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MODEL COMPLETENESS OF O-MINIMAL STRUCTURES EXPANDED

BY DEDEKIND CUTS

MARCUS TRESSL

§1. Introduction. LetM be a totally ordered set. A (Dedekind) cut p ofM is a
couple (pL, pR) of subsets pL, pR ofM such that pL ∪ pR =M and pL < pR, i.e.,
a < b for all a ∈ pL, b ∈ pR. In this article we are looking for model completeness
results of o-minimal structures M expanded by a set pL for a cut p of M . This
means the following. Let M be an o-minimal structure in the language L and
supposeM is model complete. Let D be a new unary predicate and let p be a cut
of (the underlying ordered set of)M . Then we are looking for a natural, definable
expansion of theL (D )-structure (M,pL) which is model complete.
The first result in this direction is a theorem of Cherlin and Dickmann (cf. [Ch-
Dic]) which says that a real closed field expanded by a convex valuation ring has
a model complete theory. This statement translates into the cuts language as
follows. If Z is a subset of an ordered set M we write Z+ for the cut p with
pR = {a ∈ M | a > Z} and Z− for the cut q with qL = {a ∈ M | a < Z}.
We call Z+ the upper edge of Z and Z− the lower edge of Z. Then the Cherlin-
Dickmann theorem says that (M,pL) is model complete if p is the upper edge of a
convex valuation ring of a real closed fieldM . This theorem has been generalized
by van den Dries and Lewenberg in [vdD-Lew], for o-minimal expansions M of
real closed fields and so called T -convex subrings ofM (where T is the theory of
M ; a T -convex valuation ring is the convex hull of an elementary restriction ofM ,
cf. 4.3).
If p is not an edge of a convex valuation ring of a real closed fieldM then one can
show that theL (D )-theory (whereL is the language of ordered rings) of (M,pL)
is not model complete (cf. [T1], §16). So for model completeness we actually have
to extend the languageL (D ).
We do the following. Let M be again an o-minimal expansion of a real closed
field and let p be a cut of M . Let G(p) := {a ∈ M | a + p = p}, where
a + p := (a + pL, a + pR). G(p) is a convex subgroup of (M,+,≤), called the
invariance group of p. Moreover V (p) := {b ∈ M | b ·G(p) ⊆ G(p)} is a convex
valuation ring ofM , called the invariance ring of p. Suppose there is a T -convex
valuation ringV ofM , such thatV (p) is definable in (M,V ) (this is no restriction if
M is a pure real closed field). Then our results 3.8 and 7.4 imply that we get model
completeness of Th(M,pL) if we expand the languageL (D ) by a unary predicate
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for the groupG(p), a unary predicate for the ringV (p) and unary predicates for the
sets {a ∈M | a±G(p)+ = p} and {a ∈M | a·V (p) = G(p) or a·m(p) = G(p)},
where m(p) denotes the maximal ideal of V (p).
This shows that the basic invariants of the cut p are G(p) and V (p). Indeed
if M is a real closed field (or more general a polynomially bounded o-minimal
structure with archimedean prime model) and A is a subset ofM , then the theory
of (M,pL) over the parameter set A is entirely determined by saying where p is
located when shifting the cuts G(p)+ and V (p)+ with certain mapsM −→ M of
the form a ·xq + b, where a, b ∈ A and q is an exponent ofM (hence q ∈ Q ifM is
a real closed field). This will be done in a sequel to this paper [T2].
We describe now, how the paper is organized and mention some important in-
termediate results. In order not to overload notations at the moment, we assume
that T is an o-minimal expansion of groups, which has quantifier elimination, in
the languageL .
The results described above are based on a general description of so called “heirs”
(cf. 2.6) of cuts in o-minimal expansions of groups, proved in 2.9 below. It implies
the following fixpoint criterion:
Let M ≺ N be models of T , let q be a cut of N and let p be the restriction of
q on M such that pL is not definable in M . Then the L (D )-structure (M,pL) is
existentially closed in (N, qL) (this is the definition of “q is an heir of p”) if and only
if for every definable function f : M −→ M with f(p) = p we have f(q) = q.
How f is applied to p and q is explained in 2.4.
For some cuts, this fixpoint criterion already implies that the theory of (M,pL) has
quantifier elimination in the language L (D ), if T has a universal axiomatization
(cf. 3.8). More precisely, this holds for cuts p such that p is not the fixpoint of any
definable map f :M −→M which is different from the identity, close to p. These
cuts are called “dense”, cf. 3.7. For example, if M is a subset of R then the cut
induced by α ∈ R \M onM has these property.
In order to treat non-dense cuts let us take a cutp of amodelM ofT and consider
the following two cases.
First suppose p is a translate of an edge of a convex subgroup, so p = a ± G+

for some a ∈ M and some convex subgroup G of M . Then clearly every model
completeness result concerning (M,G) implies a similar model completeness result
for (M,pL) and we are reduced to solving this last problem.
In the second case — if p is not such a translate — then we prove that a certain
condition on p allows an application of model completeness results concerning
(M,G) to (M,pL). This is the main goal in Section 3, cf. 3.19. The criterion
in question — called the signature alternative (cf. 3.16) — is a weakening of the
valuation property for polynomially bounded structures (cf. [vdD-S],(9.2)). The
signature alternative for a cut p implies the following. If p is not a translate of an
edge of a convex subgroup ofM , then there is no definable map f :M −→M with
f(p) = G(p)+. Hence the only way of shifting the cut p into the upper edge of its
invariance group by a definable function is by applying a map a ± x. In view of the
fixpoint criterion above this property reduces inheritance of cuts to inheritance of
edges of subgroups. An important result is Theorem 7.2, which gives a large variety
of cuts having the signature alternative.
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If the signature alternative holds for a cut p (e.g., if T is polynomially bounded),
then both cases above say that we have to understand convex subgroups ofM if we
want to understand p. For this, we go to expansions of fields now, so T will denote
an o-minimal expansion of fields for the rest of the introduction.
Let G be a convex subgroup of M |= T . In order to understand the structure
(M,G) we apply the same strategy as explained above for p, to the cut G+ but now
viewed as a cut of the multiplicative group (M>0, ·,≤). M induces in a natural way
an o-minimal expansion M>0 on this group, so the techniques above are indeed
applicable. An important step is to prove the signature alternative for these cutsG+

w.r.t. to the structureM>0. This is the aim of Section 5, cf. 5.4.
What happens if we go from G+ to its invariance group w.r.t. M>0? We get the
positive units of the invariance ring V (G) of G as defined above. So we are back
to the Cherlin-Dickmann and the van den Dries-Lewenberg work. Provided, V (G)
is definable from M enlarged by a T -convex valuation ring! Hence the results on
T -convexity from [vdD-Lew] will be the starting point in Section 5, for the proof of
our results in Section 7.
Finally I want to point out that Theorem 7.3 below implies the substantial part
of almost everything which is described above. It is of technical nature and will
be our starting point for the elementary theory of Dedekind cuts in polynomially
bounded structures, treated in [T2].
I wish to thank the referee for many helpful comments and suggestions.

§2. Heirs. First we recall some general model theoretic notations and tools.

Definition 2.1. Let L be a first order language, let M be an L -structure and
let A ⊆M . A subset X ofM n is called A-definable if X is the set of all realizations
inM of anL -formula with parameters from A. IfN is an elementary extension of
M , then this formula also defines a subset of N n and we denote this set by XN . If
there is no ambiguity we also write X for XN . One may think of X as the formula
definingX . Note thatX is defined by several formulas, butXN does not depend on
that representation.
A map f : X −→ M k is called A-definable, if the graph of f is an A-definable
subset of M n ×M k . If A = ∅, then we say 0-definable instead of A-definable.
Again, ifN �M is an elementary extension, then fN denotes the mapXN −→ N k

defined by a formula which defines the graph of f : X −→M k . We’ll also write f
for fN if there is no ambiguity.

Definition 2.2. The definable closure dcl(A) of A (inM ), is the set of all points
x ∈M , which are A-definable, i.e., the set {x} is A-definable.

Observe that

dcl(A) = {f(a1, . . . , an) | n ∈ N, f :M n −→M is 0-definable and a1, . . . , an ∈ A}

and for all b1, . . . , bn ∈ A we have

dcl(A ∪ {b1, . . . , bn}) = {f(b1, . . . , bn) | f :M
n −→M is A-definable}.

Definition 2.3. Let L be a first order language. If M ≺ N is an elementary
extension ofL -structures and ᾱ ∈ N n , then we write tp(ᾱ/M ) for the n-type p of
ᾱ overM . Hence p is the set of allL -formulas in n fixed variables with parameters
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fromM which hold true at ᾱ in N . The tuple ᾱ is called a realization of p and we
write ᾱ |= p.

Recall that the set Sn(M ) := {tp(ᾱ/M ) | ᾱ ∈ N n , N � M} of all n-types ofM
is a Boolean space and the setM n is in 1-1 correspondence with the isolated points
of Sn(M ) via ā 7→ tp(ā/M ) (ā ∈M n). We will always considerM n as a subset of
Sn(M ) in this way.
Moreover theM -definable subsets X ofM n are in 1-1-correspondence with the
clopen subsets of Sn(M ) via X 7→ {p ∈ Sn(M ) | X ∈ p}. Here, X ∈ p stands for
“a formula defining X is in p”. Therefore, geometrically, the notationX ∈ p reads
better as p ∈ X (i.e., p is in the clopen defined by X ).

Definition 2.4. Let p ∈ Sn(M ), let X ⊆M n beM -definable and let f : X −→
M k be anM -definable map. Then

{ ϕ(y1, . . . , yk) | [∃y1, . . . , yk (y1, . . . , yk) = f(x1, . . . , xn) ∧ ϕ(y1, . . . , yk)] ∈ p }

is certainly a k-type of M , which we denote by f(p). We get a map {p ∈
Sn(M ) |X ∈ p} −→ Sk(M ) and this map extends the original mapf : X −→M k .
Note that if ᾱ is a realization of p, X ∈ p, ᾱ from some elementary extension N
ofM , then f(ᾱ) (= fN (ᾱ)) is a realization of f(p) and f(X ) ∈ f(p).

