e one could have a suspicion that c -c=dor o - c =e.
However, both fail and also o - d = e fails. In order to see that o ¥ ¢ = d, take an
Z-structure .4 with universe |.Z| := {1, 2},

¢” =1, d"7:=2and e”? = 1.
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The relation symbols of .Z can be assigned arbitrarily in .#. Then .# is a model
of o, as A |=c=dV c=e. But obviously .# is not a model of ¢ = d. Hence by
Soundness, we cannot have o - ¢ = d, i.e. we have o ¥ ¢ = d. Be aware, that this
does NOT mean o - —¢ = d, because every .Z structure with exactly one element
satisfies o and ¢ = d.

Thus o ¥ ¢ = d and similarly 0 ¥ ¢ = e and ¢ ¥ d = e. It follows that TmAlg(o)
has three elements and by definition

CTmAlg(U) — C/ ~o dTmAlg(o) — d/ ~ and eTmAlg(U) — 6/ ~ .
It remains to see, how the relation symbols of .Z are interpreted in TmAlg(o): Let
R be an n-ary relation symbol of .. We claim that
<*) RTmAlg(a) _ @
In order to see this, we pick ¢y, ..., ¢, € ctm(.Z) and we have to show o ¥ R(ty, ..., t,)
(convince yourself that this is precisely the meaning of (x)). We may use the sound-

ness theorem again and so it is enough to find a model .Z of o with .#Z ¥ R(t, ..., t,).
We choose .# of size 1 (then we automatically have . |= o) and let R := ().

2.8.6. Proposition. Let £ be a language with at least one constant symbol and let
Y C Fml(Z). Letn € Ny, ty,....t, € ctm(L), 1,...,x, € Vbl pairwise distinct
and let h be an assignment of TmAlg(X) with h(z;) =t;/ ~ (1 <i <n).

(i) If t(x1, ..., 1) € tm(L) then tTAEE)N D] = t(2y/ty, ..., 20 /t0)/ ~s.

(i) If p(z1,...,x,) € Fml(ZL) is atomic then

TmAlg(Y) = plh] <= S Fp(z1/ty, ... 0 /ty).

Proof. (i). We show tT™A®)[R] = t(x/ty, ..., 1, /t,)/ ~ by induction on the com-
plexity of t. If t = z; then t™™A®)[h] = h(z;) = t;/ ~x as desired. If t = c is a
constant symbol then ¢T™AEX)[R] = TmARE) and t(x) /t, ..., 2, /t,) = ¢ as desired.

For the induction step we may assume that

t=Ft(x1, .y zn)y o, b (1, oy T))

with ¢/ € tm(.#) and F € .% of arity k. Then t™™Ae(®)[p] =
FTmAlg(Y) (tlleAlg(E) . t;TmA]g(E) 1)) by ind. hyp.

m by def.
FIAE) (4 () [ty )] ~sy o (@1 [t o T 1)) ~ox) =

= Ft\(x1/t1, ey tn/tn), o ti(x1/ts, ooy xn[tn))] ~s=t(x1/t1, oy @ /tn)] ~x .
(ii). In order to prove the equivalence we have two cases:

Case 1. ¢ is of the form ¢t = s with t(xy, ..., ), s(z1,..,2,) € tm(Z).
Then

TmAlg(Z) ): gp[h] b<y:>def. tTmAlg(E) [h] _ STmAlg(E) [h]
Ey:(i)z (1 /te, oy Tn[tn)] ~s= s(x1/t1, ..., xp/tn)] ~%

S S t(ar /i, wufta) = (@111, )
= YFE (@ /t, ..z, /t).
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Case 2. ¢ is of the form R(t), ..., t,) with ti(xy, ..., z,) € tm(.Z) and R € Z of arity
k.

Then
TmAlg(E) ): gO[h] bg. (tlleAlg(E) [h], - t;TmAlg(E) [h]) c RTmAlg(Z)

by (i
EQ @1/t st tn) ] ~ossy oo o1 [y oo Tn )] ~os)
c RTmAlg(E)
by def.
L= SR R (21 /thy oy T [tn)s o th (@1 /T, oy T [ 1))
= Yk p(r/ty, ..., xn/ty).
O

2.8.7. Corollary. If ¥ C Fml(¥) and ¢1,...,, are atomic £ -sentences (i.e.
formulas from Sen(Z) N at-Fml(.Z)), then

SEFpi Ao A, <= TmAlg(X) E o1 Ao A gy,
Proof. By 2.8.6(ii) using with 2.5.12(ii). 0

2.8.8. Proposition. Let & be a language with at least one constant symbol and
let ¥ C Sen(Z). Let p1, ..., 00,0 be atomic L -formulas with free variables among
L1y eeey T
If
SE(p1 Ae Apn) =9
then
TmAlg(Y) E Vry..xp((p1 Ao Apn) = ).
Proof. Take t,....ty € ctm(Z) and let h be an assignment of TmAlg(3) with
h(x;) =t;/ ~. Suppose TmAlg(X) = A, i[h]. We have to show TmAlg(X) |= ¢[h].
Define
g; = i(xy/ty, ...,z /t) and § := Y (xq /1, ..., 1 [T1).
By 2.8.6 we know X F ¢; for each i, consequently ¥ F 1 A ... A g, (cf. 2.5.12(ii)).

Since ¥ (1 A ... A y,) — 9 and none of the z; occurs freely in any formula from
> we may apply the Generalisation Theorem 2.5.21 to obtain

YEVrxg ((p1 A Agn) — ).
Now (AxSubst) (applied k-times) and Modus Ponens gives
YE(e1 Ao Nep) = 0.
Thus we get ¥ F 0, which means TmAlg(X) = ¢[h] by 2.8.6 again. O
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B. Strategy for the proof of the Completeness Theorem

For a given consistent set X of .Z-sentences we would like to “construct” a model of 3.
In fact we shall not construct such a model, instead we only show the existence of a
model. In subsection A. we have introduced a method how to attach an Z-structure
to X, namely the structure TmAlg(X). In general TmAlg(X) is not a model of 3. In
this subsection we show that under two assumptions on X, namely “X is a complete
theory” (defined in 2.6.1) and “X possesses a system of witnesses” (defined in 2.8.10
below), the term algebra of 3 indeed is a model of 3. In subsequent sections we
will show how to use this fact for a general . This is explained in more details in
2.8.12 below.

2.8.9. Notation. Given a language .Z we define Fml(.Z)(1) as the set of all .Z-
formulas with at most one free variable.

2.8.10. Definition. Let ¥ C Sen(.Z). A system of witnesses for ¥ is a map
¢C:Fml(Z2)(1) — €
such that for all x € Vbl and all p(z) € Fml(.Z)(1) we have
SE(EFre) = o(z/(().

One can read this informally on the semantic side as saying that for each ¢ €
Fml(.Z)(1), if in a model .# of ¥ the formula ¢ has a solution in .Z (i.e. A =
Jdz ¢), then the language has a name for such a solution (namely ((y)). In this
sense, () witnesses truth of 3x ¢ in any model of X.

2.8.11. Proposition. If X C Sen(.%) is a complete theory and if 3 possesses a
system of witnesses, then the term algebra of ¥ is a model of 3.

Proof. Tt suffices to prove by induction on the complexity of ¢(x1,...,x,) € Fml(.Z)
the following:
For all ty,...,t, € ctm(.Z),

(1) S Eolz/ty, ..., zn/ty) <= TmAlg(X) E p(z1/t1, ..., 20 /ts).
If  is atomic, then we know this from 2.8.6 (without any assumption on X).
If ¢ = =), then
YSEo(x/ty, ...,z /) = S E(xy [ty . xn /L)
R S (@ [ty ey T )
by ing hypoth oy Alg(8) B (1 [, .., T /L)
= TmAlg(YX) E o(z1/t1, ..., T /tn)

If ¢ = 1 Ay then (}) holds if and only if (T) for both ¢; and ¢,. Therefore, if ¢ is
1) — 7, and (f) holds for ¢ and ~, then () also holds for ¢: ¢ is provably equivalent

to = (¢ A ).

It remains to do the case ¢ = Vyi, where y € Vbl is arbitrary. As Fr(y) C
{z1,...,z,} and y & Fr(p) we may assume that y # z; (1 <i <n).
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“=7 Y F ooz /ty, ..., xp/ty) means 3 Yyih(xy/ty, ..., x,/t,), hence by AxSubst
we have

S E(x /[ty ...y xn/ty, y/t) for all t € ctm(Z).
From the induction hypothesis we get TmAlg(X) | ¢ (x1/t1, ..., x,/t,, y/t) for all
t € ctm(Z). By 2.4.11 this means

(4) TmAlg(S) | (a1 /tr, o0/t
for every assignment h of TmAlg(X) with h(y) =t/ ~x and all ¢t € ctm(.Z). Since
| TmAlg(X)| is the set of all ¢/ ~x with t € ctm(.Z), we get, as required,

“«<" Here and only here we need that X possesses a system of witnesses ( :
Fml(Z)(1) — €.
Suppose TmAlg(X) = Yy (xy /t1, ..., x, /), but

e vyw<x1/t17 ,an/tn)

Since X is complete we have
S Jy—b(xy /ta, .y xn /).
Let ¢ = ((—p(x1/t1, ..y zp[t0)).

Since ( is a system of witnesses for > we have

S E Fyp(z/ty, . xnftn) = —(xy/ty, . /) (y/c).
With Modus Ponens we get

Y p(x /[ty wnfte, y/c).
In particular ¥ ¥ ¢ (x1/t1, ..., x,/tn, y/c). Using the induction hypothesis we obtain

TmAlg(X) ¥ (a1 /t1, ...y xn/tn, y/c).
However, using 2.4.11 again, this contradicts our assumption

TmAlg(X) E Yy (zy/tr, ...,z /t0). O

2.8.12. Strategy. Let X be an arbitrary consistent set of .Z-sentences. We will apply
2.8.11 to “construct” a model of ¥, in the following way:

In subsection C. we will show that there is a language .Z* that has the same rela-
tion and function symbols as .Z, but a huge set of constant symbols €* (containing
the constant symbols of ), together with a consistent set >* of #*-sentences
containing ¥ such that ¥* possesses a system of witnesses (cf. 2.8.24).

In section 2.6 we have seen that every theory in every language is contained in
a complete theory (cf. 2.6.6). Applying this to ¥* gives a complete theory X of
Z*-sentences containing >*. Now observe that any system of witnesses for ¥* also
is a system of witnesses of 1.

