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MODEL COMPLETENESS OF O-MINIMAL STRUCTURES EXPANDED
BY DEDEKIND CUTS

MARCUS TRESSL

§1. Introduction. Let M be a totally ordered set. A (Dedekind) cut p of M is a
couple (pL, pR) of subsets p, pR of M such that p* U p® = M and p~ < pR.ie.,
a < bforalla € pt, b € p®. In this article we are looking for model completeness
results of o-minimal structures M expanded by a set p’ for a cut p of M. This
means the following. Let M be an o-minimal structure in the language % and
suppose M is model complete. Let & be a new unary predicate and let p be a cut
of (the underlying ordered set of ) M. Then we are looking for a natural, definable
expansion of the Z (2 )-structure (M, p~) which is model complete.

The first result in this direction is a theorem of Cherlin and Dickmann (cf. [Ch-
Dic]) which says that a real closed field expanded by a convex valuation ring has
a model complete theory. This statement translates into the cuts language as
follows. If Z is a subset of an ordered set M we write Z* for the cut p with
pR={a € M |a> Z} and Z~ for the cut ¢ with g* = {a € M | a < Z}.
We call Z* the upper edge of Z and Z~ the lower edge of Z. Then the Cherlin-
Dickmann theorem says that (M, p’) is model complete if p is the upper edge of a
convex valuation ring of a real closed field M. This theorem has been generalized
by van den Dries and Lewenberg in [vdD-Lew], for o-minimal expansions M of
real closed fields and so called T-convex subrings of M (where T is the theory of
M ; a T-convex valuation ring is the convex hull of an elementary restriction of M,
cf. 4.3).

If p is not an edge of a convex valuation ring of a real closed field M then one can
show that the Z (2 )-theory (where Z is the language of ordered rings) of (M, pt)
is not model complete (cf. [T1], §16). So for model completeness we actually have
to extend the language Z(2).

We do the following. Let M be again an o-minimal expansion of a real closed
field and let p be a cut of M. Let G(p) == {a € M | a + p = p}. where
a+p:=(a+pt.a+ pR). G(p)isa convex subgroup of (M, +, <), called the
invariance group of p. Moreover V (p) := {b € M | b-G(p) C G(p)} is a convex
valuation ring of M, called the invariance ring of p. Suppose there is a T-convex
valuation ring V of M, such that V' (p) is definable in (M, V') (this is no restriction if
M is a pure real closed field). Then our results 3.8 and 7.4 imply that we get model
completeness of Th(M., p*) if we expand the language () by a unary predicate
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for the group G(p). a unary predicate for the ring V' ( p) and unary predicates for the
sets{a e M |a+G(p)" =p}and{a € M |a-V(p) = G(p) oram(p) = G(p)}.
where m(p) denotes the maximal ideal of V (p).

This shows that the basic invariants of the cut p are G(p) and V' (p). Indeed
if M is a real closed field (or more general a polynomially bounded o-minimal
structure with archimedean prime model) and A4 is a subset of M, then the theory
of (M. p*) over the parameter set 4 is entirely determined by saying where p is
located when shifting the cuts G(p)* and V (p)* with certain maps M — M of
the form a-x9 + b, where a, b € A and ¢ is an exponent of M (hence ¢ € Qif M is
a real closed field). This will be done in a sequel to this paper [T2].

We describe now, how the paper is organized and mention some important in-
termediate results. In order not to overload notations at the moment, we assume
that T is an o-minimal expansion of groups, which has quantifier elimination, in
the language &.

The results described above are based on a general description of so called “heirs”
(cf. 2.6) of cuts in o-minimal expansions of groups, proved in 2.9 below. It implies
the following fixpoint criterion:

Let M < N be models of T, let ¢ be a cut of N and let p be the restriction of
g on M such that p” is not definable in M. Then the # (2 )-structure (M. p*) is
existentially closed in (N, ¢*) (this is the definition of “q is an heir of p”) if and only
if for every definable function f : M — M with f(p) = p we have f(q) = q.
How f is applied to p and ¢ is explained in 2.4.

For some cuts, this fixpoint criterion already implies that the theory of (M. p~) has
quantifier elimination in the language #(Z), if T has a universal axiomatization
(cf. 3.8). More precisely, this holds for cuts p such that p is not the fixpoint of any
definable map f : M — M which is different from the identity, close to p. These
cuts are called “dense”, cf. 3.7. For example, if M is a subset of R then the cut
induced by a € R\ M on M has these property.

In order to treat non-dense cuts let us take a cut p of a model M of T and consider
the following two cases.

First suppose p is a translate of an edge of a convex subgroup, so p = a + G+
for some ¢ € M and some convex subgroup G of M. Then clearly every model
completeness result concerning (M, G) implies a similar model completeness result
for (M. p*) and we are reduced to solving this last problem.

In the second case — if p is not such a translate — then we prove that a certain
condition on p allows an application of model completeness results concerning
(M, G) to (M, p%). This is the main goal in Section 3, cf. 3.19. The criterion
in question — called the signature alternative (cf. 3.16) — is a weakening of the
valuation property for polynomially bounded structures (cf. [vdD-S],(9.2)). The
signature alternative for a cut p implies the following. If p is not a translate of an
edge of a convex subgroup of M, then there is no definable map /' : M — M with
f(p) = G(p)*. Hence the only way of shifting the cut p into the upper edge of its
invariance group by a definable function is by applying a map « + x. In view of the
fixpoint criterion above this property reduces inheritance of cuts to inheritance of
edges of subgroups. An important result is Theorem 7.2, which gives a large variety
of cuts having the signature alternative.
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If the signature alternative holds for a cut p (e.g.. if T is polynomially bounded).
then both cases above say that we have to understand convex subgroups of M if we
want to understand p. For this, we go to expansions of fields now, so 7" will denote
an o-minimal expansion of fields for the rest of the introduction.

Let G be a convex subgroup of M = T. In order to understand the structure
(M, G) we apply the same strategy as explained above for p, to the cut G but now
viewed as a cut of the multiplicative group (M >?, -, <). M induces in a natural way
an o-minimal expansion M >° on this group. so the techniques above are indeed
applicable. An important step is to prove the signature alternative for these cuts G *
w.r.t. to the structure M >, This is the aim of Section 5. cf. 5.4.

What happens if we go from G to its invariance group w.r.t. M>%? We get the
positive units of the invariance ring V' (G) of G as defined above. So we are back
to the Cherlin-Dickmann and the van den Dries-Lewenberg work. Provided, V (G)
is definable from M enlarged by a 7T-convex valuation ring! Hence the results on
T-convexity from [vdD-Lew] will be the starting point in Section 5, for the proof of
our results in Section 7.

Finally I want to point out that Theorem 7.3 below implies the substantial part
of almost everything which is described above. It is of technical nature and will
be our starting point for the elementary theory of Dedekind cuts in polynomially
bounded structures, treated in [T2].

I wish to thank the referee for many helpful comments and suggestions.

§2. Heirs. First we recall some general model theoretic notations and tools.

DEerINITION 2.1. Let & be a first order language, let M be an Z-structure and
let A C M. A subset X of M" is called A-definable if X is the set of all realizations
in M of an #-formula with parameters from 4. If N is an elementary extension of
M , then this formula also defines a subset of N" and we denote this set by Xy. If
there is no ambiguity we also write X for Xy. One may think of X as the formula
defining X'. Note that X is defined by several formulas, but Xy does not depend on
that representation.

Amap f : X — MF is called A-definable, if the graph of f is an 4-definable
subset of M” x MK. If A = (), then we say O-definable instead of A-definable.
Again, if N = M is an elementary extension, then f y denotes the map Xy — N*
defined by a formula which defines the graph of 1 : X — M*. We'll also write f
for fy if there is no ambiguity.

DEFINITION 2.2. The definable closure dcl(A4) of 4 (in M), is the set of all points
X € M, which are A-definable, i.e., the set {x} is A-definable.

Observe that
del(4) = {f(ar,....ay)|n €N, f : M" — M is 0-definable and a, ..., a, € A}
and for all b.....b, € A we have
del(AU{by,....by}) ={f(b1,....by) | f : M" — M is A-definable}.

DEerFINITION 2.3. Let # be a first order language. If M < N is an elementary
extension of Z-structures and & € N", then we write tp(@/M) for the n-type p of
@ over M. Hence p is the set of all #-formulas in # fixed variables with parameters
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from M which hold true at @ in N. The tuple & is called a realization of p and we
write @ = p.

Recall that the set S, (M) := {tp(a@/M) | @ € N".N = M} of all n-types of M
is a Boolean space and the set M" is in 1-1 correspondence with the isolated points
of S,(M) viaa — tp(a/M) (@ € M"). We will always consider M" as a subset of
S, (M) in this way.

Moreover the M -definable subsets X of M" are in 1-1-correspondence with the
clopen subsets of S, (M) via X — {p € S,(M) | X € p}. Here, X € p stands for
“a formula defining X isin p”. Therefore, geometrically, the notation X € p reads
better as p € X (i.e., p is in the clopen defined by X).

DEFINITION 2.4. Let p € S,(M), let X C M" be M-definable and let f : X —
M* be an M -definable map. Then

{1 By Do) = f (e cooxa) Ao .o € p )

is certainly a k-type of M, which we denote by f(p). We get a map {p €
S,(M)| X € p} — Sx(M) and this map extends the original map f : X — M¥*.

Note that if @ is a realization of p, X € p, @ from some elementary extension N
of M, then f (&) (= fny(&)) is a realization of f(p) and f(X) € f(p).

Wenow turn to cuts. Let X = (X, <) bea totally ordered set. A cut p of X is called
principal if p is of the form a3, := {a}", ay :={a}” (@ € X), +ooy =X+ =0~
or —ooy := X~ = (*. Thus a cut p is principal if and only if the subset p* of X
is quantifier free definable (with parameters) in the ordered set X considered as a
first order structure in the language {<}.

If pisacutof X and x € X then we also write x < p, p < x for x € pL, x € pk,
respectively. This definition extends the given order on X to a partial order on the
Dedekind completion D := X U {the cuts of X}. Finally we write p < ¢ if pX C ¢*
for cuts p, ¢ of X. Observe that the elements of X are not considered as cuts in our
setup, hence x < pisthesameasx < pif x € X and pisacutof X. Now D is a
totally ordered set extending X and D is Dedekind complete, i.c., every cut of D is
principal.

An interval of X is a convex subset I of X such that /* and I~ are principal. A
neighborhood / of the cut p is an interval of X with I~ < p < I"; we write p € 1
if I is a neighborhood of p. Observe that every cut has an open neighborhood, i.c.,
a neighborhood which is open in the order topology of X.

Let p be acut of X and let Y O X be another totally ordered set. If ¢ is a cut of
Y we say ¢ extends p or ¢ lies over p or ¢ is an extension of p and write p C ¢ or
p=q | XifgiNnX = p’. Observe that p always has a least and a largest extension
on Y the least extension is the upper edge of p’ in Yand the largest extension is
the lower edge of pRin Y.

A realization o of p in Y is an element o € Y such that p* < a < pR. In
particular o ¢ X.

From now on, let 7' be an o-minimal extension of the theory of dense linear ordered
sets without endpoints in the language #. Recall from [vdD-Lew], (3.2) that T
is equipped with a dimension; if p € S,(M), M | T, then dim p denotes the
dimension of M U{&} over M with respect to this dimension, where & is a realization
of p from some elementary extension of M.
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Let M be a model of T'. Then for each cut p of M thereis a I-type P of M such
thata < x € P <= a € pR(a € M). Since M is o-minimal, the type P is
uniquely determined by p in this way. Therefore we’ll frequently consider a cut p as
the corresponding 1-type P which allows us to use the type set-up for cuts.

By o-minimality, a cut p of M is principal if and only if p is an M-definable
subset of M if and only if the 1-type corresponding to p is definable in the sense of
type theory (cf. [Poi], chapter 11).

Moreover if N = M is an elementary extension of M, then anelement o € N isa
realization of the cut p of M if and only if « is a realization of the 1-type determined
by p. Therefore we write « |= p if « is a realization of the cut p.