Wenow turn to cuts. LetX = (X,≤) be a totally ordered set. A cutp ofX is called
principal if p is of the form a+X := {a}+, a−X := {a}− (a ∈ X ), +∞X := X+ = ∅−

or −∞X := X− = ∅+. Thus a cut p is principal if and only if the subset pL of X
is quantifier free definable (with parameters) in the ordered set X considered as a
first order structure in the language {≤}.
If p is a cut ofX and x ∈ X then we also write x ≤ p, p ≤ x for x ∈ pL, x ∈ pR,
respectively. This definition extends the given order on X to a partial order on the
Dedekind completion D := X ∪ {the cuts of X}. Finally we write p ≤ q if pL ⊆ qL

for cuts p, q of X . Observe that the elements of X are not considered as cuts in our
setup, hence x ≤ p is the same as x < p if x ∈ X and p is a cut of X . Now D is a
totally ordered set extending X and D is Dedekind complete, i.e., every cut of D is
principal.
An interval of X is a convex subset I of X such that I + and I− are principal. A
neighborhood I of the cut p is an interval of X with I− ≤ p ≤ I+; we write p ∈ I
if I is a neighborhood of p. Observe that every cut has an open neighborhood, i.e.,
a neighborhood which is open in the order topology of X .
Let p be a cut of X and let Y ⊇ X be another totally ordered set. If q is a cut of
Y we say q extends p or q lies over p or q is an extension of p and write p ⊆ q or
p = q � X if qL∩X = pL. Observe thatp always has a least and a largest extension
on Y ; the least extension is the upper edge of pL in Yand the largest extension is
the lower edge of pR in Y .
A realization α of p in Y is an element α ∈ Y such that pL < α < pR. In
particular α 6∈ X .
From now on, let T be an o-minimal extension of the theory of dense linear ordered
sets without endpoints in the language L . Recall from [vdD-Lew], (3.2) that T
is equipped with a dimension; if p ∈ Sn(M ), M |= T , then dimp denotes the
dimension ofM∪{ᾱ} overM with respect to this dimension, where ᾱ is a realization
of p from some elementary extension ofM .
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LetM be a model of T . Then for each cut p ofM there is a 1-type P ofM such
that a < x ∈ P ⇐⇒ a ∈ pR (a ∈ M ). Since M is o-minimal, the type P is
uniquely determined by p in this way. Therefore we’ll frequently consider a cut p as
the corresponding 1-type P which allows us to use the type set-up for cuts.
By o-minimality, a cut p of M is principal if and only if pL is an M -definable
subset ofM if and only if the 1-type corresponding to p is definable in the sense of
type theory (cf. [Poi], chapter 11).
Moreover ifN �M is an elementary extension ofM , then an element α ∈ N is a
realization of the cut p ofM if and only if α is a realization of the 1-type determined
by p. Therefore we write α |= p if α is a realization of the cut p.
Following [vdD-Lew], (2.5), ifM ≺ N are models of T and Z ⊆ N , thenM 〈Z〉
denotes the definable closure of M ∪ Z in N . Note that if T expands the theory
DOAGof nontrivial, divisible ordered abelian groups andA is any subset of amodel
N of T , which contains an element different from 0, then the definable closure ofA
in N is an elementary substructure of N (cf. [vdD-Lew], (2.4) and (2.5)).
Let M be o-minimal, let p ∈ S1(M ) and let f : X −→ M , X ⊆ M be
M -definable with X ∈ p. If p is a cut, (i.e., p 6∈ M ), then the application of f to
p does the obvious thing: by the monotonicity theorem [vdD3], 3, (1.2), there is
an open interval I ofM with p ∈ I ⊆ X such that f is constant on I or a strictly
monotonous homeomorphism onto f(I ). By o-minimality f(I ) is again an open
interval.
Supposef is strictly increasing on I . Thenf(p) is the cutf(pL∩I )+ ifpL∩I 6= ∅
and f(pR ∩ I )− otherwise.
Furthermore—by our definition of “cut”—f(p) is a cut if and only if f is
nonconstant in each neighborhood of p.

Lemma 2.5. If p is a cut of an o-minimal structure M and f : M −→ M is
M -definable with f(p) = p, then there is a neighborhood I of p such that f|I is
strictly increasing.

Proof. Since f(p) is a cut, there is an open interval I ofM with p ∈ I such that
f is a strictly monotonous homeomorphism onto the open interval f(I ). I is of
the form (a, b) with a < b fromM ∪ {±∞}. We assume that a, b ∈ M , the other
cases are similar. If the formulaf(x) = x is in the type p, then we may shrink I , so
that f is the identity on I and we are done. Hence we may assume that the formula
f(x) = x is not in the type p, so f(x) 6= x is in the type p. By o-minimality we
can shrink I so that f(x) 6= x for all x ∈ I .
Suppose f is strictly decreasing in (a, b). Then f maps the cuts r of M with
a < r < b bijectively and order reversing onto the cuts r ofM with r ∈ f(I ).
Consequently f(a+) must be different from f(p), otherwise a+ = p, thus
f(a+) = f(p) = p = a+; but f(a+) = f(I )+ which must be different from
a+, as f(I ) is open. It follows f(a+) > f(p).
The same argument shows f(p) > f(b−), thus f(a+) > f(p) = p > f(b−).
With these inequalities it follows that the graph of f meets the diagonal ofM in a
point c ∈ (a, b), contradicting the assumption f(x) 6= x for all x ∈ (a, b). a

Definition 2.6. Let M,N be models of T and let A ≺ M,N be a common
elementary substructure. Let p1, . . . , pn be pairwise distinct cuts of M and let
q1, . . . , qn bepairwise distinct cuts ofN . LetD1, . . . ,Dn benewunary predicates. We
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say the tuple (q1, . . . , qn) is an heir of (p1, . . . , pn) over A if the following condition
holds: if ϕ(x1, . . . , xk) is anL -formula with parameters from A, ø(x1, . . . , xk) is a
quantifier freeL (D1, . . . ,Dn)-formula with parameters from A and if

(N, qL1 , . . . , q
L
n ) |= ∃x̄ ϕ(x̄) ∧ ø(x̄), then

(M,pL1 , . . . , p
L
n ) |= ∃x̄ ϕ(x̄) ∧ ø(x̄).

Observe that pi � A = qi � A (1 ≤ i ≤ n) in this case.

Remark 2.7. If A = M in 2.6, then we say ‘heir’ instead of ‘heir overM ’. It is
easy to see that a single cut q ofN is an heir of p := q �M in the sense of 2.6 if and
only if the 1-type corresponding to the cut q is an heir of the 1-type corresponding to
the cut p in the sense of [Poi], 11.a. More generally, the tuple (q1, . . . , qn) is an heir
of (p1, . . . , pn) if and only if for each n-type p overM with projections p1, . . . , pn
there is an n-type q over N with projections q1, . . . , qn which is an heir of p in the
sense of [Poi]. Moreover a compactness argument as in [Poi], 11.01, implies that
for givenA ≺M,N and cuts p1, . . . , pn ofM there is always an heir of (p1, . . . , pn)
over A on N .

Lemma 2.8. Let p1, . . . , pn be pairwise distinct cuts of M and let q1, . . . , qn be
extensions of p1 � A, . . . , pn � A on N , respectively, with qi 6∈ {±∞N}. Then
(q1, . . . , qn) is an heir of (p1, . . . , pn) over A if and only if the following condition
holds:
if ϕ(u1, . . . , un, v1, . . . , vn) is anL -formula with parameters fromA and ᾱ, â̄ ∈ N n

such that α1 < q1 < â1, . . . , αn < qn < ân andN |= ϕ(ᾱ, â̄) then there are ā, b̄ ∈
M n such that a1 < p1 < b1, . . . , an < pn < bn andM |= ϕ(ā, b̄)

Proof. If (q1, . . . , qn) is anheir of (p1, . . . , pn) overA, then certainly the condition
holds. The converse follows from a straightforward simplification of the condition
in 2.6. a

The next theorem is the crucial starting point for the model theory of cuts in
o-minimal expansions of groups.

Theorem 2.9 (Fixpoint criterion for heirs). Let T be an o-minimal expansion of
DOAG. Let A,M,N be models of T with A ≺ M,N . Let q be a cut of N and let p
be a cut ofM with p � A = q � A, such that pL is not A-definable (in particular if p
is not principal ). Then the following are equivalent:

(i) q is an heir of p over A.
(ii) If â ∈ N is a realization of q � A, then (q � A〈â〉) is an heir of p over A.
(iii) For each A-definable map f : A −→ A with f(p) = p we have f(q) = q.

Proof. (i)⇒(ii) follows directly from the definition of “heir”.
(ii)⇒(iii). Take f as in (iii), suppose f(p) = p and assume there is some â ∈ N
with f(q) ≤ â < q. Since f is A-definable, we have f(p � A) = p � A, too. In
particular the 1-type f(q) is an extension of p, so â is a realization of p � A and
f(q � A〈â〉) ≤ â < q � A〈â〉. Therefore we may assume thatN = A〈â〉.
By 2.5,f is strictly increasing in some openA-definable neighborhood I ofp � A,
in particular f(q) is a cut, thus f(q) 6= â and f(IN ) contains the realizations of
p � A in N (again, IN denotes the interval of N defined by the formula which
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defines I ). Thus, there is some ẫ ∈ IN with â = f(ẫ). Since f(q) < â = f(ẫ)
and ẫ ∈ IN we have q < ẫ . Together with â < q this means

(N, qL) |= ∃x, x̃ D(x) ∧ ¬D(x̃) ∧ x = f(x̃) ∧ x ∈ I.

Since N = A〈â〉 and â realizes p � A we may apply (ii) and we get

(M,pL) |= ∃x, x̃ D(x) ∧ ¬D(x̃) ∧ x = f(x̃) ∧ x ∈ I.

Hence there are α, α̃ ∈ M with f(α̃) = α < p < α̃ and α ∈ I . Since f is strictly
increasing in IM it follows f(p) < p, in contradiction to our assumption.
(iii)⇒(i). Let ϕ(x, y) be anL -formula with parameters fromA and let α, â ∈ N
with α < q < â and N |= ϕ(α, â). By 2.8 it is enough to find elements a, b ∈ M
with a < p < b andM |= ϕ(a, b).

Case 1. â is not a realization of p � A. Then there is some c ∈ A with p � A <
c ≤ â . Let ø(x) be the formula ∃y c ≤ y ∧ ϕ(x, y). Then N |= ø(α) and it is
enough to find some a ∈M with a < p andM |= ø(a).
Since ø has parameters fromA, the set S of all realizations ofø inA is nonempty
and the cut S− of A is A-definable, hence principal, and different from +∞A. If
S− < p � A, then there is some element a ∈ S with a < p � A, so a < p and
M |= ø(a), too.
Hence we may assume that q � A = p � A ≤ S−. Since α < q and N |= ø(α) it
follows that for every b ∈ A with p � A < b there is an element a ∈ A, a < b such
that A |= ø(a). Therefore, p � A = S− is principal and not of the form d− for all
d ∈ A.
If S− is of the form d+ for some d ∈ A, then there is some ε > 0, ε ∈ A such
that (d, d + ε) ⊆ S. Since pL is not A-definable we have d+M < p and there is some
a ∈ M , a < p with d < a < d + ε. Since (d, d + ε)M ⊆ SM , a satisfies a < p
andM |= ø(a). Finally if S− = −∞A, then A |= ∀x∃z z ≤ x ∧ ø(z). Then also
M |= ∀x∃z z ≤ x ∧ ø(z) and since pL 6= ∅ (p is not principal), there are elements
a ∈M with a < p andM |= ø(a).