Hence Xt is a complete theory of .#*-sentences containing 3, and X' possesses
a system of witnesses. Thus we may apply 2.8.11 to obtain a model of ¥f, namely
TmAlg(X") = 3. Finally if we forget the interpretations of the new constants from
Z* in TmAlg(X") we obtain an Z-structure .# which is a model of 3 (see 2.8.15).
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C. Extensions by Constants

2.8.13. Definition. Let & = (A: Z — N,p: % — N, %) and L1 = (AT :
At — Nt FT — N, €") be languages. £ is called an extension of ¥
and .Z is called a sublanguage of £ if the following conditions hold:

e X C XA and \T | Z = A\

e ZC . and ut | .¥ = p.

e 6 CET.
If 7 is an extension of .Z with Zt = #Z and . = .% (hence also AT = X and
pt = p), then Z7 is called an extension by constants of . . In this case we

also write £t = Z(2), where 2 =€\ €. .

2.8.14. Remark and Definition. Let XT = (A" : #T — N,ut : F+ — N, €7)
be an extension of the language ¥ = (A\: Z — N, u: % — N, %).

(i) The set of Z-terms is the set of all £ *-terms that are .Z-strings. The set
of Z-formulas is the set of all Z*-formulas that are Z-strings. Both asser-
tion follow from a straightforward induction on the complexity of terms and
formulas, respectively and are left to the reader.

(ii) If A7 is an ZL*-structure then there is obviously a unique . structure .#
with [#| = |.#4F|,R” = R" (R€ X), F* = F"" (Fc F)andc¢” = ¢”"
(c € €). A is called the restriction of .Z* to £ and .#™ is called an
expansion of .#Z to Z*. The structure .# is also called a reduct of .Z*.
We write 4 = H#" | Z.

(iii) If A is an & structure then .# can be expanded to .Z" (in several ways if
Lt £ £). Simply choose an arbitrary interpretation of the symbols from £+
that are not symbols of .Z.

2.8.15. Proposition. Let £t be an extension of the language L. If # is the
restriction of the LT -structure M+ to £, t € tm(ZL), p € Fml(L) and h :
Vbl — || (hence h is an assignment of .# and of M), then

(i) t“[h) = 7" [h] and

(ii) A = ¢lh] < AT = plh].
Proof. (i) We show by induction on the complexity of ¢ that t#[h] = " [h]: If t is
a variable, then t“[h] = h(t) = t+*"[h] by definition 2.4.3(ii)(a). If ¢ is a constant
symbol ¢ € €, then

t///[h] —c” — C///+ _ t‘///+[h],

by definition 2.4.3(ii)(a) and as . is the restriction of .Z ™" to £ (see 2.8.14(ii)).

If F € % is an n-ary function symbol and ti,...,t, are Z-terms for which we
already know our assertion, and ¢ is F'(¢y,...,t,), then

t7[h] = F7(t"[n],...,t:”[h]), by definition 2.4.3(ii)(b)

r'n

= 7 (t[h),....t7[h]), since .4 is the restriction of .#* to &

= P [h],..., £ [h]), by induction
= t" 1], by definition 2.4.3(ii)(b).
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(ii) We show # = ¢[h] <= .#" = ¢[h] by induction on the complexity of the
Z-formula . If ¢ is atomic of the form s =t for Z-terms s, ¢, then

M = plh] <= s[h] = t7[h], by definition 2.4.5(A)(i)
— s [h] =t""[h], by (i)
< A" | p[h], by definition 2.4.5(A)(i)

If  is atomic of the form R(t4,...,t,) for some n-ary relation symbol R € # and
some ti,...,t, € tm(Z), then

M= o] = (t[h],...,t:7[h]) € R, by definition 2.4.5(A)(i)
Z[h),...,t7h]) € R, since M = M | &L

— " [h],...,t""[h]) € R”", by (i)

<= #" = p[h], by definition 2.4.5(A)(i)

This shows (ii) when ¢ is atomic. For the induction step we have to process three
cases, as usual.

Case 1. ¢ is —1p. Then
M = plh] <= A ¥ )[h], by definition 2.4.5(A)(ii)
< A" ¥ ¢[h], by induction
< M | p[h], by definition 2.4.5(A)(ii)
Case 2. pis 1 — 6. Then
M= plh] <= if A = lh], then A = 0[h], by definition 2.4.5(A)(ii)
< if 4" = [h], then 4" |= 5[h], by induction
<= /" |= p[h], by definition 2.4.5(A)(ii)
Case 3. ¢ is Vz 1. Then
M = plh] = A =D

— (ty

~—

z | for all a € |.#], by definition 2.4.5(A)(ii)

< A" = Yh(")] for all a € |.#], by induction
< M =Y )] forall a € |.A47T|, since | AT| = ||
< A" E p[h], by definition 2.4.5(A)(ii)

ISEERSRSES

O

2.8.16. Corollary. Let Z* be an extension of £ and let .4 be the restriction of
the L*-structure M+ to L. Let t(zy,...,x,) € tm(ZL), ¢(x1,...,2,) € Fml(L)
and let dy,...,d, be pairwise distinct constants of £*. If h : Vbl — || with
h(x;) = d”", then

(i) t7[h] = t(x1/dy, ..., z0)dy) 7"

(it) M = plh| < M E o(x1/dy,...;xn/dy).
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Proof. This follows from 2.8.15 and 2.4.11:
(i) We have

t[h] =t [h], by 2.8.15(i)
= t(x1/dy, ..., x0/dy)”", by 2.4.11(i) applied n times.
(il) We have
M E plh) = A" = ¢lh], by 2.8.15(ii)
— M = o(r/dy,...,x,/d,), by 2.4.11(ii) applied n times. O

2.8.17. Lemma. Let £ = (A: #Z — N, u: F — N, %) be a language and let ¢ €
€. Let £, be the language (A : Z — N, F — N, €\ {c}), in other words £,
has the same alphabet as £, except the constant symbol ¢ is missing. In other words,
Z is the extension Zy(c) by constants of £y. Notice that by the very definition of
terms and formulas we have tm(%) C tm(.Z) and Fml( %) C Fml(.¥).
For each variable x and every £-string s let s be the result of replacing the
symbol ¢ by the variable x. Then
(i) (a) If t is an L-term, then tS is an Zy-term and Fr(tS) C Fr(t) U {z}.
(b) If ¢ is an ZL-formula, then ¢S is an Ly-formula and Fr(¢S) C Fr(yp) U
{z}.

(ii) (a) If ¢ € Fml(Z) then p(z/c)S = .
(b) If x does not occur in ¢ € Fml(Z) then ¢S(x/c) = .

(111) If @ is a logical axiom of £ and ¢ does not occur in the scope of the quantifier
Vx in ¢ then g, ¢f.

() If ¥ C Fml(%), ¢ does not occur in the scope of the quantifier Vx in ¢ €
Fml(.Z) and if ¥4 ¢ then ¥ F 4 ¢S

Proof. (i) is a straightforward induction on the complexity of terms (to obtain (a))
and on the complexity of formulas (to obtain (b)).

(ii) is simply a statement about replacing letters in strings.

(a) It is obvious that the replacement operations = — ¢ and ¢ — x are inverse to
each other, provided ¢ does not occur in ¢.

(b) It is obvious that the replacement operations ¢ — x and = +— ¢ are inverse to
each other, provided x does not occur in .

(iii). For the axiom schemes (AxProp) and (AxV—) this is immediate from (i)
even if ¢ occurs in the scope of the quantifier Vx in .

Suppose ¢ is an instance of (AxSubst). Hence there are y € Vbl, t € tm(¥) and
Y € Fml(Z) such that ¢ is Yy — ¥(y/t).
Case 1. y=x.

Then ¢ does not occur in 9 since by assumption ¢ does not occur in the scope of
the quantifier Va in ¢. Clearly then ¥(y/t)S = ¥(y/tS) (observe that y = x is free
in ¢ for ¢S, since this is true for all variables occurring in ¢ by assumption and for
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xr =y anyway). Hence ¢ is Vyi — ¥ (y/tS) which is a logical axiom of %, (and of
Z) by (i).
Case 2. y # .

Firstly, y is free in ¢ for ¢S, since either ¢ does not occur in ¢ and there is nothing
to do, or ¢ does occur in t and no free occurrence of y in v is in the scope of Vz in ¢
(otherwise ¢ would occur in the scope of Va in ¢(y/t) ). Clearly ¥(y/t)s = ¥S(y/tS)
and so ¢S is YyS — ¥<(y/tS) which is a logical axiom of %, (and of .Z) by (i).

Suppose ¢ is an instance of (AxGen). Hence there are ¢ € Fml(.Z) and y € Vbl
which does not occur free in ¢ such that ¢ is ¢ — Vy.
Case 1. y=x.

Then ¢ does not occur in 9 since by assumption ¢ does not occur in the scope of
the quantifier Vx in ¢. But then ¢ does not occur in ¢ either and therefore ¢ = ¢
is a logical axiom of % (and of .Z’) by (i).

Case 2. y # x.

Then y is not a free variable of )¢ by (i)(b). Hence ¢ — Vy ¢ is a logical axiom,

too. Since ¥ — Vy ¢S is ¢S this shows the claim.

Suppose ¢ is an instance of (AxEq). If ¢ is an instance of (a),(b) or (d) of (AxEq),
then ¢ does not occur in ¢ and there is nothing to do.

So we may assume that ¢ is an instance of (AxEq)(c). This means, p isy = z —
t(w/z) = t(w/y) for some t € tm(.Z) and some w,y, z € Vbl.

Case 1. x # w.
Then t(w/y)s = t¢(w/y) and t(w/z)¢ = ti(w/z). Using (i), ¢5 isy = z —
té(w/z) =t (w/y), which is a logical axiom of % (and of ) by (i).

Case 2. = = w.
Let u be a variable, different from z, y, # which does not occur in ¢ and let s = ¢¢.
By (ii), s is an Zy-term and as u ¢ Fr(t), t = s(u/c). Hence t(w/z) = t(z/z) =

s(ufe)(z/2)™ e s(z/z)(u/c) and

(%) Hw/2)s = s(w/z)(u/e)g ™S mEN D 2 (ufw).

(observe that s(z/z)(u/x) is not s(u/z)(x/z) in general). The same reasoning with
z replaced by y shows

(+) tw/y); = s(z/y)(u/x).

By (AxEq)(c) and (AxY) we have - Yu y = z — s(z/z) = s(z/y). Hence by
(AxSubst) we obtain -y = z — s(z/z)(u/x) = s(x/y)(u/x). Since ¢S is y = z —
t(w/z)¢ =t(w/y)S, () and (4) show that -4 .

Finally suppose ¢ is an instance of (AxY), i.e. ¢ is of the form Vx;...x; ¢ for some
instance 1) of the other logical axioms of .. We have shown that g ¢ (since ¢
also is not in the scope of Vx in ). By the Generalisation Theorem 2.5.21 we get
o VTi...7, Y5 as desired.