Following [vdD-Lew], (2.5), if M < N are models of T and Z C N, then M (Z)
denotes the definable closure of M U Z in N. Note that if 7' expands the theory
DOAG of nontrivial, divisible ordered abelian groups and 4 is any subset of a model
N of T, which contains an element different from 0, then the definable closure of 4
in NV is an elementary substructure of N (cf. [vdD-Lew], (2.4) and (2.5)).

Let M be o-minimal, let p € S;(M) andlet f : X — M, X C M be
M -definable with X € p. If pisacut, (i.e., p ¢ M), then the application of f to
p does the obvious thing: by the monotonicity theorem [vdD3], 3, (1.2), there is
an open interval / of M with p € I C X such that f is constant on [ or a strictly
monotonous homeomorphism onto f (/). By o-minimality f (/) is again an open
interval.

Suppose f isstrictly increasing on 7. Then f (p)isthecut f (p“nI)*if pENI # 0
and f(p® N 1)~ otherwise.

Furthermore—by our definition of “cut”—f(p) is a cut if and only if f is
nonconstant in each neighborhood of p.

LemMA 2.5. If p is a cut of an o-minimal structure M and f : M — M is
M -definable with f(p) = p. then there is a neighborhood I of p such that f|; is
strictly increasing.

ProoF. Since f(p) is a cut, there is an open interval I of M with p € I such that
f is a strictly monotonous homeomorphism onto the open interval £ (I). I is of
the form (a.b) with @ < b from M U {d-00}. We assume that a.b € M, the other
cases are similar. If the formula f (x) = x is in the type p. then we may shrink I, so
that f is the identity on 7 and we are done. Hence we may assume that the formula
f(x) = x is not in the type p, so f(x) # x is in the type p. By o-minimality we
can shrink 7 so that f(x) # x forall x € I.

Suppose [ is strictly decreasing in (a,b). Then f maps the cuts r of M with
a < r < b bijectively and order reversing onto the cuts » of M with r € f(I).

Consequently f(a™) must be different from f(p). otherwise a™ = p. thus
fla*) = f(p) = p =a"; but f(a*t) = f(I)* which must be different from
at,as f(I)is open. It follows f(a*t) > f(p).

The same argument shows f(p) > f(b~), thus f(a®) > f(p) = p > f(b7).
With these inequalities it follows that the graph of f meets the diagonal of M in a
point ¢ € (a.b), contradicting the assumption f(x) # x for all x € (a.b). -

DEFINITION 2.6. Let M, N be models of T and let 4 < M, N be a common
elementary substructure. Let pi,..., p, be pairwise distinct cuts of M and let
q1,-- -, q, bepairwisedistinct cuts of N. Let Dy, ..., D, be new unary predicates. We
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say the tuple (¢1.....q,) is an heir of (p1..... p,) over A4 if the following condition
holds: if ¢ (x1,....x%) is an Z-formula with parameters from 4, w(x;.....x;)isa
quantifier free Z(D;.. .., D,)-formula with parameters from 4 and if

(N.gf.....qy) | 3% ¢(%) A w(X). then

(M. pf.....py) | 3% o(X) Ay ().
Observe that p; [ A =¢q; | A (1 < i < n)in this case.

REMARK 2.7. If A = M in 2.6, then we say ‘heir’ instead of ‘heir over M. It is
easy to see that a single cut ¢ of N is an heir of p := ¢ | M in the sense of 2.6 if and
only if the 1-type corresponding to the cut ¢ is an heir of the 1-type corresponding to
the cut p in the sense of [Poi], 11.a. More generally, the tuple (g1, ..., ¢,) is an heir
of (pi1.....p,) if and only if for each n-type p over M with projections p1...., p,
there is an n-type ¢ over N with projections ¢y, ..., g, which is an heir of p in the
sense of [Poi]. Moreover a compactness argument as in [Poi], 11.01, implies that
for given A < M, N and cuts py,.... p, of M thereis always an heir of (p1..... p,)
over A on N.

e qn be
extensions of py | A,....pn | A on N, respectively, with q; ¢ {+oon}. Then
(q1.....qn) is an heir of (p1,...,pn) over A if and only if the following condition
holds:

ifour, ... Uy v1,...,v,) is an L-formula with parameters from A and &, /)_’ € N"
such that oy < q1 < Bi..... n < qn < Poand N \= @(a. p) then there are a.b

LemMma 2.8. Let py,..., pn be pairwise distinct cuts of M and let q;, ...

M" such that ay < p1 < by,....,ay, < py <byand M = p(a.,b)

PrOOF. If(qy.....q,)isanheirof (pi, ..., p,) over A, then certainly the condition
holds. The converse follows from a straightforward simplification of the condition
in 2.6. a

The next theorem is the crucial starting point for the model theory of cuts in
o-minimal expansions of groups.

TueoreM 2.9 (Fixpoint criterion for heirs). Let T be an o-minimal expansion of
DOAG. Let A, M, N be models of T with A < M,N. Let q be a cut of N and let p
be a cut of M with p | A = q | A. such that p* is not A-definable (in particular if p
is not principal). Then the following are equivalent:

(1) g is an heir of p over A.
(ii) If B € N is arealization of q | A, then (q | A{B)) is an heir of p over A.
(ili) For each A-definable map f : A — A with f(p) = p we have f(q) = q.

Proor. (i)=-(ii) follows directly from the definition of “heir”.

(ii)=-(iii). Take f asin (iii), suppose f (p) = p and assume there is some f§ € N
with f(¢) < B < g. Since f is A-definable, we have f(p | 4) = p | A4, too. In
particular the 1-type f(g) is an extension of p, so f8 is a realization of p | 4 and
f(g 1 A(B)) < B<q | A(B). Therefore we may assume that N = A(f).

By 2.5, f is strictly increasing in some open 4A-definable neighborhood 7 of p | A4,
in particular f(q) is a cut, thus f(¢) # B and f(Iy) contains the realizations of
p | Ain N (again, Iy denotes the interval of N defined by the formula which
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defines 7). Thus, there is some f € Iy with # = f(f). Since f(q) < f = f(f)
and f € Iy we have ¢ < . Together with f < ¢ this means

(N.¢g") E3x. 3 Dx)AN-DF)Ax=f(X)Ax €L
Since N = A(f) and f realizes p | A we may apply (ii) and we get
(M. p") E3x. ¥ D(x) A\=-D(X)Ax = f(X)Ax €L

Hence there are o, & € M with /(&) = a < p < & and a € I. Since f is strictly
increasing in [y it follows f'(p) < p, in contradiction to our assumption.

(iii)=-(i). Let ¢(x, y) be an Z-formula with parameters from 4 andleta, f € N
witha < ¢ < pand N | ¢(a. ). By 2.8 it is enough to find elements a.b € M
witha < p<band M = p(a.b).

CaAse 1. f is not a realization of p | 4. Then there is some ¢ € A with p [ 4 <
¢ < B. Let w(x) be the formula 3y ¢ < y Ap(x,y). Then N = y(a) and it is
enough to find some ¢« € M witha < pand M = w(a).

Since w has parameters from 4, the set S of all realizations of y in A4 is nonempty
and the cut S~ of A4 is A-definable, hence principal, and different from +o0o 4. If
ST < p | A, then there is some element ¢ € S witha < p | 4, s0oa < p and
M = w(a), too.

Hence we may assume thatg | A =p | A < S™. Sincea < gand N = y(a) it
follows that for every b € 4 with p [ 4 < b there is an element a € A, a < b such
that 4 = y(a). Therefore, p | A = S~ is principal and not of the form d ~ for all
deA.

If S~ is of the form d ™ for some d € A, then there is some € > 0, € € 4 such
that (d.d +¢) C S. Since p” is not 4-definable we have d;; < p and there is some
a €M, a< pwithd <a<d+e. Since (d.d +¢)y C Sy, asatisfiesa < p
and M = y(a). Finally if S~ = —ocoy4, then 4 = Vx3z z < x A w(z). Then also
M [=Vx3z z < x A w(z) and since pL # () (p is not principal), there are elements
a € Mwitha< pand M = y(a).

CASE 2. «isnot a realization of p [ A. Analogto case 1. Observe that we do not
need assumption (iii) in case 1 and 2.

CASE 3. «a and f realize p | A. We may assume that p [ A < ¢ for some ¢ € 4
(otherwise we proceed with —p and —¢). We havetofinda.b € M witha < p < b
and M | p(a.b).

Since a < f < ¢ we may replace p(x,y) by ¢(x,y) A x < y < ¢ and we may
assume that 4 = Vx, y o(x,y) - x <y <ec.

Suppose for all a,b € M with a < p < b we have M = —p(a.b). We define
f:A— Aby

Fla) = {sup{b eAlAEplab)} fAE3ypay).

a otherwise.

By o-minimality and since ¢(x, y) implies y < ¢, f(a) is a well defined element
forall @ € A with A = 3y ¢(a.y). Thus f is an A-definable map. Keep in mind
that the case p | 4 = —o0, is not excluded in what follows. Of course p # +o0y,,
since by assumption p’ and pR are not A-definable. We claim that f violates
condition (iii). First we prove f(p) = p.
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CasE3.1. p=m" forsomem € M.

Since p’ is not A-definable, we have m ¢ A, thusm |= p | A. Since m < p,
M ¥ o(m,b) forallb € M, p < b (i.e, m < b) and the definition of f implies
f(m) = m. Since f is A-definable, this means f(p | A) = p | A. hence by 2.5, f
is strictly increasing and continuous in some A-definable neighborhood I C A of
p I A. Since f(m) = mand m € I, it follows f(m™) = m™, thus f(p) = p.

Case3.2. p=m~ forsomem € M.

Againm ¢ Aand m |= p | A. since p* is not A-definable. Since p = m~ and
f is A-definable, it follows that f* is continuous in some open, A-definable interval
I C Awithm € Iy.

We have M £~ p(a.b) foralla,b € M witha < m < b (whichmeansa < p < b).
Therefore f(a) < mforalla € M, a < m. If f(a) < m for a < m, a close to m,
then f(m~) = m~ and case 3.2 is proved. Otherwise there is somee € M, e > 0
such that f(a) = m whenever a € (m — e.m). By continuity, also f(m) = m.
This again means that f(p | A) = p | A. hence by 2.5, f is strictly increasing
and continuous in some A-definable neighborhood I C A4 of p | 4. But f is also
constant in (m — e, m), a contradiction.

CasE 3.3. p is not principal.

Then for each ¢ € M with a < p we have f(a) < p by assumption and because
of p#m~ (m € M). Let I C A be an A-definable open interval with p | 4 € I,
such that f is monotonouson I. From a < f(a) < p (a < p. a € I);) we know
that / must be strictly increasing in some neighborhood of p. Since p # m™ for all
m € M this shows f(p) = p.

We have proved that f(p) = p. Inparticular f(p | 4) = p | A and by 2.5, there
is some A-definable neighborhood I of p [ A, such that f is strictly increasing in
I. Since o and f realize p | A we have o, f € Iy. As f < ¢ we have f(a) > 8 by
definition of /. Since f is strictly increasing in Iy we get f (¢) # ¢ in contradiction
to (iii). o

COROLLARY 2.10. Let M < N bemodels of T and let p be a nonprincipal cut of M .

(i) The least and the largest extension of p on N are heirs of p.

(ii) Ifdim N/M = 1 then the least and the largest extension of p on N are the only
heirs of p on N.

Proor. (i). If f : M — M is M-definable with f(p) = p then by 2.5, f is
strictly increasing in some open M -definable neighborhood containing p. Thus
the least and the largest extension of p on N are fixed by f as well. By 2.9 this
proves (i).

(ii). Let ¢ be an extension of p on N, different from the least and the largest
extension of p on N. Then there are realizations o, f of p with a < ¢ < f. As
dim N/M = 1 we have § € M{(a). Since M () is the definable closure of M U {a}
there is an M -definable map f : M — M with f(a) = B. Since o and S
realize p we have f(p) = p and f is strictly increasing in some open M -definable
neighborhood containing p. This shows f (¢) # ¢ and ¢ is not an heir of p. -

Another Consequence of 2.9 is that the “heir” relation is total, i.e., if 4 < M, N
are models of 7', gisacut of N and pisacut of M with p [ A = ¢q | A, then p
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is an heir of ¢ over A or g is an heir of p over A. We don’t need this and omit the
proof.