Case 2. α is not a realization of p � A. Analog to case 1. Observe that we do not
need assumption (iii) in case 1 and 2.

Case 3. α and â realize p � A. We may assume that p � A < c for some c ∈ A
(otherwise we proceed with−p and−q). We have to find a, b ∈M with a < p < b
andM |= ϕ(a, b).
Since α < â < c we may replace ϕ(x, y) by ϕ(x, y) ∧ x < y < c and we may
assume that A |= ∀x, y ϕ(x, y) → x < y < c.

Suppose for all a, b ∈ M with a < p < b we have M |= ¬ϕ(a, b). We define
f : A −→ A by

f(a) :=

{
sup{b ∈ A | A |= ϕ(a, b)} if A |= ∃y ϕ(a, y),

a otherwise.

By o-minimality and since ϕ(x, y) implies y < c, f(a) is a well defined element
for all a ∈ A with A |= ∃y ϕ(a, y). Thus f is an A-definable map. Keep in mind
that the case p � A = −∞A is not excluded in what follows. Of course p 6= ±∞M ,
since by assumption pL and pR are not A-definable. We claim that f violates
condition (iii). First we prove f(p) = p.
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Case 3.1. p = m+ for some m ∈M .
Since pL is not A-definable, we have m 6∈ A, thus m |= p � A. Since m < p,
M 6|= ϕ(m, b) for all b ∈ M , p < b (i.e., m < b) and the definition of f implies
f(m) = m. Since f is A-definable, this means f(p � A) = p � A, hence by 2.5, f
is strictly increasing and continuous in some A-definable neighborhood I ⊆ A of
p � A. Since f(m) = m and m ∈ IM , it follows f(m

+) = m+, thus f(p) = p.

Case 3.2. p = m− for some m ∈M .
Again m 6∈ A and m |= p � A, since pL is not A-definable. Since p = m− and
f is A-definable, it follows that f is continuous in some open, A-definable interval
I ⊆ A with m ∈ IM .
We haveM 6|= ϕ(a, b) for all a, b ∈M with a < m ≤ b (whichmeans a < p < b).
Therefore f(a) ≤ m for all a ∈ M , a < m. If f(a) < m for a < m, a close to m,
then f(m−) = m− and case 3.2 is proved. Otherwise there is some ε ∈ M , ε > 0
such that f(a) = m whenever a ∈ (m − ε,m). By continuity, also f(m) = m.
This again means that f(p � A) = p � A, hence by 2.5, f is strictly increasing
and continuous in some A-definable neighborhood I ⊆ A of p � A. But f is also
constant in (m − ε,m), a contradiction.

Case 3.3. p is not principal.
Then for each a ∈M with a < p we have f(a) < p by assumption and because
of p 6= m− (m ∈ M ). Let I ⊆ A be an A-definable open interval with p � A ∈ I ,
such that f is monotonous on I . From a ≤ f(a) < p (a < p, a ∈ IM ) we know
that f must be strictly increasing in some neighborhood of p. Since p 6= m+ for all
m ∈M this shows f(p) = p.

We have proved thatf(p) = p. In particular f(p � A) = p � A and by 2.5, there
is some A-definable neighborhood I of p � A, such that f is strictly increasing in
I . Since α and â realize p � A we have α, â ∈ IN . As â < c we have f(α) ≥ â by
definition off. Since f is strictly increasing in IN we getf(q) 6= q in contradiction
to (iii). a

Corollary 2.10. LetM ≺ N bemodels ofT and let p be a nonprincipal cut ofM .

(i) The least and the largest extension of p onN are heirs of p.
(ii) If dimN/M = 1 then the least and the largest extension of p on N are the only
heirs of p on N .

Proof. (i). If f : M −→ M is M -definable with f(p) = p then by 2.5, f is
strictly increasing in some open M -definable neighborhood containing p. Thus
the least and the largest extension of p on N are fixed by f as well. By 2.9 this
proves (i).
(ii). Let q be an extension of p on N , different from the least and the largest
extension of p on N . Then there are realizations α, â of p with α < q < â . As
dimN/M = 1 we have â ∈M 〈α〉. SinceM 〈α〉 is the definable closure ofM ∪ {α}
there is an M -definable map f : M −→ M with f(α) = â . Since α and â
realize p we have f(p) = p and f is strictly increasing in some openM -definable
neighborhood containing p. This shows f(q) 6= q and q is not an heir of p. a

Another Consequence of 2.9 is that the “heir” relation is total, i.e., if A ≺ M,N
are models of T , q is a cut of N and p is a cut ofM with p � A = q � A, then p
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is an heir of q over A or q is an heir of p over A. We don’t need this and omit the
proof.

§3. The invariance group. We start with basic facts about cuts of ordered abelian
groups. Let M = (M,+, 0,≤) be an ordered abelian group and let X ⊆ M be a
set. We write −X := {−x | x ∈ X} and a +X := {a + x | x ∈ X} for a ∈M .
If p is a cut ofM and a ∈ M , then certainly −p := (−pR,−pL) and a + p :=
(a + pL, a + pR) are again cuts ofM . Moreover we write

|p| :=

{
p if p > 0,

−p if p < 0.

First Warning. If p is a cut of M , then there is no canonical way to define a cut
“2·p” ofM . That is, in general the cut {2·x | x ∈ pL}+ is strictly less than the cut
{2·x | x ∈ pR}− (e.g., ifM = Z and p is different from ±∞).
In this paper we are interested in cuts of expansions of divisible ordered abelian
groups mainly. In this case, the couple n ·p := ({n ·x | x ∈ pL}, {n ·x | x ∈ pR})
is a cut of M again for every n ∈ N. Observe that n ·(−p) = −(n ·p) and that
n ·(a ± p) = na ± n ·p for all a ∈ M , n ∈ N. These observations make the basic
computations concerning cuts much easier in the divisible case and we’ll restrict
ourself to divisible groups soon.

Lemma and Definition 3.1. LetM be an abelian ordered group. ThenM operates
on the cuts ofM via translation, i.e., via (a, p) 7→ a +p. The stabilizer of this action
at a cut p is a convex subgroup ofM which is called the invariance group or the width
of p:

G(p) := {a ∈M | a + p = p}.

Furthermore we define

p̂ := G(p)+

and we have |p| ≥ p̂.

Proof. Straightforward. a

For example the principal cuts a+ and a− have invariance group {0}. Observe
also, that if p− a is an edge of a convex subgroup for some a ∈M , then this group
is G(p). Another important observation is the following lemma.

Lemma 3.2. LetM ⊆ N be ordered abelian groups, let a ∈ M and let q be a cut

of N . Then (a + q) �M = a + (q �M ). In particular, q̂ �M ≤ q̂ �M .

Proof. If b ∈M , then b ∈ (a + q)L ⇐⇒ b − a ∈ qL ⇐⇒ b − a ∈ (q �M )L

⇐⇒ b ∈ (a + (q � M ))L. This shows (a + q) � M = a + (q � M ). It follows

G(q) ∩M ⊆ G(q �M ), in other words q̂ �M ≤ q̂ �M . a

Second Warning. If M ⊆ N are ordered abelian groups (divisible or not), if
α ∈ N \M and if p is a cut ofM , then the expression α+p is not defined here and
there is no canonical way to define it in our setup.
IfM ⊆ N are ordered abelian groups andG is a convex subgroup ofM , then the
convex hull H of G in N is again a convex subgroup of N with H ∩M = G and
H+ is the least extension of G+ on N . IfM is divisible, then the largest extension
of G+ on N also is an edge of a convex subgroup of N :
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Lemma 3.3. LetM ⊆ N be ordered abelian groups such thatM is divisible and let
G be a subgroup ofM . Let q be the largest extension of the cutG+ ofM onN . Then
q is the upper edge of a convex subgroup of N .

Proof. Let α ∈ N , 0 < α < q and suppose 2α > q. Then there is some a ∈ M
with G < a ≤ 2α, since q is the largest extension of G+ on N . SinceM is divisible,
there is b ∈ M with a = 2b and since G is a subgroup ofM , also G < b. Hence
G < b ≤ α < q, which is impossible, since q extends G+. a

Third Warning: Lemma 3.3 is not true in general for ordered abelian groups!

If K is an ordered field and p is a cut of K with p > 0, then p is a cut of
the ordered abelian groups (K,+,≤) and (K>0, ·,≤). Hence we can associate two
invariance groups with p. The group G(p) denotes the invariance group of p with
respect to (K,+,≤).

Definition 3.4. Let p be a cut of an ordered fieldK . We define themultiplicative
invariance group of p as

G∗(p) = {a ∈ K | a ·p = p}.

Hence G∗(p) is the invariance group of |p|with respect to (K>0, ·,≤). Observe that

2 ∈ G∗(p) ⇐⇒ |p| = p̂.

We recall the warning from above: if p is a cut of an ordered field, p > 0, then
the expression “ p2 ” is not well defined in general! Cuts of ordered fields is a subtle
matter. We only need one proposition here, which shows how both invariance
groups are linked if p is not an edge of a convex subgroup of (K,+,≤):

Proposition 3.5. Let K be an ordered field and let p be a cut of K with |p| > p̂.
There is some c ∈ K such that

G∗(p) = c ·G(p) + 1 (= {c ·a + 1 | a ∈ G(p)}).

Proof. We may assume that p > p̂. Let H := G∗(p). Since p > p̂ we have
2 6∈ H .

Claim 1. H − 1 is a convex subgroup of (K,+,≤).

H −1 is convex, sinceH is convex. Hence we only have to show that 2·(H −1) ⊆
H − 1 and H − 1 = −(H − 1). Let ε ∈ H − 1, ε > 0. Then 0 < 2ε <

(1 + ε)2 − 1 ∈ H − 1, hence 2ε ∈ H − 1. Since 2 6∈ H we have ε2

1−ε < ε, thus

1 < 1
1−ε = 1 + ε +

ε2

1−ε < 1 + 2ε ∈ H . We get
1
1−ε ∈ H , therefore −ε ∈ H − 1.

If ε > 0 with −ε ∈ H − 1, then 1 < 1 + ε < 1
1−ε ∈ H , that is ε ∈ H − 1.

Claim 2. H − 1 = {a ∈ K | |a|·p < p̂} = {a ∈ K | |a|·p ≤ p̂}.

