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2 MARCUS TRESSL

Literature related to this course:

(1) The main reference for Differential Algebra is [Kolchil973], but we only need
a small fragment of this book in a special case.

(2) More suitable references for our course are [Kaplanl1957|, [Ritt1950],
[MaMePi1996, Chapter II] and [Poizat2000, Sections 6.2].

(3) For (linear) differential Galois Theory, principal resources are [vdPSin2003],
[CreHaj2011] and [Magid1994].
Other resources are [Poizat1983], [Pillay1998|, [Pillay2004], [Pillay2009],
[Kolchi1953], [Kolchil985] [Cassid1972], and [Pommar1983].

(4) A principal resource for differential algebraic geometry is [Buium1994].

(5) For applications of derivations in classical algebraic geometry, see [Kunz1986].

(6) Background on derivations of non-commutative rings may be found in
[Bourbal989, Chapter 1]

1. DIFFERENTIAL ALGEBRA

By a ring in this chapter we mean a unital, associative and commutative ring.
Furthermore, ringhomomorphism are unital.

1.1. Commutative Differential Rings.

1.1.1. Definition. Let A be a ring. A map d: A — A is called a derivation if
it satisfies

d(a+b) =d(a) +d(b) (Additivity), and
d(a-b) = d(a)-b+ a-d(b) (Leibniz rule),

for all a,b € A. The pair (A,d) is then called a differential ring. We will also
write a’ instead of d(a) and call it the derivative of a (for d). If n € Ny =
{0,1,2,3,...} we write d*(a) = a(™ for the n'* derivative of a, hence d°(a) = a
and d"*1(a) = d(d"(a)). A differential field is a differential ring (A4, d) where A is
a field. Similarly differential domains, differential valuation rings etc. are defined.

1.1.2. Definition. Let (A4,d) and (B,d) be differential rings. A differential
homomorphism (A,d) — (B,0) is a ring homomorphism h : A — B (in
particular h(1) = 1) that preserves the derivations; hence h(d(a)) = 9(h(a)) for all
a€ A. If AC B and h is the inclusion map A < B, then h is differential, just if d
is the restriction of 0 to A and in this case (A, d) is called a differential subring
of (B, 0).

Clearly, for a differential homomorphism h : (A,d) — (B, 9), the image h(A)
is closed under 9 and so h(A) is (or ’carries’) a differential subring of (B, 9).

1.1.3. Arbitrary intersections of differential subrings of a differential ring (A, d)
are again differential and therefore every subset S of A is contained in a smallest
differential subring. This ring is called the differential subring generated by S
(in A) and we see from the Leibniz rule that it is equal to the subring of A generated
by SUd(S)Ud?*(S)U....

1.1.4. Definition. Let A = (A, d) be a differential ring. An element ¢ € A with
d(c) = 0 is called a constant. Clearly the set C' of all constants is a differential
subring of A and d: A — A is a C-module homomorphism.
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1.1.5. Examples.

(i)
(i)

(iii)

For any ring A, the map A — A that is constantly zero obviously is a
derivation, called the trivial derivation of A.

If U C Ris open then the ring C*°(U) of all infinitely many times differentiable
functions U — R is a differential ring with respect to the standard derivation.
Notice that C°°(U) is not a domain, e.g. the function f : R — R defined by
f(t)=e"7 for t > 0and f(t) =0 for t < 0 is in C®(R) with f(¢)-f(—t) =0
and f(t), f(—t) # 0.

Similarly, if U C C is open then the ring C*(U) of all holomorphic (i.e.,
complex differentiable) functions U — € becomes a differential ring with
respect to the standard derivation. If U is connected, then C*(U) is a domain
by the identity theorem of complex analysis.

In both examples, the constants of the differential ring are the constant
functions.

Let R be a ring. For a power series f = ro + rit +r2t* +r3t® +... € R[[t]] in
one variable over R we define

d
&f:T1+2T2t+37"3t2+....

Straightforward checking shows that d(f) := < f defines a derivation of R[[t]]
- sometimes referred to as the standard derivation - and we obtain a dif-

ferential ring (R][[t]], %).[1]

Let R = (R,”) be a differential ring. For a power series f = rq+ rit + rot? +
r3t3 + ... € R[[t]] in one variable over R we define

O(f) =y +rit +rht> +ritd + ...

Straightforward checking shows that O defines a derivation of R[[t]] and we
obtain a differential ring (R[[t]], ).

A situation where this derivation occurs “naturally" is when R =
(R[[z]], L), so R[[t]] = R[[z,#]] and 0 is defined by taking partial derivatives
of powerseries f(x,t) with respect to .

Restricting the derivations in (iii) and (iv) to polynomials, defines the differ-
ential subrings rings (R[t], &) and (R[t],d).

Hence the passage from (R,d) to (R]t],0) introduces a new constant t. A
natural example of such differential ring is given by partial derivatives similar
to the example in (iv). Another example is given by R = (Q[z], &), where
the role of t is taken by a transcendental number, say e: Here (R][t],0) is
isomorphic to (Q[z, €], ) and e is a new constant.

Another source of derivations comes from Lie-Algebra and in fact we will see
in 3.1.7 that every (non-trivial) derivation d : A — A is of the following form:
There is a (necessarily non-commutative) ring A containing A as a subring,
and some A € A such that for all a € A we have d(a) = A-a — a-A.

[1Recall that DSonTat™ > sat™ =30 (O < ThSn—k)t".
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1.1.6. Structure of derivations Let A be a ring.
(i) If d,6 are derivations of A, then so are d + § and a-d for any a € A: Hence
with these operations, the set of all derivations of A is an A-module.
(ii) Another important operation supported by derivations is the Lie bracket: If
d,é are derivations of A, then the Lie bracket [d,d]= do d — § o d is again a
derivation of A.

Proof. (1) Additivity is clear in both cases; for the Leibniz rule we verify (d +
O)(xy) = d(x)y + z-d(y) + 6(x)-y + 2-6(y) = (d + 0)(x)y + z-(d + 0)(y), and
(a-d)(zy) = a-d(x)y + a-z-d(y) = a-d(z)y + z-a-d(y) = (a-d)(x)y + 2-(a-d)(y)
(using commutativity of A).

(ii) Clearly dod — 6 o d is additive. Take x,y € A. Then

(dod —dod)(zy) = d(6(x)y + x6(y)) — 6(d(z)y + zd(y))
=d(0(x))y + (x)d(y) + d(z)d(y) + zdd(y)
—6(d(z))y — d(x)d(y) — d(x)d(y) — zd(d(y))
= d(6(z))y + zdd(y) — 6(d(x))y — zé(d(y))
=(dod—dod)(z)y+z(dod—dod)(y).

(]

1.1.7. Proposition. Let (R,dy) be a differential ring. If T is a set of indeter-
minates over R and f; € R[T)] for each t € T, then there is a unique derivation
d: R[T] — R[T] that extends dy and that satisfies d(t) = fi for allt € T. Explic-
itly, for g € R[T] we have

" g
d(g) =g "’;ft o
where g* is the polynomial obtained from g by replacing its coefficients with their
derivatives for dy. (Note that the formula really is the Leibniz rule with the standard
chain rule where we think of the t € T as functions, e.g. d(r-t3-t3) = do(r)t3ts +
r2t1d(ty)t3 + 3rt3t3-d(t2).)
Remark: If R is a field, the proposition can be significantly strengthened, see
2.1.6.

Proof. Uniqueness is clear, since R[T is generated as a ring by RUT'. For existence,
let & : R[T] — R[T] be the derivation from 1.1.5(v) for the coefficient ring
R[T\ {t}].”) By 1.1.6, for any finite set F' C T, the map dr = Y, f+-< is again

a derivation of R[T] and we define
d(g) = dr(g)

for any finite F' C T with ¢ € R[F]. This is well defined because for all finite
E C F C T with g € R[E] we have dg(g) = dp(g). For additivity and the
Leibniz rule of d, take g,h € R[T] and let F' C T' be finite with g,h € R[F].
Then additivity and the Leibniz rule for dp show that d(f + g) = d(f) + d(g) and
d(fg) = d(f)g + fd(g). N

Hence d is a derivation of R[T] that is trivial on R and satisfies d(t) = f;. Finally,
the map 0 that sends g to g* is also a derivation of R[T] by iteration of the case of

[2]Normally one would write % instead of % and we will also do so in the future.
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one transcendental element, see 1.1.5(v), or just by straightforward checking. Now
d = 0 + d has the required properties. ([

To name a natural example of 1.1.7: Let R = C equipped with the trivial derivation.
Let d be the derivation of R[t1, 5] that is trivial on R with d(¢;) = 1 and d(t2) = to.

Then (R[t1,ts],d) is isomorphic to (Clz, e*], %).

1.1.8. Definition. Let A = (A, d) be a differential ring. A subsets I of A is called
a differential ideal if I is an ideal of A (in particular 0 € A) with d(I) C I.
Clearly every subset Z of A is contained in a smallest differential ideal of A. We
write [Z] for this ideal and see from the Leibniz rule that it the ideal generated in
Aby ZUd(Z)Ud?(Z)U.... If I is a differential ideal and a prime ideal, or a radical
ideal of A, then I is called a differential prime ideal, or a radical differential
ideal.

1.1.9. Observation. Let A = (A,d) be a differential ring.

(i) If I is a differential ideal of A, then there is a unique derivation 6 : A/T —
A/I making the diagram

A—4 4

L

AT —2 AJI

commutative. Uniqueness is clear and as I is differential we may define § by
0(a+1) =d(a)+ 1. Additivity and the Leibniz rule readily transfer from d to
0

(i) It follows from (i) that the differential ideals of A are precisely the kernels of
differential homomorphisms A — B to differential rings.

(iii) Preimages of differential ideals under differential ringhomomorphisms are
again differential.

For example, in the differential ring A = (R[t},t-%), the ideal (t?) is differential
and the ring of dual numbers R[t]/(t?) is a differential ring satisfying (a + bt)’ = b.

1.1.10. Localization Let A = (A,d) be a differential ring and let S C A be
multiplicatively closed with 1 € S. Let S™'A be the localization of A at S and let
ts: A — ST1A be the natural map sending a to 1(a) = %.[3]

Then there is a unique derivation § : ST'A — S™'A making the diagram

A—9d

[P
S71A 2 5714
commutative. Explicitly we have
d(a)s — ad(s)
52 ’

5(%) =

a
S

[3]Recall from commutative algebra that S™'A is defined as A x S modulo the equivalence
relation (a,s) ~ (b,t) <= 3Ir € S : r-(at —bs) = 0. Equivalence classes are denoted by ¢
and the ring operations are (well) defined by % + % = %tbs and %% = ‘;—i’. Also recall that

ts : A — S~1A is the unique homomorphism with the property that every homomorphism
h: A — B with h(S) C B* (the units of B) factors through ¢g.



6 MARCUS TRESSL

Proof. We first show that 0 is well defined. So assume 7-(at — bs) = 0 with r, s, t €
S. Taking derivatives gives d(r)(at — bs) + r(d(a)t + ad(t) — d(b)s — bd(s)) =
0. Multiplication with r gives r%(d(a)t + ad(t) — d(b)s — bd(s)) = 0 and further
multiplication with s-t shows

0

r2(sd(a)t? + sad(t)t — d(b)s*t — bd(s)st)
r2(sd(a)t* — d(b)s?t) + r(ratsd(t) — rbsd(s)t)
r?(sd(a)t? — d(b)s*t) + r(rbs?d(t) — rad(s)t?), since rat = rbs

=7r? (tQ(d(a)s —ad(s)) — s*(d(b)t — bd(t))).

Consequently d(a)ss}ad(s) = d(b)t;bd(t) and so § is well-defined.
It is straightforward to check that ¢ is a derivation. Uniqueness follows from the
requirement §(%-1) = @ = 0, which implies §(1) = %@. O

For example, if A = (A,") is a differential domain, then there is a unique extension
d of ' to a derivation of the fraction field of A. Prominent differential fields are:
K(t), K((t)) with derivations extending those from R|[t], R[[t]] in examples 1.1.5,
as well as the differential field .#(U) of meromorphic functions U — C for some
open connected set U C C.

1.1.11. Derivations on Laurent series Let R = (R, dp) be a differential ring and
let R((t)) be the Laurent series ring over R, which may be defined as the local-
ization R([t]]; of R[[t]] at ¢, or directly as the ring of all Laurent series ) -, rnt",
k € Z, a, € R with the natural addition and multiplication. So we consider R[[t]]
as a subring of R((t)). Let R[t,t7!] := R[t]; be the subring of R((t)) of Laurent
polynomials.

(i) By 1.1.10, the derivations 0 and % of R[[t]] from 1.1.5(iii),(iv) extend uniquely
to derivations of R((t)) such that the natural map R[[t]] — R((t)) are differ-
ential. We write 0, & again for this derivation of R((t)) and obviously

’ dt
8(2 rat’t) = Z do(rp)t",
n>k n>k
d 7 n—1 [4
E(Z rat") = Z nr,t" 114
n>k n>k

(i) By 1.1.6, for each f € R((t)) the map d := 9 + f-& is a derivation of R((t))
extending dy with the property d(t) = f.

(iii) If f € R[t,t!], then there is a unique derivation & of R[t,t~!] extending do
with the property §(¢) = f. Uniqueness is clear and for existence we may take
§ to be the restriction of 0 + f- to R[t,t™1].

Warning: The standard derivation d = . of R[[t]] is not the unique derivation of
R][t] satistying d(t) = 1 and d(r) = 0 for all r € R.
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We conclude this section by recording

1.1.12. Higher Leibniz rule. If A = (A,d) is a differential ring, then for all
ai,...,a, € A and every v € INy we have

v _ Z V! k1 K [5]
d (al-...-an)— md (al)d (Cln).
ki+...+kn=v
When n = 2 the formula reads as
V!
v b) = k v—k )
) = 3 g @ o)

Proof. This is straightforward by induction on v. O

[5INotice that this formula is also correct when the characteristic of the ring is # 0. The
coefficients in the formula are integers, or merely the value of that integer after application of the
natural map Z — A.
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1.2. Principal differential ideals in differential polynomial rings.

1.2.1. Definition of the differential polynomial ring. Let A = (A)) be a
differential ring and let T be a nonempty set. We define the differential polyno-
mial ring over A in the differential variables T, denoted by A{T}, as follows. For
each t € T, choose a countable family {t(¢) | i € INo} of indeterminates over A with
t(0) = t, such that the family (¢(i) | ¢ € T,i > 0) is algebraically independent over
A. Then as aring, A{T}is A[t(i) | t € T,i € Ng]. By 1.1.7 there is a unique deriva-
tion d on A{T} that extends the given derivation on A satisfying d(¢(i)) = t(i + 1)
for all i > 0 and every t € T. Hence A{T} = A[t,d(t),d*(t),... | t € T]. Then
(A{T},d) is the differential polynomial ring over A in the differential variables from
T. If T is finite, T = {t1,...,t,} we just write A{ty,...,t,}.

1.2.2. Explicit computation of derivatives in A{T'}. In the situation of 1.2.1,
if P € A{T}, then

d(P)=P*+ Y d(t) 0 P,

, ot(7)
i>0,teT
where P* is the polynomial obtained from P by taking derivatives of coefficients.
Notice that the sum is finite, because only finitely many of the ¢(i) occur in P. If
T = {t} is a singleton, then

; 0
d(P) = P* A (t) = P.
(P) =P + a0 5

1.2.3. Proposition. If B is another differential ring and ¢ : A — B is a dif-
ferential ring homomorphism, then for every choice of by € B (t € T) there is a
unique differential homomorphism A{T} — B extending ¢ and mapping t to b,
forallt €T.

Hence A{T} indeed is the free differential ring over A in the set T, as instigated

by the term “differential polynomial ring”.
IfT = {t1,...,tn} and P € A{t1,...,t,} we write P(by,...,by) instead of Y(P).

Proof. Uniqueness is clear. For existence let ¢ : A{T} — B be the ring homo-

morphism extending ¢ satisfying ¢ (d"(t)) = bg”) for t € T, n > 0. It suffices to
show that v is differential. Using 1.2.2, this says that for P € A{T'}, the derivative
of Y(P) in B is

0

VAP = 9P+ 3 b P).
i>0,teT
This follows easily from the additivity and the higher Leibniz rule 1.1.12 for the
derivation of B. O

We will now have a closer look at the structure of differential polynomials in one
differential variable x. We will just write P’ for the derivative of P € A{x}.

1.2.4. Definition. Let A be a differential ring and let P € A{z} \ A. Then there
is a smallest n € INg with P € Afz,2/,...,z("™], which is called the order of P and
we write ord(P) = n. The degree deg(P) of P is the degree of P when viewed
as a polynomial in (™. The separant of P is defined as the derivative of P with
respect to the variable 2(™):

0
= ge

S(P)
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The leader of P is the coefficient of P at ((™)d°8(F) when P is considered as a
polynomial in 2("™). We write L(P) for the leader of P and notice that ord(L(P)) <
ord(P). If a € A\ {0} then we define ord(a) = —1,deg(a) = 0 and S(a) = 0.
Further we set ord(0) = oo, deg(0) = —oo and S(0) = 1.

1.2.5. Higher derivatives of polynomials. Let P € A{z} \ A and let n =
ord(P). Using 1.2.2 we see that for each k > 1, there is a unique polynomial
P € A{x} with

P®) = §(P)z"**) 4 P, and ord(P,) < n + k.
We see that ord(P®*)) = ord(P)+k, deg(P*)) = 1 and S(P®)) = L(P®*)) = S(P).

1.2.6. Construction of the weakly reduced remainder. Let A be a differential
ring and let P € A{z}. Given F € A{x} we now construct a polynomial Q € A{x}
such that

S(P)™F = Qmod [P] and ord(Q) < ord(P)

for some m > 0. This polynomial is called the weakly reduced remainder of F’
for P.

If P € A, then we take Q@ = P and m = 1. Hence we may assume that P €
A{z}\ Aand n =ord(P) > 0. If F = 0 or ord(F') < n then we take Q@ = F. Hence
we may assume that ord(F) = n+k > n. Then F = Y"  F;-(z("*k)? for some
m > 1 and some polynomials F; € A[z,z’,...,z("T*=1]. By 1.2.5, S(P)-z("+*) =
— P, mod [P] and ord(Py) < n + k. Then

S(P)™-F = F;-S(P)™*(S(P)z™ ™))" and with
=0

F =Y F-S(P)" " (~P)’
1=0

We see that S(P)™F = Fmod [P] and ord(F) < n + k. We now may iterate the
construction of F' from F until the result @) has order < n.

1.2.7. Definition. Let A be a differential ring and let P € A{x}. We define
I(P)={F € A{z} | S(P)™-F € [P] for some m € IN}.
It is easy to check that I(P) is a differential ideal containing P. A different way of

looking at I(P) is the following: Let A{x}g(py be the localization of A{z} at the

element S(P) 1 and let ¢+ : A{z} — A{z}s(P) be the associated natural map.
Then the ideal [P]A{x} g(p) generated by ¢([P]) in A{x}g(p) is differential (because
t([P]) is closed under the derivation) and

I(P) = ([P A{z}s(p))-

The weakly reduced remainder is an instrument to solve the membership problem
for I(P): It reduces membership F' € I(P) to membership @ € [P] for polynomials
Q of order < ord(P). The latter problem is dealt with next:

[6lhence in the terminology of 1.1.10, A{z}g(p) is ST A{z} for S = {1,S8(P),S(P)?,...}.
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1.2.8. Proposition. Let A be a differential ring and let P € A{z} \ A, thus
n = ord(P) > 0. Then

I(P)NAlz,..., ™) ={Q € Alz,...,z™] | S(P)"-Q € (P) for some r € N}.

Proof. The inclusion D is clear. For the other inclusion it suffices to show by
induction on k£ > 0 the following:

If meN, Q€ I(P) with ord(Q) < n and Hy,...,H, € A{z} with
S(P)™.Q = Hy-P+ ...+ Hy-P®,
then there are 7 > 0 and some H € Az, ...,z™] with S(P)"-Q = H-P.

If k¥ = 0, then as S(P),Q,P € Alz,...,z("], we may replace the variables
(D) (2 in §(P)™.Q = Hy-P by 0 and take H = H(z,...,z(™,0,0,...).

k—1— k. We have P*) = §(P).z("*%) + P and ord(P;) < n + k. Thus
(%) S(P)™.Q = Hy-P+ ...+ Hy_1-P*~Y 4 H;-(S(P)-2"® + Py)
and by replacing the variables x("th+1) z(n+k+2) hy 0 we may assume that
H; € Alz,..., xR, Let B := Alx,...,2"*~1] and notice that P, S(P),Q € B.
Let ¢ : B[:v(”““)] — Bg(py be the B-algebra homomorphism sending 2"tk to

- S}(D }3). Applying ¢ to equation (x) gives

S(P)™-Q P p=1

(1) 1 :5(H0)'T+---+5(Hk—1)' 1

in the localization Bg(py. Choose Hy,... , Hj_, € B and some d € N with e(H;) =
for i € {0,...,k — 1}. Back in B, equation (}) says that for some | € IN we

S(P)<
have
S(P)..S(P)"*4.Q = S(P)'Hy-P + ...+ S(P) Hy,_,-P*~b.

But now we may apply induction and get the assertion. (I

1.2.9. Remark. If A is a differential domain and P € A{z} \ A with S(P) # 0,
then P does not divide S(P), because the degree of S(P) with respect to z°*4(*)
is strictly less than the degree of P.

1.2.10. Corollary. If A is a differential domain and P € A{x}\ A is primel with
S(P) # 0, then

(i) I(P) is a prime ideal of A{x}, and

(ii) I(P)NAlz,...,™] = P-Alz,...,2™)], where n = ord(P).

Proof. (ii) follows from 1.2.8 using 1.2.9.

(i). Take Fy, Fy» € A{z} with Fy-Fy € I(P). Let Q; be the weakly reduced remain-
der of F; for P, hence S(P)™-F; = Q; mod [P] for some m > 0 and ord(Q;) < n.
Then S(P)*™-F-Fy = Q1-Q2mod [P] and from Fy-Fy € I(P), [P] C I(P) we get
Q1-Q2 € I(P). However, ord(Q:-Q2) < ord(P) and so by 1.2.8 we see that P
divides S(P)"-Q1-Q2 for some r > 0. Since P is prime and P does not divide S(P)
(cf. 1.2.9), we may assume that P|Q;. But then S(P)™ F; = Q1 mod [P] shows
Fy € I(P) as required. O

[7IRecall that an element  of a ring is prime if it satisfies r|st = r|s or r|t.
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1.2.11. Construction of the reduced remainder. Let A be a differential
domain and let P € A{z}. Given F € A{z} we now construct a polynomial
G € A{z} such that

L(P)k.S(P)™.F = G mod [P] for some k,m > 0 and
G =0, or, ord(G) < ord(P), or, ord(G) = ord(P) and deg(G) < deg(P).
This polynomial is called the reduced remainder of F' for P.