§3. The invariance group. We start with basic facts about cuts of ordered abelian
groups. Let M = (M, +.,0,<) be an ordered abelian group and let X C M be a
set. Wewrite — X :={—x|x € X}anda+ X :={a+x|x € X} fora e M.

If pisacut of M and @ € M, then certainly —p := (—pR, —pt)anda + p =
(a + p*.a + pR) are again cuts of M. Moreover we write

p ifp>0,
lp| = :
—p ifp<O.

First Warning. If p is a cut of M. then there is no canonical way to define a cut
“2.p” of M. That is, in general the cut {2-x | x € pL}™* is strictly less than the cut
{2:x| x € pR}~ (e.g..if M = Z and p is different from +o00).

In this paper we are interested in cuts of expansions of divisible ordered abelian
groups mainly. In this case, the couple n-p := ({n-x | x € pt}. {n-x | x € pk})
is a cut of M again for every n € N. Observe that n-(—p) = —(n-p) and that
n-(a 4+ p)=na+n-pforalla € M, n € N. These observations make the basic
computations concerning cuts much easier in the divisible case and we’ll restrict
ourself to divisible groups soon.

LEMMA AND DEFINITION 3.1. Let M be an abelian ordered group. Then M operates
on the cuts of M via translation, i.e., via (a, p) — a + p. The stabilizer of this action
at a cut p is a convex subgroup of M which is called the invariance group or the width
of p:

G(p):={aeM|a+p=p}

Furthermore we define

and we have |p| > p.
Proor. Straightforward. n

For example the principal cuts a™ and ¢~ have invariance group {0}. Observe
also, that if p — a is an edge of a convex subgroup for some @ € M, then this group
is G(p). Another important observation is the following lemma.

LemMmA 3.2, Let M C N be ordered abelian groups, let a € M and let q be a cut
of N. Then (a +q) | M = a + (g | M). In particular, § | M < q | M.

PROOF. If b € M. thenb € (a +q)f <= b—-acqt < b—ac(q| M)t
— bec(a+(q| M)~ Thisshows(a+¢q) | M =a+ (g | M). It follows
G(q)ﬂMQG(q[M).inotherwordsé[Mgm. 4

Second Warning. If M C N are ordered abelian groups (divisible or not), if
a € N\ M andif pis a cut of M, then the expression o + p is not defined here and
there is no canonical way to define it in our setup.

If M C N are ordered abelian groups and G is a convex subgroup of M, then the
convex hull H of G in N is again a convex subgroup of N with H N M = G and
H is the least extension of G on N. If M is divisible, then the largest extension
of Gt on N also is an edge of a convex subgroup of N:
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LemmA 3.3. Let M C N be ordered abelian groups such that M is divisible and let
G be a subgroup of M. Let q be the largest extension of the cut G of M on N. Then
q is the upper edge of a convex subgroup of N .

PrOOF. Leta € N, 0 < a < ¢ and suppose 2a > ¢. Then there is some ¢ € M
with G < a < 2a, since ¢ is the largest extension of G* on N. Since M is divisible,
there is b € M with ¢ = 2b and since G is a subgroup of M, also G < b. Hence
G < b < a < g, which is impossible, since g extends G*. -

Third Warning: Lemma 3.3 is not true in general for ordered abelian groups!

If K is an ordered field and p is a cut of K with p > 0, then p is a cut of
the ordered abelian groups (K. +, <) and (K>, -, <). Hence we can associate two
invariance groups with p. The group G(p) denotes the invariance group of p with
respect to (K, +, <).

DErINITION 3.4. Let p be a cut of an ordered field K. We define the multiplicative
invariance group of p as

G*(p)={a€K|ap=p}
Hence G*(p) is the invariance group of | p| with respect to (K>, -, <). Observe that
2€ G*(p) = |pl=p.

We recall the warning from above: if p is a cut of an ordered field, p > 0, then
the expression “ p? ” is not well defined in general! Cuts of ordered fields is a subtle
matter. We only need one proposition here, which shows how both invariance
groups are linked if p is not an edge of a convex subgroup of (K, +, <):

PROPOSITION 3.5. Let K be an ordered field and let p be a cut of K with |p| > p.
There is some ¢ € K such that

G*(p)=c-G(p)+1(={ca+1]acG(p)}.

PrOOF. We may assume that p > p. Let H ;= G*(p). Since p > p we have
2¢ H.

Cramv 1. H — 1 is a convex subgroup of (K, +, <).

H — 1is convex, since H is convex. Hence we only have to show that 2-(H — 1) C
H-land H—-1= —(H-1). Lete € H—-1, e > 0. Then 0 < 2 <
(1+€)>—-1¢€ H—1,hence2e € H — 1. Since 2 ¢ H we have 1= < €, thus
1< 115 =1l4+e+ 16725 <1l+2c€H. Wegetﬁ € H, therefore —e € H — 1.
Ife>0with—e€ H—1.thenl <1+e< L € H. thatise € H — 1.

Cram2. H—-1={aeK ||a|-p<p}={acK|l|a|l-p<p}.

The second equality holds since p > p. To see the first equality we may assume
that @ > 0. If a-p < p. then easily (1 + a)-p = p. Conversely take # € H and
assume (h —1)-p > p.

First suppose & > 1. Then there is some 0 < h; < p with (h — 1)h; € G(p).
hence there is some /i, € K, 0 < hy < hy < p with hy + (h — 1)hy > p. It follows
p=nhp>hhy="hy+ (h—1)hy > hy + (h — 1)h; > p. a contradiction.

This argument shows that 7 > 1 and h-p = p imply (h — 1)-p < p. thus
(h —1)-p < p. On the other hand, if 0 < 4 < 1 and /- p = p then by Claim 1 we
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havel —h = —(h—1) € H — 1, whence (2—1h)-p = pand 2 — h > 1. By what we
have just proved it follows (1 — 4)-p < p.

Now we prove the Proposition. Let ¢ := H* — 1. By Claim 1 it is enough to
find some ¢ € K with ¢ = ¢-p. By elementary real algebra, there is an ordered
field L containing K and realizations «. y of p and p respectively. By Claim 2 we
know that f8 := ¢ realizes ¢. Let G’ be the convex hull of G(p)in K (o, y) and let

o’ be a realization of G’* from an ordered field extension of L. Note that o’ < a.
Certainly ‘7—f is a realization of %-G’ﬁ hence of U™, where U := K N %~G’. Since U
is a convex subgroup of (K., 4. <) and p > p. the element y = % is not a realization

/

of U™, hence G <a< gforsomea € K. Asaand o' realize p it follows that a-f
realizes p. Since f realizes ¢ this means g = % p. -

Because of this proposition, the multiplicative invariance group of a cut of an
ordered field which is not an edge of a subgroup. pops up rarely in the present paper.
On the other hand if G is a (convex) subgroup of (K., +, <), then the multiplicative
invariance group of G is a significant invariant of G (cf. 5.1). This will be analyzed
later in detail (cf. Section 5).

From now on we work with an o-minimal extension 7" of divisible, ordered, abelian
groups in the language #. Recall again, that any definably closed subset of a model
of T different from {0} is an elementary substructure of M.

Let M beamodelof 7', let pbeacutof M andlet f : M — M be M-definable
such that f is not constant in any neighborhood of p. Then all the operations
a+ p,|p|, ... defined above, coincide with the application of the corresponding
functions x — @ + x, x — |x|, ... tothe l-type p. This gives us a strong tool to
analyze the movements of cuts in o-minimal structures.

First we have another consequence of the fixpoint criterion 2.9.

COROLLARY 3.6. If p is a nonprincipal cut of M, then the following are equivalent:

(i) p has a principal heir.

(ii) Al cuts extending p on every elementary extension of M are heirs of p.

(iii) If f : M — M is M-definable and f (p) = p. then f(x) = x in some open
interval containing p.

(iv) If a is a realization of p. then « is the unique realization of p in M ().

(v) If ais arealization of p, then M is dense in M ()., i.e., for all B < y from M ()
we have (B,y) N M # (.

(vi) G(p) =0.

Proor. (iii)=-(ii) follows immediately from 2.9 and (ii)=>(i) is obvious.

(i)=(iii). Let N = M. B € N and suppose i+ is an heir of p. Let f be
strictly monotonous on the M-interval / and p € I. Since p is not principal we
have g € I, thus f(fT) = f(B)" and B = p. From f(p) = p and 2.9 we get
Bt =f(B*)=f(B)* hence f(B) = fand f(x) = x € p.

As (iv) is just a reformulation of (iii) we already know that (i)-(iv) are equivalent.
Certainly (v) implies (iv).

(i)=(v) Let y < B be elements of M {(a) and suppose y ¢ M. There is f :
M — M, definable in M with f(a) = y. The cut tp(y/M) is not principal and
fulfills (i), hence (iv) again. (iv) says, that y is the unique realization of tp(y/M) in
M {y) = M{a), so we can find an element m € M withy < m < f.
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Clearly (iii) implies (vi).

(vi)=(iii). Suppose f(p) = pand f(x) = x & p.say f(x) > x € p. Let [l
be an interval with p € I such that f is strictly increasing on /. There is a closed
interval I’ C I with p € I’ such that f(x) — x is monotonous or constant. In any
case there is some a € M such that f(x) — x > a > 0 for all x € I'. Certainly we
have a + p = p in this case. .

Examples of cuts (in the theory of pure real closed fields) with the properties of 3.6
are all cuts of the field of real algebraic numbers that are realized by transcendental
numbers from R.

DErINITION 3.7. A cut p is called dense if it is nonprincipal and if the equivalent
conditions of 3.6 hold for p.

Let D be a new unary predicate and let 79" be the .Z(D)-theory T together
with the axiom

D is the set of elements on the left side of a dense cut

By 3.6(vi) this can be expressed by a single V3-sentence.

The following theorem has been proved for a special case in [MMS], Section 2.3.
The model theory of dense pairs of o-minimal structures is also well understood
(cf. [vdD2]). For example the theory of pairs (N, M), where M < N is proper and
dense in N, is a complete theory.

THEOREM 3.8. Let T be an o-minimal theory containing the theory of divisible
ordered abelian groups. Let A < M, N be models of T and let p,q be dense cuts of
M, N respectively. Then (M, p~) =4 (N.q%) ifandonlyifp | A =q | A. Henceif T
has quantifier elimination and a universal system of axioms. then T 9" has quantifier
elimination.

Proor. Since T expands the theory DOAG, T has quantifier elimination and
a universal system of axioms if we add function symbols for all 0-definable func-
tions. Therefore, by adding names for these functions, we may assume that 7" has
quantifier elimination and a universal system of axioms. By the Blum criterion
for quantifier elimination and our assumptions on 7 it is enough to prove the fol-
lowing. Let (M, D) and (N, E) be models of 79" and let (4, U) be a common
Z(2)-substructure such that 4 < M. N and (N, E) is | 4| "-saturated. Leta € M.
Then there is some f € N such that the Z(Z)-structures (A4(a), D N A(a)) and
(A(B), ENA(p)) are isomorphic over A. Since (N, E) is | 4| " -saturated it is enough
to prove for A-definable maps f';..... fx : A — A the following:

There is some f# € N such that p := tp(a/4) = tp(f/A4) and such that
fila) e D < f;(B) € E foreachi.

If fi(a) < a € U, then f;(x) < a € p and we can cross out f; from the list.
Similarly if f;(c) > a € A\ U. Furthermore we can suppose that « realizes the
cut U of 4, thatis p = U* and f;(p) = p for all i. In a small neighborhood of p
the maps f; are comparable and this is witnessed in the type p. Thus it remains to
show:

Ifal=p=U"and f.,g : A — A are A-definable maps such that f(p) =
g(p) = p. f(a) € D and g(a) ¢ D, then there is some f € N such that p =

tp(B/4). f(B) € Eand g(B) £ E.
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Because E* is a dense cut, go f~!(x) > x € pand go £~ (p) = p. 3.6(iii)
gives some y € N such that y = p. 7y € E and go f~'(y) ¢ E. We choose
B=f"'(y) E p. Then f(f) =y € Eand g(f) = go f~'(y) ¢ E. Since j
realizes p, the theorem is proved. 4

The theorem above frequently enables us to exclude dense cuts from examinations.
In particular, this is necessary if we want to apply facts about nonprincipal cuts to p.
Note that p is the upper edge of a convex subgroup of M. so by 3.6, p is principal
if and only if p is dense or principal.