The second equality holds since p > p̂. To see the first equality we may assume
that a > 0. If a ·p < p̂, then easily (1 + a) ·p = p. Conversely take h ∈ H and
assume (h − 1)·p > p̂.
First suppose h > 1. Then there is some 0 < h1 < p with (h − 1)h1 6∈ G(p),
hence there is some h2 ∈ K , 0 < h1 ≤ h2 < p with h2 + (h − 1)h1 > p. It follows
p = hp > hh2 = h2 + (h − 1)h2 ≥ h2 + (h − 1)h1 > p, a contradiction.
This argument shows that h > 1 and h ·p = p imply (h − 1) ·p ≤ p̂, thus
(h − 1)·p < p̂. On the other hand, if 0 < h < 1 and h ·p = p then by Claim 1 we
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have 1− h = −(h − 1) ∈ H − 1, whence (2− h)·p = p and 2− h > 1. By what we
have just proved it follows (1− h)·p < p̂.
Now we prove the Proposition. Let q := H+ − 1. By Claim 1 it is enough to
find some c ∈ K with q = c · p̂. By elementary real algebra, there is an ordered
field L containing K and realizations α, ã of p̂ and p respectively. By Claim 2 we
know that â := α

ã realizes q. Let G
′ be the convex hull of G(p) in K(α, ã) and let

α′ be a realization of G ′+ from an ordered field extension of L. Note that α′ ≤ α.
Certainly α

′

â is a realization of
1
â ·G

′+, hence ofU+, whereU := K ∩ 1â ·G
′. SinceU

is a convex subgroup of (K,+,≤) and p > p̂, the element ã = α
â is not a realization

ofU+, hence α
′

â ≤ a ≤ α
â for some a ∈ K . As α and α′ realize p̂ it follows that a·â

realizes p̂. Since â realizes q this means q = 1
a ·p̂. a

Because of this proposition, the multiplicative invariance group of a cut of an
ordered field which is not an edge of a subgroup, pops up rarely in the present paper.
On the other hand if G is a (convex) subgroup of (K,+,≤), then the multiplicative
invariance group ofG+ is a significant invariant ofG (cf. 5.1). This will be analyzed
later in detail (cf. Section 5).
From now on we work with an o-minimal extension T of divisible, ordered, abelian
groups in the languageL . Recall again, that any definably closed subset of a model
of T different from {0} is an elementary substructure ofM .
LetM be a model of T , let p be a cut ofM and let f :M −→M beM -definable
such that f is not constant in any neighborhood of p. Then all the operations
a + p, |p|, . . . defined above, coincide with the application of the corresponding
functions x 7→ a + x, x 7→ |x|, . . . to the 1-type p. This gives us a strong tool to
analyze the movements of cuts in o-minimal structures.
First we have another consequence of the fixpoint criterion 2.9.

Corollary 3.6. If p is a nonprincipal cut ofM , then the following are equivalent:

(i) p has a principal heir.
(ii) All cuts extending p on every elementary extension ofM are heirs of p.
(iii) If f : M −→ M is M -definable and f(p) = p, then f(x) = x in some open

interval containing p.
(iv) If α is a realization of p, then α is the unique realization of p inM 〈α〉.
(v) If α is a realization of p, thenM is dense inM 〈α〉, i.e., for all â < ã fromM 〈α〉
we have (â, ã) ∩M 6= ∅.

(vi) G(p) = 0.

Proof. (iii)⇒(ii) follows immediately from 2.9 and (ii)⇒(i) is obvious.
(i)⇒(iii). Let N � M , â ∈ N and suppose â+ is an heir of p. Let f be
strictly monotonous on the M -interval I and p ∈ I . Since p is not principal we
have â ∈ I , thus f(â+) = f(â)+ and â |= p. From f(p) = p and 2.9 we get
â+ = f(â+) = f(â)+, hence f(â) = â and f(x) = x ∈ p.
As (iv) is just a reformulation of (iii) we already know that (i)-(iv) are equivalent.
Certainly (v) implies (iv).
(i)⇒(v) Let ã < â be elements of M 〈α〉 and suppose ã 6∈ M . There is f :
M −→ M , definable inM with f(α) = ã . The cut tp(ã/M ) is not principal and
fulfills (i), hence (iv) again. (iv) says, that ã is the unique realization of tp(ã/M ) in
M 〈ã〉 =M 〈α〉, so we can find an element m ∈M with ã < m < â .
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Clearly (iii) implies (vi).
(vi)⇒(iii). Suppose f(p) = p and f(x) = x 6∈ p, say f(x) > x ∈ p. Let I
be an interval with p ∈ I such that f is strictly increasing on I . There is a closed
interval I ′ ⊆ I with p ∈ I ′ such that f(x)− x is monotonous or constant. In any
case there is some a ∈ M such that f(x)− x > a > 0 for all x ∈ I ′. Certainly we
have a + p = p in this case. a

Examples of cuts (in the theory of pure real closed fields) with the properties of 3.6
are all cuts of the field of real algebraic numbers that are realized by transcendental
numbers from R.

Definition 3.7. A cut p is called dense if it is nonprincipal and if the equivalent
conditions of 3.6 hold for p.

Let D be a new unary predicate and let T dense be the L (D)-theory T together
with the axiom

D is the set of elements on the left side of a dense cut

By 3.6(vi) this can be expressed by a single ∀∃-sentence.
The following theorem has been proved for a special case in [MMS], Section 2.3.
The model theory of dense pairs of o-minimal structures is also well understood
(cf. [vdD2]). For example the theory of pairs (N,M ), whereM ≺ N is proper and
dense in N , is a complete theory.

Theorem 3.8. Let T be an o-minimal theory containing the theory of divisible
ordered abelian groups. Let A ≺ M,N be models of T and let p, q be dense cuts of
M,N respectively. Then (M,pL) ≡A (N, qL) if and only if p � A = q � A. Hence ifT
has quantifier elimination and a universal system of axioms, then T dense has quantifier
elimination.

Proof. Since T expands the theory DOAG, T has quantifier elimination and
a universal system of axioms if we add function symbols for all 0-definable func-
tions. Therefore, by adding names for these functions, we may assume that T has
quantifier elimination and a universal system of axioms. By the Blum criterion
for quantifier elimination and our assumptions on T it is enough to prove the fol-
lowing. Let (M,D) and (N,E) be models of T dense and let (A,U ) be a common
L (D )-substructure such thatA ≺M,N and (N,E) is |A|+-saturated. Let α ∈M .
Then there is some â ∈ N such that the L (D )-structures (A〈α〉, D ∩ A〈α〉) and
(A〈â〉, E ∩A〈â〉) are isomorphic overA. Since (N,E) is |A|+-saturated it is enough
to prove for A-definable maps f1, . . . , fk : A −→ A the following:

There is some â ∈ N such that p := tp(α/A) = tp(â/A) and such that

fi(α) ∈ D ⇐⇒ fi(â) ∈ E for each i .

If fi(α) ≤ a ∈ U , then fi (x) ≤ a ∈ p and we can cross out fi from the list.
Similarly if fi(α) ≥ a ∈ A \ U . Furthermore we can suppose that α realizes the
cut U+ ofA, that is p = U+ and fi (p) = p for all i . In a small neighborhood of p
the maps fi are comparable and this is witnessed in the type p. Thus it remains to
show:
If α |= p = U+ and f, g : A −→ A are A-definable maps such that f(p) =
g(p) = p, f(α) ∈ D and g(α) 6∈ D, then there is some â ∈ N such that p =
tp(â/A), f(â) ∈ E and g(â) 6∈ E.
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Because E+ is a dense cut, g ◦ f−1(x) > x ∈ p and g ◦ f−1(p) = p, 3.6(iii)
gives some ã ∈ N such that ã |= p, ã ∈ E and g ◦ f−1(ã) 6∈ E. We choose
â = f−1(ã) |= p. Then f(â) = ã ∈ E and g(â) = g ◦ f−1(ã) 6∈ E. Since â
realizes p, the theorem is proved. a

The theoremabove frequently enables us to exclude dense cuts from examinations.
In particular, this is necessary if wewant to apply facts about nonprincipal cuts to p̂.
Note that p̂ is the upper edge of a convex subgroup ofM , so by 3.6, p̂ is principal
if and only if p is dense or principal.
Next we introduce another basic invariant of cuts of divisible ordered abelian
groups, namely the signature of a cut. We need a lemma to define it.

Lemma 3.9. Let M be a divisible ordered abelian group, let G,H be convex sub-
groups ofM and let a, b ∈M . Then a +G+ 6= b +H−.

Proof. Note that −H+ = H−. For the proof we may assume that a = 0.
Suppose b + H− = G+. We write p for this cut. As M is divisible, the pair
(2·pL, 2·pR) is a again a cut, denoted by 2·p. Since p = G+ and G is a group we
have 2 ·p = G+ = b +H−. Since p = b +H− we have 2 ·p = 2b +H−. Hence
2b+H− = b+H−, which implies b ∈ H . But this contradicts b+H− = G+. a

Definition 3.10. Let M be a divisible ordered abelian group and let p be a cut
ofM . By 3.9 we may define the signature of p as the following integer:

signp :=





1 if p=a +G+ for some a∈M and some convex subgroup G ofM ,

−1 if p=a −G+ for some a∈M and some convex subgroup G ofM ,

0 otherwise.

If M is a real closed field, we define the multiplicative signature sign∗ p of p as
the signature of |p| with respect to (M>0, ·,≤) (e.g., sign∗ p = 1 means that p =
a ·G∗(p)+ for some a ∈M ∗.)

Observe again that there is at most one convex subgroup G of M such that
p = a +G+ or p = a −G+ for some a ∈M , namely G = G(p).

Examples 3.11.

A. The principal cuts a+ and +∞ have signature 1 and the principal cuts a− and
−∞ have signature −1. Moreover, dense cuts (cf. 3.7) have signature 0, since they
are nonprincipal and by 3.6 they have invariance group {0}.
Moreover 3.6 implies that a cut p of a divisible, ordered abelian group M has
invariance group {0} if and only if p is dense or of the form a± for some a ∈M .
B. Let p be a cut of a divisible, ordered abelian group M , p 6= ±∞M . Let
M̄ be the group M/G(p). Since G(p) is convex, M̄ is again a divisible ordered
abelian group, so that the residue map ϕ : M −→ M̄ is order preserving. Then,
as G(p) is the invariance group of p, we have ϕ(g) 6= ϕ(h) for all g, h ∈ M with
g < p < h. Therefore, p̄ := (ϕ(pL), ϕ(pR)) is again a cut of M̄ . It turns out that
p̄ has invariance group {0} and

(i) for every a ∈M , p = a ± p̂ if and only if p̄ = ā±
M̄
.

(ii) signp = 0 if and only if p̄ is dense.