(iv) We start with a
Claim. If ¢ is a logical axiom of .Z or ¢ € ¥, then ¥ 4 ¢S.
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Proof. If ¢ is a logical axiom of £, then by (iii) Fg, ¢5. If ¢ € 3, then as
Y CFml(%), ¢ = ¢S and X Fg ¢f. o
Now we prove (iv) by induction on the length k of a proof (¢4, ...,%y) of ¢ from X
(recall that ¢ = ¢ By definition).

If £ = 1, then we may apply the claim. For the induction step k£ = k + 1 we
also may apply the claim, provided 1 is a logical axiom of .Z or ¥ € X. It
remains to show the assertion if ¢, is obtained from vy, ..., 4 by Modus Ponens.
Pick ¢,7 < m such that v; is ¥; — ¥y41. Since ¥ Fg 9, and ¥ Fo 9, there is a
finite subset Xy of ¥ with ¥y F¢ 1, and g o ;.

Let y be a variable, not occurring in X, 91, ..., ¥x+1. By the induction hypothesis
we get Yo g (Yi); and X g (Yy)5. Since ()5 is (¥i); — (Yry1); we may
apply Modus Ponens to obtain Xy g, (¢g41);. Since y does not occur in ¥y we
get Yo g Vy(Yre1); from the Generalisation Theorem 2.5.21. Since ¢ is not in
the scope of Vi in ¢ = 111, x is not in the scope of Vz in ¢ = (¢441)%. So the
substitution axiom (AxSubst) gives Yo g, (¢r41);(y/7). Since y does not occur

in Ypy1, (Yrga);(y/z) is (Yry1)s as desired. O

2.8.18. Proposition. Let LT = £(2) be an extension by constants of £, let
Y CFml(?), p(x1,...,x,) € Fml(Z) and suppose no x; occurs freely in any formula
from X. Let dy,...,d, € 9 with d; # d; for all i # j. Then

Z"j@ <~ El_g+ go(:vl/dl,...,xn/dn).

Proof. Since proofs are finite, we may assume that £+ = Z(d, ...,d,). The impli-
cation “=" follows from the generalisation theorem 2.5.21 and (AxSubst).

The implication “<” in the case n = 1 follows from 2.8.17. A trivial induction
for n > 1 then shows the claim: Observe that Z(dy,...,d,) = Z(dy)(dz)...(d,)) and

o(xy/dy, .., xn/dy) = @(x1/dy)...(T0/dy). O

With the aid of 2.8.18 we can now translate deduction of formulas from formulas
entirely into deduction of sentences from sentences:

2.8.19. Theorem. Let £ be language and let 9 = {dy,d, ...} be a countable set of
new constants. For ¢(vy,...,v,) € Fml(Z) let vy be the L (P)-sentence

Yy = (,O(Uo/dg,...,vn/dn).
Let ¥ C Fml(.Z) and ¢ € Fml(.Z). Then

Yy <= Yglo9) 02,
where Yo = {09 | 0 € B} .

Proof. Since proofs are finite we may assume that ¥ = {0y, ...,0,}. Then

> }_g o Deduction Theorem }_g (0.1 A A Uk) —

2.8.18

<~ l_j(_@) ((01)@/\---/\<Uk)_@) — Yg
Deduction Theorem

t<:> Y th(_@) ©Yg O
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2.8.20. Corollary. In the notation of 2.8.19, a set X of £ -formulas is consistent
(in L) if and only if X4 is a consistent set of £ (D)-sentences.

Proof. Obvious from 2.8.19. O

2.8.21. Lemma.
(i) If y does not occur free in ¢ € Fml(Z) then - Vrp — Vy(p(z/y)).
(i) If v, € Fml(.Z) then
F (¢ = 3x) — Jz(p — P).

Proof. (i) This has already been done as an example in 2.5.22.
(ii). By contraposition using a suitable tautology it suffices to show

F—=Vr =(p — 1Y) = =(p = Vo ).

Now, using the propositional tautology

(v = i) o (= eiam)

it suffices to show
FVz —(e = ¢) = (p AVz ).

By the deduction theorem 2.5.19 it suffices to show
(%) Ve =(p = ¢) F o AV ¢
By 2.5.12(ii) it remains to show

(a) Vo =(p — ) F ¢ and

(b) Vx =(p — ¢) Vo —.
Now by (AxSubst) applied to the term x we know Vz =(¢p — ¥) F =(¢ — ¥).
Furthermore we have the tautologies —(¢ — ¥) — ¢ and =(¢ — V) — —.
Consequently, by Modus Ponens we get Vo =(¢ — ¢) F ¢ (which shows (a)) and

Vo =(¢ — ) F —p. Since z is not a free variable of Vo —=(¢ — 1) we can apply the
generalisation theorem to obtain (b). O

2.8.22. Proposition. Let £ = (N : Z — N,u: F — N, €) be a language

and let ¢ : Fml(Z)(1) — Z be a bijection onto a set P which is disjoint from the

alphabet of L. Let L' be the language X' = (N % — N, u: F — N, € U 2).
If ¥ C Sen(?) is consistent, then also

Yo=Y U{(Fzp) = o(z/¢(9)) | (z) € Fml(Z),x € Vbl} C Sen(.¥")
18 consistent.

Proof. Firstly, notice that by 2.8.18, it is not important to explicitly mention whether
Y is consistent in .Z or in .Z’. We will make use of 2.8.18 in the proof below, without
mentioning the language: If we say “is a proof” or “is inconsistent”, then this always
means w.r.t. &’

We have to show that no contradiction is provable from ¥’ in .#’. Since every
proof from Y is also a proof of a finite subset of ¥/ we may assume that ¥ is finite
and it suffices to show by induction on k € IN; the following:



Proof of the Completeness Theorem 112

If o1(x1), ..., pp(zr) € Fml(Z), x1,...,x, € Vbl (here we are not assuming that
x; # x; for i # j), then

SUA{(Fzip) = @ilwi/Clei) | i€ {1,.... k}}
is consistent in .#’.

If £ = 0 then this holds by assumption. For the induction step k£ — 1 = k we take
©1(21), ..., pp(zr) € Fml(Z) with ¢; # ¢; for i # j. Let d; := ((¢;) (1 < i < k).
Since ¢; # ¢, for i # j we have d; # d; for i # j, too. For i € {1,...,k} let o; be
the #’-sentence

We assume that ¥ U {oy,...,0,} is inconsistent and we show that also ¥ U
{o1,...,0,_1} is inconsistent.

We have YU {01, ...,01} = v A=y for some v € Fml(.Z). By the deduction theorem
2.5.19 we have X U{oy,....,001} F op = v A —y. As op — v A —y is provably
equivalent to -0, we obtain

(1) YU{o1,...,0k-1} F D0y

Since ¥ is finite there is a variable which does not occur in ¥ U {0y, ...,0,}. We
pick such a variable y and define

= Caepr(r)) = er(e/y).
Notice: since y does not occur in o we have (o4)% = 1, hence (-0 )% = (—¢) as
well.
Since Y U {01, ...,06-1} € Sen(Z(dy, ...,dr—1)) and y does not occur in oy, we may
apply 2.8.17(iv) to obtain
(1) YU{oy, .ok 1} F (ﬁak)zk.

Since y does not occur in ¥ U {oy,...,04_1}, we may apply the generalisation
theorem 2.5.21 to (f) and obtain (using (- )% = (=)

(%) YUA{o1, .01} F Yy
Thus, in order to reach our goal (i.e. to show that ¥ U {0y, ...,04_1} is inconsistent)

it suffices to prove F Jyu:
Since x;, does not occur free in —pk(zx/y) we may apply 2.8.21(1) and get

Yy (—pr(zr/y)) = Yrr—er (observe that ¢k (zy/y)(y/xk) is ¢k). Applying contra-
position we obtain

= Arper — Jy(on(Tr/y))-
Applying 2.8.21(ii) to Jxrpr and @r(zg/y) gives
= y(Czrer — or(ar/y))-
But Jzpor — wr(zr/y) is ¥ as desired. O
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2.8.23. Theorem. Let X = (AN Z — N,u: F — N,€) be a language. Then
there is an extension by constants L* of £ by card(Fml(.¥)) many constants and
a subset H* of £*-sentences such that

(1) H* possess a system of witnesses (in £*), and
(11) For every consistent 3 C Sen(.Z) the set XU H* is consistent (note that any
system of witnesses for H* is also a system of witnesses for U H*).

Proof. By induction we define constant extensions .£" and a set H" C Sen(.Z)" as
follows: Z° := % and H° = (). For the induction step we apply 2.8.22 to .£" and
H™ to obtain
$n+1 — (gn)/ and Hn+1 — (Hn)/

in the notation of 2.8.22. Note that we have added card(Fml(-#£")) many constants,
hence by induction we have added card(Fml(.Z’)) many constants. By 2.8.22 we see
inductively, that for every consistent 3 C Sen(L) the set ¥ U H"*! is a consistent
set of " *-sentences containing H™.

Let .Z* be the extension by constants of . obtained by adding all constants
symbols from all languages £ to .£. We see that card(Fml(.Z*)) still is equal to
card(Fml(.%)).

Furthermore, H* := |J,,cy H" C Sen(.Z*) has the property that for every consis-
tent ¥ C Sen(L) the set ¥ U H* is a consistent set. By construction, H* possess a
system of witnesses (in .£*). O

For the proof of the completeness theorem we only need the following corollary:

2.8.24. Corollary. Let £ =(N: % — N,u: F — N, %) be a language and let
Y C Sen(Z) be consistent. Then there is an extension by constants £* of £ and
a consistent subset X* of £L*-sentences containing X such that X* possess a system
of witnesses (in £*).

Proof. Take Z* and H* as in 2.8.23 and define ¥* = X U H*. Now 2.8.23 gives the
assertion. 0J
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D. Finishing the Proof

The crucial assertion of the Completeness Theorem 2.7.1 is the following special case
of its corollary 2.7.3:

2.8.25. Theorem. FEvery consistent set of £-sentences is satisfiable (i.e. has a
model).

Proof. This is done in 2.8.12. Now we have filled the missing gap in 2.8.24. U

2.8.26. Theorem. (Completeness Theorem)
For all ¥,® C Fml(.Z) we have

YE® = X+ o.
(Recall that the implication < also holds by the Soundness Theorem 2.5.16.)

Proof. Since proofs are finite, it is enough to show that
YEe = Xty

for every Z-formula . Firstly assume that 3 C Sen(.Z) and ¢ € Sen(.%). Suppose
YK . By 2.6.3(i), ¥ U {—¢} is consistent. Hence by 2.8.25, ¥ U {—p} has a model
M. So M =Y and A ¥ ¢, which implies X F .