Next we introduce another basic invariant of cuts of divisible ordered abelian
groups, namely the signature of a cut. We need a lemma to define it.

LemMA 3.9. Let M be a divisible ordered abelian group, let G, H be convex sub-
groups of M and let a.b € M. Thena + G+ #b + H™.

ProOOF. Note that —H+* = H~. For the proof we may assume that ¢ = 0.
Suppose b + H~ = G*. We write p for this cut. As M is divisible, the pair
(2-p%.2-pR) is a again a cut. denoted by 2- p. Since p = G* and G is a group we
have2-p=G" =b+ H~. Since p =b + H~ we have 2-p = 2b + H~. Hence
2b+ H~ = b+ H~, which implies b € H. But this contradicts b+ H~ = G*. -

DerNITION 3.10. Let M be a divisible ordered abelian group and let p be a cut
of M. By 3.9 we may define the signature of p as the following integer:

1 if p=a+ G for some a € M and some convex subgroup G of M,
signp =< —1 if p=a — G for some ¢ € M and some convex subgroup G of M,
0  otherwise.

If M is a real closed field, we define the multiplicative signature sign* p of p as
the signature of | p| with respect to (M>°, -, <) (e.g.. sign* p = 1 means that p =
a-G*(p)* forsomea € M*.)

Observe again that there is at most one convex subgroup G of M such that
p=a+Grorp=a— GTforsomea € M,namely G = G(p).

ExampLEs 3.11.

A. The principal cuts ™ and +oo have signature 1 and the principal cuts ¢~ and
—o0 have signature —1. Moreover, dense cuts (cf. 3.7) have signature 0, since they
are nonprincipal and by 3.6 they have invariance group {0}.

Moreover 3.6 implies that a cut p of a divisible, ordered abelian group M has
invariance group {0} if and only if p is dense or of the form a* for some a € M.

B. Let p be a cut of a divisible, ordered abelian group M, p # +ooy. Let
M be the group M/G(p). Since G(p) is convex. M is again a divisible ordered
abelian group, so that the residue map ¢ : M — M is order preserving. Then,
as G(p) is the invariance group of p, we have ¢(g) # ¢(h) for all g.h € M with
g < p < h. Therefore. p := (o(pL).p(pR)) is again a cut of M. It turns out that
p has invariance group {0} and

H_

(i) foreverya € M, p=a+ pifandonlyif p = a=.
(ii) sign p = 0if and only if p is dense.

g

Conversely if ¢ is a cut of M, then certainly r := (o' (¢%), o' (¢®)) is a cut of
M with (p(r%)). ¢(r®)) = ¢ and in the case G(q) = {0} we get G(r) = G(p).
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C. In this example we exhibit certain cuts realized in fields of generalized power
series. The definition and basic properties of these fields can be found in chapter 2
of the book [Da-Wo]. Let R be a real closed field, let N := R((¢©)) be the field
of generalized power series with coefficients in R and exponents in Q; hence the
elements of N are maps b : Q — R with well-ordered support supp(b). Recall
that N is a real closed field. Let M be the real closure of R(¢) in N, where ¢ stands
for 7! as usual. Every element a € M is a Puiseux-series a = D nsm aytt for some
nyg € Z, k € N.

Cram 1. If G is a convex subgroup of (M, 4, <), then G+ is not realized in N.

Proor. If ¢ € N, ¢ > 01is a power series, co € R, ¢o >0,y € Qand ¢ = ¢o-1"+
terms of higher order, then ¢ < %coﬂ < 2c¢ and ¢yt” € M. Hence ¢ and 2¢ do not
realize the same cut of M. Since G is a convex subgroup of M, this shows that ¢
can not realize G . -

Claim 1 implies that every cut of M which is realized in N has signature 0. We
compute the invariance groups of these cuts now. Firstlet b € N\ M, b > 0 so
that the order type of supp(b) is the order type w of the natural numbers. Let p be
the cut of M realized by b.

Cramm 2. If ¢ € N, then c realizes p (in particular ¢ ¢ M) if and only if b is a
truncation of ¢, i.e.. supp(c — b) > supp b (hence, if the support of b is unbounded
in Q, then ¢ = b).

PrOOF. We may assume that b < ¢. The elements in M have finite support or
unbounded support of order type w. Therefore, a straightforward computation
shows that there is no a € M with b < a < ¢ if and only if b is a truncation of ¢
(note that b ¢ M by assumption). -

Claim 2 implies that every cut of M which is realized in N can also be realized
by an element of N, whose support has order type w. Moreover with our element
b from above and the cut p of M realized by b, the claim implies G(p) = {g €
M | supp(h) < supp(g)}.

Finally we compute the multiplicative signature of p = G(p)* and the multi-
plicative invariance group G*(p). Let ¢ be the upper edge of supp(h) in Q. So & is
a cut of Q and since supp(b) has order type w, the cut & can not be of the form —oo
or y* for some y € Q.

Letv : M>° — Q be the map v(a) = minsupp(a). The kernel of v is the group
V' *>0 of positive units of the valuation ring V := {a € M | supp(a) > 0} of M.
Moreover G(p)>° = {g € M>° | £ < v(g)}. hence the cut p of M>0 is

p= (M) 07 (EN). ()

Casi 1. & = +o0. Then G(p) = {0}, hence G*(p) = M>°.

Now let & # +o00. Then the invariance group of ¢ is a convex subgroup of (Q, +)
different from Q. thus it is {0}. Therefore an element ¢ € M satisfies a- p = p if
and only if @ > 0 and v(a) = 0. In other words G*(p) = V*>0,

Case2. ¢ =y~ forsome y € Q. Then G(p) = {g € M | y < supp(g)}. thus
G(p) =t7-V. Since V7 is the upper edge of the multiplicative group ¥ *>° we get
sign* p = 1.
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Case 3. ¢ is not principal. Then sign* p = 0. This follows from G*(p) = V' *>°;
if sign* p = 1, then p = a-G*(p)* = a-V+ for some a € M>°, which implies
E=w(a)":ifsign* p = —1.then p = a-G*(p)™ = a-(V*>*)~ = a-m™* for some
a € M (where m is the maximal ideal of V'), which implies ¢ = v(a)*. Both
conclusions contradict the assumption sign & = 0.

Note that in our determination of G*(p) and sign* p we used the same consider-
ation as in example B above. Indeed, if we equip Q with the reverse order, then v is
an homomorphism of ordered groups. Moreover (*) says that p is the “preimage”
of ¢ under v, so the cases 2 and 3 correspond to items (i) and (ii) of example B.
This finishes example C.

More examples can be found in Section 6 below, where we introduce a method to
produce cuts with prescribed signature.

Let again T denote an o-minimal expansion of the theory of divisible, ordered
abelian groups.

PROPOSITION 3.12. Let p bea cut of M = T. Then

(i) sign p > 0if and only if for all N = M., if q is the largest extension of p on N,

then the cut § is the largest extension of p on N.

(i1) sign p < 0 if and only if for all N = M, if q is the least extension of p on N,
then the cut § is the largest extension of p on N.

(iii) If q is the least or the largest extension of p on some N = M, then § is the least
or the largest extension of p on N, respectively.

(iv) Ifsign p = 0 and o is a realization of p in some N = M, then the map 2ac — x
swaps the least extension of p on N and the largest extension of p on N.

(v) If p is omitted in N = M then sign g = sign p for the unique extension q of p
on N.

ProoF. Obviously we may assume that 7" is the theory of divisible, ordered abelian
groups.

(i). Ifsignp = —1, p = a — p with a € M, then the largest extension ¢ of p
on M{a), a = p,is a — r, where r is the least extension of p on M {a). Therefore
G = r is not the largest extension of p on M (a). Conversely let ¢ be the largest
extension of p on some N > M and suppose 4 is not the largest extension r of p on
N. Pick p € N with§ < f < r. Since § < f we have f + ¢ > ¢ and since ¢ is the
largest extension of p on N thereissomea € M withp < a < f+¢q.ie.a—f<q.
Since f < rwehavea —r<a—f,soa—r<gand(a—r)| M <q| M= p.
Since (a —r) [ M =a—p>pwegetp<a—p=(a—r) [ M<q|M=p,
i.e., p = a — p has signature —1.

(i) is (i) applied to —p.

(iii). Say ¢ is the largest extension of p. If sign p > 0, then (iii) follows from (i).
If p = a — p. then a — ¢ is the least extension of p on N, hence this extension is §.

(iv). Let g denote the largest extension of p on N. We claim that o + § = q.
Since a = p we have @ < ¢, hence a + § < ¢. Because of sign p = 0 and (i), the
cut g is the largest extension of pon N. Soif f € N witha +§ < f < ¢. then there
issomea € M with p < a < ff —«. Butthena + p > p and thereis some b € M
with a + p > b > p. Since a and f are realizations of p it follows a +a > b > f,
in contradiction to ¢ < ff — a.
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This shows a+§ = ¢. The same argument applied to — p and the largest extension
r of —p (note that sign —p = — sign p = 0) shows r = —a + 7. Since —r is the least
extension of p and sign p = 0 we can apply (i) and (ii), which gives 7 = 4. Thus
—r = a — 4 is the least extension of p on N. Certainly the map x — 2a — x swaps
a+ganda —4.

(v). First suppose sign p # 0, say p = a + p. Let H be the convex hull of G(p)
in Nandletr :=a+ H". Asa € M, r extends p, hence ¢ = r has signature
1 = sign p.

Conversely suppose signg # 0, say ¢ = a + §. a € N. Since p is omitted in N,
there is some ¢ € M with @ < a < p. Then a < ¢, hence ¢ = a + 4, which implies
p=a-+p. -

DeriNITION 3.13. Let p and ¢ be cuts of a model M of 7. We define
p ~ ¢ & thereis some M-definable map f : M — M with f(p) = gq.

It follows easily from the monotonicity theorem that p ~ ¢ implies ¢ ~ p (see
also [Ma], Lemma (3.1)). So ~ is an equivalence relation among the cuts of M.

LemMa 3.14. Let p be a cut and let q be a cut extending p on N = M. Then

() If f : M — M is M-definable and q is an heir of p. then f(q) is an heir of

f(p).

(ii) If p = a & p for some a € M then q is an heir of p if and only if ¢ = a + § and
q is an heir of p.

(iii) If p o p. then q is an heir of p if and only if § extends p.

ProOF. (i) follows easily from 2.8. (ii). Say p = a + p. If § is an heir of p and
q —a = ¢, then clearly ¢ = a + ¢ is an heir of p = a + p. Conversely, if ¢ is an
heir of p, then ¢ — a is an heir of p — a = p. Since p is the upper edge of a convex
subgroup it follows that ¢ — a is the upper edge of a convex subgroup as well. Hence
qg—a=4g.

In order to prove (iii) it suffices to show that ¢ is an heir of pif p £ p and p C 4.
As sign p = 0 the cut p is not principal and we may use 2.9. Solet f : M — M
be M -definable with f(p) = p. We have to show that f(¢) = g. From f(p) = p
and 2.5 we know that f is strictly increasing on some open interval with endpoints
in M, containing p. Therefore we may assume that /' : M — M is bijective. By
replacing f* with f ! if necessary we may furthermore assume that f(x) > x in
some open M -definable interval / containing p. Let a be a realization of ¢. Since
f (o) and « realize p it follows from the definition of p that tp(f (o) — a/M) < p.
Since p # p the cut p is not realized in M {a), hence there is some ¢ € M with
0< fla) —a<a< p. Byassumptiona < § = G(¢q)*, thus a + ¢ = ¢q. From
a< fla)<a+aweget f(q)=q. =

Hence in the cases sign p # 0 or p ¢ p the question if ¢ is an heir of p can be
reduced to the question if § is an heir of p or if § extends p. A reformulation of the
alternative “sign p # 0 or p £ p” is 3.15(i).