Conversely if q is a cut of M̄ , then certainly r := (ϕ−1(qL), ϕ−1(qR)) is a cut of
M with (ϕ(rL)), ϕ(rR)) = q and in the case G(q) = {0} we get G(r) = G(p).
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C. In this example we exhibit certain cuts realized in fields of generalized power
series. The definition and basic properties of these fields can be found in chapter 2
of the book [Da-Wo]. Let R be a real closed field, let N := R((tQ)) be the field
of generalized power series with coefficients in R and exponents in Q; hence the
elements of N are maps b : Q −→ R with well-ordered support supp(b). Recall
thatN is a real closed field. LetM be the real closure of R(t) in N , where t stands
for t1 as usual. Every element a ∈M is a Puiseux-series a =

∑
n≥n0
ant

n
k for some

n0 ∈ Z, k ∈ N.

Claim 1. If G is a convex subgroup of (M,+,≤), then G+ is not realized in N .

Proof. If c ∈ N , c > 0 is a power series, c0 ∈ R, c0 > 0, ã ∈ Q and c = c0 ·tã+
terms of higher order, then c < 3

2c0t
ã < 2c and c0tã ∈ M . Hence c and 2c do not

realize the same cut ofM . Since G is a convex subgroup ofM , this shows that c
can not realize G+. a

Claim 1 implies that every cut ofM which is realized in N has signature 0. We
compute the invariance groups of these cuts now. First let b ∈ N \M , b > 0 so
that the order type of supp(b) is the order type ù of the natural numbers. Let p be
the cut ofM realized by b.

Claim 2. If c ∈ N , then c realizes p (in particular c 6∈ M ) if and only if b is a
truncation of c, i.e., supp(c − b) > supp b (hence, if the support of b is unbounded
in Q, then c = b).

Proof. We may assume that b < c. The elements in M have finite support or
unbounded support of order type ù. Therefore, a straightforward computation
shows that there is no a ∈ M with b ≤ a ≤ c if and only if b is a truncation of c
(note that b 6∈M by assumption). a

Claim 2 implies that every cut ofM which is realized in N can also be realized
by an element of N , whose support has order type ù. Moreover with our element
b from above and the cut p of M realized by b, the claim implies G(p) = {g ∈
M | supp(b) < supp(g)}.
Finally we compute the multiplicative signature of p̂ = G(p)+ and the multi-
plicative invariance group G∗(p̂). Let î be the upper edge of supp(b) in Q. So î is
a cut ofQ and since supp(b) has order type ù, the cut î can not be of the form−∞
or ã+ for some ã ∈ Q.
Let v :M>0 −→ Q be the map v(a) = min supp(a). The kernel of v is the group
V ∗>0 of positive units of the valuation ring V := {a ∈ M | supp(a) ≥ 0} ofM .
Moreover G(p)>0 = {g ∈M>0 | î < v(g)}, hence the cut p̂ ofM>0 is

p̂ = (v−1(îR), v−1(îL)). (∗)

Case 1. î = +∞. Then G(p) = {0}, hence G∗(p̂) =M>0.
Now let î 6= +∞. Then the invariance group of î is a convex subgroup of (Q,+)
different from Q, thus it is {0}. Therefore an element a ∈ M satisfies a ·p̂ = p̂ if
and only if a > 0 and v(a) = 0. In other words G∗(p̂) = V ∗>0.

Case 2. î = ã− for some ã ∈ Q. Then G(p) = {g ∈ M | ã ≤ supp(g)}, thus
G(p) = tã ·V . Since V + is the upper edge of the multiplicative group V ∗>0 we get
sign∗ p̂ = 1.
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Case 3. î is not principal. Then sign∗ p̂ = 0. This follows from G∗(p̂) = V ∗>0;
if sign∗ p̂ = 1, then p̂ = a ·G∗(p̂)+ = a ·V + for some a ∈ M>0, which implies
î = v(a)−; if sign∗ p̂ = −1, then p̂ = a ·G∗(p̂)− = a ·(V ∗>0)− = a ·m+ for some
a ∈ M (where m is the maximal ideal of V ), which implies î = v(a)+. Both
conclusions contradict the assumption sign î = 0.

Note that in our determination of G∗(p̂) and sign∗ p̂ we used the same consider-
ation as in example B above. Indeed, if we equip Q with the reverse order, then v is
an homomorphism of ordered groups. Moreover (∗) says that p̂ is the “preimage”
of î under v, so the cases 2 and 3 correspond to items (i) and (ii) of example B.
This finishes example C.
More examples can be found in Section 6 below, where we introduce a method to
produce cuts with prescribed signature.
Let again T denote an o-minimal expansion of the theory of divisible, ordered
abelian groups.

Proposition 3.12. Let p be a cut ofM |= T . Then

(i) signp ≥ 0 if and only if for all N �M , if q is the largest extension of p on N ,
then the cut q̂ is the largest extension of p̂ on N .

(ii) signp ≤ 0 if and only if for all N � M , if q is the least extension of p on N ,
then the cut q̂ is the largest extension of p̂ on N .

(iii) If q is the least or the largest extension of p on someN �M , then q̂ is the least
or the largest extension of p̂ on N , respectively.

(iv) If signp = 0 and α is a realization of p in some N �M , then the map 2α − x
swaps the least extension of p on N and the largest extension of p on N .

(v) If p is omitted in N � M then sign q = signp for the unique extension q of p
on N .

Proof. Obviouslywemayassume thatT is the theory of divisible, ordered abelian
groups.
(i). If signp = −1, p = a − p̂ with a ∈ M , then the largest extension q of p
onM 〈α〉, α |= p, is a − r, where r is the least extension of p̂ onM 〈α〉. Therefore
q̂ = r is not the largest extension of p̂ on M 〈α〉. Conversely let q be the largest
extension of p on someN �M and suppose q̂ is not the largest extension r of p̂ on
N . Pick â ∈ N with q̂ < â < r. Since q̂ < â we have â + q > q and since q is the
largest extension of p onN there is some a ∈M with p < a < â+q, i.e., a−â < q.
Since â < r we have a − r < a − â , so a − r < q and (a − r) � M ≤ q � M = p.
Since (a − r) � M = a − p̂ ≥ p we get p ≤ a − p̂ = (a − r) � M ≤ q � M = p,
i.e., p = a − p̂ has signature−1.
(ii) is (i) applied to −p.
(iii). Say q is the largest extension of p. If signp ≥ 0, then (iii) follows from (i).
If p = a − p̂, then a − q is the least extension of p̂ on N , hence this extension is q̂.
(iv). Let q denote the largest extension of p on N . We claim that α + q̂ = q.
Since α |= p we have α < q, hence α + q̂ ≤ q. Because of signp = 0 and (i), the
cut q̂ is the largest extension of p̂ onN . So if â ∈ N with α+ q̂ < â < q, then there
is some a ∈M with p̂ < a ≤ â − α. But then a + p > p and there is some b ∈M
with a + p > b > p. Since α and â are realizations of p it follows a + α > b > â ,
in contradiction to a ≤ â − α.
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This showsα+q̂ = q. The same argument applied to−pand the largest extension
r of−p (note that sign−p = − signp = 0) shows r = −α+ r̂. Since−r is the least
extension of p and signp = 0 we can apply (i) and (ii), which gives r̂ = q̂. Thus
−r = α − q̂ is the least extension of p on N . Certainly the map x 7→ 2α − x swaps
α + q̂ and α − q̂.
(v). First suppose signp 6= 0, say p = a + p̂. Let H be the convex hull of G(p)
in N and let r := a + H+. As a ∈ M , r extends p, hence q = r has signature
1 = signp.
Conversely suppose sign q 6= 0, say q = α + q̂, α ∈ N . Since p is omitted in N ,
there is some a ∈M with α < a < p. Then a < q, hence q = a + q̂, which implies
p = a + p̂. a

Definition 3.13. Let p and q be cuts of a modelM of T . We define

p ∼ q :⇔ there is someM -definable map f :M −→M with f(p) = q.

It follows easily from the monotonicity theorem that p ∼ q implies q ∼ p (see
also [Ma], Lemma (3.1)). So ∼ is an equivalence relation among the cuts ofM .

Lemma 3.14. Let p be a cut and let q be a cut extending p onN �M . Then

(i) If f : M −→ M is M -definable and q is an heir of p, then f(q) is an heir of
f(p).

(ii) If p = a ± p̂ for some a ∈M then q is an heir of p if and only if q = a ± q̂ and
q̂ is an heir of p̂.

(iii) If p 6∼ p̂, then q is an heir of p if and only if q̂ extends p̂.

Proof. (i) follows easily from 2.8. (ii). Say p = a + p̂. If q̂ is an heir of p̂ and
q − a = q̂, then clearly q = a + q̂ is an heir of p = a + p̂. Conversely, if q is an
heir of p, then q − a is an heir of p − a = p̂. Since p̂ is the upper edge of a convex
subgroup it follows that q−a is the upper edge of a convex subgroup as well. Hence
q − a = q̂.
In order to prove (iii) it suffices to show that q is an heir of p if p̂ 6∼ p and p̂ ⊆ q̂.
As signp = 0 the cut p is not principal and we may use 2.9. So let f : M −→ M
beM -definable with f(p) = p. We have to show that f(q) = q. From f(p) = p
and 2.5 we know that f is strictly increasing on some open interval with endpoints
inM , containing p. Therefore we may assume that f : M −→ M is bijective. By
replacing f with f−1 if necessary we may furthermore assume that f(x) > x in
some openM -definable interval I containing p. Let α be a realization of q. Since
f(α) and α realize p it follows from the definition of p̂ that tp(f(α)− α/M ) ≤ p̂.
Since p 6∼ p̂ the cut p̂ is not realized in M 〈α〉, hence there is some a ∈ M with
0 < f(α) − α < a < p̂. By assumption a < q̂ = G(q)+, thus a + q = q. From
α < f(α) < a + α we get f(q) = q. a

Hence in the cases signp 6= 0 or p 6∼ p̂ the question if q is an heir of p can be
reduced to the question if q̂ is an heir of p̂ or if q̂ extends p̂. A reformulation of the
alternative “signp 6= 0 or p 6∼ p̂” is 3.15(i).

Remark 3.15. Let p be a cut of M , let f : M −→ M be M -definable with
f(p) = p̂ and let N �M . Then

(i) If p is realized in N , then the following are equivalent:
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(a) signp 6= 0.
(b) If q is an heir of p on N , then f(q) = q̂.

(ii) If p is omitted in N , then f(q) = q̂ for the unique extension q of p on N .

Proof. (i) (a)⇒(b). Say p = a + p̂. By 3.14(ii) we have q = a + q̂ and the
cut q̂ is an heir of p̂. Since the map f1(x) := f(a + x) fixes the cut p̂ we know
f1(q̂) = q̂, i.e f(q) = f1(q̂) = q̂.
(i) (b)⇒(a). Suppose signp = 0. By 3.12(i),(ii) the least and the largest extension
q1 and q2 of p on N have the same invariance group. On the other hand we have
f(q1) 6= f(q2), since f is strictly monotonous in an M -definable neighborhood
of p. By (b) the cut f(qi) is the upper edge of the invariance group of qi , a
contradiction.
(ii) holds since q is an heir of p, so q̂ is the unique extension of p̂ on N . a

Definition 3.16. If p is a cut ofM with signp = 0 and p is omitted in N �M
then by 3.12(v), the unique extension q of p on N has again signature 0.
We say that p has the signature alternative if signp 6= 0 or if p 6∼ p̂ and q 6∼ q̂
where q denotes the unique extension of p onM 〈α〉 (α |= p̂).