Let @ be the weakly reduced remainder of F' for P. If @ = 0 or ord(Q) < ord(P),
then we may take G = (). Hence was may assume that ord(Q) = ord(P). Let K
be the fraction field of A[z,a/,...,2("1]. We now apply division with remainder
over domains and get some minimal k& € Ny and H, R € K[z(™)] with Q = H-P+R,
deg(R) < deg(P) and L(P)*-H,L(P)*-R € Alz,2',...,z(»Y]. We see that the
choice G = L(P)*-R satisfies the requirements.

1.2.12. Theorem. Let A be a differential Q-algebra and a unique factorization
domain. Then the differential prime ideals of A{x} that intersect A in {0} are
exactly the ideals I(P), where P =0 or P € A{z} \ A is irreducible.

Proof. If P = 0, then I(P) = (0) is prime, because A is a domain. If P € A{z}\ A is
irreducible, then it is prime, because A{z} is a again a unique factorization domain
(by the Lemma of Gauf$). Since Q C A we have S(P) # 0. Hence by 1.2.10, I(P)
is a differential prime ideal.

Conversely, let p C A{z} be prime with pN A = (0) and p # (0). We choose a
polynomial P € p as follows:

(a) Let n = min{ord(Q) | @ € p\ {0}}. Since pN A = (0) we know that n € INy.

(b) Let d = min{deg(Q) | @ € p\ {0},ord(Q) =n} € IN.

(c¢) Take Py € p\ {0} with ord(Py) = n and deg(Py) = d. Using that A{x} is
a unique factorization domain and p is a prime ideal, there is an irreducible
factor P of Py with P € p. Obviously ord(P) = n and deg(P) = d again.

It remains to show that p = I(P).

2. If Q € I(P) then S(P)™-Q € [P] C p for some m and by choice of P we have
S(P) ¢ p (using S(P) £ 0).

C. Let F € p and let G be the reduced remainder of F for P. Then
L(P)*.S(P)™.F = Gmod[P] for some k,m and so G € p. Now G =
0, or, ord(G) < ord(P), or, ord(G) = ord(P) and deg(G) < deg(P). Since
pN A = (0), the choice of P entails G = 0. Hence L(P)*-F € I(P). But P is
irreducible, so we know already that I(P) is prime. Since ord(L(P)) < ord(P),
1.2.10 implies L(P) ¢ I(P), thus F' € I(P). O

1.2.13. Remark.

(i) When P is not prime, the ideal I(P) can differ dramatically from the ideal [P].
For example I(2'?) = A{x} for any differential ring A, because S(z'?) = 22'.

(ii) When F is a field of characteristic p > 0, then in general there are differential
prime ideals of F{z} that are not of the form I(P) for any P. For example
if I is such that the polynomial Q = 2?° —a € F [x] is irreducible. We
equip F' with the trivial derivation. Then p = Q-F{z} is a differential prime
ideal of F{z}, but one checks easily that it cannot be of the form I(P) for
any P € F{z}. Notice: If we choose P for p as in the proof of 1.2.12, then
P = a-Q for some a € F'\ {0} and so S(P) = 0.
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1.3. The Taylor morphism.

1.3.1. Definition. Let B be a ring and let A = (A,d) be a differential ring
containing @ as a subring. Let ¢ : A — B be a ring homomorphism and let
a € A. We define

v>0

Hence we obtain a map T,: A — B[[t]], which is called the Taylor morphism of
o. If we need to specify the derivation d of A we also write T} .

1.3.2. Proposition. In the situation of 1.5.1, T, is a differential ringhomomor-
phism (A,d) — (B][t]], %), where % is the standard derivativation of Bl[t]] as in
1.1.5(iii).

g% Observe that the diagram

B[]
]

A—"— B
does in general not commute. For example, when B = A and 0 = id4. Then the
diagram commutes if and only if d is the trivial derivation.

The case when o is the identity function id4 : A — A also shows that every dif-
ferential Q-algebra is a differential subring of a power series ring with the standard
derivation: T, : (A,d) — (A[[t]], &) is an embedding of differential rings (it is
injective: consider the first coefficient of T4, (a)).

Proof. Since o and d are additive, it is clear that T, is additive. Furthermore, the
definition of 7, immediately implies that T, (d(a)) = $7T5(a). It remains to show
that T, (a-b) = T, (a)- T (b): The coefficient of T, (a)-T,(b) at t” is

o(d*(a)) a(d"*(b))
> K w—k)!

k<v

The coefficient of T, (a-b) at t” is

o(d(ab)) (X ey mpimd" (@d” ¥ (b))

)

V! V!

see 1.1.12. We see that these coefficients are equal, showing T}, (a-b) = T (a)-T5(b).
O

For f € A, one should think of 0 : A — B as valuation at some abstract “point"
o(f) and then T,(f) is the Taylor expansion of f at that point. For example, in
the case of C*°-functions U — R, if p € U and o : C*°(U) — R is the evaluation
map o(f) = f(p) at p, then T, : C°(U) — R[[t]] and T, (f) indeed is the Taylor
expansion of f about p; hence

flo+1) =T5(f)(®)

for small ¢, provided f is analytic (or a polynomial).
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1.3.3. Notation. (Keigher) Let A = (A, d) be a differential ring and let I be an ideal
of A. From the higher Leibniz rule 1.1.12 we see that

I .= {a € A| d"(a) €I for all n > 0}.
is the largest differential ideal of A contained in I.

1.3.4. Proposition. Let A be a differential Q-algebra and let I be an ideal of A.
(i) I* =ker(Ty), where 7 : A — A/I is the natural map onto the residue ring.
(i) If I is radical®, then I# is radical.

(iii) If I is a prime ideal, then I¥ is a prime ideal.

(iv) If I is a differential ideal, then

(a) Every prime ideal of A that is minimal with the property that it contains
1, is differential.

) VI=(Xp|p C A differential prime ideal with I C p}.1°" This means
the abstract Nullstellensatz of Krull holds for differential ideals.

(¢c) VT is again a differential ideal. It follows that for any S C A, the smallest

differentially radical ideal /S containing S is /[S], where [S] denotes
the differential ideal generated by S.

(v) If S C A is multiplicatively closed and I is mazimal among differential ideals
with the property that I NS =, then I is prime.

(vi) If S,T C A, then V/S-¥/T C V/S-T.
Proof. (i) is immediate from the definition of T}.
(ii). The ideal I is radical if and only if the ring A/I is reduced!'?]. But in that
case also A/I[[t]] is reduced (look at powers of the leading coefficient) and so by
(i) we see that I# = ker(T) is radical.
(iii). The ideal I is prime if and only if the ring A/I is a domain. But in that case
also A/I[[t] is a domain (look at products of leading coefficients) and so by (i) we
see that I# = ker(T}) is radical.
(iv) is a formal consequence of (iii):
(a). Let p be a prime ideal of A that is minimal with the property that it contains
I. By (iii), p7 is again prime. But p* contains I because I C p and d(I) C I. By
minimality of p we see that p# = p as required.
(b) follows from (a) together with the classical abstract Nullstellensatz of Krull.
Finally (c) is direct from (b).
(v). By Zorn’s lemma there is an ideal J of A containing I with JNS = () such that
J is maximal with this property. By classical commutative algebra, J is a prime
ideal of A. By (iii), also J# is prime. Since I is differential we get I C J#. By
maximality of I we see that I = J# is prime.

(vi). By (iv) it suffices to show that every differential prime ideal p containing S-T°
contains S or T'. However, if s € S\ p, then s-T C p implies T' C p. (]

mmeaning that a™ € I implies a € 1
[9IRecall that T = {a € A | a™ € I for some n € IN} is the smallest radical ideal containing
1

[IO]Meaning that 2™ = 0 = z = 0. This property of a ring is sometimes called semiprime
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It should be noticed that when the characteristic of the ring A is not 0, then
in general there are differential ideals I of A such that v/I is not differential. For

example the ideal (t?) is a differential ideal in (Z/pZ [t], &), but if p is prime then

V/(tP) = (t) is not differential.

Now in the proof of 1.3.4, we have shown (iii) and then proceeded by proving
implications (iii)=-(iv)(a)=-(iv)(b)=-(iv)(c). Since (iv)(c) fails in general, all the
other properties in this chain of implications also fail. Similarly (v) fails in general.
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1.4. The basis theorem of Ritt and Raudenbush.
1.4.1. Example. If K is a differential field then in general not every differential

ideal of K{z} is finitely generated as a differential ideal. An example is
[xz, x/27 (x(2))2, (l‘(g))Z’ A '}7
see [MaMePi1996, p. 43]
1.4.2. Lemma. Let A be a differential ring and a Q-algebra. Let I C A{zx} be a

radical differential ideal with I # J, where J is the differential radical of I N A in
A{z}. Choose P € I\ J as follows:

(a) Let n = min{ord(Q) | Q € I\ J}. Since I # J we know that n € Ny.

(b) Let d = min{deg(Q) | @ € I\ J,ord(Q) =n} € N.

(¢) Take P € I\ J with ord(P) =n and deg(P) = d. Write

P = L(P)-(z")" + Py,
where ord(Py) < n and deg, ) (Py) < d.

Then

(i) L(P)-S(P) ¢ I.

(ii) If I contains a prime ideal of AV, then L(P)-S(P)-1 C /J, P.
Proof. We have

0

B P
S(P) = 7833(”)]3 = d-L(P)-(m("))d Ly Eey Py, and so
L(P)-S(P) = d-L(P)?-(z™)d-1 4 L(p).%po_
x n

Claim. L(P)?> ¢ 1
Proof. Otherwise L(P) € I as [ is radical. By choice of P and ord(L(P)) < n we
get L(P) € J. Further, L(P) € I implies Py € I and again by choice of P we get
Py € J. But then P € J, a contradiction to the choice of P. o
If d =1, then
P =L(P)z"™ + Py,
where ord(Py) < n; but then S(P) = L(P) and hence L(P)-S(P) ¢ I by the claim.

Hence we may assume d > 1.  Since ord(L(P)) < mn we see that
ord(L(P)~%Po) < n and if ord(P)) = n, then degx(m(L(P)o%Pg) <

deg, ) (525 Po) < deg ) (Po) < d — 1.

Since L(P)? # 0 by the claim, and d > 1 we see that ord(L(P)-S(P)) = n and
deg(L(P)-S(P)) < d.

By choice of P we get L(P)-S(P) ¢ I, or, L(P)-S(P) € J. Assume that
L(P)-S(P) € J. Since J is closed under % we get

o541
(8x(n))d—1 (
But this contradicts the claim. Hence L(P)-S(P) ¢ I showing (i).

(ii). Now assume that there is a prime ideal p of A with p C I. By 1.3.4(iii) we know
that p# C p is again prime, hence we may assume that p is a differential prime ideal.
Let m: A{z} - (A/p){x} be the differential homomorphism extending A — A/p

J> L(P)-S(P)) = d\-L(P)?.

Mpor example if A is a domain, or if I N A itself is prime
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and sending x to x. Notice that 7 commutes with % for all k > 0, and ker(w) C J
(using p C I'N A). Since L(P) ¢ I by (i) we know that w(L(P)) # 0, which implies
w(L(P)) = L(w(P)), ord(w(P)) = n, deg(n(P)) = d and w(S(P)) = S(w(P)).

Now take F' € I and let H € A/p{z} be the reduced remainder of 7(F') for
7w(P). (Since A/p is a domain, 1.2.11 is applicable.) Hence H = 0, or ord(H) < n,
or ord(H) = n and deg(H) < d. Take a preimage G € A{x} of H under m with
G =0, or ord(G) < n, or ord(G) = n and deg(G) < d. Then for some k,m > 0 we
see that

L(P)*.S(P)™.F = Gmod [P] + ker(r).
Since P and ker(7) are in I we get G € I. However, by the choice of P this is only
possible if G € J. It follows that (L(P)-S(P)-F)* € {/ker(m), P C /J, P for some
a >0 and so L(P)-S(P)-F € /J,P. O

1.4.3. Ritt-Raudenbush Let A be a differential Q-algebra such that every dif-
ferentially radical ideal is finitely generated as such.' Then also A{z} has this
property.

Proof. Otherwise, use Zorn and take a maximal differentially radical ideal I that
is not of the form V/E for any finite E C A{z}. Then I is prime: If a,b ¢ I,
then by maximality of I we easily find a finite set £ C I with &/I,a = ¥/F,a and
YT, b= /E,b. Since I is differentially radical we get I C V/T-1 C /VE,a-/E,b C
/E,ab using 1.3.4(vi). But then ab ¢ I, otherwise /E,ab C I and so I = /E, ab
in contradiction to the choice of I.

Let J be the differential radical ideal of A{z} generated by INA. By assumption
on A there is a finite subset Fy C I'N A such that J = {/Ep (in A{x}). From J C [
we know that TN A = JNA. Take P € I\ J as in 1.4.2. Hence, as I N A is prime we
know that L(P)-S(P) ¢ I and L(P)-S(P)-I C /J, P. By maximality of I, there is
a finite set £ C I such that /I, L(P)-S(P) = {/E,L(P)-S(P). Now

IcVIic {l/f. {/1,L(P)-S(P)
= </I~\d/E L(P)-S(P) by choice of E,
C YI-(E,L(P)-S(P)) by 1.3.4(vi)
C Y1.E,I.L(P)-S(P) C YE,I-L(P)-S(P)

C {E,J.P

clr
Hence I = /E,J,P = {/F, Ey, P is the differential radical of a finite set. This
contradicts the choice of I. O

[121Equiva1ent1y: There is no infinite chain of strictly increasing differentially radical ideals
ISl CI3C
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2. DIFFERENTIALLY CLOSED FIELDS

We will now restrict ourselves to rings and fields containing Q.

2.1. Quantifier elimination.

2.1.1. Definition. (Leonore Blum)
A differentially closed field (of characteristic 0, in one derivation) is a differential
field M such that for all P,Q € M{z} \ {0} with ord(Q) < ord(P) there is some
a € M with P(a) =0 & Q(a) # 0.

Observe that every DCF is algebraically closed (set Q = 1)

2.1.2. Definition. Let .%; = {4+, —,,0,1} be the language of rings and let .%;(d)
be the language obtained from .%}; by adding a unary function symbol. Obviously,
the class of differential fields of characteristic 0 is first order axiomatisable in .%;;(d)
and we denote its theory by DF. Furthermore, the class of differentially closed field
is axiomatisable and we denote its theory by DCF.

2.1.3. Theorem. The theory DCF is the modelcompletion of the theory DF. Fur-
thermore, DCF has quantifier elimination and DCF is complete.

Proof. Obviously, the ring Z with the trivial derivation is a common substructure
of all differential fields. Hence completeness of DCF follows from quantifier elimi-
nation. Since DCF is an extension of DF we only need to show two things:

(a) Every differential field can be embedded into a differentially closed field, and
(b) DCF has quantifier elimination.

Proof of (a). Since DF is V3-axiomatised, every differential field is contained in an
existentially closed differential field M. We show that M is a DCF:

Take P,@Q € M{x}\{0} with ord(Q) < ord(P) and let P; be an irreducible factor
of P of order ord(P). By 1.2.12, I(P) is a differential prime ideal of M {z} and by
1.2.10, I(Py) contains no polynomial of order < ord(P) and so Q ¢ I(Py). It follows
that the residue class of the variable x in M{xz}/I(P;) is a differential solution of
P=0& Q #0. Since M{z}/I(P1) is a differential domain it is contained in a
differential field. Hence the system P = 0 & @ # 0 has a differential solution in a
differential field containing M. Since M is an existentially closed DF, there must
also be such a solution in M. This shows that M is a DCF. o
Proof of (b). We use the Shoenfield-Blum test, by which it suffices to solve the
following embedding problem: Let M, N = DCF and suppose N is X;-saturated.
Let A be a common differentially finitely generated subring of M, N. If a € M,
then there is a differential embedding A{a} — N over A, where A{a} is the
differential subring of M generated by A U {a}. Firstly, the field generated by A
in M and in N are isomorphic by a unique isomorphism and this isomorphism is
differential. Hence we may replace A by its fraction field F' and work over F. Let
p ={Q € F{z} | Q(a) = 0} be the differential ideal of vanishing of a. Clearly
p is a differential prime ideal of F{z}. By 1.2.12, either p = (0), or there is an
irreducible polynomial P(z) € F{x} with p = I(P).

Let T be the following set of .Z;;(d)-formulas with parameters in F:
I'={P(z) =0} U{Q(z) # 0 | ord(Q) < ord(P)},
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where we set ord(P) = oo if P = 0. Since N is a DCF, T is finitely realizable in N.
Since F' is countable and NV is Nj-saturated, there is a common realization 3 of all
formulas in I'. Let ¢ = {Q € F{z} | Q(8) = 0}. If p = (0), then also q = (0). If
P # 0, then take Q € F{z} irreducible with q = I(Q). By definition of T" we know
that ord(Q) = ord(P). Since P € q = I(Q) we know from 1.2.10 that @ divides P.
Since P is irreducible this implies P|Q. As F{z} is factorial, this is only possible
if P = a-Q for some unit a € F. Then S(Q) = a-S(P) as well and so I(P) = I(Q),
ie. p=gq.

So we know p = ¢ in either case. But then F{a} 2r F{z}/p = F{z}/q 2F
F{p}, solving our embedding problem. o

This establishes the theorem. O

2.1.4. Towards the construction of “concrete" DCFs No very concrete DCF
is known. However it is known that there are DCFs in the ring of germs of meromor-
phic functions over the complex numbers at 0 by applying Seidenberg’s embedding
theorem, cf. [Seiden1958a, Seiden1958b]; however this is an existence theorem only.
Algebraically it is possible to construct a model of DCF, using a countable iteration
of power series fields together with a twisted version of the Taylor morphism, cf.
[LeSTre2020b, Examples 5.2].

Before exploiting 2.1.3 in the next sections we use it for a general extension property
of derivations of fields, see 2.1.6 and 2.1.7.

2.1.5. Observation. Let L = (L,0) be a differential field and let K C L be a (not
necessarily differential) subfield of L. If B € L is algebraic over K with minimal
polynomial f(x) = ¥ + ap_12* "1+ ... +ag € K[z], k > 1, then by applying & to
f(B) =0 we see that

ap—1)B "+ ... aq a
) 6(5):—5( k—1)8 +df + 6(a1)B + 4( 0).
3z (B)

(Notice that the denominator here is nonzero by choice of f.) Consequently, if K
denotes the algebraic closure of K in L, then:

(i) The restriction 6|z : K — L of ¢ is uniquely determined by its restriction
5|K K — L to K.
(i) If K is a differential subfield of L, i.e. §(K) C K, then
(a) K is a differential subfield of L.
(b) The constant field of K is the algebraic closure of the constant field of
K in L. This can be read off (x) as follows: If all a; are constants, then
by (x), also B is a constant; conversely, if 6(8) = 0, then by choice of f,
using 0(K) C K, we must have §(a;) = 0 for all i and so B is algebraic
over the field of constants of K (with minimal polynomial f).

2.1.6. Proposition. Let K C L be fields and let d : K — K be a derivation. Let
T C L be a transcendence basis of L over K and fort € T let by € L. Then there
is a unique derivation 6 of L extending d such that §(t) = by for allt € T.

In particular, if L is algebraic over K, then there is a unique derivation of L
extending d.

Proof. For uniqueness note first that § is obviously uniquely determined on K(T')
by the requirements 6| = d and 6(t) = by, t € T. Since L is algebraic over K (T')
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we may apply 2.1.5(i), which implies that there can then only be one derivation on
L satisfying these requirements.
For existence we first do the case when T' = ():
Claim. If L/K is algebraic, then d has a unique extension to a derivation on L.
Proof. Uniqueness follows from 2.1.5(i). For existence we apply 2.1.3 to find some
DCF M extending K. Then M is algebraically closed and as L/K is algebraic we
may assume that L C M as a field. By 2.1.5(i)(a), the derivation of M restricts to
a derivation of L. o
Now we show the proposition. Let d be the unique derivation of K(T') extending
d which satisfies 9(¢t) = 0 for all ¢t € T. By the claim, 0 can be extended to
a derivation of L, which we denote by O again. Similarly, for each ¢t € T, the
d

derivation {; of K(T') has an extension d; to L. We will now proceed as in the

proof of 1.1.7. For g € L we define

5(g) = 0(g) + > bi-di(g).
teT
We need to check that the sum is finite: Let £ C T be finite such that g is algebraic
over K(E). If t € T'\ E, then d(g) = 0, because d; vanishes on K(E) and so also
vanishes on ¢ by the claim. Hence d(g) is well defined. It follows easily from 1.1.6
that ¢ is a derivation on L. Clearly § extends d and satisfies 6(t) = b, for all
teT. O

2.1.7. Corollary. Let L be a field and let A be a subring of L. Let d: A — L be
a derivation (i.e. d(a+0b) = d(a)+d(b) and d(ab) = ad(b) +d(a)b for all a,b € A).
Then there is a derivation 6 of L extending d.

Proof. Let K C L be the fraction field of A. It is straightforward to check that
d extends to a derivation K — L by defining d(%) = M (just follow the
proof of 1.1.10 verbatim). We may thus assume that A = K is a field.

Let T be a transcendence basis of K (over Q). By 2.1.6 there is a derivation §
of L with §(¢t) = d(¢) for all ¢ € T. Then K is algebraic over Q(T") and one checks
easily that the formula (%) in 2.1.5 for ¢ is also valid for d instead of §. Since ¢
extends d on Q(T") we then see from that formula that ¢ also extends d. O
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2.2. Differential spectrum, Kolchin topology and differential Nullstellen-
satz.

2.2.1. The differential spectrum Let A be a differential ring.
(i) The differential spectrum of A is the topological space with base set

Sped(A) = {p C A | p differential prime ideal}

equipped with the Kolchin topology, whose closed sets are the sets V0 (Z) =
{p € Sped(A) | Z C p}, where Z ranges over subsets of A. The closed sets in
this topology are called Kolchin closed.

Notice that [)ic; VO(Z) = V(U,e; Z0) and VO(Z)) U VO(Zy) =
V%(Zy1-Z3), hence the V?(Z) indeed form the closed sets of a topology.