REMARK 3.15. Let p be a cut of M, let f : M — M be M-definable with
f(p)=pandlet N = M. Then

(i) If pis realized in N, then the following are equivalent:
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(a) signp # 0.
(b) If g is an heir of p on N, then f(¢) = 4.
(ii) If p is omitted in NV, then f(g) = 4 for the unique extension ¢ of p on N.

Proor. (i) (a)=>(b). Say p = a + p. By 3.14(ii) we have ¢ = a + 4 and the
cut 4 is an heir of p. Since the map f1(x) := f(a + x) fixes the cut p we know
f1(g) =q.ie f(q) = f1(¢) = 4.

(i) (b)=-(a). Supposesign p = 0. By 3.12(i).(ii) the least and the largest extension
¢1 and ¢, of p on N have the same invariance group. On the other hand we have
f(q1) # f(g2). since f is strictly monotonous in an M -definable neighborhood
of p. By (b) the cut f(g;) is the upper edge of the invariance group of ¢;. a
contradiction.

(i) holds since ¢ is an heir of p. so § is the unique extension of p on N. -

DEerINITION 3.16. If p is a cut of M with sign p = 0 and p is omitted in N > M
then by 3.12(v), the unique extension g of p on N has again signature 0.

We say that p has the signature alternative if signp # O orif p £ pand g # ¢
where ¢ denotes the unique extension of p on M {a) (a = p).

LemMA 3.17. Let M < N be models of T, let pi,....p, be cuts of M and let
(q1.....qn) be an heir of (p1.....p,) on N. Let p(X.7.Z) be an Z(D....,.D,)-
formula, where %, 7 and Z are n-tuples of variables. If there are &, .7 € N" with
(N.gF.....qF) = p(a. p.9). ¢ < aiand fi < q; < y; (1 < i < n), then there are
a.b.ce M"with (M. pF.....pE) = p(a.b.¢), p; <a;andb; < p; < ¢; (1 <i <
).

Proor. Choose é1.....6, € N withd; < ¢; < J; + o;. Since (q1,....¢,) is an
heir of (p1..... pa). by 2.8 we get b, & € M" such that

=

(M. pE.....pE) =3ia. v cp(ﬁ,l;,c")/\/)(\’ui € 9; <u; +v; and
bi < pi <c¢ (1 Sign).
This proves the Lemma. =

Lemma 3.18. Let M < N be models of T, let p be a nonprincipal cut of M and let
q be a cut of N extending p. Assume § is an heir of p and o € N is a realization of p
with o < §. Then G(q) N M {a) = G(q | M{a)).

PrOOF. By 3.2, we only have to show O. We may assume that p > 0 and that p
is not principal. Let f(a) € M{a), f(a) > 0, be such that f(a) + ¢ | M{a) =
q | M{a). If tp(f (ar)/M) > p then there is some m € M with f(a) > m & G(p)
and we get f(a) +¢q | M{(a) > q | M{a). So by the choice of f(a) we have
tp(f (a)/M) < p.

If tp(f(a)/M) < p there is some m € M with f(a) < m € G(p) C G(q),
hence f(a) + ¢ = g. So we may suppose that f («) realizes p. Then f(p) = p.
so f is strictly increasing in some open M -definable interval I containing p (2.5).
Since ¢ is an heir of p we have f(§) = §. As a < § and £ is strictly increasing on
I we have f(a) < § too, ie., f(a)+q=q. =

PrOPOSITION 3.19. Let M < N be models of T, let p be a cut of M withsign p =0
and let q be a cut of N extending p such that § is an heir of p. Suppose p has the
signature alternative. Then (q.q) is an heir of (p. p).
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PrOOF. Because p ¢ p. ¢ is an heir of p by 3.14(iii). By 2.8 we have to show:
if a1, ay. fi and f, are elements of N and ¢ (v;. v, v3,v4) is an Z-formula with
parameters from M, suchthata; < § < ap, f1 < g < frand N = p(ar1,az. f1. f2)
then there are aj, a2, b1, b2 € M such thata; < p < a2, by < p < hpand M |=
plar,az, by, by).

By 3.17 we may assume that « is a realization of p. Since p ¢ p the cut p hasa
unique extension ¢; = g | M {(a;) on M (). Since p has the signature alternative
we get g1 # §1. By 3.18 we have G(¢) N M (o) = G(q | M{a;)). Hence § extends
g1 and §; extends p. By 3.14(iii) ¢ is an heir of ¢;. By 3.17 applied to ¢; and ¢,
there are M -definable maps £, g1, g> such that

a1 < g1 < flar). gilar) < g1 < g2(ay) and
M{ay) = plar. far).g1(ar). g2(an)).

Since p is omitted in M (o) there are ¢,d € M with gj(a) < ¢ < p<d <
@2(a). Let w(vy., v2) be the formula Jvsvg (v3 < c Ad < va Ap(vr.....v4)). Asd
is an heir of p and a1 < §; < f(ay). M{ay) = yw(ay, f(a1)) we get some a; € M
with

a; < p< flay)and M = y(ay, f(a1)).

Hence there are by, by with by < ¢, d < by and M |= p(ay, f(a1),b1.bs). So with
ay := f(a;) we found the required elements. —

84. Review of T-convex valuation rings. For the rest of this article we work with
a complete, o-minimal extension 7 of the theory of real closed fields in the lan-
guage .. Basic valuation theory for models of these theories has been developed
in the paper [vdD-Lew]:

DEFINITION 4.1. Let M be a model of T. A convex valuation ring V' of M is
called T-convex, if V' is closed under all #-definable, continuous maps M — M.

For example, if My < M and if V' is the convex hull of My in M. then V is
T -convex.

ProposITION 4.2. Let V' be a T-convex valuation ring of a model M of T and let
My < M with My C V. Then
(i) If f : M" — M is a continuous, Mo-definable map, then f (V") C V.
(ii) Ifa € V and a > My, then My(a) C V.
ProOF. (i) is [vdD-Lew], (2.9) and (2.10). (ii) is [vdD-Lew], (2.13). -
THEOREM 4.3. Let V. C M |= T be T-convex and My < M with My C V. Then

My is maximal definably closed in V' if and only if the composed map My — V —
ky = V/m(V) is onto. In this case we have:

(i) V is the convex hull of My in M and M, is tame in M, i.e., each My-bounded
element in M is infinitely close to an element of M.

(ii) If My C V is maximal definably closed, then there is a unique £ -isomorphism
My — M, which commutes with the residue maps.

PrOOF. [vdD-Lew], (2.12) and (2.15). =
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Thus My — kp induces an Z-structure on k-, which is independent of the
choice of My. kyp is again a model of 7. We always consider k) to be this
expansion of the field k. 4.3 implies

CoOROLLARY 44. Let V. C M |= T be T-convex and M < N. If W C N isa
T-convex ring of N lying over V', then the canonical morphism ky — Ky is an
elementary map of models of T . o

Let Zeonvex be the language # expanded by a new unary predicate O for the
T -convex valuation ring and let Teonvex be the Zeonvex-theory of pairs (M, V'), where
M | T and V is a proper T-convex valuation ring of M.

THEOREM 4.5. Teonvex IS a complete Leonvex-theory. Teonvex IS weakly o-minimal
(i.e., each M -definable subset of a model (M, V') of Teonvex 1S a finite union of convex
subsets of M ). If T has quantifier elimination and a universal system of axioms. then
Teonvex has quantifier elimination.

PrOOF. By [vdD-Lew], (3.10), (3.13) and (3.14). =
COROLLARY 4.6. Let (M, V') = Teonvex and let A C M. Then

(i) Each subset of M", which is A-definable in (M, V') is a Boolean combination
of sets of the form ffl(V) or ffl(O) for a finite number of A-definable maps
f],...,friM"%M

(ii) If p is a nonprincipal cut of M such that p“ is A-definable in (M, V) then
f(V*) = p for some A-definable homeomorphism f : M — M.

(iii) If V # M, N = M and q is a cut of N extending V'*, then q is an heir of V *
if and only if q is the upper edge of a T -convex valuation ring of N.

(iv) If pis a cut of M with p ~ V* and r is an heir of pon N = M, thenr ~ W+
for some T-convex valuation ring of W of N, lying over V.

PRroOF. It is enough to prove the Corollary in the case 4 = (). We work in
the expanded language Z%/ with the theory 7%/ (cf. [vdD-Lew]. (2.3) and (2.4)).
where we have a function symbol for each (-definable function M" — M. Since
T has definable Skolem functions the theory 7%/ has quantifier elimination and a
universal system of axioms. By 4.5 the theory (7% )onvex has quantifier elimination.
This already implies Claim (i).

(ii). By (i) the set p’ is a Boolean combination of sets of the form f'(V)
or ffl(O) for a finite number of A-definable maps f1...., f, : M" — M. Since
Teonvex 18 Weakly o-minimal and p is not principal, there are a.b € M, a < p < b
andsomei € {1,....r}suchthat f7'(V)N(a.b) = p“n(a,b)or 71 (V)N(a.b) =
pRN(a,b). Inanycase f; (V) = p. Since f; is continuous inside some 4-definable
neighborhood of p, we can change f; to a ()-definable homeomorphism.

(iii). Since (T )convex is model complete we have that W is an heir of V' for
each T'-convex valuation ring W of N, lying over V. Conversely if ¢ is an heir of
p. then it is easy to see that W := ¢ N (—¢)® is a T-convex valuation ring of N.

(iv). If f : M — M is definable with f(p) = V' *, then f(r) is an heir of V' *
and by (iii) applied to ¢ = f(p) we get (iv). -

THEOREM 4.7. Let M < N be tame, let B be the convex hullof M in N. If X C N"
is definable in (N, B) with parameters from N, then X N M" is definable in M .

ProoF. [vdD1], Theorem (A). =
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85. The invariance ring.

DerNITION 5.1. Let K be an ordered field and let G be a convex subgroup of
(K. +. <). We define the invariance ring V' (G) of G as

V(G)={aeK|aGCG}

As G is a convex subgroup of X it is not difficult to see that the set V' (G) is a convex
valuation ring of K and G is a V(G )-submodule of K. The maximal ideal of V' (G)
is denoted by m(G). If p is a cut of K we define the invariance ring V (p) of p as
V(p) := V(G(p)). The maximal ideal of V' (p) is denoted by m(p).

Observe that the group V' (G)*>? of positive units of 1 (G) is the invariance group
of the cut G* with respect to the multiplicative, ordered group of positive elements
of K. Observe also that V' (p) = K if and only if G(p) is equal to K or to {0}. So
if K is a real closed field. then V (p) = K if and only if p is principal if and only if
p 1is principal or dense.

Warning. Even in the case 1 ¢ G, the ring V' (G) is in general not the largest
convex subring W of K, such that G is contained in the maximal ideal of W. V (G)
has nothing to do with 1!

Let R C S be real closed fields and let V' denote the intersection of all V' (p).
where p runs through the cuts of R, which are realized in S. One can show that
the convex hull W of V in S is the largest convex valuation ring of S, such that the
residue field of W N R is dense in the residue field of . Hence this valuation ring
is the same as defined by Macintyre ([Mac]) and Baur ([Ba]). We don’t use this and
omit the proof.

‘We use the invariance ring of a convex subgroup in this section in order to describe
heirs of the upper edge of a convex subgroup of a model M of T"— provided the
invariance ring of the group is definable in some (M. V), where V C M is a
T -convex valuation ring. This will lead to a model completeness result (cf. 5.6) for
these groups and it serves as a preparation for the results in Section 7 on the model
theory of cuts with such invariance groups.

THEOREM 5.2. Let M be a model of T, let V be a T-convex valuation ring of
M and let A be a subset of M. If p is a nonprincipal cut of M, such that p is
A-definable in (M, V'), then there is an A-definable map f : M — M and elements
a.b €dcl(A), b # 0, such that f(V*) = V(p)* and such that p = a +b-V(p)* or
p=a+b-wm(p)*. Inparticular sign p # 0 and sign* p # 0.

Moreover V C G(p) or G(p) C m(V).

ProoF. First note that V is proper, since p is definable in (M, V') and nonprinci-
pal.

Cram 1. If G is a convex subgroup of (M, +, <), which is M -definablein (M, V),
then V C G or G C m(V).