Lemma 3.17. Let M ≺ N be models of T , let p1, . . . , pn be cuts of M and let
(q1, . . . , qn) be an heir of (p1, . . . , pn) on N . Let ϕ(x̄, ȳ, z̄) be an L (D1, . . . ,Dn)-
formula, where x̄, ȳ and z̄ are n-tuples of variables. If there are ᾱ, â̄ , ã̄ ∈ N n with
(N, qL1 , . . . , q

L
n ) |= ϕ(ᾱ, â̄ , ã̄), q̂i < αi and âi < qi < ãi (1 ≤ i ≤ n), then there are

ā, b̄, c̄ ∈M n with (M,pL1 , . . . , p
L
n ) |= ϕ(ā, b̄, c̄), p̂i < ai and bi < pi < ci (1 ≤ i ≤

n).

Proof. Choose ä1, . . . , än ∈ N with äi < qi < äi + αi . Since (q1, . . . , qn) is an
heir of (p1, . . . , pn), by 2.8 we get b̄, c̄ ∈M n such that

(M,pL1 , . . . , p
L
n ) |= ∃ū, v̄ ϕ(ū, b̄, c̄) ∧

∧∧
vi ∈ Di < ui + vi and

bi < pi < ci (1 ≤ i ≤ n).

This proves the Lemma. a

Lemma 3.18. LetM ≺ N be models of T , let p be a nonprincipal cut ofM and let
q be a cut ofN extending p. Assume q̂ is an heir of p̂ and α ∈ N is a realization of p̂
with α < q̂. Then G(q) ∩M 〈α〉 = G(q �M 〈α〉).

Proof. By 3.2, we only have to show ⊇. We may assume that p > 0 and that p̂
is not principal. Let f(α) ∈ M 〈α〉, f(α) > 0, be such that f(α) + q � M 〈α〉 =
q �M 〈α〉. If tp(f(α)/M ) > p̂ then there is some m ∈M with f(α) ≥ m 6∈ G(p)
and we get f(α) + q � M 〈α〉 > q � M 〈α〉. So by the choice of f(α) we have
tp(f(α)/M ) ≤ p̂.
If tp(f(α)/M ) < p̂ there is some m ∈ M with f(α) ≤ m ∈ G(p) ⊆ G(q),
hence f(α) + q = q. So we may suppose that f(α) realizes p̂. Then f(p̂) = p̂,
so f is strictly increasing in some openM -definable interval I containing p̂ (2.5).
Since q̂ is an heir of p̂ we have f(q̂) = q̂. As α < q̂ and f is strictly increasing on
I we have f(α) < q̂ too, i.e., f(α) + q = q. a

Proposition 3.19. LetM ≺ N be models ofT , let p be a cut ofM with signp = 0
and let q be a cut of N extending p such that q̂ is an heir of p̂. Suppose p has the
signature alternative. Then (q, q̂) is an heir of (p, p̂).
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Proof. Because p 6∼ p̂, q is an heir of p by 3.14(iii). By 2.8 we have to show:
if α1, α2, â1 and â2 are elements of N and ϕ(v1, v2, v3, v4) is an L -formula with
parameters fromM , such thatα1 < q̂ < α2, â1 < q < â2 and N |= ϕ(α1, α2, â1, â2)
then there are a1, a2, b1, b2 ∈ M such that a1 < p̂ < a2, b1 < p < b2 andM |=
ϕ(a1, a2, b1, b2).
By 3.17 we may assume that α1 is a realization of p̂. Since p 6∼ p̂ the cut p has a
unique extension q1 = q � M 〈α1〉 onM 〈α1〉. Since p has the signature alternative
we get q1 6∼ q̂1. By 3.18 we have G(q) ∩M 〈α1〉 = G(q �M 〈α1〉). Hence q̂ extends
q̂1 and q̂1 extends p̂. By 3.14(iii) q is an heir of q1. By 3.17 applied to q1 and q,
there areM -definable maps f, g1, g2 such that

α1 < q̂1 < f(α1), g1(α1) < q1 < g2(α1) and

M 〈α1〉 |= ϕ(α1, f(α1), g1(α1), g2(α1)).

Since p is omitted in M 〈α1〉 there are c, d ∈ M with g1(α1) < c < p < d <
g2(α1). Let ø(v1, v2) be the formula ∃v3v4 (v3 < c ∧ d < v4 ∧ϕ(v1, . . . , v4)). As q̂1
is an heir of p̂ and α1 < q̂1 < f(α1),M 〈α1〉 |= ø(α1, f(α1)) we get some a1 ∈ M
with

a1 < p̂ < f(a1) andM |= ø(a1, f(a1)).

Hence there are b1, b2 with b1 < c, d < b2 andM |= ϕ(a1, f(a1), b1, b2). So with
a2 := f(a1) we found the required elements. a

§4. Review of T -convex valuation rings. For the rest of this article we work with
a complete, o-minimal extension T of the theory of real closed fields in the lan-
guage L . Basic valuation theory for models of these theories has been developed
in the paper [vdD-Lew]:

Definition 4.1. Let M be a model of T . A convex valuation ring V of M is
called T -convex, if V is closed under all ∅-definable, continuous mapsM −→M .

For example, if M0 ≺ M and if V is the convex hull of M0 in M , then V is
T -convex.

Proposition 4.2. Let V be a T -convex valuation ring of a modelM of T and let
M0 ≺M withM0 ⊆ V . Then

(i) If f :M n −→M is a continuous,M0-definable map, then f(V n) ⊆ V .
(ii) If α ∈ V and α > M0, thenM0〈α〉 ⊆ V .

Proof. (i) is [vdD-Lew], (2.9) and (2.10). (ii) is [vdD-Lew], (2.13). a

Theorem 4.3. Let V ⊆ M |= T be T -convex andM0 ≺ M withM0 ⊆ V . Then
M0 is maximal definably closed in V if and only if the composed mapM0 −→ V −→
κV := V/m(V ) is onto. In this case we have:

(i) V is the convex hull ofM0 in M andM0 is tame inM , i.e., eachM0-bounded
element inM is infinitely close to an element ofM0.

(ii) IfM ′
0 ⊆ V is maximal definably closed, then there is a uniqueL -isomorphism

M0 −→M ′
0, which commutes with the residue maps.

Proof. [vdD-Lew], (2.12) and (2.15). a
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Thus M0 −→ κV induces an L -structure on κV , which is independent of the
choice of M0. κV is again a model of T . We always consider κV to be this
expansion of the field κV . 4.3 implies

Corollary 4.4. Let V ⊆ M |= T be T -convex and M ≺ N . If W ⊆ N is a
T -convex ring of N lying over V , then the canonical morphism κV −→ κW is an
elementary map of models of T . a

Let Lconvex be the language L expanded by a new unary predicate O^ for the
T -convex valuation ring and let Tconvex be theLconvex-theory of pairs (M,V ), where
M |= T and V is a proper T -convex valuation ring ofM .

Theorem 4.5. Tconvex is a complete Lconvex-theory. Tconvex is weakly o-minimal
(i.e., eachM -definable subset of a model (M,V ) of Tconvex is a finite union of convex
subsets ofM ). If T has quantifier elimination and a universal system of axioms, then
Tconvex has quantifier elimination.

Proof. By [vdD-Lew], (3.10), (3.13) and (3.14). a

Corollary 4.6. Let (M,V ) |= Tconvex and let A ⊆M . Then

(i) Each subset of M n, which is A-definable in (M,V ) is a Boolean combination
of sets of the form f−1

i (V ) or f
−1
i (0) for a finite number of A-definable maps

f1, . . . , fr :M
n −→M.

(ii) If p is a nonprincipal cut of M such that pL is A-definable in (M,V ) then
f(V +) = p for some A-definable homeomorphism f :M −→M .

(iii) If V 6= M , N �M and q is a cut of N extending V +, then q is an heir of V +

if and only if q is the upper edge of a T -convex valuation ring of N .
(iv) If p is a cut ofM with p ∼ V + and r is an heir of p on N �M , then r ∼W +

for some T -convex valuation ring ofW of N , lying over V .

Proof. It is enough to prove the Corollary in the case A = ∅. We work in
the expanded languageL df with the theory T df (cf. [vdD-Lew], (2.3) and (2.4)),
where we have a function symbol for each ∅-definable functionM n −→ M . Since
T has definable Skolem functions the theory T df has quantifier elimination and a
universal system of axioms. By 4.5 the theory (T df)convex has quantifier elimination.
This already implies Claim (i).
(ii). By (i) the set pL is a Boolean combination of sets of the form f−1

i (V )

or f−1
i (0) for a finite number of A-definable maps f1, . . . , fr : M

n −→ M. Since
Tconvex is weakly o-minimal and p is not principal, there are a, b ∈ M , a < p < b
and some i ∈ {1, . . . , r} such thatf−1

i (V )∩(a, b) = p
L∩(a, b) orf−1

i (V )∩(a, b) =
pR∩(a, b). In any casefi(V +) = p. Sincefi is continuous inside someA-definable
neighborhood of p, we can change fi to a ∅-definable homeomorphism.
(iii). Since (T df)convex is model complete we have thatW + is an heir of V + for
each T -convex valuation ringW of N , lying over V . Conversely if q is an heir of
p, then it is easy to see thatW := qL ∩ (−q)R is a T -convex valuation ring of N .
(iv). If f : M −→ M is definable with f(p) = V +, then f(r) is an heir of V +

and by (iii) applied to q = f(p) we get (iv). a

Theorem 4.7. LetM ≺ N be tame, letB be the convex hull ofM inN . IfX ⊆ N n

is definable in (N,B) with parameters from N , then X ∩M n is definable inM .

Proof. [vdD1], Theorem (A). a
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§5. The invariance ring.

Definition 5.1. Let K be an ordered field and let G be a convex subgroup of
(K,+,≤). We define the invariance ring V (G) of G as

V (G) := {a ∈ K | a ·G ⊆ G}

AsG is a convex subgroup ofK it is not difficult to see that the setV (G) is a convex
valuation ring ofK andG is aV (G)-submodule ofK . The maximal ideal of V (G)
is denoted by m(G). If p is a cut of K we define the invariance ring V (p) of p as
V (p) := V (G(p)). The maximal ideal of V (p) is denoted by m(p).