(ii) If S C Sped(A) we define I°(S) = ﬂpesp and call it the differential van-
ishing ideal of S.

(iii) If p,q € Sped(A), then p C q if and only if q is in the closure of the set {p}
(which is equal of V°(p)); we also say p specializes to q.

(iv) As in the classical case, the assignments Z ~ V?(Z), S — I°(S) form a
Galois connection V° : P(A) — P(Sped(A)), I° : P(Sped(A4)) — P(A)
between the powerset of A and the powerset of Sped(A). This means that
both assignments are inclusion reversing and S C V°(1°(S)), Z C I°(V?(Z)).
It follows that V°(1°(S)) is the Kolchin closure of S and I°(V%(Z)) = ¥/Z is
the differentially radical ideal generated by Z. see 1.3.4(iv).

(v) The Galois connection restricts to an inclusion-reversing bijection between
Kolchin closed subsets and differentially radical ideals.

(vi) The Galois connection restricts to a inclusion reversing bijection between dif-
ferential prime ideals and nonempty, irreducible and closed subsets of Sped(A).

(vii) Since V°(S) = Sped(A) N V(S), the inclusion map Sped(A) < Spec(A) is a

homeomorphism onto its image.!'”!

A first consequence of theorem 2.1.3 is:

2.2.2. Corollary. If M is a differentially closed field and K C M is a differential
subfield, x = (x1,...,x,), then the map

7 Sp(M, K) — Sped(K{xz})
pr—A{f € K{z} | f(z) =0 € p}

is a bijection.'¥ The map 7 is continuous, but is not a homeomorphism, because
S, (M, K) is Hausdorff and Sped(K {z}) is not.I*"!

Proof. The map is injective, because for p # g € S, (M, K) there is a quantifier
free formula with parameters in K distinguishing them (use quantifier elimination
in 2.1.3). Since all such formulas are Boolean combinations of formulas of the form

[13]For readers who know the terminology: Sped(A) is a spectral subspace of Spec(A), in
particular Sped(A) is itself a spectral space. See [DiScTr2019, Section 1.1]

[14]Here, Sn(M, K) is the set of all n-types of M over K, hence the Stone space of the Tarski-
Lindenbaum algebra of all formulas ¢(z1,...,2n) in the language .%;i(d)(K) of differential rings
with parameters from K, modulo the theory of (M, K).

[15]However, m is a homeomorphism if we equip Sped(K{z}) with the so-called constructible
topology (aka patch topology), having the sets VO (f) N D%(g), f,g € K{z} as a subbasis of open
sets; here D?(g) = Sped(K{z}) \ V¥(g). See [DiScTr2019, Section 1.3]



INTRODUCTION TO THE MODEL THEORY OF DIFFERENTIAL FIELDS 21

f(x) =0, f € K{z}, there must be a formula of the form f(z) = 0 distinguishing
them.

For surjectivity of w, take p € Sped(K{z}). Since every differential domain
embeds into a DCF by 2.1.3, there is a differentially closed field N extending the
differential domain K{x}/p. By quantifier elimination for DCF, M and N are
elementary over K, in particular S, (M, K) = S, (N, K). Let p be the type over K
that is realized by (z1 +p,..., 2, +p) in N™. One checks easily that p is mapped
to p by m. (]

2.2.3. The Kolchin topology in the geometric context Let K be a differential
field, let n € IN and set © = (x1,...,2,). For a € K™, the kernel t(a) of the
differential evaluation map ev, : K{z} — K at a is a maximal ideal of K{z} and
a differential ideal. We obtain a map ¢ : K™ — Sped(K{z}), which is obviously
injective. If we identify K™ with the image of ¢, the Kolchin topology restricts to a
topology on K™ which is called the Kolchin topology on K". The closed sets are
the common differential zero sets of sets of differential polynomials in n differential
variables (because V?(Z) N K™ is the common zero set of all f € Z).

A consequence of the Ritt-Raudenbush basis theorem 1.4.3 is

2.2.4. Corollary. For any differential field K the Kolchin topology of Sped(K{x}),
x = (x1,...,x,) is Noetherian, i.e., there is no infinite strictly ascending chain
of closed sets A1 D Ay D Az D ...

Since K™ is a subspace of Sped(K{z}), the Kolchin topology of K™ is Noetherian,
too.

Proof. Since there is no infinite strictly increasing chain of differentially radical
idealsin K{z1,...,z,} by Ritt-Raudenbush 1.4.3, the Galois connection in 2.2.1(vi)
shows that the Kolchin topology of Sped(K{z}) is Noetherian. O

2.2.5. Differential Nullstellensatz

Let M be a DCF and let I C M{z}, v = (x1,...,2,) be a differential ideal. Let
V() = {a € M™ | f(a) = 0 for all f € I} (in the setup of 2.2.3, Vp(I) =
VO(I)n M™). Then

VI ={feM{z}| f vanishes on Vo (I)}.

Proof. Only the inclusion D needs a proof. Take f € M{z} \ VI. By 1.3.4(iv) we
know that there is a differential prime ideal p of M{z} containing I with f ¢ p.
By the Ritt-Raudenbush theorem 1.4.3 there is a finite set £ C p such that p =
VE. Now in the differential domain M{xz}/p, the n-tuple (z1 +p,..., 2, +p) is
a differential zero of all polynomials in p, which is not a zero of f. Since M is a
DCEF, it is existentially closed in M{z}/p (use 2.1.3). Hence there is a differential
zero a € M™ of all polynomials in E, which is not a zero of f. As I C p = V/E, all
polynomials in I vanish at a, so a € Vy(I). As f(a) # 0 we get the assertion. O

As in the case of the classical Nullstellensatz, 2.2.5 implies that V) is a bijection
between the differentially radical ideals of M{z} and the Kolchin closed subsets of
M™, or, in view of 2.2.1(vi), the closed subsets of Sped(M{z}).
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2.2.6. Proposition. (Quantifier free stability of differential fields)"°
Let K C L be differential fields (of arbitrary characetristic!) and let X C L™ be a
Boolean combination of Kolchin closed subsets of L™. Then

(i) X N K™ a Boolean combination of Kolchin closed subsets of K™.
(i) If X is a Kolchin closed subset of L™, then X N K™ is a Kolchin closed subset
of K™.
Notice that when K carries the trivial derivation, then the Kolchin topology of K™
is the Zariski topology of K™. Hence the proposition also implies its field version,
where “Kolchin” is replaced by “Zariski” everywhere.

Proof. Since Boolean operations commute with intersection with K™ it suffices to
show that for all P(x) € L{z}, = (z1,...,%y), the intersection of K™ with the
differential zero set of P in L™ is Kolchin closed in K™. Take K-linearly independent
elements f51,...,8y, € L and Pi,..., P, € K{z} with P = P1-81 + ... + PO
(notice that any K-vector space basis of L is also a basis of the free K{xz}-module
L{z}). Then

{ae L™ | Pla)=0}={ae L™ | Pi(a)-B1+ ...+ Pnla)Bm =0}
and therefore
{ae K" | Pla)=0}={a€ K" | Pi(a)=...= Pp(a) =0}
is Kolchin closed in K™. g

Another consequence of theorem 2.1.3 then is:

2.2.7. Corollary. The constants of a differentially closed field are stably embed-
ded: Let M be a differentially closed field with constant field C. If D C M™ is
definable with parameters from M, then D N C"™ is definable in the field C.

Proof. By quantifier elimination for DCF the set D is a Boolean combination of
Kolchin closed subsets of M™. Hence by 2.2.6, DN C™ is a Boolean combination of
Kolchin closed subsets of C™ (notice that C' is a differential subfield of M). But C
carries the trivial derivation, hence Kolchin closed sets in C™ are Zariski closed. [

[16] o theory is stable if and only if for all models A < B and every subset D C B™ that is
definable in B with parameters from B, the intersection DN A™ is definable in A (with parameters
from A). The proposition, together with quantifier elimination for DCF implies stability of DCF,
hence the naming. In fact DCF has the stronger property of being w-stable, see 2.5.2.
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2.3. DCF has elimination of imaginaries.

2.3.1. Definition. Let M be an Z-structure with two definable constants. We
say that M has elimination of imaginaries!'”) if for every 0-definable equivalence
relation E C M™x M™", there are some d € IN and a 0-definable function f : M"™ —
M9 such that the equivalence classes of E are exactly the fibres of f; in symbols:

{[alg |a € M™} ={f'(¢) | ¢ € image of f}.

A complete theory has elimination of imaginaries if one (equivalently: all) of its
models have elimination of imaginaries.

We will now show that DCF has elimination of imaginaries. This will follow the
same route as the proof that ACF has elimination of imaginaries. We need three
preparations, one from model theory (2.3.3), one from topology (2.3.4) and one
from field theory (2.3.5).

2.3.2. Warning. Elimination of imaginaries looks like a weak form of definable
Skolem functions. However this is not the case. For example the field of p-adic
numbers has definable Skolem functions, but it does not have elimination of imag-
inaries (use the equivalence relation v,(a) = v,(b) on Q).

2.3.3. Theorem. Let T be an £-theory (not necessarily complete) that defines at
least two constants. Then T has elimination of imaginaries if and only if for every
ZL-formula £(Z,y) that defines an equivalence relation on n-tupels in all models of
T, the following condition holds.

(x) For every model M of T and each a € M™ there is a set B C M (of some
size, not necessarily finite) such that for all automorphisms o of M we have

o(e[M,a]) =¢[M,a] <= o|g =idp.
If this is the case, then the set B above can also be chosen to be finite.

Proof. If we have a function f for € as in 2.3.1 then we may take B as the finite
set of coordinates of f(a) (notice that o(e[M,a]) = e[M,oa]). Hence the condition
is satisfied when T has elimination of imaginaries.

The converse essentially follows from standard definability tests in model theory,
like Svenonius’ theorem. For details see [Hodges1993, Section 4.4, Section 10.5 and
Corollary 10.5.5].

Remark: The assumption that T defines 2 constants is undesirable in some con-
texts, for example for modules or groups. In that case, condition () characterizes
existence of functions as in 2.3.1, but only ’locally’. See [Hodges1993, Section
4.4] O

2.3.4. Lemma. Let X be any topological space and let C° C X be a Boolean
combination of open sets. Then the frontier C'\ C of C is not dense in C.

Proof. We may replace X by C and assume that C is dense in X. Write C' =
U?zl A; NO; with n > 1, O; € X open and nonempty and A; C X closed. Let
O be minimal among nonempty intersections of the Oi,...,0,. Then for each
i€ {l,...,n} we have O C O; or O; N O = (. Hence after a permutation of

17 [Hodges1993, Section 4.4] this property is called uniform elimination of imaginaries.
However in the presence of two definable constants this is equivalent to elimination of imaginaries
in the sense of [Hodges1993, Section 4.4].
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{1,...,n} we may assume that CNO = Ule A;NO for some k € {1,...,n}. Tt
follows that C'N O is closed in O. On the other hand C is dense in X and O is
open in X, which implies that C' N O is dense in O. Consequently CNO = O, i.e.
O C C. Since O # (0, the set X \ C is not dense in X. O

2.3.5. Theorem. (André Weil)

Let K be a field and let a be an ideal of K[T], where T is a (not necessarily finite)
set of indeterminates. Then there is a smallest subfield k C K such that a is defined
over k, i.e. (aNk[T])-K = a. The field k is called the field of definition of a and
has the following property: If o is an automorphism of K, then

a(a):a <~ O’|k:idk.

Proof. Reference: [Langl972, Chap. III, Section 2, Theorem 7, p.62]. Here is
how to find k: Let B be a set of monomials in the indeterminates T' such that
b # V' moda for all b # b € B and such that {dmoda | b € B} is a basis of the
K-vectorspace K[T]/a. For each monomial m in the indeterminates T', let mp € K
be the coefficient at bmod a, when m mod a is written as a K-linear combination in
that basis. Hence
m = Zmb-b mod a.
beB

The sum makes sense because my = 0 for all but finitely many b € B.

Let k be the field generated by all the my, b € B,m a monomial. Then one
shows that k has the required properties. ([

2.3.6. Corollary. Let K be a differential field and let T be a set of differential in-
determinates. Let a be a differential ideal of K{T}. There is a smallest differential
subfield k C K such that a is generated as a differential ideal by a N k{T}.

The field k is the differential field generated by the field of definition of the ideal
a and is called the differential field of definition of a. It has the following
property: If o is a differential automorphism of K then

a(a):a<:> O'|k:idk.
Proof. Straightforward checking using 2.3.5. d
2.3.7. Theorem. Differentially closed fields have elimination of imaginaries.

Proof. We verify condition () of 2.3.3 for .4;(d)-formulas &(Z, g), for which DCF
defines an equivalence relation on n-tuples (in models). Take a differentially closed
field M and some a € M™. Let E C M™ x M™ be the set defined by ¢(Z, ) in M
and let [a]g € M™ be the equivalence class of a for E. Hence [a]g is defined by
e(Z,a) in M. Let V C M™ be the closure of [a]g for the Kolchin topology and let
I C M{Z} be the vanishing ideal of V, thus

I={Pe M{z}| P|ly =0}.

Obviously I is a differential ideal of M{Z}. Let k be the differential field of definition
of I as in 2.3.6. We claim that k has the required property (x) of 2.3.3 for a, hence
we claim for every differential automorphism o of NV that

(%) o(e[M,a]) =¢[M,a] <= ol =idj.

By 2.3.6 we know that
O’(I) =1 < U‘k :idk,
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which easily implies
(t) o(V)=V < ol =idy.

Since o is a differential automorphism of M, its extension M™ — M™ is a home-
omorphism for the Kolchin topology. Hence if o(e[M,a]) = e[M,a], then also
o(V) = V (recall that V is the Kolchin closure of £[M,a]), hence by (}) we get
O'|k = ldk

Conversely assume o, = idg. By () we know (V) = V and we need to show
o(e[M,a]) = e[M,a]. By quantifier elimination of DCF we know that e[M,a] is
a Boolean combination of Kolchin closed sets. Hence by 2.3.4, V' \ ¢[M, @] is not
Kolchin dense in V. On the other hand, as ¢ is a homeomorphism, o(¢[M, a))
again has Kolchin closure V. Consequently, o(e[M,a]) cannot be in V' \ €[M, al,
which means that £[M,a] N o(e[M,a]) # 0. However, o(c[M,a]) = ¢[M,o(a)] is
also an equivalence class of E (using that F is 0-definable) and therefore £[M, a] =
o(e[M,a)), as required. O

2.3.8. Examples. Let M be a DCF. We exhibit two natural 0-definable equivalence
relations. Let C' be the constant field of M.

(i) The additive group M/C is coded by the derivation § : M — M, i.e. the

diagram
M
T ™

M — M/C

where f(amod C) = @’ is commutative and f is a bijection. f is even a group
homomorphism. The compositional inverse of f maps b € M to amodC,
where a is any anti-derivative of b. In a sense, f~! is like integration of M.

(ii) The multiplicative group M*/C* is coded by the logarithmic derivation ¢ :
M* — M, {(a) = %, i.e. the diagram

M
T ™
‘
M* —— M>*/C*
where g(amod C*) = %/ is commutative and g is a bijection. g is even a group

homomorphism. The compositional inverse of ¢ maps b € M to amod C*,
where % = b.
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2.4. Cantor-Bendixson analysis of a topological space.

2.4.1. Definition. Let oo be an element larger than every ordinal. For an arbitrary
topological space X '®l we write 6 X for the set of all non-isolated (i.e., accumulation)
points of X. The set 6X is called the Cantor—Bendixson derivative of X. If
0X = X # (), then X is called perfect. For an ordinal « we define subsets §%X of
X by transfinite recursion on «:

o 09X = X.

o 501X =652 X.

e If v is a limit ordinal, then X = ﬂﬂ<a BX.

Finally we define §*°X = ﬂa 0*X. Clearly, (6*X), is a descending chain of closed
subsets of X and d°° X does not possess isolated points. For an element x € X, the
Cantor—Bendixson rank of z, denoted CBx (x) or CB(z), is the largest ordinal
«, or co, with the property that x € §*X. (By the definition of §*X this indeed
makes sense.)

The Cantor—Bendixson rank CB(X) of a nonempty space X is the supremum
of all & with §*(X) # 0, or oo if this supremum does not exist. In other words

CB(X) =sup{CBx(z) | z € X }.

We set CB(f)) = —1. If CB(X) = a < oo, then the Cantor-Bendixson degree is
defined as the cardinality of §%(X):

CD(X) = card(6%(X)), a = CB(X).

2.4.2. Examples.

(i) If X is w + 1 with the interval topology (i.e., the one-point compactification
of the discrete set w), then CBx(w) = 1 and all points other than w have
Cantor-Bendixson rank 0. If X is a densely totally ordered set equipped with
the interval topology, then no point of X is isolated, hence X is perfect and
so CBx(x) = oo for all z € X.

(ii) Let A be an ordinal. We consider A as a topological space having the down-
sets!'”) as open sets. Obviously, the unique isolated point of a nonempty
subset Y is the minimum of Y. Consequently for any ordinal a@ < A, we have
(X)) = {8 | a < B < A}. Consequently CB(\) = ), if X is a limit ordinal
and CB(X) = p, if X is the successor of y. Furthermore CB)y(a) = « for all
aE A

On the other hand, if we write Aopp for A with the topology that has the
up-sets?”) as open sets, then CB(Aopp) = 00, unless A is finite. The reason
is that w is a perfect subset.

2.4.3. Generalities on the Cantor-Bendixson rank Let X = (X,7) be an
arbitrary topological space, X # ().

(i) Clearly 6X = 0 if and only if X is discrete.

18]y particular X does not need to be Hausdorff

1917 down-set of a partially ordered set (X, <) is a subset Y C X with the property z <y €
Y=zcY.

[20]An up-set of a partially ordered set (X,<) is a subset Y C X with the property x > y €
Y=2cY.
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(ii) f Y C X is a subspace, then §*Y C 6*X as follows from 0Y
straightforward transfinite induction on «. Consequently CBy (y)
for all y € Y and

CB(Y) = sup{CBy (y) | y € Y} <sup{CBx(y) | y € Y} < CB(X).

(iii) 6°°X is nonempty if and only if X has a perfect subspace. Then §°X is the
largest perfect subspace (by (ii)).

0X by

-
< CBx(y)

(iv) From (iii) we see that CB(X) < oo if and only if X does not contain a perfect
subset, which means that X is scattered (i.e., every nonempty subset S
contains a point that is isolated in S).

(v) If Y C X is open, then a straightforward induction on « implies 6*(Y) =
d*(X)NY. Therefore CBy (y) = CBx(y) for all y € Y and

CB(Y) = sup{CBx(y) | y € Y}.
(vi) For x € X and any basis of neighborhoods .4 of x we have
CBx(z) =min{CB(Z) |z € Z € /4}.

Proof. By (ii) we may assume that all sets in .4” are open.

<. Let Z € 4. Since Z is open we know from (v) that CBx (z) = CBz(z),
which is < CB(Z).

>: We may assume that o« = CBx () < co. Hence there is an open subset
O of X with ONd§*X = {z} and we may assume that O € 4.

By (ii) we see that CB(O) < sup{CBx(y) | y € O} = a. o

(vii) If 7/ is another topology on X with 7 C 7/, then a trivial induction on « shows
that d%(X,7") C 6*(X,7) and therefore CB,/(x) < CB,(z) for all z € X.

(viii) If X is quasi-compact!*!l then
CB(X) = max{CBx(z) | z € X},
because all sets 0*X are closed. If « = CB(X) < oo, the set 6*X is finite and
so CD(X) € IN.
(ix) If Y C X is open and quasi-compact, then by using (v) and (viii) we have
CB(Y) = max{CBx(y) |y € Y}.
(x) If CB(X) # oo then card(CB(X)) < card(X).

(xi) If X is a Tp-space then X \ 6X is contained in the set of minimal points (for
specialization). The inclusion may be proper, for an example see 2.4.2(i).

(xii) Every indiscrete space with at least two points has Cantor-Bendixson rank
oo. If X is not a Tp-space then X has a perfect subspace, hence CB(X) = oc.

2.4.4. Lemma. Let X be a compact Hausdorff space and let a be an ordinal. The
following are equivalent.
(i) CB(X) > a+1
(i) 6%(X) is infinite.
(iii) There are infinitely many open and pairwise disjoint subsets of X with Cantor-
Bendizson rank > o.

[21] o space is quasi-compact if every open cover has a finite subcover.
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Proof. (i)=(iii). (here we only need the Hausdorff property, not compactness) By
assumption there is some p € 6“X that is not isolated in §*X. Choose y; €
X, y1 # p and disjoint open neighborhoods Vi of p and U; of y; (using the
Hausdorff property). Then V3 N é*X contains a point yo # p. Choose disjoint
open neighborhoods V5 of p and Us of ys, contained in V;. Now repeat this process
with V5 and iterate. We obtain open neighborhoods V; O V5, D ... of p, points
Y1,Y2,- .- € 0*X and open neighborhoods U; of y; with V; NU; =0, Ujzq1 CV;. Tt
follows that Uy, Us, ... are infinitely many open and pairwise disjoint subsets of X
with Cantor-Bendixson rank > «.

(iii)=-(ii) is obvious.

(ii)=-(i). Since 6*X is a closed subset of the compact space X, it is itself compact.
But §“X is infinite and so it cannot be discrete. Consequently §6*X # 0. O

2.4.5. Cantor-Bendixson analysis in a Boolean space Recall that a space X
is Boolean if it is compact Hausdorff such that the set Clop(X) of clopen (=closed
and at the same time open) subsets of X are a basis. The set Clop(X) is a Boolean
algebra of subsets of X. By 2.4.3(vi) we know that the Cantor-Bendixson rank of
points of a Boolean space may be computed from the Cantor-Bendixson ranks of
clopen sets containing x:

(%) CBx(z) = min{CB(Z) | x € Z € Clop(X)}.
Furthermore we may define CB(Z), Z € Clop(X) in combinatorial terms within
the Boolean algebra Clop(X). This goes as follows: If Z C X is clopen then Z has
the following properties:
(a) CB(Z) > -1
(b) For every ordinal o, CB(Z) > « + 1 if and only if there are infinitely many
nonempty clopen subsets Z1, Z,,... C Z with Z; N Z; = () for all i # j such
that CB(Z;) > « for all 1.
(c) If A is a limit ordinal, then CB(Z) > A if and only if CB(Z) > « for all & < A.
Item (a) is clear, (b) holds by 2.4.4 using the assumption that Clop(X) is a basis,
and (c) follows from 2.4.3(ix) using that Z is open and compact.