Supposem (V) € G C V. Let My < M be tame such that V is the convex hull of
My and let Gy := G N M. Since m(V') € G C V, the set Gy is a convex subgroup
of (My, +, §> with Gy # 0 and Gy # M.

Since there is no proper definable convex subgroup in an o-minimal expansion of
a group, this contradicts 4.7.
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By Claim 1 we already know the “moreover” part of the Theorem. Since V (p) is
definable in (M, V') with parameters from 4 we can apply 4.6(ii) to V' (p)*. We get
an A-definable homeomorphism f : M — M with £ (V) = V(p)*.

It remains to find elements a, b € dcl Awithp = a+b-V (p)T or p = a+bm(p)™.

CrLAmM 2. There are elements a.b € M, b # 0 with p = a +b-V(p)t or
p=a+bwm(p)".

Since pX, G(p) and V (p) are definable in (M, V') with parameters from M we
have p ~ V. p~ V*tand V(p)t ~ VT by4.6(ii). Let o be a realization of p and
let N := M {(«). Let V] be the convex hull of 7 in N and let 7, be the largest convex
valuation ring of N with ¥>NM = V. Easily we have that V," is the largest extension
of V" on N, so V, is an heir of V' * and by 4.6(iii). V> is T-convex. Since m(V>) C
V1 C V. the set V; is not definable in (N, V) by Claim 1. In particular V" £ V.

Let 1,7, be the least and the largest extension of p on N. Since p ~ V't and
ViE ot V) we getry o4 ry. By 3.12(iv) we have sign p # 0.

The same argument applied to p and (M >, ., <) shows that sign* p # 0. So we
know sign p,sign* p # 0, i.e., there are a,b € M such that p = a +5b-V(p)* or
p =a+b-m(p)*. This shows Claim 2.

Let M, be the definable closure of 4, let Vy := V' N M, and let py be the cut
(p N My, pR N My). Since p* is A-definable in (M, V') we know from 4.6(ii) that
there is an A-definable homeomorphism # : M — M with h(V' 1) = p. Clearly
h(Vy") = po and pg is Mo-definable in (M. V).

Cram 3. The theorem holds if My C V' and dim M/M, = 1.

Asdim M/My = 1 and V # M, 4.2(ii) implies that the cut V' is the least exten-
sion of V" = 400y, on M. Thus p = h(V'") is the least or the largest extension
of po = h(V,") on M. Since V" = +ooy, is a principal cut. the cut py is principal
as well. Since p is not principal and p is the least or the largest extension of the
principal cut po we get p = £V 1 if pg = +oopy, and p = a +m(V)"if p = a,ﬁo
(a € My). This proves Claim 3.

Cramd. If My Z V., e € {:l:l} and if a,b € My with py = a + b'(V(po)+)6,
then p = a +b-(V(p)*")¢ (recall that for a cut & of an ordered field, ¢ denotes the
result of the application of the map x¢ to the cut ¢&).

This is so, since V) is a proper T-convex valuation ring of My, hence (M, V) <
(M. V') (this follows from 4.5 applied to the extension 79 of T, cf. [vdD-Lew](2.3)).
As pl is A-definable in (M. V') the valuation ring V (p) is A-definable in (M. V')
as well, hence there is an A-definable homeomorphism 4, : M — M with
h(VH)=V(p)*t. As p = h(V'*), the equation 4 (V') = V(p)™ can be expressed
by an Zeonvex-sentence with parameters from A. Since (Mo, Vo) < (M, V') we get
h(Vy) = V(po)*. Consequently 2(V,") = a+b-hi (V") and (My. Vo) < (M, V)
imply p =a + b-(V(p)*)¢. This shows Claim 4.

Now we prove that p = a +b-V(p)* or p =a +b-m(p)* forsome a.b € My =
dcl 4.

Casel. My Z V.
By Claim 2 applied to po and M, there are a,b € My and ¢ € {£1} with
po=a+b-(V(py)T)s. ByClaim4weget p=a+b-(V(p)*)e.
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CASE2. My C V.

Lety € M.y >V, M := My(y). p1 .= (pE N My, pRn M) and V; := V N M.
Then pt is definable in (M7, V1), so by Claim 3 applied to p;, there are a.b € M,
and e € {1} with p; = a +b-(V(p1)")?. By Claim 4 applied to M, instead of A
wegetp=ua+b-(V(p)H)e. =

REMaRKk 5.3. We'll apply the results of Section 3 also to the expansion of the
multiplicative group of positive elements of M induced by M. This means the
following.

Let >0 be the signature of ordered groups, %) := {+, —. <,0}, together with
an n-ary predicate R, for each Z-formula ¢ with exactly # free variables. If M is
amodel of T, then M>? is the Z>-structure with universe {a € M | M = a > 0}
and the following interpretation of the non logical symbols: the underlying divisible,
ordered group of M>? is the multiplicative group of positive elements of M. If ¢
is an Z-formula with exactly » free variables, then Rﬁ‘f P = e[M"1N(0,00)". If
we relativize to (0, 00) we can inductively assign to each #>-formula a formula
from . We define T>° := Th(M>). As T is complete, T>° does not depend on
the choice of M. T>" is an o-minimal extension of divisible ordered abelian groups.
because M >? is o-minimal. If N is a model of T>°, we can construct in an obvious
way a model M of T such that M>" = N. The transition M — M>" respects
elementary extensions, as well as definable closures: since 7' is o-minimal, we can
recover M -definable subsets of M" from M >°-definable subsets of (M>0)". If M
is a model of T then the n-types of M which contain /{\ x; > 0 are in one-to-one
correspondence with the n-types of M>°. Observe that for these types the notion of
an heir is not changed by switching the point of view. We leave the arguments in this
way: the transition 7 +— 7> in the applications below is always straightforward.
For example a consequence of 5.2 is:

COROLLARY 5.4. If G is a convex subgroup of (M, +, <), such that V(G)* ~ V*+
for some T-convex valuation ring V of M, then the signature alternative holds for
the cut G* with respect to the structure M>°. In particular sign* G* = 0 implies
Gt A V(G)™ .

PROOF. Assume sign* G™ = 0; there is no M-definable map f with /(GT) =
V(G)" by 5.2. If a = V(G)" and ¢ denotes the unique extension of G* on
M (), then ¢ is again the upper edge of a convex subgroup H of (M (a), +) with
sign®* H* = 0 (3.12(v) applied to M>° and G*). Furthermore V' (H)™ is the largest
extension of ¥ (G)* on M (a) (3.12(i).(ii) applied to M>® and G*). In particular
V(H)" is an heir of V(G)* by 2.10. By 4.6(iv), V(H)* ~ W, for some T-convex
valuation ring W of M (a). Againby 5.2 wehave H™ + V(H)™ . =

COROLLARY 5.5. Let M < N be models of T and let G be a convex subgroup
of (M, +, <) with sign* Gt = 0, such that {f(V(G)") = V* for some T-convex
valuation ring V of M and some M -definable map f : M — M. If H is a convex
subgroup of (N, +.<)with HNM =G, V(H)NM = V(G) and f(V(H)") =
W for some T-convex valuation ring W of N, then (V(H)*,H™") is an heir of
(V(G)*.GH).

PRroOOF. By 5.4, the signature alternative holds for the cut G* with respect to the
theory 7>°. Since W+ isan heirof V™ and f(V(H)") = W+, f(V(G)") = V+,
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the cut V' (H)™ is an heir of V' (G)". Therefore we can apply 3.19 for G and the
theory 7>°. This proves the Corollary . 4

COROLLARY 5.6. Suppose T is model complete. Let O and G be new unary pred-
icates. Let M be a model of T and let G be a convex subgroup of (M, +, <) with
sign* Gt = 0, such that f(V(G)*.a) = V* for some T-convex valuation ring V
of M and some O-definable map f : M"t' —s M. a € M". Let cy.....c, be new
constants and let T' be the Z(O.G. c\. . ... cu)-theory, which says the following about
a model (N, W, H.d):

(a) W is a T-convex valuation ring.
(b) H is a convex subgroup of (N, +, <) with sign* H* = 0.
(c) f(Wt.d,....d,) =V(G)" .

Then T' is model complete.

ProoF. By 5.5 and Robinson’s test for model completeness. -

§6. A method for producing cuts with prescribed signature. In this section we’ll
show that for every cut p of a real closed field M. there is a real closed field N
containing M and a cut ¢ extending p, such that § extends p, V' (g) lies over V (p)
and such that sign ¢ = 9, sign* § = ¢ for all prescribed valuesd,e € {—1,0,1}. The
precise statement can be found in 6.6. This result serves as a source for examples
as well as a main ingredient for the proof of the consistency part of 7.4 on model
completeness of o-minimal structures expanded by cuts.

LeMMA 6.1. Let M be a divisible ordered abelian group, let G be a convex subgroup
of M and let (a;);cn be a sequence in M with a;;, < %a,- for all i € N such that

Gt ={a; | i € N}~. Let p be the cut {>_ a; | n € N}*. Then G(p) = G and
i=1

sign p < 0. Moreover p < 3a; — G™.

ProoF. If g € G, g > 0, then g + Zn:ai < nilai < p.hence g € G(p) and G
is contained in G(p). Conversely, if gl:>] G anélzllc € N are such that a; < . then
p<g+ kil a;. since for each n > k we have Xn: a; < Xn:(%)i’kak < 2a, < g. So
we know lt?llat G(p)=G. = l:k

We have p < 3a; — G*, since p < 2a; and G < a;. It remains to show that

sign p < 0.
k
Suppose p = a + G forsome a € M. There is some k € Nsuch that Y a; > a,
i=1
k k+1
hence p=a+ Gt <> a;+ G" < > a; < p, a contradiction. -
i=1 i=1
ExaMPLE. In the situation of 6.1 the signature of p may be —1, for example if
M =R, G =0and q;, = (%)’ Moreover if the cut p constructed in 6.1 has
signature 0 and « is a realization of p, then the least extension ¢ of p on M () is

{3 a; |n € N} in M(a) and the upper edge of the convex hull # of G in M («)
i=1
is{a; | i e N}~. Sosigng = —1and G(q) = H.



52 MARCUS TRESSL

In particular the signature of p may be —1 even if N-a;;; < a; for all i.

LEMMA 6.2. Let M = My C M; C --- C N := |J M; be divisible, ordered,
1<w
abelian groups, let G be a convex subgroup of M and let G; be the convex hull of G in
M;. Suppose for each i € N there is a realization o; of G | in M;. Let q denote the
cut {ay+ -+ ay | n €N} of N. Then
() q | M; is the cut ay + - + aj—1 + G of M; for all i € N; in particular q
extends G ™.
(i) signg = 0 and G(q) is the convex hull of G in N.
(iii) Let p be a cut of M realized in N by 8 such that G C G(p). Then
(a) Ifsignp > 0, then B + q extends p.
(b) Ifsign p <0, then B — q extends p.
(c) If G € G(p). then B + q and B — q extend p.
In particular, there is an extension of p on N with signature 0 such that the
invariance group of this extension is the convex hull of G in N.

ProOOF. From the choice of the a; we have o;; > 2011 (i € N).
(i). Let ¢; denote the cut i + - -+ + a;—1 + G;* of M;. Since o; = G;" | we have

k koo
gi < q | M;. Onthe other hand foreach k > i wehave ) a; < 3 %jiloz,- <2a; E
Jj=i Jj=i
G . Hence(g—ai—--—a;—1) | M; < G andq | M; < a1+ -+ 1+G" = ¢,
This shows ¢; = ¢ | M; and so (i) is proved.

(ii). Let H be the convex hull of G in N. Clearly H™ is the cut {«; | i € N}~ of
N. So by 6.1 we have G(¢) = H and signg < 0. Suppose ¢ = o — H " for some
o € N. Leti € Nbesuch thata € M;. Theng | M; = o — (H N M;)*. So by (i)
we get sign ¢; = —1 in contradiction to the definition of ¢;.