Observe that the groupV (G)∗>0 of positive units ofV (G) is the invariance group
of the cut G+ with respect to the multiplicative, ordered group of positive elements
of K . Observe also that V (p) = K if and only if G(p) is equal to K or to {0}. So
if K is a real closed field, then V (p) = K if and only if p̂ is principal if and only if
p is principal or dense.
Warning. Even in the case 1 6∈ G , the ring V (G) is in general not the largest
convex subringW ofK , such thatG is contained in the maximal ideal ofW . V (G)
has nothing to do withW !
Let R ⊆ S be real closed fields and let V denote the intersection of all V (p),
where p runs through the cuts of R, which are realized in S. One can show that
the convex hullW of V in S is the largest convex valuation ring of S, such that the
residue field ofW ∩ R is dense in the residue field ofW . Hence this valuation ring
is the same as defined byMacintyre ([Mac]) and Baur ([Ba]). We don’t use this and
omit the proof.
We use the invariance ring of a convex subgroup in this section in order to describe
heirs of the upper edge of a convex subgroup of a model M of T — provided the
invariance ring of the group is definable in some (M,V ), where V ⊆ M is a
T -convex valuation ring. This will lead to a model completeness result (cf. 5.6) for
these groups and it serves as a preparation for the results in Section 7 on the model
theory of cuts with such invariance groups.

Theorem 5.2. Let M be a model of T , let V be a T -convex valuation ring of
M and let A be a subset of M . If p is a nonprincipal cut of M , such that pL is
A-definable in (M,V ), then there is an A-definable map f : M −→M and elements
a, b ∈ dcl(A), b 6= 0, such that f(V +) = V (p)+ and such that p = a + b ·V (p)+ or
p = a + b ·m(p)+. In particular signp 6= 0 and sign∗ p̂ 6= 0.
Moreover V ⊆ G(p) or G(p) ⊆ m(V ).

Proof. First note that V is proper, since p is definable in (M,V ) and nonprinci-
pal.

Claim 1. IfG is a convex subgroup of (M,+,≤), which isM -definable in (M,V ),
then V ⊆ G or G ⊆ m(V ).

Supposem(V ) ( G ( V . LetM0 ≺M be tame such thatV is the convex hull of
M0 and let G0 := G ∩M0. Since m(V ) ( G ( V , the set G0 is a convex subgroup
of (M0,+,≤) with G0 6= 0 and G0 6=M0.
Since there is no proper definable convex subgroup in an o-minimal expansion of
a group, this contradicts 4.7.
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By Claim 1 we already know the “moreover” part of the Theorem. Since V (p) is
definable in (M,V ) with parameters from A we can apply 4.6(ii) to V (p)+. We get
an A-definable homeomorphism f :M −→M with f(V +) = V (p)+.
It remains to find elements a, b ∈ dclAwithp = a+b·V (p)+ orp = a+b·m(p)+.

Claim 2. There are elements a, b ∈ M , b 6= 0 with p = a + b ·V (p)+ or
p = a + b ·m(p)+.

Since pL, G(p) and V (p) are definable in (M,V ) with parameters from M we
have p ∼ V +, p̂ ∼ V + and V (p)+ ∼ V + by 4.6(ii). Let α be a realization of p and
letN :=M 〈α〉. LetV1 be the convex hull ofV inN and letV2 be the largest convex
valuation ring ofN withV2∩M = V . Easilywehave thatV

+
2 is the largest extension

of V + onN , so V +2 is an heir of V
+ and by 4.6(iii), V2 is T -convex. Since m(V2) (

V1 ( V2, the set V1 is not definable in (N,V2) by Claim 1. In particular V
+
1 6∼ V +2 .

Let r1, r2 be the least and the largest extension of p on N . Since p ∼ V + and
V +1 6∼ V +2 we get r1 6∼ r2. By 3.12(iv) we have signp 6= 0.
The same argument applied to p̂ and (M>0, ·,≤) shows that sign∗ p̂ 6= 0. So we
know signp, sign∗ p̂ 6= 0, i.e., there are a, b ∈ M such that p = a + b ·V (p)+ or
p = a + b ·m(p)+. This shows Claim 2.
Let M0 be the definable closure of A, let V0 := V ∩M0 and let p0 be the cut
(pL ∩M0, pR ∩M0). Since pL is A-definable in (M,V ) we know from 4.6(ii) that
there is an A-definable homeomorphism h : M −→ M with h(V +) = p. Clearly
h(V +0 ) = p0 and p0 isM0-definable in (M0, V0).

Claim 3. The theorem holds ifM0 ⊆ V and dimM/M0 = 1.

As dimM/M0 = 1 and V 6=M , 4.2(ii) implies that the cut V + is the least exten-
sion of V +0 = +∞M0 onM . Thus p = h(V

+) is the least or the largest extension
of p0 = h(V

+
0 ) onM . Since V

+
0 = +∞M0 is a principal cut, the cut p0 is principal

as well. Since p is not principal and p is the least or the largest extension of the
principal cut p0 we get p = ±V + if p0 = ±∞M0 and p = a ±·m(V )+ if p = a±M0
(a ∈M0). This proves Claim 3.

Claim 4. If M0 6⊆ V , ε ∈ {±1} and if a, b ∈ M0 with p0 = a + b ·(V (p0)
+)ε ,

then p = a + b ·(V (p)+)ε (recall that for a cut î of an ordered field, îε denotes the
result of the application of the map xε to the cut î).

This is so, since V0 is a proper T -convex valuation ring ofM0, hence (M0, V0) ≺
(M,V ) (this follows from 4.5 applied to the extensionT df ofT , cf. [vdD-Lew](2.3)).
As pL is A-definable in (M,V ) the valuation ring V (p) is A-definable in (M,V )
as well, hence there is an A-definable homeomorphism h1 : M −→ M with
h1(V +) = V (p)+. As p = h(V +), the equation h1(V +) = V (p)+ can be expressed
by an Lconvex-sentence with parameters from A. Since (M0, V0) ≺ (M,V ) we get
h1(V

+
0 ) = V (p0)

+. Consequently h(V +0 ) = a+ b·h1(V
+
0 )
ε and (M0, V0) ≺ (M,V )

imply p = a + b ·(V (p)+)ε . This shows Claim 4.
Now we prove that p = a + b·V (p)+ or p = a + b·m(p)+ for some a, b ∈M0 =
dclA.

Case 1. M0 6⊆ V .
By Claim 2 applied to p0 and M0 there are a, b ∈ M0 and ε ∈ {±1} with
p0 = a + b ·(V (p0)+)ε . By Claim 4 we get p = a + b ·(V (p)+)ε .
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Case 2. M0 ⊆ V .
Let ã ∈M , ã > V ,M1 :=M0〈ã〉, p1 := (pL ∩M1, pR ∩M1) and V1 := V ∩M1.
Then pL1 is definable in (M1, V1), so by Claim 3 applied to p1, there are a, b ∈ M0
and ε ∈ {±1} with p1 = a + b ·(V (p1)+)ε . By Claim 4 applied toM1 instead of A
we get p = a + b ·(V (p)+)ε . a

Remark 5.3. We’ll apply the results of Section 3 also to the expansion of the
multiplicative group of positive elements of M induced by M . This means the
following.
Let L>0 be the signature of ordered groups, L0 := {+,−, <, 0}, together with
an n-ary predicate Rϕ for eachL -formula ϕ with exactly n free variables. IfM is
a model of T , thenM>0 is theL>0-structure with universe {a ∈M |M |= a > 0}
and the following interpretationof the non logical symbols: the underlying divisible,
ordered group ofM>0 is the multiplicative group of positive elements ofM . If ϕ

is an L -formula with exactly n free variables, then RM
>0

ϕ := ϕ[M n ] ∩ (0,∞)n . If

we relativize to (0,∞) we can inductively assign to each L>0-formula a formula
from L . We define T>0 := Th(M>0). As T is complete, T>0 does not depend on
the choice ofM . T>0 is an o-minimal extension of divisible ordered abelian groups,
becauseM>0 is o-minimal. IfN is a model of T>0, we can construct in an obvious
way a model M of T such that M>0 = N . The transition M 7→ M>0 respects
elementary extensions, as well as definable closures: since T is o-minimal, we can
recover M -definable subsets ofM n fromM>0-definable subsets of (M>0)n. IfM
is a model of T then the n-types ofM which contain

∧∧
xi > 0 are in one-to-one

correspondence with the n-types ofM>0. Observe that for these types the notion of
an heir is not changed by switching the point of view. We leave the arguments in this
way; the transition T 7→ T>0 in the applications below is always straightforward.
For example a consequence of 5.2 is:

Corollary 5.4. If G is a convex subgroup of (M,+,≤), such that V (G)+ ∼ V +

for some T -convex valuation ring V of M , then the signature alternative holds for
the cut G+ with respect to the structure M>0. In particular sign∗G+ = 0 implies
G+ 6∼ V (G)+.

Proof. Assume sign∗G+ = 0; there is no M -definable map f with f(G+) =
V (G)+ by 5.2. If α |= V (G)+ and q denotes the unique extension of G+ on
M 〈α〉, then q is again the upper edge of a convex subgroup H of (M 〈α〉,+) with
sign∗H+ = 0 (3.12(v) applied toM>0 andG+). FurthermoreV (H )+ is the largest
extension of V (G)+ onM 〈α〉 (3.12(i),(ii) applied toM>0 and G+). In particular
V (H )+ is an heir ofV (G)+ by 2.10. By 4.6(iv), V (H )+ ∼W +, for some T -convex
valuation ringW ofM 〈α〉. Again by 5.2 we haveH+ 6∼ V (H )+. a

Corollary 5.5. Let M ≺ N be models of T and let G be a convex subgroup
of (M,+,≤) with sign∗G+ = 0, such that f(V (G)+) = V + for some T -convex
valuation ring V ofM and someM -definable map f : M −→ M . If H is a convex
subgroup of (N,+,≤) with H ∩M = G , V (H ) ∩M = V (G) and f(V (H )+) =
W + for some T -convex valuation ring W of N , then (V (H )+, H+) is an heir of
(V (G)+, G+).

Proof. By 5.4, the signature alternative holds for the cut G+ with respect to the
theory T>0. SinceW + is an heir of V + and f(V (H )+) =W +, f(V (G)+) = V +,
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the cut V (H )+ is an heir of V (G)+. Therefore we can apply 3.19 for G+ and the
theory T>0. This proves the Corollary . a

Corollary 5.6. Suppose T is model complete. Let O^ and G be new unary pred-
icates. Let M be a model of T and let G be a convex subgroup of (M,+,≤) with
sign∗G+ = 0, such that f(V (G)+, ā) = V + for some T -convex valuation ring V
ofM and some ∅-definable map f : M n+1 −→ M , ā ∈ M n . Let c1, . . . , cn be new
constants and let T ′ be theL (O^,G, c1, . . . , cn)-theory, which says the following about
a model (N,W,H, d̄ ):

(a) W is a T -convex valuation ring.
(b) H is a convex subgroup of (N,+,≤) with sign∗H+ = 0.
(c) f(W +, d1, . . . , dn) = V (G)+.