Now let ¥ C Fml(.Z) and ¢ € Fml(.Z) with X ¥ ¢. Let & be a countable (infinite)
set of constant symbols, new w.r.t. Z. By 2.8.19 we know Xy ¥ ¢(2) p». By what
we have shown above there is a model A" of ¥y with A4 ¥ pg. Let 4 be the
restriction of A to £ and let h : Vbl — |.#| be defined by h(v;) = d;". Then by
2.8.16, A = X[h] and A4 ¥ ¢[h]. Thus X ¥ ¢, too. O
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3. MODELS OF SET THEORY

Before we start with axiomatic set theory, it is beneficial to talk about so called
definable sets in .Z-structures.

3.1. Definable sets.

3.1.1. Definition. Let .# be an .Z-structure and let n € IN. A subset S of |.Z|"
is called definable in . if there is some Z-formula ¢(z1, ..., Zpn, Y1, ..., yx) and a
k-tuple a € |.#|* such that

S ={(my,...my,) € A" | A= p(mi,..,m,, a,..,a)}

We then say that S is defined by ¢(z,a) (in .#) and write S = p(.#™,a). The
elements aq,...,a; are called parameters. If there is such a formula with k& = 0,
then S is said to be definable without parameters.

3.1.2. Discussion and Examples
(i) Omne should think of a definable set S as the

“solution set of the formula ¢(z1, ..., 2, a1, ..., ax)”.

For example in the structure .Z = (R, <,+, —, -), the formula ¢ might be
2 +yra’ + o yT 4 Yo > s

and @ might be (m,1,2,3,4,5,6,v/2,0). So (21, ..., Zpn, a1, ..., ai) could be un-
derstood as the formula (in the ordinary sense of mathematics)

V2Tl >0

and S C R is the solution set of this inequality. It is clear that we are interested
in the analysis of such sets when we are studying the real numbers.

The elements aq, ..., ax play the role of “coefficients” or “parameters” in this
example and it is suitable to think of them in this way also in the general
situation.

The formula ¢ in (i) is atomic, but many interesting definable sets are naturally
given by formulas with quantifiers. Here are some examples.

(ii) Let S be the set of all (a,b,c) € R? such that the equation ax® + bx + ¢ =0
has a solution in R. Then this set is defined in the structure (R, +, -,0) by the
formula

a2 4a9-24+13=0
of the language {+,-,0}. So here we do not need parameters.

(iii) Fix n € N. Let Z be the set of all n x n-matrices over R that are invertible. If
we identify an n x n-matrix with an element of R™, then Z is a subset of R™.
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In the structure .# = (R,+,—,-,0,1), the set Z is defined by the following

formula (11, ..., T1ny oy Tnty v oy Ton):
11 ... T1n U1 ... Ulp

Jugg Uy UpL e Uy, : : . : : =1,
Tpl -+ Tpn Uplr --- Upn

where I,, is the unit matrix. Again, the tuple g in 3.1.1 has length 0 (i.e., there
are no variables for parameters).

(iv) Consider the polynomial
t(u, g, ..., o) = Tpu™ + Tp_1-u" .. A 2w+ 20

in the variable u with “general” coefficients x,, ..., xo. Look at the following
formula ¢(zo, ..., z,,y) in the language {+, —,-, <,0,1}:

vU’17u2(y S Uy S Uy — t(U1,.T0,...,.fEn) S t(“?axOV")xn))‘

Then the set defined by ¢(zq,...,%,, 7) in R™™ is the set of all coefficient
vectors of degree n polynomials that give increasing functions [r, +00) — R.
Here k£ = 1 and 7 is a parameter.

(v) Note that a definable set is defined by many formulas. For example the sets
in (ii),(iii) and (iv) can also be defined by a quantifier free formulas in the
structure (R, <,+, —,-,0, 1) of the language {<,+, —,-,0,1}. For (ii) one may
use the discriminant of the quadratic polynomial and for (iii) one may use
the determinant of the given matrix, but for (iv) this is harder. A famous
theorem by Tarski at the beginning of Model Theory says that indeed every set
that is definable in (R, <,+, —,-,0, 1) without parameters is definable without
parameters by a quantifier free formula in the language {<,+,—,-,0,1}. For
details we refer to [ModTh, section 4.3].

3.1.3. Observation. In an arbitrary structure ., the following sets are always
definable:

(i) The empty set and the set | |".
(ii) The diagonal {(a,a) | a € |.#|} C ||
(iii) For every a € |4 |", the set {a} x || C || x |.H|".
(i) Finite and cofinite subsets of |.#|" (recall that cofinite means: the complement
in || is finite)
The proof is done left as question 69 of the example sheets.

A particularly interesting class of definable sets are graphs of functions. Well, not
all functions:

3.1.4. Definition. Let .# be an #-structure with universe M and let S C M™.
A function f : S — MP" is called definable (in .#) if its graph is a subset of
M™ x MP* that is definable in .#.
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3.1.5. Example. If F is an n-ary function symbol of .#, then F*¥ : M™ — M is
definable in .#, because its graph is defined by the formula F(zq,...,2,) = Tpy1.
A bit more general, If t(x, ..., z,) is an Z-term, then ¢ : M™ — M is definable
in ., because its graph is defined by the formula ¢(z1, ..., z,) = ;1.

However, not every definable function is of this form. For example in the structure
M = (R,+, "), the (graph of the) function ﬁ is defined without parameters by
the formula

v o(1+2°)=1 A Jvy=02
(Note that in the language {+,-} we have no symbol to express y > 0, therefore we
mimic this with the subformula Jv y = v?.)

Most of the basic set theoretic operations on definable sets and functions are again
definable:

3.1.6. Proposition. Let .# be an £ -structure with universe M = |.#|.
(i) If S, T are definable subsets of M"™, then also SNT, SUT and S\ T are
definable.

(ii) Fork < n, the projectionp : M™ —s M* onto some k coordinates is a definable
function and for each definable set S C M™, the set p(S) is a definable subset
of M*.
Now let S C M™ and let f : S — M* be a function.
(111) If f is definable, then S and the image of f are definable.

(iv) The composition of definable maps (when well-defined) is definable, hence if f
is definable, T C M* and g : T — M is definable with f(S) C T, then also
gof: S — M is definable.

(v) f is definable if and only if each component of f is a definable map S — M.
Proof. (i) If S is defined by ¢(Z,a) and T is defined by ¢ (Z,a), then SNT, SUT
and S\ T are definable by ¢(z,a) A (z,a), ¢(Z,a) VY (Z,a) and ©(Z,a) A (T, a)
respectively.

Notice, that we can actually assume here that S and T are defined by using the

same parameters: Suppose ¢ has free variables in 1, ..., 2y, y1, ..., yr and ¥ has free
variables in uy, ..., u,, v1,. .., ;. Further suppose S = (. #",b) and T' = (A", ¢).
Then let w = (wy, ..., wi) be a tuple of k[ distinct new variables and let @ be the

concatenation of b and ¢. We see that S is defined by ¢(z,a) where ¢ denotes the
formula @(Z,ws, ..., wy) and T is defined by ¢ (Z,a) where 1) denotes the formula
¢(f, Wet1y - - - ,wkH) .

(ii) That p is a definable map is left as an exercise. If S is defined by
©(T1, ..., Ty, ay,...,a;) and p is the projection M™ — M* onto the first k coordi-
nates, then p(S) is defined by Jzj41...x, (21, ..., Ty, a1, . .., ;). For projections onto
other coordinate we just quantify over the remaining variables instead of xy,1...7,.
(iii) If f : S — MP* is definable, then S is definable because S is the projection
of the graph of f onto the first n coordinates, hence (ii) applies. The image of f is
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definable, because the image of f is the projection of the graph of f onto the last k

coordinates, hence (ii) applies again.
(iv) To see that g o f is definable, take .Z-formulas (with parameters @, b inserted)

YE(T1y ooy Ty Y1, ooy Yk, @) ANd Yy (Y1, -, Yiy 215 .-, 21, ) defining the graph of f, g in A,
respectively. Then the graph of g o f is defined by

Fyr-ur (V@1 s Ty Y1y o Uk) A Vg (Yrs ooy Yy 215 05 21))-
Hence the composition g o f : S — M' is definable, which shows the assertion.*’
(v) =. If f is definable, then the i-th component of f is the composition of f with
the i-th coordinate function M* — M hence this coordinate of f is definable by
(ii) and (iv).
< Conversely, if the graph of the i-th coordinate of f is defined by ~;(x1, ..., Zn, y, G;)
(with parameters a; inserted), then f is defined by

k
/\ %’(1'1, ooy Tny Yiy dz)
=1

O

3.1.7. Convention. Let .# be an Z-structure with universe M, S C M"
and let f = (fi,...,fr) : S — MP"* be a function that is definable in
M by y(x1, ... T, Y1, ..., yp) without parameters. If o(zy,...,z) is an Z-
formula then we write ¢(fi,..., fr) for the formula Jyi,...,ye(v1,...,y%) A
V(T o Ty Yay ey Yk)-

For example if T C M™ and g : T' — M is definable in .Z, then g(z1,...,x,) =
Tmi1 just stands for a formula defining the graph of g (here k = 2, ¢ is 1 = o,
n=m+1,S=TxM, fi(x1,...,Zms1) = g(x1, ..., Tm), fo(T1, ., Tins1) = Tpy1)-

3.1.8. Ezample. Look at .# = (R,+,-) and a definable map f : R® — R*. The
definition from Real Analysis of continuity at a point of such a function can be used
to show that the set of all points where f is continuous, is again definable in ./
see question 71. Similarly, the set of all points where f is differentiable, is definable

in A.

331 Alternatively, we could have used the formula Vyi...yx (Y (@1y ooy Ty Y1y oy Yk) A
vg(ylw")yszla"'azl))'
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3.2. Zermelo-Fraenkel Set Theory (with choice).
Named after Ernst Zermelo and Abraham Fraenkel.

We can now carry out what has been announced in section 1.6, namely we can
give an introduction to axiomatic set theory. This means we will write out a set of
sentences in the language of set theory, which is abbreviated as “ZFC” and argue
that most of mathematics is a consequence of these axioms (we will also comment
on what lies outside).

Another aim is to show how the paradoxes in section 1.6 are resolved, and how
Godels’s theorems can be understood. Finally we will deploy the completeness
theorem and the compactness theorem to prove some surprising facts about these
axioms, or rather models of those.[!l

Throughout, .Z denotes the language { € } of set theory, where ¢ is a binary relation
symbol. We write z ey for e (z,y).

[34The attentive reader will have noticed that this introduction does not talk about theories.
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3.2.1. The Zermelo-Fraenkel Axioms Consider the following .#-sentences. The
text in square brackets indicates the intended meaning (and only this part is exam-
inable). You should think that all elements range over “sets”.