Hence in a Boolean space one may define Cantor-Bendixson rank by first using
(a),(b) and (c) to define the expression CB(Z) > « for Z € Clop(X) by induction,
and then to define CB(Z) = max{« | CB(Z) > «a}. Equation (x) above extends
the definition to points in .

Remark. 1t is not difficult to show that a Boolean space X is scattered if and only

if the Boolean algebra Clop(X) is super atomic (i.e., every homomorphic image
has an atom); see Handbook of Boolean Algebras, Vol. I, Chapter 17, p. 271f.

The rank of a poset

2.4.6. Proposition and Definition. Let X = (X, <) be a poset. We equip X
with the topology TV that has the up-sets as open sets and define the rank of x € X
as
rk(r) = 1k(x,<)(z) = CB(x ;v)(7).
Hence tk(x) is an ordinal or oo, which can be described directly in terms of the
poset X as follows.
o rk(z) > 0 for all x.



INTRODUCTION TO THE MODEL THEORY OF DIFFERENTIAL FIELDS 29

e If « is an ordinal, then tk(x) > a+ 1 if and only if there is some y € X with
x <y and rk(y) > a.

e If « is a limit ordinal, then rk(x) > « if and only if tk(z) > B for all f < .
We define Rk(X), the rank of the poset, to be the Cantor—Bendizson rank of
(X,7Y). The rank of a space (X, ) is the rank of the poset (X, ~».) and is also
denoted by Rk(X).

In particular, for any ordinal o the set Rk*(X) = {z € X | 1k(z) > a} is a
down-set.

Proof. By definition of the Cantor-Bendixson rank it suffices to show that for every
ordinal @ we have CB(x ;vy(z) > o + 1 if and only if there is some y € X with
r <yand CB(x  v)(y) > a (ie., y € 6°X). Note that CB(x ,v(r) > o+ 1 means
that € §°X and x is not isolated in §*X for 7V. Since 2T is the smallest open
subset containing x, this is equivalent to saying that

2T NsX 2 {z}.

But this condition says precisely that x is a non-maximal point of 6*X (i.e., there
is some y € §*X with z < y). O

2.4.7. Remarks and Examples Let (X, <) be a poset.
(i) Let Y C X be a subset. Then rky (y) < rkx(y) for each y € Y.

(ii) An element z € X is maximal if and only if rk(z) = 0. Thus, (X,7Y) is
perfect if and only if (X, <) does not have any maximal elements.

(iii) If X has a bottom element then rk(L) = Rk(X).

(iv) If z € X then rk(z) = Rk(2"), where 2T = {y € X | x < y}.

v) If < y then rk(y) < rk(z) or rk(y) = rk(z) = oc.

(vi) rk(z) = oo if and only if there is an infinite chain x = z; < 23 < 3 < -~
(Use (v) for the implication <«.)

(vii) If rk(z) = o # oo and 8 < a, then there is some x5 € 2T with rk(zg) = §; in
particular, card(a) < card(aT).
Proof. Assume the claim is false. The description of the rank in 2.4.6 shows,
together with (v), that there is some z; € 7\ {2} with a > rk(z;) > 8. We
repeat the construction with x; in place of x and obtain some x5 € xI with
a > rk(z1) > rk(xzg) > 5. Iteration yields a properly decreasing sequence
rk(x1) > rk(za) > rk(zg) > - -+ of ordinals, a contradiction. o

(viii) Suppose X # () is anti-well-ordered of order type Aopp for an ordinal A\. Then
a simple (transfinite) induction on a € X shows that rk(a) = a. Hence
Rk(X) = X if A is a limit ordinal and Rk(X) = g if A = 8+ 1. This should
also be compared with 2.4.2(ii).

2.4.8. Lemma. For a poset X the following conditions are equivalent:
(i) Rk(X) < oc.
(i) X has the ACC (i.e., every nonempty chain has a mazimum,).

Proof. (1)=-(ii) Assume there is a chain in X without maximum. Then the chain
contains a strictly increasing sequence x1 < o < x3 < ---. It follows from 2.4.7(vi)
that rk(x1) = oo, which implies Rk(X) = oo (by 2.4.3(ii) and 2.4.7(iv)).

(ii)=(i) Suppose rk(z) = oo for some & € X. Pick any ordinal « with card(a) >
card(X). There is some z; € x'\ {z} with rk(z1) > «, 2.4.6. Now 2.4.3(x)
implies rk(z1) = oo (since card(rk(z)) = card(Rk(z1)) > card(z])). Iterating this
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procedure we obtain a strictly increasing sequence r < r; < xgy < ---, which is a
chain without maximum. O

2.4.9. Proposition. ??! Let K be a differential subfield of a differentially closed
field and let p € S, (M, K). Let p € Sped(K{z}), x = (x1,...,2,) be the prime
ideal corresponding to p in the bijection w of 2.2.2. Then the Cantor-Bendizson
rank of p in S, (M, K) is less or equal to the rank of p in Sped(K{z}).

Proof. The rank of 7(p) is the Cantor-Bendixson rank in Sped(K{z}) for the topol-
ogy that has the up-sets of Sped(K{z}) (i.e. sets G satisfyingq 2 pe G=q<€ Q)
as open sets. Since 7 is a bijection, the rank of 7(p) is the Cantor-Bendixson rank of
p for the topology {m~*(G) | G up-set of Sped(K{z})} of S,,(M, K). By 2.4.3(vii)
it is therefore enough to show that for each up-set G of Sped(K{z}), the set 7~1(G)
is open in S, (M, K) for the type space topology. So assume 7(p) € G. By Ritt-
Raudenbush, 1.4.3, there is a finite subset E C 7(p) with 7(p) = V/E. Then the
set (£ = 0) C S, (M, K) is an open neighborhood of p, contained in 7= 1(G): If
q € (E =0), then 7(p) = VE C 7(q). As G is an up-set we get ¢ € 7~ (G). O

2.4.10. Remark. The inequality in 2.4.9 is strict in general. We will see an exam-
ple later. In the context of algebraically closed fields (of any characteristic), the
inequality in 2.4.9 is indeed an equality, see [DiScTr2019, Theorem 12.4.12]|. Hence
in this context, the Krull-dimension of K[z1,...,z,] can be explained entirely with
the type space topology.

2.4.11. Theorem. If M is a DCF and A C M is infinite, then S,(M,A) is
scattered and of size card(A).

Proof. We may assume that A is a differential field. By Ritt-Raudenbush, 1.4.3,
differential prime ideals have the ACC. By 2.4.8, the rank of Sped K{z1,...,z,}
is an ordinal. Hence by 2.4.9, the Cantor-Bendixson rank of S, (M, A) is an or-
dinal as well and so this space is scattered. By 2.2.2, the size of S, (M, A) is
card(Sped(A{z1,...,z,})). Since all differential prime ideals are finitely gener-
ated as differentially radical ideals we know that card(Sped(A{z1,...,x,})) is
card(A). O

Remark: There is a conceptually different proof of 2.4.11 that does not involve
Ritt-Raudenbush, see 2.5.8.

[22]gee [DiScTr2019, Theorem 8.1.25] for further topological explanations.
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2.5. Excursion: w-stable theories.

2.5.1. Definition. Let .Z be any language and let k be a cardinal. An .Z-theory
T without finite models is called x-stable if for all models M and any set A C M
of size k we have card(S;(M, A)) = k. T is called stable if T is stable for some
cardinal k > card(.¥). The theory T is called totally transcendental theory if
for all AC M =T and each n € IN the type space S, (M, A) is scattered.

2.5.2. By 2.4.11 we know that DCF is w-stable, totally transcendental and k-stable
for all infinite cardinals. One can prove 2.4.11 also without using Ritt-Raudenbush
and this is interesting for general model theory. We give the arguments here, but
only need a small fragment of them for DCF.

2.5.3. Theorem. T is w-stable = T is totally transcendental = T is k-stable for
all k > card(.Z).
Hence, if £ is countable, then all three conditions are equivalent.

Proof. The first implication is done in 2.5.7 below, the second is done in 2.5.4. [

2.5.4. Lemma. Let X be a scattered space and let B be a subbasis. Then card(X) <
card(4A).

Proof. Let x € X and o = rk(x). Then z is isolated in §*(X), hence there is some
U, € B with U, N §*(X) = {«} and it suffices to show that the map x — U, is
injective. So let y € X with y # x and w.l.o.g. assume rk(y) > «. Then y € §*(X)
and so y ¢ U,. Therefore U, # U,. O

2.5.5. Lemma. Let & be a basis of a compact Hausdorff space X and suppose X
is not scattered. Then there are U, € B, o € 2<% (= Un<w 2™ ) with the following
properties.

(a) Uy # 0.
(b) If T extends o, then U, C U,.
(¢c) If o,7 € 2" with o # T, then U, N U, = 0.

Proof. Since X is not scattered, there is a non-empty subset S C X such that S
has no isolated points (in S). We choose Uy € £ arbitrarily with Uy NS # 0 and
construct the U, with properties (b),(c) by induction on the length of o, with the
additional property that U, NS # (). Suppose we have already defined U, for all
o €2" n>0and fix o € 2". By induction we know U, NS # 0. As U, is open,
the set U, NS has at least two different points x,y. In the compact Hausdorff space
X, there are open neighborhoods U, of z and U, of y with disjoint closures.
Since & is a basis of X we may shrink these sets if necessary and assume that
Us0,Us1 € B as well as Uy 0,Uy1 € Uy, By running through all o € 2™, this gives
a definition of U; for all 7 € 2"*!: Define U, = U, ;(n)-

By construction, the U, satisfy (b) and (c¢) (as well as U, NS # (). O

2.5.6. Proposition. Let f : X — Y be a continuous map between topological
spaces.

(i) If Y and all fibers of f are scattered, then also X is scattered.
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(i) If f is a surjective and proper map'®®, then for all o we have 0*(Y) C
f(0%(X)). Consequently, X is scattered if and only if Y and all fibres of
f are scattered.

Proof. (i). We claim that every nonempty subset S of X possesses a point that is
isolated in S. Since Y is scattered, there is some y € f(.S) and an open subset U of
Y with UN £(S) = {y}. Since f~!(y) is scattered, there is some x € SN f~1(y) and
an open subset O of X with ONSN f~1(y) = {z}. Then ON f~1(U)N S = {z},
as required.

(ii). Claim. 6(Y) C f(6(X)).

Proof of the claim. Take y € Y\ f(6(X)). Then no z in the fiber of y is in 6(X) and
so x is isolated. Consequently f~1(y) is open. Since f is closed, also f(X \ f~1(y))
is closed. But f is surjective and so f(X \ f~1(y)) is Y \ {y}. Hence y is isolated,
ie. y ¢ iy). o
Now we do an induction by «, where a« = 0 holds by surjectivity of f. For the
induction step we assume that §%(Y) C f(6%(X)). Then

3 (Y) = 8(6°(Y)) C 6(f(0%(X)))
C f(8(6%(X))), by the claim applied to the map
floexy 0% (X) — f(0°(X)),
which is closed and surjective as well,
= f(6°TH(X)).
If « is a limit ordinal or o = oo, then

so(v) = [ 6%(Y)C () f(6°(X)), by induction,

B<a B<a
={yeY | fly)nds’(X)#0 for all < a}
={yecY | fy) NéY(X) # 0}, since f~!(y) is quasi-compact
= f(6%(X)).
O

2.5.7. Proposition. Let M be an X -saturated £ -structure such that for all count-
able A C M the set S1(M, A) is countable. Then for all N = M, every B C N and
each n € IN the space S, (N, B) is scattered and of size at most card(Z(B)).

Proof. By saturation of M we know that for all countable subsets A of any elemen-
tary extensions of N, the set S7(N, A) is countable as well.

Claim. For any N = M and each set B C N, the space S; (N, B) is scattered.
Proof. Suppose otherwise. By 2.5.5 applied to the basis Z = {{p(z)) | ¢ €
Fml(.% (B))}?* of Si(N, B), there are ¢, € Fml(.Z(B)), where ¢ € 2<% such
that conditions (a),(b) and (c) of 2.5.5 hold. Let A C N be countable such
that ¢, € Fml(Z(A)) for all ¢ € 2<¥. Then for every v : w — {0,1} the
set ®, = {p,|, | n € IN} is finitely realizable in N (by (a) and (b)) and con-
sequently there is some p, € Si(N,B) containing ®,. However, by (c), for
M # 72+ w — {0,1}, the sets ®,, and ., are inconsistent, which implies

23] A continuous map is called proper if it is closed and all fibres are quasi-compact; for example
continuous maps between compact Hausdorff spaces are proper.
[241We write (¢(x)) for the set of types containing ¢(z).
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Dy, F Dv,. Since there are uncountably many maps w — {0,1} we see that
S1(N, A) is uncountable, which contradicts the assumption. o
Hence we know the proposition for n = 1. Suppose we know the proposition for n.
We show that S, 1 (N, B) is scattered by using 2.5.6(i) applied to the continuous
map p : Sp+1(N,B) — Sn(N, B), p(p) = pNFml(%,(B)). Since S,(N,B) is
scattered by induction, we only need to show that each fibre p~1(p) with p €
Sn(N, B), is scattered. Let & be a realization of p in N’ > N. Then the map

Sl(N/,BU{Oél,... ,O{n}) — Sn+1(N/,B) = Sn_;,_l(N,B)

(induced by the map Fml(.Z,41(B)) — Fml(ZA (B U {aq,...,a,})) sending
(@, Y1, .., Yn) to Y(x,a1,...,a,)) is readily seen to be a homeomorphism onto
p~(p). By induction we see that all fibres of p are scattered. Hence by 2.5.6(i),
Sn+1(N, B) is scattered as well.

Finally we see that S, (N, B) has size at most card(.Z(B)) by 2.5.4. O

2.5.8. Alternative proof of 2.4.11:

By 2.5.7 it suffices to show that for each countable differential field K, the set
S1(M, K) is countable, where M D K is a DCF. By 2.2.2 it suffices to show that
Sped(K{x}) is countable, where x is a single variable. But this is implied by 1.2.12,
by which we only need to count irreducible polynomials of K{z}. Notice that this
argument does not require Ritt-Raudenbush.
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2.6. Rank functions and stability.

2.6.1. Isolated types If M is an Z-structure, then the isolated types in S, (M)
are precisely the types that are realised in M. If M is a DCF, then under the
bijection 7 : S, (M) — Sped(M{z}), = (x1,...,2,), from 2.2.2, the isolated
types correspond to those ideals that are maximal among proper differential ideals
(and all these are maximal ideals of the ring M{z}).I*’!

Proof. If p € S,,(M) is isolated by (), then p is realised by a realization a € M™
of ¢. Hence 7(p) contains z; —a; for all ¢ € {1,...,n} and therefore it is the kernel
of the (differential) evaluation map M{z} — M at a.

Conversely, if m is maximal among differential (and proper) ideals of M{z}, then
also /m = y/m is a proper differential ideal and so m is differentially radical. By the
differential Nullstellensatz 2.2.5 there is a point a € Vjs(p). Then m is contained
in the kernel of the evaluation map M{xz} — M at a (which is even a maximal
ideal of M{z}) and by maximality of m we see that m is that kernel. Hence m is
the differential prime ideal corresponding to the isolated type tp(a/M). o

In the context of algebraically closed fields, the same correspondence holds true
using the classical Nullstellensatz. In this context, the situation indeed extends to
all fields, i.e., if K is a field and M is an ACF containing K, then the isolated types
in S, (M, K) are in bijection with the maximal ideals of Spec(K[z]). This is due to
Zariski’s version of the Nullstellensatz, see for example [DiScTr2019, Cor. 12.3.7].

In the differential context the correspondence does not descend to differential
fields: Using Ritt-Raudenbush, 1.4.3, it is still true that every ideal m that is
maximal among proper differential ideals of K{z} comes from an isolated type, a
formula isolating that type is M\ pep P(2) = 0 for any finite E C m with m = V/E.
However, not for every isolated type p € S1(M, K) is the prime ideal 7(p) maximal
among proper differential ideals. An example is given in 2.6.4 below. This is a first
indication that the Cantor-Bendixson rank does not properly describe the geometric
situation and we will have to tweak it to obtain the Morley rank. In 2.6.4 we will
see further evidence.

2.6.2. Definition. Let K be a differential field. If p € S;(K), then by 1.2.12
and 2.2.2 we know that there is an irreducible polynomial P € K{x} such that
I(P) ={Q € K{z} | @ = 0 € p}. Each such polynomial is called a (differential)
minimal polynomial of p and of the prime ideal p = I(P). It follows from
1.2.10(ii) that P is uniquely determined by this requirement, up to a non-zero
scalar. We define the dimension rank of p and of p to be the order of P:

RD(p) = RD(p) = ord(P).
(If P =0 then I(p) = I((0)) = ord(P) = o0.)

2.6.3. Lemma. We have RD(p) = inf{ord(P) | P € K{z}, P(z) =0 € p} €
Ny U {oo} and RD(p) = tr. degx Quot(K{z}/p).

Proof. This is clear if P = 0. So assume ord(P) = n € INy. Obviously n =
tr. degy Quot(K{z}/p) € Nog. We write a = z +p € K{x}/p. Since P(a) = 0

[25Notice that not every maximal ideal of M{z} occurs here, e.g. take a maximal ideal
containing {z,z’ — 1}. In this context it is worth mentioning that ideals of a differential ring
that are maximal among proper differential ideals, are in general not maximal among all proper
ideals. For example in the differential ring (Q[¢], %), the only differential ideal is (0), because
every nonzero polynomial has a higher derivation in Q \ {0}.
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it is clear that ™) is algebraic over K(a,d’,...,a™ ). Since P is the minimal
polynomial of p, the elements a,d’,...,a™ 1 are algebraically independent. Using
the formula P**) = S(P)-2("*%) 4P, k > 0 from 1.2.5 and S(P)(a) # 0 we see that
a™ and all its derivatives are in K(a,d’,...,a(™). This shows that Quot(K{z}/p
has transcenedence degree n over K. (I

2.6.4. Example. Let K be a differential field whose derivation is trivial.
(i) If p € S1(K) with RD(p) =1 and 2’/ # 0 is in p, then p is isolated in S;(K).
In particular CB(p) < RD(p).

The type p has Cantor-Bendixson rank 0 in S;(K), yet p is not an alge-
braic type.l?°! Notice that in the case of pure fields, isolation is equivalent
to algebraicity.

(ii) The formula 2’ = = A x # 0 isolates a type p € S1(K) with RD(p) = 1 and
the corresponding differential prime ideal I(z’ — z) = [z’ — z] is not maximal
among differential ideals of K{xz}.

Proof. (i) Let P be a minimal polynomial of p. Since RD(p) = 1, there are F(z) €
K{z}, F # 0 and h(x) € K[z] with P = F-2’ + h. From 2’ = 0 ¢ p we get that
h # 0. We claim that p is isolated by (P(xz) = 0 A h(z) # 0): To see this let g be a
1-type over K containing P(z) = 0 and assume ¢ # p. Using 1.2.10(ii) we see that
the minimal polynomial of ¢ cannot have order 1 and so RD(g) = 0. This implies
that any realization a of ¢ from some DCF containing K is algebraic over K. Since
the derivation of K is trivial we get a’ = 0 (see 2.1.6) But then P(a) = 0 implies
h(a) = 0. Hence ¢ is not contained in (P(x) = 0 A h(z) # 0) and so p is indeed
isolated by this set.

(ii). By (i) applied to F' = 1 and h = —z we see that p is isolated by '’ = = # 0.
Obviously [2' — ] is properly contained in the differential ideal [z] of K{z}. O

[26] o type p € Sn(K) is called algebraic if it has only finitely many realizations in any DCF
containing K.
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We now fix a complete theory T' in an arbitrary language .. We will start
writing Sy, (A) for the type space S,(M,A), where A C M |= T. Notice: If A
is a substructure of M and T has quantifier elimination, then S, (M, A) does not
depend on M. In general one should keep in mind that A is taken from some model
(which will be made explicit if this is important.)

2.6.5. Definition. Fix n € N. An n-rank is a map R defined on
U ACMET Sn(M, A) with values in ordinals or oo satisfying the following prop-
erties.

RIL.IIACBCMETand q € S,(M,B), then R(gq) < R(q|a) (where ¢g|4A =
g NFml(Z,(A))).

R2. TACBCMET and p € S,,(M, A), then there is some extension g of p on
B (i.e. ¢ € S,(M, B) and ¢q|A = p) with R(q) = R(p).

R3. If f: M — N =T is an isomorphism and p € S, (M, M), then R(f(p)) =
R(p).

R4. If p € S, (M, A) with R(p) < oo, then there is a cardinal x such that for all
N > M, p has at most k many extensions g on S, (N, N) of rank R(p).

A rank for T is a map defined on Unem’ACM‘ZT Sn(M, A) with values in ordinals
or oo such that for each n, the restriction of R to n-types is an n-rank.

An rank R is called continuous if for every set A, each n € IN and all « the set
R (A) ={p € Sn(4) | R(p) > a} is a closed subset of S,,(A). The rank R is called
Cantorian if for all a, the Cantor-Bendixson derivative 6(R*(A)) is contained in
RY*1(A) (this condition obviously implies that R is continuous).

2.6.6. Remark. Ranks are useful to understand forking in superstable (and totally
transcendental) theories. We comment on this now but omit proofs as this is not
needed later on.

(i) There is a smallest rank called the U-rank, or Lascar rank. U is defined as
follows. By induction on « we define for types p € S,,(A) a property U(p) > «
by

(a) Ulp) =0
(b) U(p) > a+1 <= for all cardinals  there is some B 2O A and at least
k many extensions ¢ of p on B with U(q) > «.
(¢) If a limit ordinal, then U(p) > o <= U(p) > g for all 5 < a.
Finally define U(p) = max{« | U(p) > a}, which is an ordinal or co.