(ili). We have ¢ < 2a; and 2oy = G™*. If sign p > 0, then f + 2« realizes p,
hence f + ¢ extends p. Similarly if sign p < 0. This shows (a) and (b). Finally, if
G C G(p) then B £ 2ay = p, which implies (c). =

COROLLARY 6.3. Let T be an o-minimal expansion of DOAG, let & be a set of cuts
of M and let G? be a convex subgroup of G(p) for each p € €. Then there is an
elementary extension N = M with dim N/M = Ry + |€|, such that each p € € has
an extension q on N with sign g = 0 and such that G(q) is the convex hull of G? in N .

PrOOF. Let M’ - M besuch thateach p € & isrealized in M’ withdim M’ /M <
|#| and let H? be the convex hull of G” in M’ (p € ). Furthermore let a! be
a realization of (H?)" (p € #) and let M| := M'(af | p € ). Let G! be the
convex hull of G” in M, (p € %). let &) be a realization of (G)" (p € ) and let
M, := M{a3 | p € ). Iterating this construction we get an elementary extension
N = M'(af |i € N, p € &) of dimension < Ry + |&| over M, where we can
apply 6.2 to each p € &: Let ¢’ be thecut {a +--- +a} | n € N}T of N. By 6.2
we have sign ¢’ = 0 and G (q’) is the convex hull of G? in N. Since p is realized in
N we get the corollary from 6.2(iii). =

LemMmA 6.4. Let T be an o-minimal expansion of DOAG. Let I be a totally ordered
index set, let M; < M; be models of T (i < j € I) and let p; be a cut of M; such
that p; C pj whenever i < j € I. Let M :=|JM; |= T. There is a unique cut of M

extending all p;. We write | p; for this cut. We have:
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(i) G(Upi) = U ﬂ G(p)) = ﬂ U G(p)).
i€l j>i il j>i

(i) If p; extends p; for alli < j, then ] p; =, pi-

(iii) If'sign|J p: # O then there is some k € I such that
(a) sign p; = signl p; for all j > k and
(b) p; extends p; forall j > i > k.
In particular, if sign p; = 0 for all i, then sign | p; = 0.

(iv) If p; does not extend p; for all i < j. then G(|J p;) = (; Hi. where H; denotes
the convex hull of G(p;) in M.

PROOF. Since p; is an extension of p; for all i < j, the sets |J, pF and |J; pR
define a partitioning of M into convex sets. Hence there is a unique cut p of M
extending all the p;.

(i). Ifa € G(p)NM;.thena+p = pimpliesa+p | M; = p | M;,soa € G(p;)
which shows G(p) C J () G(p;). Theinclusion |J N G(p;) € N U G(p;)is

i€ j>i i€l j>i i€l j>i
trivial. Finallyifa € () U G(p;). then a + p = p. since for b € p* there is some
i€l j>i

i € I witha.b € pf. hence a + p; = p; implies a +b € p% C p" forany j > i
with b € G(p;).

(ii). Suppose p; extends p; — thus G(p;) € G(p,;) — for all i < j. Then the
first equality in (i) implies that | J p; is the upper edge of | J; G (p;). which is | p; by
definition.

(iii). If p = a = p with a € M;, then p — a is an edge of a convex subgroup
of M and we write H for the intersection of M; with this subgroup. Since a € M;,
pj—a=pl Mj—a=(p—a)| M; =H*. This shows p; = a & p; and
pj=H'=p| M;.Soifk € I witha € M;. then k has properties (a) and (b).

(iv). Clearly G(p) contains (), H;. Conversely. let « € G(p) N My. Then
a € G(p;) forall j > k. If j < k then H, C H;. since p; does not extend p;.
Hence a € H; as desired. -

PrROPOSITION 6.5. Let T be an o-minimal expansion of RCF . let M be a model
of T and let G be a convex subgroup of (M, +,<). Let V be a convex valuation ring
of M with V.C V(G). Let € be a set of cuts of M with G C G(p) forall p € ¥.
Then there are an elementary extension N of M with dim N/M = Xy + |%| and a
convex subgroup H of (N, +, <), such that HNM = G,sign* H* =0, V(H) is the
convex hull of V in N and such that for each p € € there is a cut q of N extending p
with signg = 0 and G(q) = H.

ProofF. First we reduce to the case where G(p) = G (p € €)and V = V(G) €
M . For this we take a model M’ - M and realizations o), f of p € @, G* in M’
respectively. Let V'’ be the convex hull of ¥V in M’. Since V C V(G), the upper
edge of V" is less than or equal to the least extension of V' (G)" on M’. As f = G*
and V' (G)* is the upper edge of the invariance group of G* with respect to M>°,
it follows that the cut - 7'" extends G*. consequently M N -V’ = G. By 3.12(i)
and (i), a, + - V'" or a, —f- V'" extends p. This argument shows that, upon
replacing M by M’, V by V', G by -V, and p by that of the cuts above which
extends it, we may assume V' = V(G) and G = G(p) forall p € .



54 MARCUS TRESSL

We construct a chain M = My < M| < M, < ... of models of T, together with
extensions p; on M; for each p € & such that

(a) Forall p, p’ € € we have p; = p..
b) ppCpiCp2C....poC p1 CpaC...and V(p;) liesover V (i < w, p €
% ): note that V' (p;) is independent of p € € by (a).
(c) sign pyiy1 = 0 foralli.
(d) sign* prii2 = 0and V (py;12) is the convex hull of V' in M»;,, for all i.
Take My := M and py := p. Suppose My, ..., M;and py. ..., p; are constructed,
and (a)—(c) holds up to i. We define M, | and p;, in the following way:

CasE 1. iiseven (the casei = 0is included since we do not need thatsign* p; = 0
for this construction step).

By 6.3 applied to {p; | p € €} and G(p;) there is some M;;; = M; with
dim M, /M; = Yo+ || and cuts p;;| of M, extending p; forall p € & such that
sign p;y1 = 0 and p; is the least extension of p; on M; 1. By 3.12(iii), V(p;41)
lies over V (p;), hence over V.

CASE 2. i is odd.

Let «, be a realization of p; (p € %) and let r be the least extension of p; on
M{a, | p € ). Then e, + r is an extension of p; and V (r) lies over V(p;)
(3.12(iii)). hence over V. From 6.3 applied to 7>, r, and the convex hull of V" in
Mi{o, | p € &) we getsome M, 1~ M;(a, | p € €) withdim M, /M; = No+|?|
and an extension r| of r on M, ; with multiplicative invariance group U such that
sign® r; = 0 and such that U is the convex hull of V' in M;,,. Since 2 € U, we
know that r| is the upper edge of a convex subgroup of (M, +, <) (cf. remark
following 3.4). hence U = V (r;). Now we take p;11 = @, + 11 (p € &), which
completes the construction.

Let N = |J M;. By construction of the M; we get dim N/M = Y, + |#]. Let
H = |J G(p;). By (a) the group H does not depend on p: by (b) we have

i<m
H = |J G(p2). By (d) and 6.4 applied to T>° and the sequence (i 12)i<ey We
i<m
have sign* H* = 0 (cf. 6.4(iii)) and V(H) = |J V(pai+2) (cf. 6.4(ii)). Since each

iEN
V (pais2) is the convex hull of V' we get that V' (H ) is the convex hull of V in N.

It remains to show that for each p € & there is a cut ¢ of N with signg = 0 and
G(gq) = H. We take ¢ = | p; and apply 6.4 to the sequence (py;11)i<w: clearly we
have ¢ = |J pai+1: by (c) and 6.4(iii) we have signg = 0. By (b) and 6.4(ii) again,
wehave§ = |J prv1 =H™. 5

iEN

PROPOSITION 6.6. Let T be an o-minimal expansion of RCF, let M be a model of
T and let G be a convex subgroup of (M, +,<). Let V be a proper convex valuation
ring of M with V. C V(G). Let € be a set of cuts of M with G C G(p) for all
p EF. Lete, o € {—1,0,1}. Then there are an elementary extension N of M with
dim N/M = R + || and a convex subgroup H of (N, +, <), such that HNM = G,
sign* H™ =¢. V(H)" is an heir of V' and such that for each p € € there is a cut q
of N extending p withsigng = and G(q) = H.

Proor. First we apply 6.5 and replace G by H and each p € & by a cut ¢
extending p with sign¢ = 0 and G(¢) = H. Since V' (H ) is the convex hull of V in
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N = M and V # M we know from 2.10, that V' (H )™ is an heir of V. So in order
to prove the Proposition we may assume that sign p = sign* p = 0, G = G(p) and
V=V(p)#M(pc?).

First we do the case 0 = 0. If ¢ = 0, the result is 6.5. So let € #£ 0.

Let S8 be a realization of Gt and for each p € & let p; be the largest extension
of p on M{(f). By 3.12(iii) applied to Th(M)>°, the cut p; is the largest extension
of G on M(f). Let G; be the convex hull of G in M (f). Then sign* p; = 1 and
sign* G;" = —1 (by 3.12(iv) and since sign* G = 0). Moreover V' (p) is the largest
convex valuation ring of M (B) lying over V', and V (p;) = V(Gy) by 3.12(1),(ii).

Now we apply 6.3 to G(p;) and p; (p € €). Hence there is some N = M with
dim N/M = X, + |#| and cuts g of N extending p; (p € &) such that G(g) is the
convex hull of G(p;) in N. Since sign*(p1) = 1 we have sign* § = 1 as well and the
cut ¥ (g)" is an heir of ¥ (p1)*. Since § does not depend on p € & we have proved
the Proposition in the case e = 1 and § = 0.

The same argument for Gy and p; (p € %) yields the Proposition in the case
e=-1.0=0.

Now we get the Proposition from the case 6 = 0 as follows: for p € & take
an extension ¢, of p on N, signg, = 0 such that G(¢,) = H, sign* H" = ¢ and
V(H)" is an heir of V. Let N; > N be such that all ¢, (p € &) are realized
in N, with dim N;/N = Xy + ||, and let H; be the largest extension of H" on
N,. From 3.12(iii) applied to 7>°, H* and N; we get that V' (H;)" is the least or
the largest extension of V (H)™; consequently V' (H;)" is an heir of V' (H)™", hence
of V'*. From 3.12(i).(ii) applied to T'. ¢, and N, the least and largest extensions
of g, on N; have invariance group H;. These extensions have signature —1, +1
respectively, since signg, = 0. -

§7. Existentially closed extensions. Again we work with an o-minimal expansion
T of the theory of real closed fields in the language <. If p is a cut of a model
M of T and f : M — M is M-definable, then by [vdD3] 7.(2.5) the map
f is differentiable in a neighborhood I of p and there is an M -definable map
g: M — M with g(x) = f/(x) for all x € I. The cut g(p) does not depend on
the choice of I and g. We denote this cut by f/(p).

ProposiTION 7.1. If p is a cut of M withsignp = 0and f : M — M is M-
definable with f(p) = p. then f'(p) = m(p)™ or f'(p) = m(p)~. In particular
p~Vip)t

Remark. It is an open question if a cut p of an o-minimal expansion of a field with
sign p = 0 and p ~ p exists at all. We’'ll use our Proposition to show that in many
cases this is not the case (cf. 7.2).

Proor. First we prove | f/(p)] < m(p)™.

Suppose 0 < a < | f'(p)| for some a € V(p)*. Then 1.5 = p. hence the map
g(x) == 1.7(x) fulfills g(p) = pand g’(p) > 1. Let b.c € M suchthath < p <c¢
such that g is differentiable in [, ¢], g(b) > 0 and g’(x) > 1 forall x € [b,c]. Then
0<gb)+x—-b<g(x)forall x € [b.c].hence 0 < g(b) +p—b < g(p) = p.
This implies g(b) + p — b = p, thus sign p # 0 in contradiction to our assumption.

It remains to show | f/(p)| > m(p)". We may assume p > 0. Suppose there is
some a € m(p) with 0 < | f'(p)| < a.
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Cramm 1. There is some ¢ € M with 1 +a € G*(p + ¢).

Since 1 ¢ V(p) there is some b € G(p). b > 0 with 2 & G(p). Letd < p
withd +2 > p. Weprove l +a € G*(p+c¢)forc:=2 —d. Letm € M with
d<m< p.Sinceap <b+ad wehave (1+a)(m+c)=m+c+alm+L2—d)=
m+c+b+am—ad<m-+c+b+b. Asb € G(p) we get m + 2b < p. hence
m +2b + ¢ < p + c. This proves Claim 1.