Existence [There is an empty set x, denoted by .]
Javy(y 7 )
Extensionality [Two sets with the same elements are equal.|
VaVy (z =y «— V2 (zex 4 22y))
Pairing [For all sets x,y there is a set “z = {x,y}".]|
VaVy3zVu(ue z <> (u =2 Vu=y)).
Powerset  |Every set x has a power set y = P(x).|

Va:Elsz(zsy +— Muuez — usx))

Union [For each set z the “union” y = |Jz of all the z € x exists.]

VoIyWu(uey +— Jz(ue z A zex))

Foundation [The relation ¢ is well-founded: Every nonempty set contains an ele-
ment that is disjoint from z.]

‘v’ac((EIy yexr) = (Jyyex AVz zex — za’y))

Separation *°! [Every definable subset of a set defines a set.]
This is an axiom scheme: Given an Z-formula ¢ = ¢(x, z, uy, ..., uy),
an instance of this axiom scheme is the sentence

V2Vuy...Vu,JyVe <x5 y<+— (pAxe z)) [36]
Replacement [The image of a set under a definable function is a set.|

This is an axiom scheme: Given an Z-formula ¢ = o(x,y, uy, ..., uy,),
an instance of this axiom scheme is the sentence

Yuy...Vu, ((V:UEI!y ©) = YoIuwVy (yew «— Jx xev A gp))

Infinity [There is an infinite set.|
Elx((flyyax) AVyyex — Jz(zex AVu(uez > u= y\/uay)))

ZF denotes the set consisting of the .Z-sentences above. In the literature, there are
slight variations on these axioms, but they all prove the same .Z-sentences.

[35]also called restricted comprehension

[36]Here the Z,U1, ..., U, should be thought of as placeholders for parameters. The axiom then
says that for each choice of the ¢, aq,...,a, in a model .Z, the set defined by ¢(z,c,aq,...,a,) in
A (in the sense of 3.1.1), intersected with the set defined by zec in .#, is equal to the set defined
by xeb in 4 for some b € |.#|. In this explanation the word “set” refers to the meta theory.
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3.2.2. Examples of definable sets and functions in ZF
Let .# be a model of ZF with universe M.

(1)
(2)

We write x C y as abbreviation of the formula Vo(vez — vey)

We write z = {z, y} for the formula Vv(ve z «— (v =2 Vv =y)). By Pairing
and Extensionality, this formula defines the graph of a function in .#, namely
the function { , }: M x M — M, (z,y) — {z,y}. (Compare this with
3.1.7).

If x =y we just write {z} instead of {z,z}, which makes sense by Exten-
sionality.

We write z = (x,y) for the formula z = {{z},{z,y}}. By (2) this defines
the graph of a function in .#, namely the function ( , ) : M x M —
M, (xz,y) — ({z},{z,y}), which captures the ordered pair with first entry x
and second entry y in .

We write z = x x y for the formula Vu(uaz > Jvdw(ver ANwey Au =
(v,w))). By (3) this defines the graph of a function in .#, namely the function
X _ MxM— M, (z,y) — x Xy, which captures the cartesian product
of x and y in /.

We write FUNC(z, y, ) for the formula z C 2 x y AVu(uex — Flv(u,v) € 2).
By (4) this captures the notion of a function z — y with graph z in .Z.

Furthermore we define Graph(z) as the formula 3z3y FUNC(z, y, z) expressing
that z is the graph of a function in .Z.

We write y = B(z) for the formula Vz (zey +— 2 C x) By Powerset and

Extensionality this formula defines the graph of a function in .#, namely the
function P : M — M, x — P(x), capturing the operation of taking the
powerset in Z.

We are now able to formally write out the following further axiom in a human
readable form:

Axiom of Choice [Every set of nonempty sets has a choice function.|

Va ((Z) gr — EIyEIz(FUNC(X,y,z) AVuYv(uex A (u,v) ez — vgu))).

Hence this axiom says that for every x € M with () #z (you should think of = as a
set of nonempty sets), there is a function f (with domain z and graph z) such that
f(u) € u for all uex.

In most part of mathematics one also uses the axiom of choice. For example we
have used it in the proof of Zorn’s lemma and therefore many of the vast amount of
consequences of Zorn’s lemma also make use of the axiom of choice.

We write ZFC for the set ZF together with the Axiom of Choice.
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3.2.3. Remark. The axiom of choice says, in a colloquial way, that for every collection
of nonempty subsets X; of a given set X, where 7 is from some index set I, there is
a function f: I — X with f(i) € X; for all i € I. This seems to be obvious: since
X; # 0 we could just define

f:I— X, f(i) = some element of X.

However, this claims the existence of an object (namely the graph of f) and the
choice that one has to make for each i is not expressible within the axioms of ZF.

To understand this better, consider another structure .# in the language { ¢} of
set theory with universe Z, which interprets the binary relation symbol ¢ as

ke”n <= k#nandk,n <€ {3m,3m+1,3m + 2} for some m € Z.

Then for each n there are two elements k € Z with ke n. However there is
no way to “pick one out” uniformly for all choices of n only by a single .Z-formula
(even with using parameters). In fact we will prove in question 78 that there is no
function f : Z — Z that is definable in .# with the property that f(n)e*# n holds
for all n. Note that there are many functions ¢ : Z — 7 with the property that
g(n) e~ n holds for all n. But none of them is definable in ..

Observe that the Axiom of Choice is also claiming the existence of certain definable
functions (using a parameter) of its models; this is clarified in question 73 of the
example sheets.
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3.3. Elementary equivalence and the Skolem-Léwenheim Theorems.

We return to general languages and import some fundamental results from Model
Theory. Throughout, .Z is a first order language. We are mainly interested in the
following relation between .Z-structures:

3.3.1. Definition. Two Z-structures .# and .4~ are called elementary equiva-
lent if they satisfy the same Z-sentences. This is usually denoted by .Z = 4. In
other words .# = .4 if and only if Th(.#) = Th(./").

Elementary equivalence is very hard to verify in general as it says something about
all .Z-sentences that are true in the given structures.
3.3.2. Non-examples.

(i) The posets (Z, <) and (Q, <) are not elementary equivalent.
(ii) The fields (R, +,-,—,0,1) and (C,+,+,—,0, 1) are not elementary equivalent.
(iii) The fields (R, +,,—,0,1) and (@, +, -, —,0, 1) are not elementary equivalent.

There are two theoretical instances that we will be considering.

3.3.3. Definition. Let .Z, .4 be Z-structures. An isomorphism f : .# — A is
a bijective map f : |.#| — | 4| satisfying the following conditions:
(a) If R is an n-ary relation symbol of .Z, and a4,...,a, € |.#|, then

A= Rlay, - an) <= A= R(f(ar), .. flan).
(b) If F is a k-ary function symbol of .Z and ay,...,a; € |.#|, then

F(Fay,. .. ap)) = F"(f(ay),..., fla)).
(¢) If c is a constant symbol of ., then f(c?) = ¢

Clearly if f is an isomorphism .# — .4, then its compositional inverse f~! is an
isomorphism A" — #. Two Z-structures .# and .4 are called isomorphic, in
symbols .# = 4, if there is an isomorphism .#Z — A".

3.3.4. FExamples.

(i) An isomorphism between to structures in the basic language is just a bijection.
(ii) An isomorphism between two groups in the language of groups in the sense
of 3.3.3 is just the same thing as an isomorphism between two groups in the
sense of group theory.
(iii) An isomorphism between two posets in the language of posets in the sense of
3.3.3 is just the same thing as an isomorphism between posets in the sense of
definition 1.1.8.
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3.3.5. Proposition. Let f : . # — A be an L -isomorphism. If h is an assign-
ment of A and ¢ is an L -formula, then

M = plh] = A p[foh]

A more natural formulation of this statement reads as follows: For every
o(x1,...,x,) € FmI(Z) and each a € |.#|" we have

M= plar, . an) = A E(flar),. . flan)).

In particular # , N are elementary equivalent.

Proof. |This proof is long but is straightforward. Please read it or better try to do
it yourself by induction on the complexity of .|

We show the assertion by induction on the complexity of ¢. For the induction start
assume that ¢ has complexity 0, i.e. ¢ is an atomic formula.

Claim. If t is an Z-term, then f(t“[h]) =t [f o h]).

Proof. This is true by definition 3.3.3 when ¢ is of the form F(xy,...,z,) for some
F € % and then a straightforward induction on the complexity of the term ¢ shows
the claim. o

The claim implies that #Z | ¢[h] <= A = ¢[f o h] if ¢ is an equality of
terms. If ¢ is of the form R(t1,...,1;) with R € %, then the claim together with
the definition 3.3.3 shows that .# |= ¢[h] <= A4 = p[f oh]. This covers the case
of an atomic formula ¢.

For the induction step it suffices to show the equivalence when ¢ is =), and when
¢ is ¥ A~y and when ¢ is Vx1), assuming the equivalence already for 1and ~ (consult
question 55 if you are wondering why we are dealing with the case 1) A v instead of
1) — 7). The cases when ¢ is =), and when ¢ is 1) A v are clear. We deal with the
case when ¢ is V).

We choose variables y,...,y, with Fr(¢)) C {x,v,...,ys}, hence ¥ should be
understood as ¥(x,yy, ..., y,) and Fr(yp) = Fr(Vzy)) C{y1,...,yn}. Foray,..., a, €
|| we need to show

M ENTY(ay,. .. a,) = N EVe(far),. .., fla,)).

By symmetry it suffices to just show = (for the other implication use f~1). So
assume 4 = Vai(ay,...,a,). In order to show A = Vay(f(ar),..., f(a,)) we
need to show that for all ¢ € |A/| we have A = ¥(c, f(a1),..., f(a,)). Take an
element ¢ € |47|. Since f is surjective, there is some b € |.#| with f(b) = c.
As we assume # = Vay(ay,...,a,) we know that # = ¢(b,a4,...,a,). By the
assumption on ¢ we know that A = (f (D), f(a1),..., f(a,)). But f(b) = ¢, hence

N Ed(e, flar),..., f(a,)) as required. O

3.3.6. Corollary. Let .# be an L -structure with universe M = |.#|. If f : M —>
A is an isomorphism between £ -structures and S C M™ is defined by p(z,a),
then f(S) is defined by ¢(z, f(a)) (here we also consider f as a map M™ — | AN|"
obtained from f by applying f coordinate wise; thus f(S) C | A" and f(a) € |A|").

Proof. Let T be the subset of |.4|" defined by ¢(Z, f(a)). The assertion says that
f(S) =T. But this follows from 3.3.5. O
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3.3.7. Definition. Let .4 be an .Z-structure.

(i) A substructure of .4 is an Z-structure .# with |.#| C |.4/| such that the
interpretations of the relation, function and constant symbols of .Z in .# are
restrictions of those in .#". This means concretely

(a) If R is an n-ary relation symbol of .Z, then R¥ = M" N R7,
(b) If F is a k-ary function symbol of .Z, then |.#] is closed under F", i.e.
F(ay,...,a) = F"(ay,...,ax) € M for all ay, ..., a; € |.4).
(c) If c is a constant symbol of .Z, then ¢ = ¢ € |.Z).
If this is the case we also say that .4 is an extension of a structure of .7 .