(ii) If the U-rank has ordinal values (i.e. U(p) < oo for all types over all models),
then T is called superstable (and T is indeed stable, see [Poizat2000, 17.5,
p.335])

(iii) If T is superstable and R is any rank, p € S,,(A) with R(p) < oo and ¢ is an
extension of p on B O A, then R(q) = R(p) if and only if ¢ does not fork
over p. We refer to the literature for the definition of forking. In the stable
context one can use the following: ¢ € S,,(B) does not fork over p € S,,(4) if
and only if for all M < N = T with A C M, B C N there is an extension
p1 of pon M and an heir ¢q; of p; on N that extends ¢. Here ¢, is an heir of
py if for all formulas o(Z, 7) with parameters from M and every b € N¥ with
©(7,b) € qi there is some a € MY with ¢(Z,a) € p;.
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Definition of Morley rank Letn € Nand z = (x1,...,x,). By transfinite

induction on ordinals a we define for every formula ¢ = ¢(Z) with parameters from

some

MR1
MR2

MR3.

model M of T the property MR(¢) > « as follows:
- MR(p) =0

. MR(p) > a+1 <= there are some N > M and formulas 91 (Z), ¥2(Z),. ..

with parameters in N such that ¢;[N]N;[N] = 0 for all ¢ # j, and ¢;[N] C
©[N], MR(t);) > « for all 7.
if v is a limit ordinal, then MR(¢) > o <= MR(p) > g for all 8 < a.

We define MR(¢) = max{a | MR(p) > a} (which is an ordinal, or o). Finally, for
p € Sp(A) we define

MR(p) = min{MR(p) | ¢ € p}.

MR(p), MR(p) is called the Morley rank of ¢, p respectively.

2.6.8.

Comparison of Morley rank and Cantor-Bendixson rank Let T be

any theory. Let M =T and let A C M. Let ¢(Z) € Fml(Z,(A)).

(1)

(i)

(iii)

By 2.4.5, we have CB({¢)4) < MR(y), where {p) 4 is the subspace of S, (A)
consisting of all types containing ¢. Consequently by 2.4.5 we get CB(p) <
MR(p) for all p € S, (A).

If A= M and M is Ny-saturated, then CB({p)ar) = MR(yp). Consequently
by 2.4.5 we get MR(p) = CB(p) for all p € S,,(M).

Proof. Assume MR(p) > « + 1 and let ¢;(Z) be formulas with parameters in
some N = M as in condition MR2 of 2.6.7. Let B C N be countable such
that ¢; € Fml(Z(B)). Let Ay be the finite set of parameters in ¢. In the
No-saturated structure we may realize the type tp(B/Ap) by an infinite set
C C M. Then condition MR2 in 2.6.7 is also satisfied for the formulas 7]12
obtained from v; by replacing parameters with the corresponding parameters
from M. (Convince yourself that the property MR(¢) > « is preserved if
we change from the base model to an elementary extension or if we apply an
automorphism that fixes the parameters of ¢.) Now we may apply induction
and 2.4.5. o
For p € S,,(A) and M = M Rg-saturated we have

MR(p) = max{CB(q)
= max{CB(q)
= max{MR(q) | ¢ extension of p on some N > M}.

| ¢ extension of p on M}

| ¢ extension of p on some N = M}

Proof. Clearly max{CB(q) | ¢ extension of pon M} < max{CB(q) |
q extension of p on some N > M}.

By (i) we know max{CB(q) | ¢ extension of p on some N > M} <
max{MR(q) | ¢ extension of p on some N > M} and the definition of MR(p)
easily implies max{MR(q) | ¢ extension of p on some N = M} < MR(p). It
remains to show that MR(p) < max{CB(q) | ¢ extension of p on M}. Write

a = MR(p), which could be oo. Then by (ii) for all ¢ € p we know
o ~ry 2:4:3(V) o
CBI((¢) 57) = MR() = a and therefore () 06 (Su(V1)) 2 6%( () 1) #
(). By quasi-compactness, we get mwep<‘P>M N§*(S,(M)) # 0 and any type
g in this intersection is an extension of p with CB(q) > a. o
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(iv) It follows from (ii) and (iii) that T is totally transcendental if and only if all
formulas have Morley rank < oo if and only if all types of all models have
Morley rank < oo.

2.6.9. Proposition.

(i) MR(¢p) > a+1 <= for all k € N there are N = M and formulas
Y1 (Z), ..., Yx(ZT) with parameters in N such that ;[N] N ;[N] = 0 for all
i# 3,4, <k, and ¥;[N] C @[N], MR(¢);) = o for all i < k.

(i) MR (on types) is the smallest Cantorian rank.

Proof. (i). The implication = is clear. For < assume MR(p) = a. By 2.6.8(ii) we
may assume that CB((¢)ar) = MR(p) = a. Since () is quasi-compact we know
from 2.4.3(viii) that the number of types of Cantor-Bendixson rank « in (p)as is
finite, say of size k. But then using 2.6.8 we see that the property on the right hand
side of (i) fails for k + 1.

(ii) We need to check the properties in 2.6.5. Properties R1, R2 and R3 are easily
deduced from 2.6.8. For R4, assume MR(p) = a < oo and A C B. We claim that
there are only finitely many extensions ¢ of p on B with MR(¢) = o. By R1 and
R3 we may assume that B = M is an Nyp-saturated model. But then CB = MR
and there can only be finitely many extensions of ¢ in §%(S,,(M)) (observe that the
extensions of p on M are a closed set). This shows R4 for the Morley rank.

MR is Cantorian because if p € S,(A) is a non-isolated point of {q €
Sn(A) | MR(q) > a} and M D A is an Np-saturated model, then a compactness
argument and R2 show that there is an extension p’ of p on M that is non-isolated
in {g € Sp,(M) | MR(q) > a}. Thus MR(p) > MR(p’) = CB(p') > v + 1.

Finally, if R is any Cantorian rank then using 2.6.8(iii) one shows without diffi-
culty by induction on a that MR(p) > « implies R(p) > . O

2.6.10. Example.

(i) Let K be a differential field and let Q € K{X} be irreducible with ord Q = 1.
If XX" - X' € I(Q), then @ is associated to X’.

Consequently, the type p € S1(K) with minimal polynomial 2"z — 2’ is
the unique non-algebraic type in (z"’z — 2,2’ # 0). Since K is arbitrary this
implies that MR(p) =1 < 2 = RD(p).

Proof. Suppose X’ does not divide Q. Let fo,..., f, € K[X] with f, # 0,

such that Q = f,(X)" 4+ ...+ f1- X'+ fo. As X’ does not divide @ we have

fo # 0 and we may assume that the leading coefficient of fj is 1.
n n

Then S(Q) = > i-fi-(X")"1 and with Q* := Y f/-(X’)? we have
i=1 i=0

Q' =S5Q) X"+Q
Since XX" — X' € I(Q) we have P := X-Q' — S(Q)-(XX" — X') € I(Q).
Furthermore
P=X(5(Q)X"+Q") - S(Q-(XX" - X') = X-Q" + X"5(Q)

It follows ord P < 1 and the total degree of P is less or equal to 1+ the total
degree of @, so by 1.2.10(ii) there is some H € K{X} with ord H < 1 and of
total degree < 1 such that P = H-Q. We have f/ = S(f;)- X'+ fF, where f}
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denotes the polynomial which we get by differentiating the coeflicients of f;.
From Q* = > f/-(X')* we get
i=0

Q" = S(fn)( "+1+Z (fic) + X + f5
From P = X-Q* + X'-5(Q) we get

P =X-S(fa) (X)X S(fimr) + Xoff i fil- (X)) + X5
i=1
Let H = aX’' + bX + ¢ with a,b,¢c € K. From P = H-Q we get X -ff =
(bX + ¢)-fo. As the leading coefficient of fj is 1, the degree of f§ is less than
the degree of fy. Thus b = 0.
Suppose ¢ # 0. Then X divides fy. Let fo = X*.g with ¢ € K[X] and
X tg. Then f§ = X*.g* and X**1.g* = X-f& = c-fo a contradiction. Hence
¢ must be zero.
So H = a-X’ and f§ = 0. By dividing the equation P = H-Q by X’ we get
n—1
a-Q = X-S(fo)-(X")" + D [X-S(fi) + X-f71 + i+ 1) fipa]-(X)
=0
hence
(a) a fn, = X-S(fn) and
(b) a-fi =X-S(fi) + X- f+1 + (i +1) fiys forall i <n.
By (a) X divides f,. By (b) and induction we see that X divides all f;.
Hence X divides Q, a Contradiction.
O
(ii) /XX — X' is prime.
Proof. Let M D K be differentially closed. Since (v/XX” — X')-M lies over
VXX — X’ and is radical we may assume that K = M is differentially
closed. Let Q € K{X} be irreducible with P € I(Q). We have to show
that I(P) C I(Q). We have ord@ < ord P = 2, so if ord @ = 2, then @ is
associated to P and I(P) = I(Q). So let ord@ < 1 and let F' € I(P). Take
m € IN such that X™ - F € [P]. Then X™-F € I(Q). Since X € I(Q) (ord X <
1) we have F € I(Q). Finally assume that ord@Q = 0 and F ¢ I(Q). Since
K is algebraically closed, @ is of the form = — a for some a € K. Then
IQ)=Q=X-aX —-d,X"—a",...). Since X € I(Q) we must have
a = 0. Since F ¢ I(Q) we have F(0) # 0. We write F = F(X, X’,..., X)),
Then F(X,0,...,0) # 0. Take a € M with a-F(a,0,...,0) # 0 and o’ = 0.
Then P(a) =0 and F(a) # 0 in contradiction to X™-F € [P]. O

2.6.11. Lemma. Let K be a perfect field with algebraic closure K and let P €
Klz1,...,2,] be irreducible. Write P = [[~, P with irreducible P; such that P
s not assoczated to P for alli # j. Then k; =1 for all i and for all i,j there is
some ¢ € K and some o in the Galois group Gal(K/K) with o(P;) = c-P;.

Proof. We may assume that one of the coefficients of P, is 1. Let L/K be a fi-
nite Galois extension containing all coefficients of P;. Then the set {o(Py) | o €
Gal(K/K)} is finite and equal to {o(P}) | ¢ € Gal(L/K)}, say of size m. Enumer-
ate the polynomials in this set as Py,..., Py,. Then Q = Py-... P, € K[x1,...,2,]
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divides P (since one of the coefficients of P; is 1, P; is not associated to P; for i # j)
and therefore @) is associated to P. This shows the lemma. ([

2.6.12. Proposition. The dimension rank is a Cantorian 1-rank for DCF. If
K C L are differential fields and P € K{x} is irreducible, then the non-forking
extensions of the type corresponding to I(P,K) on L C K are precisely the types
of L corresponding to I(Q, L), where Q runs through the irreducible factors of P in

L{z}.

Proof. R1 and R3 are clearly satisfied. R2 and R4 are easily deduced from the
following

Claim. If K C L are differential fields, P € K{x}\{0} irreducible and P, € L{z}
irreducible factor of P, then I(Py, L) N K{z} = I(P, K).

Proof. D: Take F' € I(P,K), hence S(P)™F € [P] C [P1]. Write P = P;-A, A €
L{z}. Then S(P) = A-S(P1) + Py%ﬁl, where n = ord(P). Hence

0
and so A™-F € I(Py,L). But P, t A by 2.6.11 and so F € I(Py, L).

C. Let F € I(Py,l) N K{z} and let G be the reduced remainder of F for P.
Suppose G # 0. For some k,m € IN we know that L(P)*-S(P)™F = G mod [P]
and so L(P)*.S(P)™-F = Gmod [P}] in L{z}.

Since G # 0 we have ord(G) < ord(P) = ord(P;) (the latter equality from
2.6.11) and therefore F' € I(Py,l) entails ord(G) = ord(P;) and P; | G. By 2.6.11
then P | G, which is impossible by the choice of G. o

It remains to show that RD is Cantorian. This is deduced from the following two
properties:

S(P)™-A™-F = (S(P) — P-—— A)™-F € [Py],

(a) RD(p) < w for all 1-types and the unique 1-type p with RD(p) = w is the one
corresponding to the prime ideal (0).
(b) If P # 0 is a minimal polynomial of p with n = ord(P) then the formula
P(z) = 0 isolates p in the set {g € S1(K) | RD(q) > n}.
O

2.6.13. Summary on ranks in differentially closed fields

(1) U < MR and CB < MR, rk on all types, where rk(p) is the rank of the prime
ideal 7(p) in the differential spectrum, see 2.4.9.

(2) On 1-types we have in addition MR < RD by 2.6.12, but also rk < RD as one
checks without difficulty.

(3) On Rg-saturated models we have CB = MR and therefore U < CB = MR < rk
for all types and

U<CB=MR<rk <RD

on 1-types.
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2.7. Prime models in totally transcendental theories and the differential
closure.

Our goal in this section is to show that every differential field K has a differential
closure M (i.e., M is a DCF containing K such that M embeds over K into any
other DCF containing K, compare with algebraic closures of fields) and to establish
fundamental properties of M. The existence of such models follows solely from
atomicity of DCF, which itself is implied by w-stability. This is reviewed first,
more can be found in [Poizat2000, Chapter 10].

Throughout we work with a complete .Z-theory in some language .Z.

2.7.1. Definition. A model of T is called prime model if for all N = T there is
an elementary embedding M — N.

If AC M [T, then M is called a prime model over A if (M, A) is a prime
model of Th(M, A).7)

The key feature of many theories with prime models (over all sets) is the presence
of many isolated types.

2.7.2. Definition. If A C B are sets from some T-model, then B is called atomic
over A if for every n € IN and all b € B™ the type tp(b/A) is isolated in the space
Sn(A) (equivalently: there is a formula ¢(z1, ..., z,) with parameters from A such
that tp(b/A) is the unique type containing ¢; we then say that ¢ isolates the

type).

2.7.3. Technical tool. In the sequel we will many times tacitly apply the fol-
lowing characterization of tuples having the same types. Let A be a set and let
b, be (not necessarily finite) tuples of the same length from some M |= T. Then
tp(b/A) = tp(¢/A) if and only if there is some elementary extension N of M and

an A-automorphism o of N with o(b) = ¢ (i.e. o(b;) = ¢; for all 7).

2.74. Lemma. Let ACM[ET.
(i) Let b,c be finite tuples from M. Then tp(b'c/A) is isolated if and only if
tp(b/A) and tp(¢/A UDb) are isolated.
(i) Atomicity is transitive, hence if AC B C C C M and B is atomic over A, C
is atomic over B, then C is atomic over A.1*®!

Proof. We state the isolating formulas in all claims. For detailed verification use
2.7.3.

(i)=: If (z,7) isolates tp(b°c/A), then Iyp(z,y) isolates tp(b/A) and @(b, 7))
isolates tp(¢/A U D).
(i)<=: If ¢(z) isolates tp(b/A) and ~(b,7) isolates tp(¢/A U b), then

»(Z) Avy(Z,7) isolates tp(b'c/A).
(ii). Let ¢ C C be a finite tuple. Take an .Z(A)-formula ¢(Z,y) and b C B such
that tp(¢/B) is isolated by ¢(b,7). Then take a formula (Z) isolating tp(b/A).
Then tp(¢/A) is isolated by 3T (p(Z, §) A Y(T)). O

[2710ne should think of T having quantifier elimination (e.g. DCF) and A being some sub-
structure of a model (e.g. a differential field); then M is a prime model over A just if A is a
substructure of M and M embeds over A into any other model of T" that has A as a substructure.

[28]Notice that the converse fails in general, i.e., if C is atomic over A then C is in general not
atomic over B. For an example, see 2.7.13 below.
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2.7.5. Definition. Let A C B. A construction of B over A is a surjective map b :
A — B for some ordinal A such that for all & < A the type tp(bo/AU{bs | 5 < a})
is isolated. We say that B is constructed over A if there is such a construction.

2.7.6. Proposition. If A C M =T and M is constructed over A, then M is a
prime model over A and M is atomic over A.

Proof. We may assume that A = ) (otherwise replace T' by Th(M, A)). Let b :
A — M be a construction of M over ) and let B, = {bg | B < a}.

Since B,1 is atomic over B, for all & we may use transitivity, cf. 2.7.4(ii), to
do an induction on «, which shows that B, is atomic over @. It follows that M is
atomic over .

Now let N = T. Since T is complete we may assume that M and N are com-
mon elementary substructures of some € = T. All types are then to be understood
with respect to 2. We construct an elementary embedding M — N as follows:
Since tp(bo/0) is isolated there is some ¢y € N such that tp(co/0) = tp(by/0). Sup-
pose by transfinite induction we have already found cg € N with tp((bg)g<a/0) =
tp((cs)p<a/0)-

Since tp(ba/Ba) is isolated, we may use 2.7.3 to find ¢, € N such that
tp((bs)p<a/0) = tp((cs)s<a/V).

The map sending b, to ¢4 is now an elementary embedding M — N. O

2.7.7. Base example. If M |= T is countable and M is atomic (i.e. atomic
over (), then M is a prime model of T.1?°l The reason is that by 2.7.4(i), any
enumeration (ay,)n<, of M is a constructions of M over §.

2.7.8. Theorem. The following are equivalent.
(i) T is atomic, i.e. for all AC M =T, the isolated points of S1(A) are dense
(ii) For every A C M = T there is a model N < M, A C N such that N is
constructed over A.
(iii) For every A C M =T there is an atomic prime model N < M of A.

If £ is countable, then these conditions are equivalent to each of the the following
conditions.

(iv) For every countable A C M |=T there is a prime model N < M of A.
(v) For every countable Q =T and all M, N < Q and any set A C M NN there
is M' < M containing A and an elementary embedding M’ — N over A.

Remark: Notice that no stability theoretic assumption is made here. For example
real closed fields have an atomic theory, but they are not stable.

Proof. (ii)=-(iii) holds by 2.7.6.
(iii)=>(i). The isolated types of S,,(A) are dense in S,,(A), because every satisfiable

formula is satisfied in a model M that is atomic over A. (We don’t need that M is
prime over A for this argument.)

(i)=(ii). Again we may assume that A = (). For an ordinal o we define elements
bo € M as follows: Let by € M be a realization of an isolated type in S1(0). If bg

(2911 & is countable, then in fact by the omitting types theorem, every prime model of T is
atomic.
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for 8 < a have already been defined, then we write B = {bg | 8 < a} and take

by, if every isolated type from S (B) is realised in B,
bo = ¢ any element b € M realising an isolated type from
S1(B), that is not realized in B, otherwise.

Since M is a set there is a smallest o > 0 with b, = by and we show that N =
{bg | B < a} is an elementary substructure of M, by using the Tarski-Vaught
test: Hence we need to show that for every formula ¢(z) in one free variable with
parameters from B that is realized in M, there is some b € B with M E ¢(b).
Since ¢ is realized in M, we know from (i) that there is an isolated type p € S1(B)
with ¢(z) € p. But now by choice of @ we see that p is already realized by some
b€ B. Then M = ¢(b) as required.

Hence B indeed is an elementary substructure of M and by definition, (bg)g<a
is a construction of B over (). Thus N = B has the required property for (ii).

This shows that (i),(ii) and (iii) are equivalent. Obviously (iii) implies (iv). Now
assume .Z is countable and that there are prime models over every countable subset.
We show (i) by following the proof from [MarTof2003, Theorem 6.4.16, p. 206].

Assume for a contradiction that there are B C M |= T such that the isolated
points of S1(B) are not dense in S1(B). Take ¢(z) € £ (B) satisfiable in M and
suppose there is no ¢(z) € % (B) implying ¢(x) such that (x) isolates a type
in S1(B). Let Ag C B be finite and containing the parameters of ¢(z). Then for
each satisfiable formula ¥ (z) € Z1(Ap) with ¢(x) — ¢(z) in M, there is formula
Uy (z) € Z1(B) such that Jy(z) = @(x), "dy(z) = @(x) and both ¥, (z) and
-y (x) are satisfiable. Since .Z is countable, there is some countable A; C B such
that all the formulas ¥, (z) have parameters in A;. We iterate this construction
and obtain a countable chain Ag C A; € Ay C ... such that for all n < w and
every satisfiable formula ¢(x) € % (A,,) with ¥(x) — ¢(x) in M, there is a formula
Uy () € Z1(Any1) such that ¥y (x) — @(x), 9y (z) = p(x) and both ¥y (x) and
-y () are satisfiable.

Obviously then, the set A = Un A,, is countable and the formula ¢(z) does not
contain an isolated 1-type of S1(A). Since .Z is countable, there is no prime model
over A by the omitting types theorem. But this contradicts (iv).

Hence (i)-(iv) are equivalent and obviously (iv) implies (v). Finally, assume (v)
holds. We show (iv) by showing that for every countable set A from some model
Q2 of T, the isolated 1-types of A are dense in S;(A) (this suffices, because then
we may construct a countable atomic model of T inside 2, cf. 2.7.7). Suppose
this is not the case. Then there is a formula ¢(z) with parameters in A, such that
(p(z)) is nonempty but does not contain an isolated 1-type of S;(A). By passing to
an elementary extension if necessary, we may assume that (2 is Nj-saturated. Let
M < Q be countable with A C M. Then X = {p € (p(x)) | p is realized in M} is
countable without isolated points. By the omitting types theorem (and saturation
of ), there is some countable N < € that omits all types from X. Obviously M
and N are contained in a countable elementary substructure of 2. Hence by (v)
there are M’ < M with A C M’ and an elementary embedding f : M’ — N over
A. Now take b € M’ with M’ = ¢(b). Then p = tp(b/A) € X and so p is realised
in N by f(b). But this contradicts the choice of N. O
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We now turn to the subtle questions of uniqueness of prime models. We explain
the matter but only hint at proofs.

2.7.9. Theorem. [Ressayre] Any two constructed models of any complete theory in
any language are isomorphic.

Consequently, if T is an atomic and complete £ -theory, then by 2.7.8 any two
constructed models over a set A of parameters are isomorphic over A.

Proof. The proof may be found in [Poizat2000, section 10.4] and uses a clever
combinatorial generalization of the back and forth method, which delivers the claim
quite easily when M, N are two countable models that have constructions a : w —
M and b:w — N. (]

2.7.10. Corollary. If M is constructed over A and b,c € M™ with tp(b/A) =
tp(¢/A), then there is an A-automorphism o of M with o(b) = ¢.
It follows that the definable closure of A in M is the set of all elements of M

that are fixed under all A-automorphisms.

Proof. Let b: A — M be a construction of M over A. Using 2.7.4(i) we see that
b is also a construction of M over AU b and of M over AU By 2.7.9 there is
an automorphism as required (first apply 2.7.3 to find an automorphism of some
elementary extension of M that maps b to ).

For the second assertion take b € M \ dcl(A). Since tp(b/A) is isolated and
b ¢ dcl(A) it must have a realization different from b in M. By the first assertion,
b is not fixed under all A-automorphisms of M. O

In [Poizat2000, end of section 18.1] there is an example of a constructed model and
a prime model of a theory that are not isomorphic. However in the stable context
we have

2.7.11. Theorem. Let T be a stable and atomic theory. If T is superstable, or if
the language is countable, then every prime model over any set A is constructed and

consequently by 2.7.9, there is a unique prime model over A up to A-isomorphism.
This applies to DCF by 2.4.11.