With the element ¢ from Claim 1 we replace f(x) by f(x —c¢) and p by p +c.
hence we may assume that 1 + a € G*(p). By 3.5 we have 1 —a € G*(p) as well.

Cram 2. Thereisalinearmapg : M — M with g(p) = p and a neighborhood
(c.d) of p with g(x) > x + f(x) on (¢.d). For the proof of Claim 2 we have two
cases.

Casel. f'(p)>0.

There is a neighborhood [c¢,d] of p, ¢ > 0, where f is strictly increasing and
differentiable. such that /' (¢) € G(p)and f'|(.4) < a. Takeg(x) = f(c)+(1+a)x.
Theng(x) > x+/(x)on[c,d], becauseg(c) > f(c)+candg’ = 14+a > 1+f' >0
on(c,d). Wehaveg(p) = f(c)+(1+a)p = p.since (14+a)p = pand f(c) € G(p).

Case2. f'(p) <O.

There is some neighborhood [c, d] of p, where f is strictly decreasing and differ-
entiable, such that f(d) € G(p) and f”|. ) > —a. Since (1+ a)-p = p we have
a-p < p:;assignp = 0 we have a-p < p. Hence we may shrink d if necessary so
that a-d € G(p). Let g(x) = f(d) +ad + (1 —a)-x. Then g(x) > x + f(x)
on [c.d], since g(d) = f(d)+dand g’ =1 —a <1+ f'on (c.d). We have
glp)=fd)+ad +(1—a)-p=psince (1 —a)-p=pand f(d).a-d € G(p).

Now Claim 2 is proved and we have a linear map g with g(p) = pand g(x) — x >
f(x) on (c.d). This means g;(p) = p if g;(x) denotes g(x) — x. Since g is linear
it is not possible that sign p = 0. o

THEOREM 7.2. Let p be a cut of a model of T, such that V (p)* ~ V* for some
T-convex valuation ring V of M. Then

(1) The signature alternative holds for p. In particular sign p = 0 implies p + p.
(ii) The signature alternative holds for |p| with respect to M>°. In particular
sign* p = 0 implies p # G*(p)™".

Proor. (i). Suppose signp = 0. If p ~ p. 7.1 and the assumption give p ~
V(p)t ~ V*:in particular p” is definable in (M. V); 5.2 implies, then, that
sign p # 0. Hence, p £ p.

Let o be a realization of p and let ¢ be the unique extension of p on M (a).
By 3.12(v) we have signg = 0 and by 3.12(i).(ii). the cut § is the largest extension
of p on M{ca). By 3.12(iii) applied to p and M > the cut V' (g)™ is the least or the
largest extension of V' (p)* on M («); in particular it is an heir of V' (p) ™. By 4.6(iv).
V(g)t ~ W for some T-convex valuation ring W of M (a). Since signg = 0,
we can apply the argument at the beginning of the proof to ¢ instead of p and get
q # q as desired.

(ii). Let sign* p = 0. hence p # a-G*(p)* for all a € M. We first show that

p*G*(p).
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Case 1. signp = 0.
By (i) we have p % p and by 3.5 we have p ~ G*(p)™. hence p £ G*(p)*.

CaSE 2. sign p # 0,50 p = a = p with some ¢ € M. We may assume that p > 0.
Ifa <0,thena € G(p), hence p = pand p £ G*(p)* = V(p)" follows from 5.2.
So we may assume that ¢« > 0 and we may replace p by 1 + %-ﬁ. Ifl ¢ é-G(p), then
1+ %-G(p) is a convex subgroup of (M >?, -, <) in contradiction to sign* p = 0. So
le %G(p) in other words p = p and we may use 5.2 again.

So we know that sign* p = 0 implies p %4 G*(p)*. As in the proof of (i), this
implies the signature alternative for | p| with respect to M >°, o

REMARK. If T is polynomially bounded then 7.2(i) follows quickly from the
valuation property (cf. [vdD-S], (9.2)). This property even implies that p £ G* for
all convex subgroups G of (M, +, <) and all cuts p of M with sign p = 0.

NortaTiON. Let p be a cut of a divisible ordered abelian group M. If sign p # 0,
then p is an edge of the nonempty set Z(p) :={a € M |a+p=pora—p = p}
and we denote the other edge by z(p). If sign p = 0 we define z(p) := p.

So Z(p)isthesetofalla € M between p and z(p). Note that Z(p) is 0-definable
in the structure (M, pt).

If pis a cut of a real closed field M, p > 0, then Z*(p), z*(p) denote Z(p), z(p)
respectively with respect to (M>?, <,-) (where we consider z*(p) as a cut of M,
too). If G is a convex subgroup of a real closed field M we write z*(G) instead of
z*(G™T). Hence

a-m(G)t fa-V(G)=G,a#0,
z(G):=Ra-V(G)" ifam(G)=G, a#0,
G* if sign* G* = 0.
We come to our main result:
THEOREM 7.3. Let M be amodel of T and let p be a cut of M such that f (V (p)*) =
V' for some T-convex valuation ring V of M and some M -definable map f - M —
M. Suppose sign p = 0 and p is not dense. Let N be an elementary extension of M

and let q be a cut of N extending p such that G(g)NM = G(p). V(g)NM = V(p)
and f(V(q)*) = W, where W is a T-convex valuation ring of N.

(i) Ifsign* p =0 then (V(q)*.q.q) is an heir of (V (p)*. p. p).

(i) Ifsign*§ = sign* p and Z*(§) " M = Z*(p), then (V(q).4.2z%(4).q) is an
heir of (V (p)*. p.z* (). p).

ProOF. Since p is not dense, V(p) is proper. Since V(g)" extends V(p)*,
W+ = f(V(g)")extends V't = f(V(p)"). Since V (p) is proper, V is proper and
W is an heir of V. So V(g)™ is an heir of V (p)™.

(i). We may assume that p > 0. By 2.8 we have to show the following: If
o(v1,....v6)is an Z(M)-formula and a1, ao. 1. f2. 1.2 € N are such that

g <g<on fi<§g<fry <V <y NEolan.a. prfry.n).
then there are ay. as. b;. by, ¢1, ¢ € M such that

ai<p<a, by <p<byc1<V(p)T <cr MEp(ar.arby. by cr.c).
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First we prove that (¢, §) is an heir of (p, p). Since p has multiplicative signature 0,
using our assumptions on ¥ (p) and V (¢). we can apply 5.5, which shows that § is
an heir of p. Since sign p = 0 and V' (p)* ~ V', the signature alternative holds for
p by 7.2(1). Hence we can apply 3.19 which shows that (¢, §) is an heir of (p. p).

If y; is not a realization of V' (p)™, then there are elements a;. b;, ¢; as claimed:
this follows from 3.17 applied to the theory 7>°, because (¢. §) is an heir of (p. p).
Hence we may assume that y; is a realization of V' (p)™. Since sign p = sign* p = 0,
neither p nor p is of the form a = b-(V (p)*)*! with a.b € M. Since V(p) is
definable in (M, V'), 5.2 is applicable. We get that neither p” nor G(p) are definable
in (M, V(p)). Therefore, and since y; realizes V (p)*. p and p must be omitted in
M (y1).

Let p1 := g [ M (y1) be the unique extension of p on M (y;). Then p, is the unique
extension of p on M (y;). Since V (¢)" is an heir of V' (p)™ we can apply 3.18 to
T>°, thus V (g) lies over V (p;). which shows that £ (¥ (p;)") is the upper edge of
the T-convex valuation ring W N M (y;). Hence the assumptions of the Theorem
for p and ¢ also hold for p; and ¢. Because sign* p; = 0 we can apply what we have
already shown, namely: (g. 4) is an heir of (p1, p1).

By 3.17 applied to T>°, (¢.4) and (p;. p1). there are M -definable maps /.g,.g>.

f],f2 with
F1y) < p1 < f2001). g@1(y) < pr < &(1). n < V(p)* < h(p)

and

M) Ee(f1(n). f2(01).g1(71). g2001). 1. h(p1)).

Therefore we can find elements a;,b;.¢; in M as desired, if we know that
(V(p1)™. p1. p1) is an heir of (V(p)*. p. p). To see this, note first that V(p;)*
is an heir of V' (p)*. Then, it follows from a standard compactness argument
(cf. [Poi] 11.01) that there are cuts ry, 72,73 of M (y;) with r; = V(p;)" such that
(r1,72.r3) is an heir of (V(p)*, p. p). Since p;. p1 are the unique extensions of p,
p respectively on M (y;) we get pi = r3 and p; = r2. So (V (p1)", p1. p1) is an heir
of (V(p)*. p. p) and this finishes the proof of (i).

(ii). Ifsign* p = sign* § = 0, then z*(p) = p, z*(§) = § and (ii) is implied by (i).
So we assume that € := sign* p = sign*§ # 0, hence Z*(§) "M = Z*(p) # 0. Let
a € Z*(p) and let g(x) := a-x%. Then g(V(p)*) = pand g(V(g)*) = 4. Since
V(g)* is an heir of V(p)T, 4 is an heir of p. By 7.2(i) and 3.19 again, it follows
that (4, ¢) is an heir of (p. p).

Let 2(x) = a-x~¢. Then h(V(p)*) = z*(p). h(V(g)") = z*(§) and it follows
easily that (V(¢)*.4.z*(§). ¢) is an heir of (V (p)*, p.z*(p). p). 4

THEOREM 7.4. Let T be model complete and let (. x1,....x,) be a 0-definable
map. Let O, %, Z,Z* and & be new unary predicates and let c,....c, be new
constants with respect to . Let €,0 € {—1,0,1} and let &* be the language
PO.C.F.F*D.cr,....cn)

Let T* be the &*-theory which extends T and which says the following about a
model (M, V,G,Z.Z*,D.d,....d,):

(a) D = p* for some cut p of M. p neither dense nor principal with sign p = 6.
(b) V' ="V(p).
(c) G = G(p) and sign* G+ = €.
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(d) f(V(p)*.di,....dy) > 0is the upper edge of a T-convex valuation ring of M.
This is axiomatizable by the axioms

g(fV(p)di....dy) < f(V(p)".di.....dyn)

for each continuous, 0-definable map g .
() Z={aeM|a+G" " =pora—G"=plandZ* ={a e M* | a-V =
Goram=G}.
Then

(i) T* is consistent if and only if there is a model M of T, a convex valuation ring
VofMandd,....d, € M suchthat f (V*,di,....d,) is the upper edge of a
T -convex valuation ring.

(i) If T* is consistent then T* is model complete.

ProoF. (i). Certainly the condition is necessary for the consistency of 7*. Con-
versely suppose we have a model M of T, a convex valuation ring V' of M and
.d, € M such that f(V*.,d,,....d,) is the upper edge of a T-convex
valuation ring. By 6.6 there is some N = M and an extension ¢ of V' on
N with signg = J and sign* § = e such that V' (¢)" is an heir of ¥ *. Hence
f(V(g)*t.di.....d,) isanheirof f(V*.dy.....d,). thus f(V(¢)*.di.....d,) is
the upper edge of a T-convex valuation ring of N by 4.6(iii). This proves that T*
is consistent.

(ii). In order to prove model completeness of T* we use Robinson’s test. So let
M C N be an extension of #*-structures, such that M, A" = T*. We have to show
that M is existentially closed in A/. If § # 0 then this follows easily from 5.6 and
the assumption that p is not principal. If § = 0, then M is existentially closed in N
by 7.3. -

We conclude with an open question, how non 7-convex valuation rings can arise
in o-minimal structures. Let T be the theory of the real exponential field (R, exp).
which is o-minimal by [Wi]. Let M be a model of T containing (R, exp) which is
the definable closure of R together with a single new element x € M \ R. Let W
be a proper convex valuation ring of M. Then log( W *>?) is a convex subgroup of
(M, +) and the invariance valuation ring W’ of this convex subgroup is contained
in W. Certainly W is T-convex — hence equal to the convex hull V' of Rin M —
ifand only if W = W', Isit possible that W D> W' D W" 2> ...?

More generally, is it possible that V' is not definable in (M, W)? Observe that V'
is definable in (M, W) if W is definable in (M, V'), by 4.6(i).
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