(ii) If A is a substructure of .4, then .Z is called an elementary substructure
of A4 and .4 is an elementary extension of .#Z if for every Z-formula
o(x1,...,2,) and all all ay, ..., a, € |.#]| we have

M= play, ... a,) = N Epla,...,a,)
This property is denoted by .#Z < 4.

Clearly .# < A implies .#4 = .4, however this is not the same as saying that .#
is a substructure of 4" and .#Z = .4#". An example is given in question 76.

The following two theorems are the most important consequences of the complete-
ness and the compactness theorem for Mathematics and for Set Theory. The proofs
are not examinable and may be found in the appendix to this section.

3.3.8. Skolem-Léwenheim downwards.
Let A be an Z-structure and let A C |.#/|. Then there is an elementary substruc-
ture A of .4 with A C |4| such that card(./") < max{Ry, card(A), card(.Z)}.

Proof. This proof is not examinable and may be found in the appendix, 3.3.14 [J

3.3.9. Skolem-Léwenheim upwards.

Let .# be an infinite Z-structure and let x be a cardinal > card(.#), card(.Z).
Then there is an elementary extension .4 = .# of cardinality x. (So in particular,
every infinite Z-structure in any language has proper elementary extensions.)

Proof. This proof is not examinable and may be found in the appendix, 3.3.16 [
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3.3.10. Example - Sets Let .Z = () be the language of sets. If .# and .4 are
infinite sets, then they are elementary equivalent as Z-structures. Another way
of saying this is: The set of logical consequences of the theory of infinite sets is
complete (cf. 2.7.4).

Proof. Choose a cardinal x of at least the cardinality of .#Z and .#". By Skolem-
Lowenheim upwards 3.3.9, there are elementary extensions .#’ = .# and A" = N
both of cardinality x. In particular .#’ and .4 are of the same cardinality and
there is a bijective map f : .#' —> A". So we are in the following situation:

////_f%/;//
=< =<
M N

where the vertical maps are the inclusion (they are elementary). Since the vertical
maps are elementary we get 4 = .#' and ./ = 4. Since f is a bijection and .
has no non-logical symbols, f is an isomorphism .#’" — 4. By 3.3.5 we know
that .#Z' = 4" in this case. Altogether we get # = #' = N = A as desired. [

We will not use the following proposition later on, but it shows how strong elemen-
tary equivalence is.

3.3.11. Proposition. Let £ be any language (not necessarily finite). If M, N are
ZL-structures with N = M and M s finite, then A is even isomorphic to N .

Proof. |This proof is not examinable| Let n be the size of .4 and let aq, . .., a, be the
list of all elements of |.#Z|. We write a = (ay,...,a,). Since A = A4 the structure
A is also of size n (see question 48 from the example sheets). It suffices to find some
n-tuple b = (by,...,b,) of |.#| such that for all formulas p(z), T = (z1,...,7,) we

have

M o@) = N b o).
(Then the map f : 4 — A defined by f(a;) = b; is easily seen to be an iso-
morphism.) Suppose there is no such n-tuple. Then for each b € |.4|" there is a

formula ¢;(Z) such that .# = ¢5(a) and A = —pp(b). Since .4 is finite, the set
| A" is finite as well and therefore we may form the conjunction v(z) of all the
¢3(Z) with b € | A|". Then 4 | ¢(a) and as A = .# there is some b € |A|"

with .4 = ¢ (b). But this contradicts .4 = —gp(b) and = ¥(Z) — w5(7). O
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APPENDIX TO SECTION 3.3

None of the proofs in this appendix is examinable. Only statements
that also occur outside of this appendix are examinable.

3.3.12. Tarski-Vaught Test.
Let 4 be an Z-structure and let A C |.#|. The following are equivalent:

(i) A is the universe of an elementary substructure of .Z.

(ii) For every .Z-formula o(z,9) and all @ € AY BT if .7 |= 3z (2,a) (to be
correct we should actually write .# |= (Jzp)(a)), then there is some b € A
with 4 = (b, a).

Proof. (i)=-(ii) is immediate from the definition of “elementary substructure”. For
the converse we first observe that under assumption (ii), A is closed under all F-#
(F € #) and A contains all ¢ with ¢ € ¢ To see this, take an n-ary function
symbol F. Applying condition (ii), where ¢(z,y) is the formula F(y) = = we see
that F*“(a) € A for all a € AY. Similarly, using the formula = ¢ (so, no other
variables j are present in ), we see that ¢ € A for all c € €.

Hence we know that A together with the structure induced from .# is a sub-
structure of .# which we denote by 7. We now show (and this will prove (i)) by
induction on the complexity of an Z-formula (x4, ..., xx):

For all a € A* we have & |= p(a) PN E p(a).

If ¢ is quantifier free this certainly holds true, since & is a substructure of .Z.
Moreover (x) holds for —¢ if it holds for ¢ and (%) holds for ¢ A ® if it holds for
¢ and for 1. Thus, for the induction step, it is enough to assume that o(z1, ..., Tx)
is Jy Y(y,x1,...,xx) where ¥(y,z1,...,x,) € Fml(Z) and (x) holds for ¢ and all
(k + 1)-tuples from A. Take a € A,

“=7 If & = p(a), then there is some b € A with &7 |= 1(b,a) and by the induction
hypothesis we have .# = (b, a), thus # = p(a).

“<’ If # = ¢(a) then # = Jy ¥(y,a). By (ii), there is some b € A with
A = (b,a). By the induction hypothesis we get &7 = (b, a), thus &7 = p(a). O

3.3.13. Lemma.
For any language £, the cardinality of Fml(.Z) is max{Ry, card(.Z)}.

Proof. The set Fml(.Z) consists of finite .Z-strings, hence it is enough to show that
the set of Z-strings has cardinality at most max{®y, card(.Z)}. The set X of all
letters of . has cardinality k = max{R, card(.Z)} Hence an .Z-string, by its very
definition, is a member of X™ for some n € IN. From question 17 on the example
sheets we know that [, oy X™ has size x as required. 0

371 47 stands for A™_ where m is the length of the tuple of variables . In order not to overload
notation we use this convention (in particular when we never really need the integer m).
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3.3.14. Skolem-Léwenheim downwards.
Let # be an Z-structure and let A C |.Z/|. Then there is an elementary substruc-
ture A of .4 with A C |4| such that card(./") < max{Rg, card(A), card(Z)}.

Proof. The strategy is the following: We want to apply the Tarski-Vaught test 3.3.12.
By this test, the only thing we need to do is to add elements to A so that condition
(ii) of the test is satisfied for the resulting set. We then have to count the number
of elements we have added to get the cardinality estimates. Here are the details.
We use the following ad-hoc notation for each .Z-formula ¢(z, 1, ..., y,) and all

a€l| A" If A =3z p(x,a), choose an element b, ,; € |#| with

M = @(bcp,md)'

If A |~ 3 o(z,a), then choose by, € |.#| arbitrarily.
For an arbitrary subset S of |.#| we denote by S* the following subset of |.Z|:

S* ={bya | ne N, o(x,y1,...,y,) € Fml(L) and a € S"}.

Observe that S* contains S (if we choose ¢ as x = y and a € S, then b,, = a).
Moreover, S* is the image under the map

D — [ A]; (p,a) = by,
where
D ={(¢(z,9),a) | n € N, p(z,v1,...,yn) € Fml(Z) and a € S"}.
Since D C Fml(-Z) x Ugen . We see that the cardinality of S* is at most
(1) card(Fml(.Z) x |J S™) < max{R,, card(S), card(.Z)}.

nelN
By choice of all the b, ; we know that all tests performed on S in condition (ii) of the
Tarski-Vaught test are solvable in S*. However, we have introduced new elements
and so the test does not give an elementary substructure on S*.

The trick now is to iterate the construction. So we define (and return to our set A)
Ap := A and by inductiononn € N: A,, = (A4,_1)*. Finally we take B :=|J,, 4,, and
claim that B satisfies the Tarski-Vaught test: Take p(z,y) € Fml(.¥) and a € BY.
Since @ is a finite tuple it is contained in some A,,. But then b,; € A,11 € B and
so B satisfies condition (ii) of the Tarski-Vaught test.

Finally we take .4 as the structure on B given by the Tarski-Vaught test and we
need to estimate the cardinality of B: By induction on n using (f), we see that
card A, < max{R,card(A),card(.Z)}. Then the countable union B of these sets
also has cardinality < max{X, card(A), card(.Z)}. O

We now turn to the proof of the Skolem-Léwenheim upwards theorem 3.3.9. Let
Z be a language. A crucial application of the compactness theorem says that any
infinite structure has proper elementary extensions. A refined formulation is given
in 3.3.9. We first show how to create proper elementary extensions.
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3.3.15. Lemma. Let 4 be an infinite £ -structure and let k be any cardinal. Then
there is an elementary extension AN of M such that card(|.4|) > k.

Proof. [this proof is not examinable|] The proof uses the “method of diagrams” in
combination with the compactness theorem. Let M = |.Z| be the universe of ..

Firstly, we will enlarge our language .Z to include more constant symbols, naming
all elements of M. So, for each a € M, choose a new constant symbol ¢, such that
co # ¢ for a # b. We write £ (M) for the resulting language; hence £ (M) is the
same as .Z except that it has more constant symbols, namely all the c,.

Now in the new language £ (M), consider the structure (.#, M), with universe
M, which interprets the non-logical symbols of .Z just like .# and the new constant
symbol ¢, as a. Formally this says (c,)?**) = a. Informally one should think of
(A, M) as being the same as ., but we have introduced names for each element
of M in the language. This looks like a tedious undertaking, but has remarkable
applications as we shall see now.

Next, we introduce even more new constant symbols: Let & be any set of new
(for Z(M)) constant symbols of size > r and add these constant symbols to the
language .Z(M). Call the resulting language .£*.

We now look at the following .Z"*-theory

Tz{(p(cal,...,can) | p(z1,...,2,) € FMI(Z), ay,...,a, € |.#]| and

///):go(al,...,an)}u{—'(die) | d,e€ @,d%e}.

Claim. T has a model, hence there is an Z*-structure A4 with A4 =T

Proof. By the Compactness Theorem it suffices to show that every finite subset of
T has a model. But for every finite subset Ty of T there is a finite subset 4y C 2
such that

To CT :={p(cay,--¢Cay) | p(x1,...,2,) € Fml(L) with Z = v(a1,...,a,)}
U{-(d=e)|de€ Dy d+#e}.