Proof. Let M be a prime model over A. Since T is atomic we know that M < N
for some N =T that is constructed over A.

The stability theoretic assumption now implies that constructibility on N over
A descends to any set B C N containing A. The proof of that is based on the
combinatorial setup of Ressayre’s theorem but also uses results about forking; it
may be found in [Poizat2000, Proposition 18.1].

Consequently, M is also constructed over A and 2.7.9 applies. O

2.7.12. Scholium. Let T be a totally transcendental theory in some language. For
example DCF. Then for every set A of parameters there is a prime model M over
A. M is constructed over A and unique up to an A-isomorphism.

The prime model M is homogeneous over A in the sense that for all finite tuples
,E € M™ of the same type over A there is an A-automorphism of M mapping b to

[Tl

If K is a differential field, then the prime model over K is called the differential
closure of K and is sometimes denotes by K.
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2.7.13. Minimality of prime models Before looking closer at the differential
closure we will talk about minimality of prime models. We fix a totally transcen-
dental theory 7. For ACF, the prime model of a field K is its algebraic closure K.
This field is not only prime, but also minimal:

A prime model M of A is minimal if every elementary embedding M — M over
A is an automorphism of M. By 2.7.11 this is equivalent to saying that there are
no proper elementary restrictions of M containing A. The following are equivalent
for a prime model M over A:

(i) M is minimal over A.
(ii) M is, up to A-isomorphism, the unique model of T' that is atomic over A.
(iii) There is no sequence (a,)n<w in M with a,, # a,, for n # m such that for all
n < w the type tp(an+1/AU{a | k < n}) extends the type tp(a,/AU{ay | k <
Furthermore, if the prime model of A is not minimal, then for each cardinal x >
card Z(A) there is an atomic model N over A of size k.
For proofs see [Poizat2000, Theorem 18.7].

We now have a closer look at the differential closure.

2.7.14. Theorem. The differential closure of any field K equipped with the trivial
derivation is not minimal.

Proof. This was shown independently by Kolchin, Rosenlicht and Shelah for K = Q.
Rosenlicht in [Rosenl1974] verifies that the set of solutions of 2/ = 2% — 22 in K
is infinite and has a cofinite subset X that is algebraically independent over K.
From X one can then construct easily a sequence with infinitely many terms as
in 2.7.13(iii), witnessing non-minimality of K. Rosenlicht proves the same for the

equation z’(x + 1) — 2 = 0. O

2.7.15. Lemma. Let K be a differential field and let p € S1(K) with minimal
polynomial P(x) € K{x}. Then the set

{(P(z) =07 Q(x) #0) | @ € K{x}, ord(Q) < ord(P)}

is a neighborhood basis of p in S1(K). Hence if p is isolated, then an isolating
formula may be found in the form P(z) =0 A Q(x) # 0 with ord(Q) < ord(P).

Proof. Let % be the set on the right hand side. Using 1.2.10(ii) we know that
(% = {p}. Now if O C S,(K) is any open neighborhood of p then S;(K)\ O C
UUE% S1(K)\U and by compactness there are finitely many Q1,...,Q, € K{z} of
order < ord(P) with p € (P(z) = 0AQ1(z) Z 0)N...N(P(x) = 0AQ,(z) # 0) C O.
If we set Q = [[;—, Q; we still have ord(Q) < ord(P) and p € (P(z) = 0AQ(z) #
0) CO. O

2.7.16. Corollary. Let K be a differential field.
(i) The I-type over K with minimal polynomial ' is not isolated.
(i) If L O K is a differential field extension of K and L is atomic over K, then
the field of constants Cr of L is the algebraic closure (in the field theoretic
sense) of Ck in L.

Proof. (i) For any polynomial Q(x) € KJz| there are infinitely many solutions of
' =0AQ(z) # 0 in K: for example any rational number that is not a zero of Q.
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(ii). By 2.1.5(ii)(b), the algebraic closure of C'x in L is contained in C'y,. Conversely,
if a € C, then o/ = 0 and as tp(a/K) is isolated we see from (i) that a is algebraic
over K. By 2.1.5(ii)(b), a is even algebraic over Ck. O

2.7.17. Algebraicity, differential algebraicity and isolation. In the context
of algebraically closed fields an element « is algebraic over a field K if and only if
tp(a/K) € S1(K) = S1(M, K) is isolated, where K C M =ACF. The notion of an
algebraic element also exists in general model theory: b is algebraic over a set
A of parameters of a structure M just if there is a formula ¢(z) with parameters
in A such that M | ¢(b) and such that ¢ has only finitely many solutions in
M. For ACF this coincides with field theoretic algebraicity. Similarly in DCF this
notion agrees with field theoretic algebraicity over the differential field generated
by K U {b} (consider the minimal polynomial in the differential sense of tp(b/K)).

If K C L are differential fields and a € L, then «a is called differentially al-
gebraic over K if it is the differential zero of a non-zero differential polynomial
with coefficients in K. In stark contrast to the case of algebraically closed fields,
differential algebraic elements over a differential field K are not all contained in K.
An example is given in 2.7.16(i). (Recall that K is atomic over K.)

On the other hand, every differential field L containing K, which is atomic and
finitely generated as a differential field over K can be embedded over K into K:
realize the type of a set of finitely many generators of L in K.

Hence isolation is the notion that corresponds more closely to the intuition that
elements in K should be in some sense determined by K.

However, since Q is not minimal, 2.7.13 tells us that not every differential field
that is atomic over Q can be embedded into K and that there is no bound on the
size of elements from a DCF, which have an isolated type over Q.
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3. DIFFERENTIAL GALOIS THEORY
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3.1. Non-commutative differential rings and differential modules.
Reference: [vdPSin2003, Chapter 2|, [Bourbal989.

Throughout, R is an associative unital ring, which is not necessarily
commutative.

3.1.1. Reminder. Let R be a ring.

(i) Let M be a left module over R and let Endr(M) be the set of all R-
endomorphism of M. Then Endr(M) is a ring via component wise addition
and composition as multiplication. Then M is a left module over Endg (M),
where scalar multiplication is defined as p-m = p(m).

(ii) Let M be a left R-module and let Endz(M) be the ring of additive maps
M — M, where multiplication is given by composition. For r € R, let
+A M — M be multiplication by r on the left, thus .A(m) = rm. Then the
map ¢ : R — Endyz(M) defined by u(r) = A is a homomorphism of unital
rings, because .1 A = A+ A and .sA = Ao A forallr,s € R.130] If M is
not the null module, then v is injective, because R is unital.

(iii) Nowlete : R — S be a ring homomorphism. Then S is a left R-module with
scalar multiplication r-s := e(r)s; cf. Bourbaki, bottom of page A I1.2

3.1.2. Definition. A derivation of the ring R is an additive map d : R — R
such that for all r{,7, € R we have

d(T‘lT'Q) = d(T’l)TQ —+ Tld(T'Q).

The pair (R, d) is then called a differential ring. We frequently write ’ instead of
d, thus v’ = d(r) for r € R. We write Der(R) for the set of derivations of R.

Given a differential ring R = (R,’) and a left R-module M, a map 0 : M — M
is a derivation of the R-module M if it is additive and for all r € R,m € M we
have

A(rm) =r'm +rd(m).

The pair (M, 9) is called a differential (R,’ )-module. We will just say differential
R-module if the derivation on R is clear. The set of all derivations of M over R for
"is denoted by Der(g (M) or just Derr(M) if ' is clear from the context.

Motivation. We will see shortly that every derivation 0 of the module R™ is of
the form

&1 &1
0 = +B :
én &n &n
for some B € M, (R). Hence the kernel of 9 is the solution set of a linear system

of ODEs. Conversely, we’ll see that every such system comes from and defines a
module derivation.

&1

Y

[SO]Observe that A is not an R-module endomorphism in general.
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3.1.3. Remarks.

(i) If (R,d) is a differential ring, then the constants C = {r € R | d(r) = 0} is
obviously a differential subring of R. Further, the center Z of R is a differential
subring because for z € Z,r € R we have rz = zr and d(r)z = zd(r) and so
d(z)r =d(zr) — 2zd(r) =d(rz) — d(r)z = d(r)z + rd(z) — d(r)z = rd(2).

If a € Z, then ad is again derivation of the ring R, because for z,y € R we
have

(ad)(zy) = ad(2)y + azd(y) = ad(2)y + zad(y) = (ad)(2)y + z(ad)(y)-
(ii) If 0,9 are derivations of the ring R, then the Lie bracket [0,0] = 00d —Jod

is again a derivation of the ring R.[3"
Proof. Clearly 0o d — § o 0 is additive. Take x,y € R. Then

(006 —3600)(zy) = 0(d(x)y +xd(y)) — 6(0(x)y + 20(y))
A(y) + 0(x)d(y) + z9(y)

— 0(3())y + 3(x)
— 5(0())y — D(@)3(y) — 8(2)3y) — 28(3y))
— 9(3(@))y + 2d6(y) — 5(3(x))y — ©3(3(y))

= (005 —3000)(x)y+z(d0d—3500d)(y).

(iii) If z € R is invertible and d : R — R is a derivation, then
d(z™) = =z td(z)27 1,
because 0 = d(1) = d(z~1z) = d(z7 1)z + 2z~ 1d(x).

(iv) If d is a derivation of the ring R, then obviously d is also a derivation of the
left R-module R for d.

(v) If’ is a derivation on R and M is a left R-module, then a derivation 0 of M is
an R-module homomorphism if and only if '-M = 0 for all » € R; this follows
directly from d(rm) = r'm + rd(m). In particular 9 is a homomorphism for
the restriction of the module M to the subring of constants of R.

(vi) By (v) the constant map 0 is in general not a derivation and so Der(g (M)
is not a group. In fact if 9,4 are derivations of the R-module M for ’, then in
general d + 0 is not a derivation and neither is r0 for r € R.

3.1.4. Examples.

(i) Let R = (R,") be a differential ring. If (M;, d;);c; is a family of differential R-
modules, then ), ;(M;,d;) is again a differential R-module with derivation
d(>>; mi) = >, d(m;), which we refer to as the natural derivation of >, M;.

For any set I', let R[I'] be the direct sum of I" copies of the left R-module
R. Hence R[I'] is again a left differential R-module. We will write elements
of R[I'l as 3 p 7. Then the natural derivation of R[I'] reads as

Q) =y

yel’ yel
and for any r € R we see that d(rm) = r'm+rd(m), hence do , A = . A+, Aod.
The natural derivation on R™ reads as

(T1yeeeymn) = (], oy 7h)-

[31This implies that (Der(R),+, [, ]) is a Lie-ring.
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(ii) Now let ¢ : R — S be a ring homomorphism. Then S is an R-module
with scalar multiplication 7-s := e(r)s. If  is a derivation on R and if J is a
derivation on S such that ¢ is a homomorphism of differential rings, then 0 is
a derivation of the R-module S: For r € R and s € S we have
A(r-s) = 0(e(r)s) = d(e(r))s + e(r)ds

= ¢(r')s + (r)ds because ¢ is a differential ring homomorphism
=75 +1r0s.
3.1.5. The adjoint derivation Let R be any ring. For z,y € R define [y,z] =
yx — zy. Then the map ad, : R — R, = + [y,x] is a derivation of the ring R.
This map is called the adjoint map of y (cf. [Bourbal989, Chapter 1,§1.2,Def.

2|). Further, for all y,z € R we have ady, .; = [ady, ad.] (in Der(R) by 3.1.3(ii)) %2
hence if yz = 2y, then ad, o ad, = ad; o ad,.

Proof. We write d = ad,, which clearly is additive. For the Leibniz rule:

d(z1)re + z1d(22) = (Y21 — 1Y) 72 + T1 (Y72 — T2Y)
= YT1T2 — T1YT2 + T1YT2 — T122Y
= Yr1T2 — T122Y
= d(z122).

Hence ad, is a derivation. If z € R, then

lady, ad;](z) = ady(ad,(x)) — ad,(ady(z))
= ady(zz — zz) — ad; (yr — zy)
=y(ez —2z) — (22 — z2)y — 2(yz — 2y) + (yz — 2Y)2
= YRZT—YTZ—2TY + TZY — ZYT+2xYy+yrz — ryz
=yzxr +T2Y — ZYr — TYZ
= (yz — zy)x — x(yz — 2y)

adyy .1 ().

O

3.1.6. Derivations of Modules via Derivations of the endomorphism ring
Let M be a faithful left R-module (i.e. M =0 = r =0). If T € Endz(M)
is arbitrary, then by 3.1.5, the map ady : Endz(M) — Endz(M) defined by
adr(e) = Toe —eoT is a derivation on the ring Endz(M). The following are
equivalent (where ¢ : R — Endz (M) denotes the map from 3.1.1(ii))

(i) adp(¢(R)) € ¢(R), thus adr induces a derivation on the image of ¢.
(ii) There is a derivation ' on R such that T is a derivation of M for .

If these conditions hold true, then

(iii) The derivation in (ii) is unique and the co-restriction of ¢ to its image is an
isomorphism of differential rings (R,") — (¢«(R),adr|,(r)). Hence adr can
be seen as an extension of a derivation on R.

[321This statement says that ad is a Lie-ring homomorphism (R, +,[, |]) — (Der(R),[, ]).
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Proof. Since M is faithful, the map ¢ is injective.

(i)=(ii). By (i) and the injectivity of ¢, for every r € R there is a unique ' € R
with adr(-A) = ~+A. Let d : R — R be the map defined by d(r) = #’. Then
the definition of r’ says ady ot = tod. But adr is a derivation on ¢(R), hence d
is a derivation on R and the corestriction of ¢ to its image is an isomorphism of
differential rings (R, d) — (¢(R),adr|,(g))-

To see that T is a derivation of the module M for d, take r € R. Then T oA —
AoT = adp(,A) = A = 4y A, which expresses T'(rm) — rT(m) = r'm for all
m € M, as required.

(ii)=(i). Let r € R and m € M. Then

ade (;A)(m) = T(;A(m)) —, A(T(m))
=T(rm) —rT(m)
= r'm +rT(m) — rT(m) by (ii),

which shows that adr(,A) = A € «(R). Since ¢ is injective, this computation also
shows that the derivation ’ on R is uniquely determined by the requirement that
adr is a derivation of M for ’.

This finishes the proof of the equivalence of (i) and (ii). Item (iii) has been
verified on the way. O

3.1.7. If we apply 3.1.6 to the left R-module R and any derivation d of R, then
item (iii) says that the embedding ¢ : R — Endz(R) is a differential ring homo-
morphism, when R is equipped with d and Endz(R) is equipped with ad,.

Hence every derivation of any (not necessarily commutative) ring is the restric-
tion of an adjoint from a ring extension.

3.1.8. Proposition. Let R = (R,) be a differential ring and let & : M — M be
a deriwation of the left R-module M.

(i) If o : M — M is an R-module endomorphism, then O+ ¢ is again a deriva-
tion of M.

(is) If 6 + M — M is another derivation and ¢ : M — M is an R-module
endomorphism, then 0o —@od is again an R-module endomorphism.>3l In
particular
(a) O — 6 is an R-module endomorphism (set o = idps ).

(b) The derivation ady of the ring Endz(M) restricts to a derivation
End(M) — End(M) (set 6 = 0). (Recall from 3.1.6 that ady also
restricts to the given deriwation of R C Endgz(M) provided M is faith-
ful.)

Hence Derg(M) is the coset 0+Endr(M) of Endz(M) for any derivation 0 of M.

(iii) If v : M — M is an R-module automorphism, then ¢ o do~1 is again a
derivation. If § : M — M is another derivation and p = 0 — 6, then

1/)1060¢=5—|—<1/)1Oad5(¢)+¢1o<po¢>.

This is called the gauge transformation formula and will be explained
further in 8.1.11 below.

[33]Notice that in general, d o o is neither a derivation (set ¢ = 0), nor an endomorphism (set
¢ =1idys). Similarly for ¢ 0 4.
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Proof. (i). Obviously 9 + ¢ is additive. Let » € R and m € M. Then
0+ @) (rm) = Drm) + (rm)
=r'm+rdm+ ro(m)
=r'm+7(d + ¢)(m),
as required for a derivation.
(ii). Tt is clear that ¥ := 9oy — p 0 d is additive. Take r € R and m € M. Then
P(rm) = 9(p(rm)) — @(6(rm))
= 9(re(m)) — ¢(r'm +rd(m))
=1"p(m) +ro(p(m)) — (r'e(m) + re(d(m)))
= rd(p(m)) = re(d(m))
=rip(m),
as required for linearity.

(iii). By (ii), 0o9¥~! — =109 is an endomorphism. Hence ¢)o do~! — 9 is an
endomorphism as well. By (i), we may add 0 and get the derivation ¢ o d o ~1L.

Now let § : M — M be another derivation and ¢ = @ — §. For m € M we have

dop(m) = 0(p(m)) + (1(m)) as 0 =6 + ¢
= ads(¥)(m) +9(6(m)) + @(¥(m)), because ads(¢) = doh — o,

and so 0ot =hod+ (adg(w) +po ¢> . Multiplication from the left by 1~! shows
the gauge transformation formula. O
For the rest of this section we work with a commutative differential ring R.

3.1.9. Description of module derivations in coordinates We describe deriva-
tions in coordinates and also make 3.1.8 more explicit. Let M be a differential
R-module that is free and finite dimensional (as an R-module). Choose a basis
e1,...,en of M. Fori e {1,...,n} let r;; € R with

8(62) = Z Tij€j.
J

Then for m € M, m = &e1 4+ ...+ &nen, & € R we have
n n n
om = Zfz{ei + Zfi ZTijej
121 Zl jzl
= Z&/‘@i +ijz7‘ji€i
i=1 j=1 i=1
n n
D Gei+ ) &rie
i=1

i=1 j=1

> (€§ +) §ﬂjz‘) €i-
j=1

=1 =

n
n
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Hence when elements of M are written in coordinates with respect to eq,...,e, we
obtain
&1 3] &1
ol +of= s [+AT
{n g’:l gn

where A = (r;;)};—;. More precisely, this means that if ¢ is the natural derivation
on R" and ¢ € End(R") is defined by ¢(¢) = AT¢, then the diagram

M—2 M

R* ——— R",
S+
with v(§) = >, &e;, commutes. Since yo (§ + ¢) = 0 oy we see that vy : (R",6 +
¢) — (M, 9) is an isomorphism of differential modules.

We see that the kernel of @ is the solutions set of the system y’ = —ATy of linear
differential equations of order 1. If we identify such a system with the defining
matrix, 3.1.8 says that every such system is given by a derivation of M (although
solutions sets of these system do not uniquely define the derivation, nor the defining
matrices).

3.1.10. Extension of the derivation to End(R"™) = M,(R). Let O be the
natural derivation on M = R"™. By 3.1.8(ii)(b), ady restricts to a derivation of
Endgr(R™). We write Endr(R"™) = M,,(R) and compute adp in terms of matrices:

Let ¢ € End(M) and ¢(z) = Az with A € M, (R). Then ads(p)x = A'z, where
A’ € M, (R) is defined to be the matrix obtained from A by applying the derivation
of R to all the entries of A. The reason is that ads(p)xr = J(Ax) — Adz, which is
readily seen to be equal to A'x.

Hence ady : M,,(R) — M,,(R) is the derivation defined by A — A’.

3.1.11. Gauge transformation and change of basis We continue the consid-
eration on coordinates from 3.1.9. Let fi,..., f, be another basis of M and let
€ : R — M be defined by €(§) = >, &fi. As in 3.1.9, there is a linear map
p: R" — R™ such that the following diagram to the right commutes (the diagram
to the left is copied from 3.1.9):

M—2 M M—2 M

jripu— S
o . R ——— R".

We want to compute, p in terms of ¢. If we flip and then glue the diagram on the
right on top of the diagram on the left we get the following commutative diagram:
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Rr %t pn

R" —— R"
S+ ’

where ¢ :=~v"toe: R® — R™. Then 6 +p=¢"1o (5§ + ) o1. By 3.1.8(iii) we
know
Yl o0+ @)ooy =6+ oads(y) + v ooy
and so we obtain the base change formula
) p= v oads(¥) + ¥ ooy
Notice that for A, B € M, (R) with ¥(§) = B¢ and ¢(§) = A (we have now

replaced A by AT compared to 3.1.9), then (b) says that the matrix C with p(¢) =
C¢ satisfies

(1) C=B"'B +B'AB.

(See 3.1.10 for the computation of ads()) as B’.) This formula is thus the gauge
transformation formula in matrix form expressing the fact that the differential

modules given by d + A and § + C on R"™ are isomorphic as differential modules if
and only if there is some B € GL, (R) such that (f) holds.
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3.2. The ring of differential operators and classification of differential
modules.

3.2.1. The ring of differential operators We continue to work with a unital, but
not necessarily commutative ring R. Let ' be a derivation on R. We write d for the
natural derivation on the left R-module R[w] as explained in 3.1.4, w = {0, 1,2, ...}.
We write elements in R[w] as Y, o, 77" Let A : R[w] — R[w] be the R-module
homomorphism obtained from the shift w — w, k +— k + 1. Hence

A(Z T’ka) = Z Tk’T'kJrl.

kew kew

One should think of A as multiplication by 7 from the right. Now, 0 :=d+ A €
Endz(R[w]) is a module derivation of R[w] (by 3.1.8(i)) and we define the ring of
differential operators over (R,') as the subring of Endz(R[w]) generated by 0
over the image of the embedding ¢ : R — Endz(R[w]), r — A (cf. 3.1.1(ii)). We
will identify R with its image under ¢ and thus obtain an overring R[9] of R. We
record some properties related to the construction of R[0)].

(i) Since do A = A od we see that

n

" =(d+A)" =) <Z>dnk o AF,

k=0

where powers are taken in the ring Endz(R[w]).

(ii) By 3.1.6, the ring homomorphism ¢ : R — RJ[J] (identified as being the
inclusion) is differential, when R is equipped with ' and R[] is equipped
with the derivation d = ads of R[J] from 3.1.5. Hence for r € R we have
0-r =1’ 4+ r-0 in the ring R[J].

(In 3.2.3 we will see see that R[] is the non-commutative ring R{9)/(d-r =
'+ 70| r € R) and one could use this as the definition of R[J] as well.)

(ii) Now let ¢ : R — S be a ring homomorphism and let s € S be such that
€ : R — S is differential, when R is equipped with the derivation ' and S
is equipped with the derivation adg from 3.1.5. Explicitly, this means that
se(r) =e(r') +e(r)-s for all » € R. Then
(a) Left multiplication of S with s is a derivation of the left module S for

(R,), because for f € S and r € R:

s:(e(r)-f) = (s:e(r))-f = (e(r') + &(r)-s)-f = e(r)-f +&(r)-(s-]).