Now 77 has the following .Z*-structure .#; as a model:

We choose the universe and the interpretations of the £ (M )-symbols as given by
(A, M); in particular ¢, in ., is interpreted as a € M.

For the constants d € & we do the following. Enumerate the constants in %, as
dy,...,dg. Since .# is infinite, there are distinct ay,...,a; € M. Then we interpret
the d; in .4, as a; and all other constants in & arbitrarily.

Then we see that ., is a model of T} as required. o

Now take a model A4 of T" as claimed to exist. Let .4 be the Z-structure under-
lying A47*, thus .4 is just the same as 4™ but we forget the interpretation of the
constant symbols ¢, and d € 2. We define amap f: M — | A| = A as follows:

f(@) = (ca)"".

Then f is an elementary embedding:
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If o(xq,...,2,) € Fml(Z) with Z = o(ay,...,a,), then ¢(cay,...,¢Cq,) € T and
as A" is a model of T" we know A" = p(cay,...,Ca,). But in A, the ¢,, are
by definition interpreted as f(a;). Hence 4™ = o(f(a1),..., f(a,)) and so A =

o(f(ar), ..., f(a,)) as required.

Further, the size of |.47] is at least x because for distinct constant symbols d,e €
we have A4* |= d # e. Consequently the map 2 — |.#'| that sends d to d*" is
injective.

In summary, we know that there is an elementary embedding f : #4 — N
such that .4 is of size > k. Finally we identify .# with the image of f and get an
elementary extension .4 of .#Z as required. O

3.3.16. Skolem-Lowenheim upwards.
Let .# be an infinite Z-structure and let xk be a cardinal > card(.#), card(.Z).
Then there is an elementary extension .4 > .# of cardinality k.

Proof. By 3.3.15, there is an elementary extension .4 = .# of size > k. Since
k > card(.#) there is a subset A C |A41] containing |.#| of size k. By Skolem-
Lowenheim downwards there is en elementary substructure .4 < .41 containing A,
of size < max{k, card(Z)}. As k > card(Z) by assumption we see that .4 has size
< k. Since A has already size & it follows that card(.4") = k.

Finally, as # < A and 4 C N < N we get A < N (see question 77). [
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3.3.17. Example: Infinitesimal elements in Analysis |[This example is not
examinable] Let f : R — R be a function and let £ be the language {<
,+,+,—,0,1, F'}, where F' is a unary function symbol and the other symbols are
relation symbols, function symbols and constant symbols with arity as you might
guess by now (I chose the symbol “—" to be a unary function symbol). Let .#Z be the
ZL-structure (R, <, +, —,-,0,1, f), hence F*/ = f. By Skolem-Léwenheim upwards
there is a proper elementary extension 4" of .Z .

Claim. There are positive infinitesimal elements in .47, i.e., there is some u € |A|
such that for all r € R with 0 < r we have 0 < p < (in .#"). (Notice that p is not
unique, e.g. 2-u is also infinitesimal.)

Proof. Since .4 is a proper extension of .#, there is some o € |4\ R. If
r < a (in A) for all r € R, then we may take p = 1. If &« < 7 (in A) for
all » € R, then we may take pu = l. In the remaining case we know that the
set S = {7“ eER|r<a(inAg)}is nonempty and bounded from above. By the
completeness axiom of R from Real Analysis we know that S has a supremum s in
R. Then either s < a (in ./") and we may take y = a — s, or, a < s (in .4") and
we may take u = s — a. To fill the details here use the property .# < 4. o

With the presence of infinitesimal elements we can now talk about them rigorously.
For example:

Pick a € R. Then the function f is differentiable at a with derivative f'(a) = b if
and only if for every non-zero infinitesimal element pu, the Newton quotient (formed
in A)

F"(a+p) — F"(a)
'LL )
is infinitesimally close to b. One may think of ¥ as an extension of f (which
is /) and p = “da”, so this characterization of differentiability shows that the
intuitive one given to you elsewhere - is correct.

The proof of the equivalence is left as an advanced exercise to the interested

reader: Use the fact that .4 is an elementary extension of .Z .
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3.4. Foundations of axiomatic set theory.

Here we give a brief overview of some of the highlights of axiomatic set theory.
Most of these statements have long and complicated proofs and we will only give
references to these. However, with the build up of Predicate Logic and the material
in chapter 3 above, we are now able to understand the meaning of the results.

Note that we have not yet assumed that ZF is consistent, as a matter of fact,
Godel has shown that one cannot prove this at all in ZF (as axiom system of the
meta theory). We’ll talk about this in more detail in 3.4.9 below. However if we
assume that ZF is consistent, then it has many models as follows from the Skolem-
Lowenheim theorems 3.3.8, 3.3.9:

3.4.1. Theorem. FEvery model of ZF is infinite. If ZF is consistent, then for every

cardinal k there is a model M of ZF with card(|.#) = k.
In particular, if ZF is consistent, then ZF has a countable model!

Proof. Let .# be a model ZF. Then .# is infinite as follows from the Axiom of Infin-
ity, or by induction from the Pairing Axiom starting from the empty set according
to Existence.

Now assume that ZF is consistent. By the completeness theorem (or rather its
consequence 2.7.3) ZF has a model .#. We have just seen that .# is infinite. We
may now apply Skolem-Lowenheim downwards (3.3.8) to .# (and the empty set)
and see that there is an elementary restriction .4~ < .# such that .4 is countable
(and infinite). Finally by Skolem-Lowenheim upwards (3.3.9) applied to .4 and
k there is an elementary extension .Z* of .4 of cardinality k. Since elementary
extensions preserve truth of sentences we see that .#* = .# . Hence .#* is a model
of ZF of cardinality k. O

How on earth can ZF have a countable model? A countable model .# of ZF
looks like a unicorn, because one could make the following argument. By the Axiom
of Infinity there is an element b € |.#Z| such that A := {a € || : # }= acb} is
infinite, e.g. by checking that the function f: A — A, f(a) = a U {a} is injective
but not surjective.’®. Now the Powerset Axiom seems to say that the powerset
of A exists in ., which would contradict that the powerset of any infinite set is
uncountable. However, this axiom only says that there is some p € |.#| such that

M EVy(yep <y C D).

This implies that for an element d € |.#| with de? p, the set defined by xed in
A is a subset of A, but it does not imply that every subset of A comes from some
d € || in this form.

Note that in .Z the element p above is still uncountable in the sense of .# (use
the proof of 1.5.4 inside .#'), however the set defined by zep in .# is countable,
because || is countable.

[3810bserve that the existence of such an element b is a much stronger statement than just saying
that .# itself is infinite. In fact one can explicitly construct a model of ZF\{Axiom of Infinity}
with countable universe, namely (V,,, €) defined in 3.4.3.
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3.4.2. Recursion Theorem Let .# be a model of ZF with universe M and let
g : M — M be a function that is definable in .#. Then there is a definable
function f : M — M such that for every ordinal o of .# we have

fla) =g(fla).

Here f|, stands for the graph of the restriction of f to a, which indeed is a set and
so we can plug it into g. For a more formal definition see question 82.

Proof. [Kunen2009, p. 225 and 244] O

The recursion theorem allows induction not only over natural numbers but over all
ordinals; it is then called transfinte induction. It is often used to justify infinite
definitions, like the von Neumann hierarchy of sets:

3.4.3. Proposition. We define Vi = 0 and for every ordinal o, Voy1r = B(Vy,). For
limit ordinals A\ we define Vy = Uyer Voo Then in any model of ZF, every element
18 in at least one of the V.

Proof. This follows from the foundation axiom. Sketch. Suppose there is some set
x that is not in any V,. By the foundation axiom there is some set x that is not in
any of the V,, such that no y € x has this property. But then each y € x is in some
a and as y is a set there is some § such that for all y € x we have y € V3. Since
r={y|y€x} weget x C Vs But then x € Vs, a contradiction. O

3.4.4. Equivalences of the Axiom of Choice Each of the following statements
are equivalent to the Axiom of Choice, assuming ZF.

(i) The Lemma of Zorn, see 1.2.5
(ii) The Well Ordering Principle, see 1.2.7.
(iii) Given any sets X,Y, either there is a surjective function X — Y, or there is
a surjective function ¥ — X.
(iv) Every vector space has a basis.
(v) Tychonoff’s theorem: The product of arbitrary many compact spaces is com-
pact.

There are very many other conditions.
Proof. All this can be found in [Rubin1985, 1.3]. O

All statements in 3.4.4 have significant impact in various parts of mathematics (Al-
gebra, Topology, Analysis) and so most mathematician accept the Axiom of Choice.
However, the Axiom of Choice also has undesirable consequences. The most famous
one is maybe the so called “pea and sun paradox”, which goes as follow:
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3.4.5. The Banach-Tarski Paradox (Here we are assuming ZFC, i.e. ZF+ Axiom
of Choice.)

Let P be the closed ball of radius 0.5cm of R3. Let’s think of P as a pea. Let S
be the closed ball of radius 700000 kilometers in R?. Let’s think of S as the sun.

Then there is a partitioning P = PU...UP; of P and a partitioning S =
S1W... U85 of S such that for each i € {1,...,5} there is a distance preserving
map o; : R® — R? (also called isometry) with o;(P;) = S;.

Informally: The pea can be chopped up into 5 pieces such that these pieces can
be put together®! to the sun.

Proof. This is proved in much bigger generality in [Wagon1993]. O

Independence results

By the first incompleteness theorem 3.4.7 there are many sentence that we may want
to add to ZF in order to get a stronger base. The most famous one is the Axiom of
Choice, which is widely accepted. A second famous one is the so-called continuum
hypothesis:
(CH) Every uncountable subset of R is in bijection with R.
This also exists in a more general from, as generalised continuum hypothesis:
(GCH) If « is an infinite cardinal, then the cardinality of 9B(x) is the smallest
cardinal strictly bigger than k.

3.4.6. Theorem. Suppose ZF is consistent. Then

(1) ZF + Aziom of Choice + (GCH) is consistent (Géodel).

(i) ZFC + =(GCH) is consistent (Cohen).
(i1i) ZF + — Aziom of Choice is consistent (Cohen).
Hence the Aziom of Choice is independent of ZF, i.e. it can neither be proved nor
refuted in ZF. Similarly (GCH) is independent of ZFC.

Cohen’s proof introduced a completely new method to construct models of ZF called
forcing and this is one of the pillars of modern axiomatic set theory.

Proof. This and much more independent results can all be found in [Jech2003]. O

It is not too difficult to show that ZF+GCH proves the Axiom of Choice. For those
who want to dive into the topic, this could be even and advanced exercise.