(b) B:={>1_e(rg)s® | n € No,r;, € R} is the subring of S generated by
e(R) and s, as follows by a straightforward induction on n showing that
s"e(r) € B.

If we apply (a) and (b) to € = ¢ : R — RJ[J] we see, using (ii), that left
multiplication of R[J] by 0 is a derivation of both left modules Endz(R[w])
and R[0] for (R,’) and

R[] ={) _rkd" | n € No,ry, € R}.
k=0

We also see that
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(c) for f=3"3_ri0",

o-f = Z?‘fﬁk + fO=1,0" T (7, )0 A () 70)0 7.

(Notice that left multiplication of R[0] by 0 is not a derivation of the ring
R[], because otherwise 0-(1-f) = (0-1)-f + 1-(9-f), implying 0-r = 0.)
(iv) The kernel of d is C[d], where C' is the ring of constants of R. If C' is com-
mutative, then C[J] is just the commutative polynomial ring in 9 over C.

3.2.2. Proposition. In the situation of 3.2.1, the evaluation map evy : R[0] —

Rw] at 1 = 7° € R|w] is a left R-module isomorphism. For rg,...,r, € R we have
St =3
In particular, the elements 1,0,02,... are R-linearly independent.

Proof. First notice that by 3.2.1(iii), the set R[9] indeed consist of left linear com-
binations of 1,7,72,... over R. We have A*¥(1) = 7% and dl( k) = 0 for all
k > 0 and I > 0. Hence by 3.2.1(i) we see that 9¥(1) = 7%, which implies
(om0 (1) = Sop_oreT™. It is now clear that ev; is an R—module isomor-
phism. O

3.2.3. Theorem. Let R = (R)) be a differential ring (not nec. commutative).
Consider the ring homomorphism v : R — R[0] together with the element 0 € R[0].
(i) Then ¢ is a differential ring homomorphism (R,) — (R[0],ads) and left
multiplication of R[0] by O is a derivation of the left R-module R|[0).
(it) The pointed homomorphism (v : R — R[9)],0) is uniquely determined up to
isomorphism of pointed homomorphisms in the following sense:
If e : R — S is a ring homomorphism and a differential map for ' and
some ads = [s, _], s € S, then there is a unique ring homomorphism R[0] —
S extending € mapping O to s.

Proof. (i) has been shown in 3.2.1(iii) (the assumptions where verified in 3.2.1(ii)).
(ii). By 3.2.2, we may define an R-module endomorphism ¢ : R[] — S by
o> o TrO") = > p_ye(ry)s® and we claim that ¢ is a ring homomorphism.

Claim. For each n we have s"e(r) =Y., (})e (r(n=k)) gk,
Proof. This is clear for n = 0,1. For the induction step we have

s"Tle(r) = s"(e(r') 4+ e(r)s) = s"e(r’) + s"(r)s

Z) (rn—kF1)) g +(§n: (Z)s(r(n—k))sk)s

k=0

(
> (
(z>s S (7 Jer e
(

n+1 (r(H1=k) ) b
k

n

0

| I
3
+ 1l 3 H
- O

=

=0
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The claim also applies to @ € R[J] (and the natural map R — R[J]) by 3.2.1(ii).
Then for all n,l € Ny and each r € R we see that

n n -
p(0"r0") = () <k> rt =Rkt
k=0

It is now routine to check that ¢ is multiplicative. O

3.2.4. Corollary. Let o : R — S be a homomorphism of differential rings. Then
there is a unique ring homomorphism ¢|0] : R[0] — S[0] making the diagram

Rl —2 ., s
R — S

commutative. Explicitly, ¢[0] maps Y. 70" to Y p(r;)0"

Proof. By 3.2.3(i) applied to S implies that the composition ¢ of ¢ with the struc-
ture map S — S[J] is a differential ring homomorphism R — S[0], when the
latter ring is equipped with the derivation ady. By 3.2.3(ii) applied to € and 9 € S[9]
we get the corollary. (I

3.2.5. The formal adjoint of R[J]. Let R = (R,) be a commutative differential
ring and let R[0]°P be the opposite ring of R[J], hence (R[0|°P,+) = (R[J],+) and
multiplication in R[0]|°P is given by s1 * so = $a-S1, where so-s1 is the product in
R[0]. Let ¢ : R[] — R[O]°P be defined by

Zn@’ Z ) rix O

Then ¢ is an isomorphism, called the formal adjoint of R[J]. Notice that v can
also be seen as a map ¢ : R[0] — R[0], where (> r;0") = > (=1)'0%r;.

Proof. Let ¢ : R — R[0]°? be defined by e(r) = r-0°. Since R is commutative, &
is a ring homomorphism R — R[J]°P. Moreover, ¢ is differential when R[J]°P is
equipped with derivation ad_g, because for r € R we have

P =0r —rd=rxd—9xr=(=0)xr —7r*(=0).

By 3.2.3(ii) applied to £ we get the assertion. O

3.2.6. Proposition. Let R = (R,”) be a differential ring. Then the category of
left R[0]-modules is isomorphic to the category of left differential (R, )-modules.
The isomorphism sends a left module M over R[D] to (M|g,V), where M|g is the
R-module obtained from M wvia scalar restriction, and ¥ : M — M 1is scalar
multiplication of M by 0.
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Proof. Let M be a left module over R[0] and let ¥ : M — M be defined by (left)
multiplication with 0. Then for » € R and m € M we have

J(rm) = 0-(rm) = (9-r)m
= (r' +r-8)-m, by 3.2.1(ii)
=r'm+ rﬁ(m)

This shows that ¢ is a derivation on M for (R, ).

Conversely, let ¥ : M — M be a derivation. Then M is an R[9]-module with
d'm = ¥(m) in the following way. W.l.o.g. assume M # 0. Let S be the ring
Endz(M) and consider S as an overring of R via the embedding ¢ from 3.1.1(ii).
Since ¢ is a derivation on M, we have J-r = '+ 79 (i.e. Yo, A=A+, .Aod) for
all r € R. Hence by 3.2.3, there is an homomorphism R[0] — S extending ¢ and
mapping J to ¥. Since M is an S-module (via evaluation), the scalar restriction to
RI[0)] gives the required R[J]-module structure. O

3.2.7. Example: The first Weyl Algebra over a ring. Let k be a commutative
ring and let R = k[z] be the polynomial ring in one variable over k. Let ’ be the
standard derivative % of R. Then R|[J] is the first Weyl algebra over k: To see this,
notice that the generators x, @ of the ring R[0] over k satisfy 0-x = a’+2-0 = 1+z-0.
Now the defining equation of the first Weyl algebra W is XY —YX — 1 = 0,
ie. W:=k(X,Y)/(XY —YX —1). Hence we have a k-algebra homomorphism
kE(X,Y) — R[0] mapping X to z and Y to 0, which is obviously surjective. We
obtain a map k(X,Y)/(XY —Y X — 1) — R[J]. To see that this map is injective
we use the universal property of R[9] from 3.2.3(ii) to produce a compositional
inverse. The inclusion R = k[z] < W is a an R-algebra and the element s =
Y mod (XY — YX — 1) satisfies sr = 7/ 4+ rs for all r € R: Modulo the ideal
(XY —YX —1) we have YX — XY =1 = X’ and by induction

yX"H o Xy = (1 4+ XY)X™ - X"y = X"+ XY X" — X"y
= X"+ X(YX" - X"Y)
= X"+ X(X™), by induction
= X"+ XnX" ' = (n+1)X"
Hence for r = >_p_ a X* we get (modulo (XY —Y X — 1))

Yr—rY =Y ap(YXF - X'Y) = an(X*) ="
k=0 k=0
Thus, from 3.2.3(ii) we obtain an R-algebra homomorphism R[0] — W mapping
0 to s. This map is the compositional inverse we were looking for.

3.2.8. Division with remainder in R[9]. (This is the proof of [Lang2002,
IV,§1,Theorem 1.1,p.173|, where special attention to non-commutativity is given.)
Let R = (R,) be a differential ring. Let f,g € R[0] with g # 0 such that the leading
coefficient of g is invertible in R. Then there are unique q,r € R[0] with f = q-g+r
and deg(r) < deg(g). (Here deg(0) = —o0.)

If R is commutative, then by 3.2.5 we see that there are unique q,r € R[0] with
f=gq+r and deg(r) < deg(g).
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Proof. First we do existence. If deg(f) < deg(g), then take ¢ = 0 and r = f. Hence
we may assume that n = deg(f) > deg(g) = d. We do an induction on n. Since
g # 0, also f # 0. We write

f=a, 0"+ ...+ ao,
g =0bg0% + ... + b,

where a,,b; € R\ {0}. By assumption b, is invertible in R. If n = 0, then we
may choose ¢ = ag-by! and r = 0. Now assume n > 0. By 3.2.1(iii)(c) we see
that 0-g = b0t + g*, where g* € R[0] is of degree < d + 1. Consequently
o~ d.g = bg0™ + g*, where g* € R[J] is of degree < n. It follows that

fr=F—anbyt-9" g

is of degree < n. By induction there are ¢;,r € R[J] with deg(r) < deg(g) such
that f; = ¢1-g + r. Consequently

f=arg+anb;t-0" g +r
and we may take ¢ = ¢q; + anbglﬁn_d.
Now for uniqueness. Assume f = ¢;-g + r; with deg(r;) < d. Then (¢1 — ¢2)-g =

r1 — 1. Since the leading coefficient of ¢ is a unit and deg(r; — r2) < deg(g), this
is only possible if ¢; = g2, and consequently r; = ro. (Il

3.2.9. Corollary. Let K = (K,') be a differential field. Then every left ideal of
K|[0] is a principal left ideal and every right ideal of K[J] is a principal right ideal.

Proof. Let I be a left ideal of K[0] and let g € I\ {0} be of minimal degree. Since
K is a field we may assume that the leading coefficient of f is 1. Now if f € I,
then take ¢,r € K[J] with f = ¢-g + r and deg(r) < deg(g). Since I is a left ideal
of K[9] we know that ¢g-g € I. But then r € I as well. Since deg(r) < deg(g) the
choice of g implies r = 0. Thus I = K[J]-g.

Since K is commutative, the assertion also holds for right ideals by 3.2.5 (]

3.2.10. Theorem. [vdPSin2003, Proposition 2.9], pdf If K is a differential field
and M is a finitely generated K|[0]-module then there is some n > 0 and some
f € K[0] with
M = K[0]" ® K[0]/K[0]f
as K[0]-modules.
Hence if M is finite dimensional as a K -vector space, then M = K[0]/K[0]f is

cyclic, i.e. has a cyclic vector v, i.e. M is the differential submodule of M generated
by v (take v =0+ K[J]|f).

3.2.11. Corollary. If K is a differential field and A € M, (K), then there is some
L(y) = Y +an_1y "V 4. Hagy € K{y} such that the matriz differential equation
Y’ = A'Y is equivalent to the matrixz differential equation Y' = Ap-Y, where

0 r .. 0 0

0 0 0 0
AL: :

0 0 0 1
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FEquivalence here means that the associated differential modules are isomorphic as
differential modules. Alternatively, that A and Ay, are obtained from a gauge trans-
formation as in 3.1.11.

Proof. [vdPSin2003, Exercise 2.12.7], pdf One finds L as follows: Let M be the
K[8]-module given by d+A. By 3.2.10 there is some f = 8" +b,,_10" 1 +.. .4by0° €
K|[0] with M = K[9]/K[0]f. Now take a; = (—1)%b;. O

In [vdPSin2003, Section 2.2] one can find a wealth of properties of differential
modules, which reflect natural questions about linear ODEs.
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3.3. Picard-Vessiot extensions.
3.3.1. Where to solve linear ODEs? Let K be a differential field and let

P(y) =y™ +an 1y + ..+ a1y + agy € K{y}.

Since P is irreducible with separant 1 we know from 1.2.12 that I(P) = [P] =
(P,P’,P",...) is adifferential prime ideal of K{y}. Hence the residue o = y+[P] €
K{y}/[P] is a solution of P(y) = 0 and the transcendence degree of K{(«) over K
is n, see 2.6.3. Therefore, when n > 0:

(i) We can always find solutions of P(y) = 0 outside of K, in stark contrast to
the classical case of polynomial equations in one variable (over algebraically
closed fields).

(ii) By iteration we can find arbitrary many algebraically independent (over K)
solutions of P(y) = 0 in some differential field containing K.

Hence if we want to study solutions of P(y) = 0 (and suppose there is only the
trivial solution in K), we need to decide in which ambient differential field we
want to look at solutions. The differential closure of K will provide a framework,
suitable for Galois theory. Furthermore, the field K(«) obtained from f by adding
the generic solution a to K will in general not serve as splitting field of f(y) in
differential Galois theory.

3.3.2. Proposition. Let M = (M, ) be a differential module over the differential
field K = (K,") and let C be the field of constants of K.

(i) 0 is a C-vector space homomorphism and therefore ker(9) is a C-vector space.
(i) If my,...,my, € Ker(9) are C-linearly independent, then they are K-linearly
independent. In particular dime ker(9) < dimg (M).
(iii) If K is differentially closed and M s finite dimensional as a K -vector space,
then ker(0) generates M as a K-vector space and dime ker(9) = dimg (M).

Proof. (i) follows directly from the definition 3.1.2 of “module derivation".

(ii) Assume by induction that mg,...,m,_1 are already K-linearly independent
and that there are rq,...,r,_1 € K with m,, =rymy+ ...+ r,_1m,_1. Applying
0 gives

(%) Amy) =rimi+...+7h_1Mp_1+7110(m1) + ... +7p_10(mp_1).
As all m; € Ker(0), this means
O=rimi+...+7,_1my_1.
Since my, ..., my_1 are K-linearly independent we see that r{ = ... =r,_; =0,
i.e. my, is in the C-span of my,...,m,_1 by (x).
(iii). We may assume that M = K™ as vector space. By 3.1.9 we know that
O(z) =a2'— Az (x € M) for some A € M, (K). Choose generic solutions Y7,...,Y,
of 9(z) = 0, i.e., choose indeterminates Y; ; over K, 1 < 4,5 < n and let d be the
derivation of the polynomial ring K[Y; ; | 1 <4,j < n] extending the derivation of
K with
d(Yi1) Yii1
=4

3
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For existence of d use 1.1.7. Then the formula

i=1

(in n? variables y; ;) has a solution in the differential field extension (K (Y;; | 1 <

i,j <n),d) of K given by Y; ;; observe that det(Y7,...,Y;,) # 0, since the Y; ; are
algebraically independent. Since K is differentially closed there are z1,...,z, €
K™ with 2z} = Az and det(z1,...,2,) # 0. It follows that z1,...,2, € ker(d)
are K-linearly independent. Hence ker(9d) generates M as a K-vector space and
dime ker(9) > dimg (21, . . ., zn) = dimg (M). By (ii) we get equality. O

3.3.3. Definition of Picard-Vessiot extensions for matrix ODEs Let ¢y = Ay
be a matrix ODE over the differential field K = (K,"), A € M, (K).

(i) A fundamental system of solutions of y' = Ay is a tuple (y1,...,Yn),
y; € L™ of solutions y; = Ay; for all i € {1,...,n} from some differential field
extension L with det(y1,...,yn) # 0; equivalently: y1,...,y, are solutions of
y' = Ay and they are linearly independent over the constant field of L, see

(ii) A differential field L O K is called a Picard-Vessiot extension of K for
y = Ay if it is generated as a differential field by (the coordinates of) a
fundamental system of solutions of ¢y’ = Ay in L and if the constant field of L
is the constant field of K. Notice that L is then already finitely generated as
a field by y1,...,Yn, since y; € K(y1,...,yn). A Picard-Vessiot extension
of K is a Picard-Vessiot extension of K for some matrix ODE of K.

3.3.4. Definition. The differential Galois group of a differential field extension
L/K is the group of differential K-automorphism of L. It is denoted by Gal(L/K).
Notice that there is no conflict with the classical notation: If L/K is an algebraic
extension, then every field automorphism of L over K is differential: deploy the
formula (*) in 2.1.5.

3.3.5. Existence, uniqueness and normality of Picard-Vessiot extensions
Let K = (K,") be a differential field with algebraically closed constant field C'. Let
y' = Ay be a matrix ODE over K = (K,'), where A € M, (K).

(i) If F is a differential field containing the differential closure K of K and the
constant field of F is the constant field of KB then the subfield L of F
generated by all (entries of) solutions of y' = Ay in F is the unique Picard-
Vessiot extension of K for y = Ay inside F.

(ii) Ewvery differential K -automorphism off( restricts to a K-automorphism of L
and the restriction map Gal(K/K) — Gal(L/K) is surjective.

(#ii) All Picard-Vessiot extensions of K for y' = Ay are differentially isomorphic
over K.

Consequently: Up to differential K-isomorphism, there is a unique Picard-
Vessiot extension L of K fory' = Ay, namely the field generated by all (entries
of ) solutions of y' = Ay in the differential closure of K. By 3.3.2(iii), the
solutions of y' = Ay in L™ is a C-vector space of dimension n.

[34]The main case being F = K. Notice that every differential field has an extension that does
not change the constants: The quotient field of the differential polynomial ring.
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Proof. (i). By 3.3.2(iii), there is a fundamental system (y1,...,¥yn) of solutions of
y = Ay in K. Since K is atomic over K, we know from 2.7.16 that C is also the
constant field of K. Hence the field L generated by such a system also has constant
field C and is therefore a Picard-Vessiot extension for y' = Ay.

Now let L be another Picard-Vessiot extension for y' = Ay inside F. and let
(#1,...,2n) be a fundamental system of solutions of 3 = Ay that generates L as
a field. Since the constant field of F is the constant field of K and this field is C
we know that F' and K have the same constant field. By 3.3.2(ii), the solutions of
y = Ay in F is of C-dimension < n. However, both L as well as L are generated
by the entries of n elements of F™ that are linearly independent over C'. Hence
L=1L.

(ii). By (i), every differential K-automorphism of K restricts to a K-automorphism
of L. Since L is differentially finitely generated over K we may apply 2.7.10 and see
that every differential K-automorphism extends to a differential K-automorphism
of K.

(iii). Let F' be another Picard-Vessiot extensions of 4’ = Ay. Since F' has constant
field C, its differential closure F' has again constant field C. Since K can be
embedded into F over K , also L can be embedded into F over K. By (i) applied
to F' (which has constant field C'), this embedding must be an isomorphism onto
F. O

3.3.6. Corollary. If L/K is a Picard-Vessiot extension with algebraically closed
constant field, then the fized field of Gal(L/K) is K.

Proof. By 2.7.10 we know that the fixed field of Gal(K/K) is K. Hence by
3.3.5(iii),(il) we get the corollary. O

3.3.7. Remark. Without the assumption that the constants of K are algebraically
closed, neither existence nor uniqueness of Picard-Vessiot extensions is true in gen-
eral:

In [CreHaj2011, Exercises (25) for Chapter 5, page 137] an example for non-
existence is given.

In [CreHaj2011, Exercises (26) for Chapter 5, page 137] an example of non-
isomorphic Picard-Vessiot extensions for the linear ODE 3" + y = 0 over R (with
the trivial derivation) is given.

3.3.8. Characterization of Picard-Vessiot extensions [Magid1994, Proposi-
tion 3.9]

Let K C L be differential fields and assume K and L have the same constant field
C and C is algebraically closed. Then L/K is Picard-Vessiot if and only if

(a) L is the differential field generated by a finite dimensional C-vectorspace V.
(b) There is a subgroup G C Gal(L/K) with fixed field K such that o(V) C V
for all 0 € G.

If L/K is a Picard-Vessiot extension and yi, ..., y, is a C-basis of a C-vector space
as in (a),(b), then L/K is a Picard-Vessiot extension for

WI’(Y7 Yiy- ayn)
Wr(Y1, .-, Yn)
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where wr is the Wronskian, See [Magid1994, Chapter 2| for definitions. In this
course we are not talking about the Wronskian (due to time limitations), but the
reader is strongly advised to connect to this important part of the theory.

3.4. The differential Galois group as definable group and as a linear al-
gebraic group.

3.4.1. Remark. Let K be a differential field and let A € M, (K). Suppose the
matrix ODE 3’ = Ay has a fundamental system of solutions (y1,...,y,) € K™. We
write Y = (y1,...,yn) for the matrix from M, (K) with columns yi,...,y,. By
definition of “fundamental system of solutions" then ) € GL,(K) and V' = A-Y
in M,,(K), which can be seen as an equation in the differential ring M, (K), where
derivations of matrices are taken entry wise, see 3.1.10. The matrix ) is called a
fundamental matrix for ' = Ay. Let C be the field of constants of K. Then
(i) If y € K™ with ¢/ = Ay, then Y71y € C™ is the unique ¢ € C™ with
Yy=ciyi + ...+ Culn.
Proof. By 3.3.2, y1,...,y, is a C-basis of solutions of ¢y’ = Ay in K™. Hence
there is a unique ¢ € C™ with y = c1y1 + ... + ¢p¥Yn. Since y1,...,y, are the
C1
columns of Y this reads as y = V-c (=Y- | : |), ie. YV ly=c o
Cn
(ii) The set of all fundamental matrices of ¥y = Ay (from GL,(K)) is the coset
V- GL,(C). Hence if Z € GL,,(K) is another fundamental matrix for y' = Ay,
then
Yy~t.2 e GL,(O).
Proof. If B € GL,(C), then (¥-B)' = Y'-B = A-Y-B, hence Y-B is again a
fundamental matrix for ' = Ay. For the other inclusion, if Z € GL,(K) is
another fundamental matrix for y’ = Ay with columns z1, ..., z,, then

Yy 1iz=Q"t 2, , Y ) € M,(C) by (i).
Hence Y71-Z € GL,(C) and Z = Y-(Y~1-2) € Y- GL,(C).

<&

3.4.2. Proposition. Let K be a differential field with constant field C (which is
not necessarily algebraically closed) and let L/ K be a Picard-Vessiot extension for
the matric ODE y' = Ay, A € M,(K). Fiz a fundamental system of solutions

(Y1,--yyn) € L™ of v/ = Ay and let Y = (y1,...,yn) € GL,(L). By 3.4.1(ii) we
may define a map
®y : Gal(L/K) — GL,(C); ®y(0) =Y "o(Y).

Then

(i) @y is an embedding of groups.