Bg]only moving the pieces around and applying orthogonal transformations


https://en.wikipedia.org/wiki/Euclidean_group
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Incompleteness and Decidability

3.4.7. Incompleteness I (Godel’s first incompleteness theorem)
If ¥ is any finite set of { € } sentences, then the deductive closure of ZF UX is not a
complete theory. In fact a much stronger result is true with a scope even outside of
set theory, but we don’t have the means to express this rigorously. For set theory
we have (informally) the following:

There is no algorithm which computes any complete theory containing ZF.

Proof. The required rigorous statement and the rigorous definition of what an algo-
rithm can possible compute, as well as the proof may be found in [Goedel]. O

3.4.8. The assertion in 3.4.7 implies that we have no access to all true statements
and one might wonder what we actually can access in a more restricted context.
There are various structures that are in principle accessible. Most prominently,
consider the structure .# = (R,+,—,-,<,0,1) in the language of ordered rings.
Then there is a computer program which accepts as input any sentence ¢ in that
language (in form of a string of letters from the alphabet) and outputs

e YES if ¢ is true in .
e NO if ¢ is false in .

This has been proved by Alfred Tarski and is often labeled as the beginning of Model
Theory, cf. [ModTh]|. Structures (in a finite language), for which such an algorithm
exist are called decidable and the question about which structures are decidable is
a major driving force in contemporary logic and computer science.

3.4.9. Incompleteness II (Godel’s second incompleteness theorem)

If ¥ is any finite set of { ¢ }-sentences, such that ZF U ¥ is consistent, then ZF U %
cannot prove its own consistency. Again there is a much stronger statement and
we refer to [Goedel| again.

Here is an informal explanation what is asserted here. Let .Z be a model of
ZF UX. Then we can write out all the definitions and statements of predicate logic
from chapter 2 inside .#. Hence we can do predicate logic inside .#Z by coding all
objects and notions (like sentence from ZF U ¥ and proofs from that set) into ..
Then there is an { € }-sentence ¢ such that

A = ¢ if and only if the coded version of ZF U ¥ in . is consistent in .Z .

All this can be done independently of the chosen model .Z, so ¢ will not be depen-
dent on .#. Now the theorem says

ZEUS K .

Addon: Since ZF U X is assumed to be consistent, the assertion ZF U X F ¢ is
equivalent to saying that ZEUYX U{—¢} is consistent, as we have seen in question 56
of the example sheets. Hence ZFUYXU{—} then is a proper consistent strengthening
of ZF U ¥ (which has a model by the completeness theorem) and so we may feed
3.4.9 again with ¥ U {—}.
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N={1,2,3,..1},

No = {0,1,2,3,..},

PB(X) = power set of X,

Maps(X,Y) = set of all maps X — Y,

F7, 60

R, 60

S<uz 3

S<z 3

X EY isomorphic to initial segment, 9

X Xier Y, lexicographic product, 2

Y € X initial segment, 4

., 5

Sy, 110

«*, ordinal successor, 11

=, 123

\/;L:lgoi, 43

A1 pi, 43

Fml(.%)(1), 104

Fml(.¥), 41

Fml, (%), 41

Fr(p), 45

Fr(t), 38

Sen(.%), 45

Th(.#), 92

TmAlg(Y) or TmAlg(X), 101

PB(S), power set, 2

card(.¥), 41

card(.#), 60

ctm(.Z), 99

tm (%), 37

tmy (&), 37

Pair(z,y), Pairing Function, 16

ZL-formula, 41

Z-terms, 37

£(2), 106

|.# |, 60

M satisfies ¢ at h, 66

M= N 123

M= N, 123

M= N, 125

ME L, 106

=, 66, 69
Y E o, 82
M = X(a), 69
A = X[h], 66
Al
M = olh], 66
M =R Y, 66

,Gp), 69

w, smallest infinite ordinal/cardinal, 14, 15

@ holds in .# at h, 66
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@ is true in .# at h, 66
o(A™,a), 115
o(x1,...,2y) € Fml(Z), 46
(@1 /tyy ... xn/tn), 47
S, 108
P, 110
<, 125
~3, 99
F, 79, 86
in Propositional Logic, 86
Fe, 79
c(p), 44
c(t), 38
¢ 60
h(). 61
n-ary, 35
s, 108
t(z1,...,xy) € tm(ZL), 46
t(.’lﬁl/tl, . 7.’1?n/tn), 47
t/ ~ox, 101
t#[n), 64
tS, 108
x is free in ¢ for y, 46
r<S,3
r<S5,3
x#y, 27
at-Fml(.¥), 40

alphabet, 35
countable, 35
finite, 35
infinite, 35
uncountable, 35
arity, 35
of a function symbol, 35
of a predicate symbol, 35
of a relation symbol, 35
assignment, 64
atomic .Z-formula, 40
atomic formula, 26
Axiom
logical, 78
propositional, 86
axiom scheme, 78, 86

base set, 30

base set (of a poset), 1
basic language, 26
binary, 35

bound, 28
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bound occurrence, 45

cardinal, 15
cardinal number, 15
cardinality of a set, 15
cardinality of an alphabet of a language, 35
carrier of a structure, 60
chain, 1
closed term, 38
cofinite, 116
Compactness Theorem, 94
comparable, 1
complete theory, 92
Completeness Theorem, 94, 114
complexity

of an .Z-formula, 44

of an .Z-term, 38
consistent, 83
constant symbol, 35
constant term, 38
contradictory, 83
countable

alphabet, 35

language, 41

structure, 60

deduction, 79

in Propositional Logic, 86
Deduction Theorem, 83
deductively closed, 92
definable function, 116
definable in .#Z, 115
definable without parameters, 115
domain, 30
domain (of a poset), 1
domain of a structure, 60
down-set, 4

elementary equivalent, 123
elementary extension, 125
elementary substructure, 125
equality symbol, 35
expansion of a structure, 106
extension of a language, 106
by constants, 106
extension of a structure, 125

finite
alphabet, 35
language, 41
set, 14
structure, 60

forcing, 134

formal proof, 79
in Propositional Logic, 86
of ¢, 79
formula, 41
atomic, 40
well formed (wff), 41
formulas, 26
free
x is free in ¢ for ¢, 46
occurrence, 45
variable, 45
free occurrences, 28
free variable, 26
of a terms, 38
function symbol, 35

Generalisation Theorem, 84

Hilbert’s style axiom system
for Predicate Logic, 78
for Propositional Logic, 86

immediate successor, 11
inclusion map, 5
inconsistent, 83
induced partial order, 2
infimum, 3
infinite
alphabet, 35
language, 41
structure, 60
initial segment, 4, 37
initial substring, 37
interpretation
of constant symbols, 60
of function symbols, 60
of relation symbols, 60
isomorphic, 123
isomorphism of posets, 5

language, 41
countable, 41
extension by constants, 106
extension of, 106
finite, 41
infinite, 41
sub-, 106
uncountable, 41

largest element, 3

Lemma of Zorn, 7

length of a string, 37

letter, 35

letters, 26
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lexicographic product of two partially relation symbol, 35
ordered sets, 2 restriction of a structure to a sublanguage,
limit ordinal, 13 106
linearly ordered set, 1 Rigidity of well ordered sets, 9
logical Axioms, 78
logical consequence, 81 satisfiable. 66. 69
logical symbols, 35 scope, 28,’45 ’

logically implies, 81

27, 4
lower bound, 3 sentence, 27, 45

set of variables, 35

maximal element, 3 s%gn.atu.re, 41
minimal element, 3 similarity type, 36
model, 31 size of a set, 15
at an assignment, 66 Size of arbitrary unions, 19
of a set of formulas at (ay,...,a,), 69 Size of products, 17
of a set of sentences, 66, 70 Size of the power set, 16
set of formulas has a model, 69 Skolem-Léwenheim downwards Theorem,
Modus Ponens, 79, 86 125, 128
monotone map, 5 Skolem-Léwenheim upwards Theorem, 125,
130
natural order, 1 smallest element, 3

smallest infinite cardinal, 15
Soundness Theorem, 82
strict partial order, 1

occurrence of strings, 37
ordered sum, 2
Ordinal minimisation principle, 14

ordinal number, 11 string, 37
structure, 60

Pairing Function, 16 cardinality of, 60
parameters, 115 carrier of, 60
partial order, 1 countable, 60
partially ordered set, 1 domain of, 60
poset, 1 elementary equivalent, 123
poset embedding, 5 expansion of, 106
poset-homomorphism, 5 finite, 60
power set, 2 infinite, 60
predicate symbol, 35 isomorphic, 123
prenex normal form, 96 reduct of, 106
Prenex Normal Form Theorem, 97 restriction to a sublanguage, 106
product of two partially ordered sets, 2 size of, 60
proof, 79 uncountable, 60

in Propositional Logic, 86 universe of, 60

of ¢, 79 subformula, 28, 44
Propositional Axiom, 86 sublanguage, 106
propositional formula, 75 subposet, 2
propositional letters, 75 substitution, 47

propositional tautology, 75

substring, 37
propositions, 75

substructure, 125
proves, 79 subterm, 40, 49

in Propositional Logic, 86 successor of a, 11
successor ordinal, 13
supremum, 3
symbol, 35
reduct of a structure, 106 system of witnesses, 104

quantifier free, 41
quantifiers, 43
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Tarski-Vaught Test, 127
tautology
of Predicate Logic, 77
of Propositional Logic, 75
term, 26, 37
closed, 38
constant, 38
term algebra, 101
term algebra of a formula, 101
terminal segment, 37
terminal substring, 37
Theorem of Bernstein, 15
Theorems
Compactness Theorem, 94
Completeness Theorem, 94, 114
Deduction Theorem, 83
Generalisation Theorem, 84
Lemma of Zorn, 7
Ordinal minimisation principle, 14
Prenex Normal Form Theorem, 97
Rigidity of well ordered sets, 9
Size of arbitrary unions, 19
Size of products, 17
Size of the power set, 16
Skolem-Léwenheim downwards, 125, 128
Skolem-Léwenheim upwards, 125, 130
Soundness Theorem, 82
Tarski-Vaught Test, 127
Theorem of Bernstein, 15
Unique Readability Theorem
for formulas, 42, 53
for terms, 40, 49
Well ordering principle, 8
theory, 92
of a structure, 92
theory of .#, 92
totality axiom, 1
totally ordered set, 1
transfinte induction, 133
transitive set, 11
trivial partial order, 1

unary, 35
uncountable
alphabet, 35
language, 41
structure, 60
Unique Readability Theorem
for formulas, 42, 53
for terms, 40, 49
universe, 30
universe (of a poset), 1

universe of a structure, 60
upper bound, 3

valuation, 64
variable, 35
bound occurrence, 45
free, 45
free occurrence, 45
von Neumann hierarchy of sets, 133

well ordered set, 6
Well ordering principle, 8

Zermelo-Fraenkel Set Theory, 120
ZF, Zermelo-Fraenkel Set Theory, 120
ZFC, 121
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