(i) If Z € GL,(K) is another fundamental matriz for y' = Ay, then by 3.4.1(ii)

we know that Z = Y-B for B= Y 1.Z € GL,(C). Then
®z(0) = dy.p(o) = B~ L&y (0)-B.

(iii) If o € Gal(L/K), then &,y = .
(iv) If o € Gal(L/K) and y € L™ with y' = Ay, then o(y) = Y-y ()Y 1y.
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(v) The map
Zy : Gal(L/K) — GL,(K); Zy(0) = a(¥)- Y1

s also an embedding of groups and for any other fundamental matrix Z €
GL,(K) we have 2y = Ez. We may thus just write = instead of Ey. The
image of 2 (which is independent of the chosen Y but does not have values
in the constants in general) is therefore called the intrinsic Galois group,
whereas the image of ®y (which is dependent on ) but has values in the
constants) is called the extrinsic Galois group.

The automorphism GL, (K) — GL,(K) mapping B to Y-B-Y~! makes
the diagram

GL, (K) Doy By GL,(K)
] q
GL,(C) GL, (K)
Gal(L/K)

commutative. Hence ®y = Y~ 1.2.).

Proof. (i). We write ® = ®y. Let 0,7 € Gal(L/K). Then

O(or) =Y (oon)(V) =Y a(r(V))
=Y Lo(Y-@(1)), since ®(7) = Y 1-7(Y)
=Y Lo(Y)-®(r)-, because o|x = idg and the constants of L are in K
=P(0)- (7).

Hence ® is a group homomorphism. If ®(c) = I,,, then Y~ 1.0(Y) = ®(0) = I,
i.e. 0()) = Y and since L is generated by ) over K we get 0 = id;,. Hence ® is an
embedding of groups.

(ii). Now take another fundamental matrix Z = Y-B for y/ = Ay, B € GL,(C).
For o € Gal(L/K) we have

Dz(0)=Z"0(2) = (¥-B) "o(V-B)
=B LY Lo ())B, as 0|k =idx and the constants of L are in K
= B 1. ®y(0)-B.

(iii). Now suppose Z = o()). Then the matrix B in (ii) is
B=y '2=Y"0()) = y(0)

and so by (ii) we see that ®,y) = B™1-®y(0)-B = ®y(0).
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(iv). We have
V-&(o) Yy ty=yy? (y)-y*Ly

[
2
‘S
i<
Qd

=o(Y- Yyt -y), since Yty € C™ by 3.4.1(i), and because

0|k =idk and the constants of L are in K

=0(y).
(v). We have
Ey(o1) = o(r(V)Y~!
=o(YY (V) Y7!
=o(Y)Y 11 (Y)- Yt because Y 1-7(Y) € GL,(C)

Further, write Z = Y-B with B € GL,(C) (using 3.4.1(ii)). Then
2z(0) =0(2)27 = o(V-B)-(¥-B)™
=a(¥)-B-B~Y !
(Y)Y

g

Ey(o).

The diagram commutes because
Y-@y(o) Y~ =YY oY)V =E(o).
O

3.4.3. Proposition. Let K be a differential field with algebraically closed constant
field C and let K be the differential closure of K. Let S C K™ be the set of solutions
of the matrix ODE y' = Ay, A € M,(K), and let L C K be the Picard-Vessiot
extension of K fory' = Ay (cf. 5.5.5).

Fiz a fundamental matriz Y € GL,(L) of v = Ay and let Hy be the image of
the embedding ® := ®y : Gal(L/K) — GL,(C) from 5.4.2.

Then the map Oy : Hy x S — S defined by ©y(B,y) = Y-B-Y 'y are K-
definable in the differential field K . (Hence also Hy and S are K-definable.) The
diagram

Gal(L/K) x § —7W=7W) g

Py xidg idg

y=Y-B-Y ly

HyXS 6,

S

commutes, i.e. Oy(B,y) = @51(3)(3;).
We see that the action of Gal(L/K) on S is isomorphic to the K-definable (in
K) action ©y : Hy x S — S.

Proof. We write ® = ®y, H = Hy and © = ©y and keep in mind the dependency
on Y. The diagram commutes by 3.4.2(iv). Since K is atomic over K, the type
tp(Y/K) is isolated by some formula ¢(Y') (in the language of differential rings,
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Y = (¥i,j)i j=1), with parameters from K. We claim that the (graph of the) map

©: H xS — S is defined in K by the following formula (X, y,2) in the free
variables X = (2;)7;_¢, y and z:

X' =0& det(X) #0 &y = Ay & IY <<p(Y) & o(V-X) & 2= Y-X.Y—l.y)

(It follows that H is defined in K by the formula X' = 0 & det(X) #
0 & Y (p(Y) & ¢(Y-X)). Notice that ¢ indeed has parameters from K only.)

To see this, first suppose that O(B,y) = z, i.e., B € H, y € S and o(y) = z
for the automorphism o € Gal(L/K) with ®(o) = H, ie. o()) = Y-B. Since
K = ¢(Y) and ¢ has parameters in K we know K = ¢()-B). Since z = Y-B-Y 1.y
by definition of ©, we see that K = 9(B).

Conversely take B € GL,(C), y € S, z € K" and Z € M,(K) with K |=
¥(B,y, z). Then B’ = 0 and det(B) # 0 says B € GL,,(C). Furthermore 3’ = Ay
and K |= ¢(2) & ¢(Z2-B) & z = Z-B-Z 'y Since K = ¢(Z), we know that
tp(V/K) = tp(Z/K) and by 2.7.10 there is some 7 € Gal(K/K) with 7()) = Z.
By 3.3.5 we know that 7 restricts to an element 7 € Gal(L/K). Then Z is a
fundamental matrix for y’ = Ay and by 3.4.2(iii) we know that &y = ®z. Similarly,
from K = ¢(Z-B) we get some ¢ € Gal(L/K) with 0(Z) = Z-B. Consequently
®y(0) = ®z(0) = B and it remains to show that o(y) = z. Take ¢ € C™ with
y= Z-c. Then o(y) = 0(2)-c= Z:B-c = Z-B-Z~ 1.y = 2 as required. O

3.4.4. Proposition. The image Hy of ®y in 3.4.3 is a Zariski closed subgroup of
GL,,(C), hence it is a linear algebraic group.

Proof. Hy is of course a group. Let Y = (y;; | 4,5 € {1,...,n}) be indeterminates.
Fix a fundamental matrix ) € GL,,(L) for ¢ = Ay and let € : K[Y] — L be the
evaluation map at ). We furnish K[Y] with the derivation extending the one on K
Yi1
satisfying y; = A-y;, wherey; = [ |, see 1.1.7. Then ¢ is a differential K-algebra
Yin
homomorphism and its kernel I = {P(Y) € K[Y], P(Y) = 0} is a maximal ideal
of the ring K[Y] (e is surjectivel) as well as a differential ideal of the differential
ring K[Y].
Claim. If B € GL,,(C), then B € Hy <= P(Y-B)=0forall P € I.
Proof. =. Since B € Hy, there is some o € Gal(L/K) with B = ®y(0). If P € I,
then P(Y-B) = P(Y-®y(0)) = P(o(Y)). Since o|x = idg, we get P(o(Y)) =
o(P(Y)) =0, as required.
<. Let ¥ : K[Y] — K][Y] be the K-automorphism defined by Z(P(Y)) =
P(Y-B). Since B has constant entries, 3 is differential and the kernel J of £ 0 ¥ is

J={P(Y) € K[Y] | P(Y-B) =0}

By assumption, I C J. Since [ is a maximal ideal we get I = J and therefore eo %
factors through a differential K-automorphism o : L — L so that the diagram
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K[Y] =25 K[Y]

€ l&
L

L——
commutes. We claim that ®y (o) = B (showing B € Hy):

Oy(0) =Y o (V) =e(Y) ho(e(Y))
=e(Y) 1e(2(Y)) by commutativity of the diagram
=e(YLE(Y)) =Y LY B)
=Base|g =idk .
o
The claim says precisely that Hy is the intersection of GL,(C) with the Zariski

closed subset of L defined by {P(Y-X) € L[X] | P(Y) € K[Y], P(Y) = 0},
X = (wij)} j=1- By 2.2.6(ii), the set Hy is a Zariski closed subset of GL,(C). O

3.4.5. Fundamental Theorem of Differential Galois Theory for Picard-
Vessiot extensions Let L/K be a Picard-Vessiot extension of differential fields
for the matric ODE 3 = Ay, A € M,(K). Suppose C has algebraically closed
constant field. Let Y € GL,(L) be a fundamental matriz for y' = Ay. Then the
map

(1)
Gal(L/_ ): { L, G C Gal(L/K) }

L1 differential field
—_ G
with K CL; CL

linear algebraic group
Ly — Gal(L/Ly)

is an inclusion reversing bijection. Its inverse sends G to the fixed field
L¢ ={aecL|o(a)=a foral o c G}.

(i) Under the bijection in (i) the differential fields Ly that are normal (i.e. all
o € Gal(L/K) restrict to automorphisms L1 — L1), are in bijection with
the normal Zariski closed subgroups of Gal(L/K). Such a field Ly is again a
Picard-Vessiot extension of some matrizc ODE of K.

Proof. [vdPSin2003, Proposition 1.34], [CreHaj2011, Proposition 6.3.1 and 6.3.2],
[Magid1994, Theorem 6.5] O

3.4.6. Classical Galois extensions If K is a differential field with algebraically
closed constant field, then every finite Galois extension L/K (in the classical sense)
is a Picard-Vessiot extension, see [vdPSin2003, Exercises 1.24], or [CreHaj2011,
Example 6.1.6].

Proof. Firstly, since L/K is algebraic and the constant field C' of K is algebraically
closed, 2.1.5(ii)(b) implies that L also has constant field C.

As we are in characteristic 0 the primitive element theorem tells us that L = KJq]
for some o € L. Let d be the degree of L/K, i.e. the K-vector space dimension of
L.
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Then a, o/, ...,a'? are linearly dependent over K and there is a maximal k <
d such that a,¢/,...,a* 1) are linearly independent over K. Then there are
ag,...,ap_1 € K such that a solves

y(k) + ak_ly(kfl) +...+ a1y +apy = 0.

By 3.3.2(ii), the C-vector space V C L of solutions of this equation is finite dimen-
sional. As all field automorphisms of L/K preserve the derivation (by formula (x)
in 2.1.5), we see that conditions (a) and (b) of 3.3.8 are satisfied for L/K (take
G = Gal(L/K)), which implies the claim. O

3.4.7. Examples. [CreHaj2011, Examples 6.1.4 and 6.1.5] Let K be a differential
field with (not necessarily algebraically closed) constant field C.
(i) (Adjunction of an integral).
Let L=K(a), o/ =ae K, a¢ K.
If a has an integral b € K, then g is a new constant. Now assume a has
no integral in K. Then
(a) « is transcendental over K
(b) L/K is Picard-Vessiot for the equation y" — %y =0
(c¢) A fundamental system of solution for y" — %y =0is {1,a}.
(d) An element o € Gal(L/K) maps « to some o + ¢, ¢ € C' and

Gal(L/K):{((l) f) lceCY=(C,4).

(ii) (Adjunction of an exponential of an integral).
Let L = K{a) with %/ = a € K*. Assume L has no new constants (e.g.

o € K). Then
(a) « is a fundamental system of the linear ODE 3’ — ay = 0 and L/K is
Picard-Vessiot for this linear ODE.
(b) If « is algebraic over K, then o™ € K for some K and Gal(L/K) is a
finite cyclic group.
(c¢) If « is transcendental over K, then Gal(L/K) = (C*,-).
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3.5. Kolchin’s strongly normal extensions.

This is essentially an annotated write up of parts of [Poizat2000, Section 18.3],
where definitions and statements are compared with the corresponding ones in
Picard-Vessiot theory.

3.5.1. Definition. Let K be a differential field with algebraically closed constant
field. A Kolchin formula of K is a formula () in the language of differential rings
in one free variable x, with parameters from K, that has the following property:

There is a differentially closed field M O K such that for every
differentially closed field L O M and each o € L with L = ¢(a),
the differential field M («) generated by a over M in L, is generated
over M by constants of M {a).

In the case of linear ODEs: Let ¢(x) be a homogeneous linear ODE of the
form

(L) 2+, 12D+ 4+ a2 +agr =0,

with a; € K. This formula is Kolchin, because by 3.3.2(iii), every differentially
closed field contains a fundamental system of solutions of the matrix ODE ¢/ = A,y
for

0 1 0 0

0 0 0 0

0 0 0 1
—ap —a1p ... —Qp—2 —0ap—1

and by 3.3.2, for any differential field L containing a fundamental system, solutions
of y' = Ay are generated by this system over the constants. (Recall that solutions
y € L™ of y' = A,y are isomorphic to solutions of £, i.e. realizations of ¢(x), by
projecting onto the first coordinate of y.) An example of a Kolchin formula that
is not linear is 2/ = 23 + pz + ¢, where p and ¢ are constants of the Weierstrass
p-function.

3.5.2. Lemma. Let ¢(x) be a Kolchin formula over K. Then there are 0-definable
(for DCF) functions f;(§,z), i = {1,...,k} such that for any differentially closed
field M containing K there is a y-tuple a € MY with the following property:

(1) for all« € N = M with N |= p(«) there is a zZ-tuple of constants of N with
a=fi(a,c)V...Va= fi(a,c).

A tuple a from a DCF M D K is called a fundamental system of parameters
for ¢(z) if there are finitely many 0-definable functions f; as above such that (T)
holds. If this is the case, then every realization of the formula

k

va (w(x) o (V3 [z =0 & 2= fu (@ z)))).

i=1

(in the free variables §) is a fundamental solutions of ¢(x) such that (1) holds for
fi,---, fx. In the case of linear ODEs: a will be the first row of a funda-

mental matriz for Az, hence a is an n-tuple of solutions of £ and we only need
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one function, namely

f(?j,z) = (yla---ayn)'
Zn

Proof. Let M D K be a DCF such that for every differentially closed field L D M
and each a € L with L |= ¢(a), the differential field M () generated by o over M
in L, is generated over M by constants of M(a). Hence if p € S;(M) contains ¢
and « is a realization of p from some L > M. Then there is a 0-definable function
f»(7, %) and some @, € M7 such that p contains the M-formula @, (z) defined as

3z (d(z) =0 & = = fp(ap, 2)).
By compactness of S (M) there are py,...,pr € S1(M) containing (z) such that

M () ¢ (0py (@) V.. V o (2))
Consequently

k

M =3, ..., jiVz <<p(x) o (W32 ([dEz) =0& a=f, (yi,zi))))
i=1

By writing § = (g1, ..., 9k), 2= (Z1,. .., 2Z) and modifying the f,, accordingly, we

get

k
M = 3gvz (go(x) o=z =0&a=f, (g,z)))).
i=1

This sentence has only parameters in K (only occurring in ¢) and so by quantifier
elimination for DCF, this sentence is true in every DCF containing K. This is what
the lemma asserts. O

To proceed we need one model theoretic input:

3.5.3. Definable sets in stable theories are large. Let M be a model of
a stable theory and let D C M™ be a set that is definable with parameters from
M. Let A be the set of all entries of tuples from D. Then the natural restriction
Sp(M) — S, (A) is injective on the set (D) of n-types of M containing (the
formula defining) D.

Proof. [Poizat2000, Theorem 12.30]. O
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3.5.4. Proposition. If p(x) is a Kolchin formula of the differential field K, then
in any differentially closed field M containing K there is a fundamental system of
parameters for o(x) in M consisting of realizations of p(x) in M.

Proof. We can repeat the compactness argument of the proof of 3.5.2, once we have
shown the following claim: If N > M and « € N with N = ¢(«), then there is
some @& C M whose coordinates are realizations of p(x) such that a € Q(a U Cy):

Let S be the set defined by ¢ in M and let L = Q(SUCy). Since ¢(x) is
Kolchin, there is some tuple ¢ C Cy with a € M(¢). Now, a € Sy and the tuple ¢

. length(c)
isin Cy .

Cy —— N

M{a) a= f(be), ceCy
Cy — M 2S83b
L=Q(SuUCnm)

Since L contains S and Cj; we may apply 3.5.3 and get that tp(«,¢/L)
tp(a,¢/M). Consequently tp(a/L U {¢}) F tp(a/M U {¢}). Since « is in the
definable closure of M U {¢}, it must also be in the definable closure of L U {¢}.
But then there is some @ C M whose coordinates are realizations of ¢(z) such that
[eAS Q<a U CN> U

3.5.5. Corollary and Definition. If o(z) is a Kolchin formula over K and K
has algebraically closed constants, then the Kolchin extension of K for o(z) is
the differential field generated by K and the set defined by ¢(x) in the differential
closure of K. Kolchin calls these extensions strongly normal. Then
(i) L is differentially finitely generated over K by any fundamental system of
parameters of p(x) whose entries are realizations for .
(ii) Bvery o € Gal(K/K) restricts to an element of Gal(L/K) and the restriction
map 1S surjective.

Proof. (i) follows from 3.5.4.

(ii). It is clear that every o € Gal(K/K) restricts to an automorphism of L. For
the converse we use (i) and 2.7.10. (]
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3.5.6. The Galois group as a definable group. Let L/K be Kolchin for ¢(x)
and fix a fundamental solution a for ¢ in L whose entries are realizations of (x).
Let ¢(Z) be a formula (with parameters from K) isolating tp(a/K).

(i)

The map ® = ®, : Gal(L/K) — [K] (realizations of ¢ in K) that sends
o to o(a) is bijective, because the action of o is uniquely determined by its
action on the generator @ of L (note that K has alg. closed constant field by
assumption). For surjectivity use the property of tp(a/K) being isolated by
1 and apply 2.7.10 again.

We claim that the group law of Gal(L/K) is K-definable in K when passed
through .

Proof. Choose 0-definable functions f;(7,2), i = {1,...,k} for a as in 3.5.2.
Then for 01, 02,03 € Gal(L/K) we have

k

09001 = 03 < V5<d(é) =0— A(al((z) = fi(C_L,E) — 0'3(&) = fi(az(z_z),é)))

(iid)

i=1

Proof. =: if 09 001 = 03 and o1(a) = f;(a,c), then applying o2 gives
o3(a) = fi(o2(a),c).

<: We know that for some i we have o1(a) = fi(a,c¢) and so o3(a) =
fi(o2(a),¢) by assumption. However we also have o9(c1(a)) = fi(02(a),c

~

and so 03 = 09 0 07. o
Hence the multiplication y,-y1 = y3 defined by
k
ve(ale) =05 N\ = i@.0) = 55 = 1(7. )
i=1
defines a group on 1 (K) and ® is an isomorphism of groups. o

The action of ¢(K) on L is given as follows: Pick a € L, i.e. o = g(a) for some
K-definable function g(%), ¥ an a-tuple of variables. Then for o € Gal(L/K)
and § = o(a) € P(K) we have

o(a) = o(g(a)) = g(o(a)) = 9(9)-

3.5.7. Theorem. [Poizat2000, Proposition 18.15] If L/K is the Kolchin extension
of the Kolchin formula p(x) and the constant field of K is algebraically closed, then
for any fundamental system of parameters a for p(x) from the differential closure
K of K, the map ® = ®; from 3.5.6(i) induces a Galois correspondence

dGal(L/_ ): { Ly

L1 differential field
— G

G C (K) subgroup,
with K C Ly C L

L-definable in K

Hence ® Gal(L/ ) is an inclusion reversing bijection. Its inverse Fix sends G to
the fized field

Fix(G) ={a € L | o(a) =a for allc € ®71(G)}.
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Proof. If o € L, then Gal(L/K («}) is the stabilizer of a in Gal(L/K). By 3.5.6(iii),
the image ® Gal(L/K(a)) is the set of all § € ¢(K) with g(3) = g(a). Hence
® Gal(L/K(«)) is defined by this formula.

Now if K C Ly C L, then ®Gal(L/L;) = [ ) ¢z, ®Gal(L/K(a)). The latter
group is a finite intersection, since DCF is totally transcendental, using the following

Claim. In a totally transcendental theory there is no strictly decreasing chain of
definable subgroups G; 2 G2 D G3 2 ... in any model.
Proof. Suppose there is such a chain. By passing to a subsequence we may assume
that G;41 has infinite index in G; for all 7. By definition of the Morley rank it follows
by transfinite induction on ordinals « that MR(G1) > a. But then MR(G;) = o©
contradicting the assumption of total transcendence. o

The claim implies that there are aq,...,ap € L with Gal(L/L;) =
Gal(L/K{o1,...,a)). By 2.7.10 (and 3.5.6) we know that K{aq,...,qx) is the
fixed field of Gal(L/K{ay,...,ax)). Since Ly is fixed by all automorphisms from
Gal(L/K{ay,...,ax)), we get that L1 C K(ay,...,a). But o; € Ly and so we see
that that Ly = K (o, ..., o) is finitely generated and ®(Gal(L/L;)) is a definable
subgroup of w(ff ).

This shows that the map ® Gal(L/ ) is well defined and that the composition
Fixo® Gal(L/ ) is the identity on the set of differential fields between K and L.

Conversely, let G C 1/;(f( ) be a subgroup that is definable in K by a formula v(v,1),
ICL.
Claim. ®~1(GQ) = {0 € Gal(L/K) | o preserves G setwise.}
Proof. 1f o preserves G, then from 'y(d,l_) (corresponding to id € G) we know
v(o(a),l). But this means that o € ®~!(G), because G = {T( )| e dHG)}.
Conversely, if 0 € ®71(G) and z = 7(a) € G with 7 € 71(G), then as s o7 €
®~1(G@) we have o7(a) € G, meaning that = (o (%),1). o
Now we invoke elimination of imaginaries of DCF, see 2.3.7. By 2.3.3 applied to
the O-definable equivalence relation e(, w) defined as Vv( (v,@) <> v(7, w)) there is
a finite set B C K such that the automorphisms of K that preserve W(K 1) setwise
(these are the same as the automorphisms preserving the e-equivalence class of |
setwise) are precisely the automorphisms that preserve B pointwise. Since v(f( 1)
is defined over L it follows that Gal(K/L) C Gal(K/Q(B)) and so by 2.7.10 we see
that that B C L.
But now the the claim (together with 3.5.5(ii)) implies that ®~1(G) is the group
of automorphisms of L that fix L; = K(B) pointwise, in other words Fix(G) = L;.
This show that ® Gal(L/ __)oFix is the identity on the set of L-definable subgroups
of ® Gal(L/K). O

Further generalizations of the fundamental theorem of Galois theory, beyond
(expansions of) fields, may be found in [Poizat1983].
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