Then T ′ is model complete.

Proof. By 5.5 and Robinson’s test for model completeness. a

§6. A method for producing cuts with prescribed signature. In this section we’ll
show that for every cut p of a real closed field M , there is a real closed field N
containingM and a cut q extending p, such that q̂ extends p̂, V (q) lies over V (p)
and such that sign q = ä, sign∗ q̂ = ε for all prescribed values ä, ε ∈ {−1, 0, 1}. The
precise statement can be found in 6.6. This result serves as a source for examples
as well as a main ingredient for the proof of the consistency part of 7.4 on model
completeness of o-minimal structures expanded by cuts.

Lemma 6.1. LetM be a divisible ordered abelian group, letG be a convex subgroup
of M and let (ai )i∈N be a sequence in M with ai+1 ≤ 1

2ai for all i ∈ N such that

G+ = {ai | i ∈ N}−. Let p be the cut {
n∑
i=1

ai | n ∈ N}+. Then G(p) = G and

signp ≤ 0. Moreover p < 3a1 −G+.

Proof. If g ∈ G, g > 0, then g +
n∑
i=1

ai ≤
n+1∑
i=1

ai ≤ p, hence g ∈ G(p) and G

is contained in G(p). Conversely, if g > G and k ∈ N are such that ak <
g
2 , then

p < g +
k−1∑
i=1
ai , since for each n > k we have

n∑
i=k

ai ≤
n∑
i=k

( 12 )
i−kak < 2ak < g. So

we know that G(p) = G .
We have p < 3a1 − G+, since p < 2a1 and G+ < a1. It remains to show that
signp ≤ 0.

Suppose p = a+G+ for some a ∈M . There is some k ∈ N such that
k∑
i=1

ai ≥ a,

hence p = a +G+ ≤
k∑
i=1
ai +G

+ <
k+1∑
i=1
ai < p, a contradiction. a

Example. In the situation of 6.1 the signature of p may be −1, for example if
M = R, G = 0 and ai = (

1
2 )
i . Moreover if the cut p constructed in 6.1 has

signature 0 and α is a realization of p, then the least extension q of p onM 〈α〉 is

{
n∑
i=1

ai | n ∈ N}+ inM 〈α〉 and the upper edge of the convex hull H of G inM 〈α〉

is {ai | i ∈ N}−. So sign q = −1 and G(q) = H .
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In particular the signature of p may be −1 even if N·ai+1 < ai for all i .

Lemma 6.2. Let M = M0 ⊆ M1 ⊆ · · · ⊆ N :=
⋃
i<ù

Mi be divisible, ordered,

abelian groups, let G be a convex subgroup ofM and let Gi be the convex hull ofG in
Mi . Suppose for each i ∈ N there is a realization αi of G

+
i−1 inMi . Let q denote the

cut {α1 + · · ·+ αn | n ∈ N}+ of N . Then

(i) q � Mi is the cut α1 + · · · + αi−1 + G
+
i of Mi for all i ∈ N; in particular q

extends G+.
(ii) sign q = 0 and G(q) is the convex hull of G in N .
(iii) Let p be a cut ofM realized in N by â such that G ⊆ G(p). Then

(a) If signp ≥ 0, then â + q extends p.
(b) If signp ≤ 0, then â − q extends p.
(c) If G ( G(p), then â + q and â − q extend p.
In particular, there is an extension of p on N with signature 0 such that the
invariance group of this extension is the convex hull of G in N .

Proof. From the choice of the αi we have αi > 2αi+1 (i ∈ N).
(i). Let qi denote the cut α1 + · · ·+ αi−1 +G

+
i ofMi . Since αi |= G

+
i−1 we have

qi ≤ q �Mi . On the other hand for each k > i we have
k∑
j=i
αj ≤

k∑
j=i

1
2

j−i
αi ≤ 2αi |=

G+i−1. Hence (q−α1−· · ·−αi−1) �Mi ≤ G
+
i and q �Mi ≤ α1+· · ·+αi−1+G

+
i = qi .

This shows qi = q �Mi and so (i) is proved.
(ii). Let H be the convex hull of G in N . Clearly H+ is the cut {αi | i ∈ N}− of
N . So by 6.1 we have G(q) = H and sign q ≤ 0. Suppose q = α −H+ for some
α ∈ N . Let i ∈ N be such that α ∈Mi . Then q �Mi = α − (H ∩Mi )+. So by (i)
we get sign qi = −1 in contradiction to the definition of qi .
(iii). We have q < 2α1 and 2α1 |= G+. If signp ≥ 0, then â + 2α1 realizes p,
hence â + q extends p. Similarly if signp ≤ 0. This shows (a) and (b). Finally, if
G ( G(p) then â ± 2α1 |= p, which implies (c). a

Corollary 6.3. Let T be an o-minimal expansion of DOAG, let C be a set of cuts
of M and let Gp be a convex subgroup of G(p) for each p ∈ C . Then there is an
elementary extension N � M with dimN/M = ℵ0 + |C |, such that each p ∈ C has
an extension q onN with sign q = 0 and such thatG(q) is the convex hull ofG p inN .

Proof. LetM ′ �M be such that eachp ∈ C is realized inM ′ with dimM ′/M ≤
|C | and let H p be the convex hull of Gp in M ′ (p ∈ C ). Furthermore let αp1 be
a realization of (H p)+ (p ∈ C ) and let M1 := M ′〈αp1 | p ∈ C 〉. Let Gp1 be the
convex hull of Gp inM1 (p ∈ C ), let αp2 be a realization of (G

p
1 )
+ (p ∈ C ) and let

M2 :=M1〈α
p
2 | p ∈ C 〉. Iterating this construction we get an elementary extension

N := M ′〈αpi | i ∈ N, p ∈ C 〉 of dimension ≤ ℵ0 + |C | over M , where we can
apply 6.2 to each p ∈ C : Let q ′ be the cut {αp1 + · · · + αpn | n ∈ N}+ of N . By 6.2
we have sign q′ = 0 and G(q′) is the convex hull of Gp in N . Since p is realized in
N we get the corollary from 6.2(iii). a

Lemma 6.4. LetT be an o-minimal expansion of DOAG. Let I be a totally ordered
index set, let Mi ≺ Mj be models of T (i ≤ j ∈ I ) and let pi be a cut of Mi such
that pi ⊆ pj whenever i ≤ j ∈ I . LetM :=

⋃
i

Mi |= T . There is a unique cut ofM

extending all pi . We write
⋃
pi for this cut. We have:
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(i) G(
⋃
pi ) =

⋃

i∈I

⋂

j≥i

G(pj) =
⋂

i∈I

⋃

j≥i

G(pj).

(ii) If p̂j extends p̂i for all i < j, then
⋃̂
pi =

⋃
i p̂i .

(iii) If sign
⋃
pi 6= 0 then there is some k ∈ I such that

(a) signpj = sign
⋃
pi for all j ≥ k and

(b) p̂j extends p̂i for all j ≥ i ≥ k.
In particular, if signpi = 0 for all i , then sign

⋃
pi = 0.

(iv) If p̂j does not extend p̂i for all i < j, then G(
⋃
pi) =

⋂
i Hi , whereHi denotes

the convex hull of G(pi ) inM .

Proof. Since pj is an extension of pi for all i ≤ j, the sets
⋃
i p
L
i and

⋃
i p
R
i

define a partitioning of M into convex sets. Hence there is a unique cut p of M
extending all the pi .
(i). If a ∈ G(p)∩Mi , then a+p = p implies a+p �Mi = p �Mi , so a ∈ G(pi)
which shows G(p) ⊆

⋃
i∈I

⋂
j≥i

G(pj). The inclusion
⋃
i∈I

⋂
j≥i

G(pj) ⊆
⋂
i∈I

⋃
j≥i

G(pj) is

trivial. Finally if a ∈
⋂
i∈I

⋃
j≥i

G(pj), then a + p = p, since for b ∈ pL there is some

i ∈ I with a, b ∈ pLi , hence a + pj = pj implies a + b ∈ pLj ⊆ pL for any j ≥ i

with b ∈ G(pj).
(ii). Suppose p̂j extends p̂i — thus G(pi ) ⊆ G(pj) — for all i < j. Then the

first equality in (i) implies that
⋃̂
pi is the upper edge of

⋃
i G(pi ), which is

⋃
p̂i by

definition.
(iii). If p = a ± p̂ with a ∈ Mj , then p − a is an edge of a convex subgroup
ofM and we writeH for the intersection ofMj with this subgroup. Since a ∈Mj ,
pj − a = p � Mj − a = (p − a) � Mj = H

±. This shows pj = a ± p̂j and
p̂j = H

+ = p̂ �Mj . So if k ∈ I with a ∈Mk , then k has properties (a) and (b).
(iv). Clearly G(p) contains

⋂
i Hi . Conversely, let a ∈ G(p) ∩ Mk . Then

a ∈ G(pj) for all j ≥ k. If j < k then Hk ⊆ Hj , since p̂k does not extend p̂j .
Hence a ∈ Hj as desired. a

Proposition 6.5. Let T be an o-minimal expansion of RCF , let M be a model
of T and let G be a convex subgroup of (M,+,≤). Let V be a convex valuation ring
ofM with V ⊆ V (G). Let C be a set of cuts ofM with G ⊆ G(p) for all p ∈ C .
Then there are an elementary extension N of M with dimN/M = ℵ0 + |C | and a
convex subgroupH of (N,+,≤), such thatH ∩M = G , sign∗H+ = 0, V (H ) is the
convex hull of V in N and such that for each p ∈ C there is a cut q of N extending p
with sign q = 0 and G(q) = H .

Proof. First we reduce to the case where G(p) = G (p ∈ C ) and V = V (G) (
M . For this we take a modelM ′ � M and realizations αp, â of p ∈ C , G+ inM ′

respectively. Let V ′ be the convex hull of V in M ′. Since V ⊆ V (G), the upper
edge of V ′ is less than or equal to the least extension of V (G)+ onM ′. As â |= G+

and V (G)+ is the upper edge of the invariance group of G+ with respect toM>0,
it follows that the cut â ·V ′+ extends G+, consequentlyM ∩ â ·V ′ = G . By 3.12(i)
and (ii), αp + â ·V

′+ or αp − â ·V
′+ extends p. This argument shows that, upon

replacing M by M ′, V by V ′, G by â ·V ′, and p by that of the cuts above which
extends it, we may assume V = V (G) and G = G(p) for all p ∈ C .
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We construct a chainM =M0 ≺M1 ≺M2 ≺ . . . of models of T , together with
extensions pi onMi for each p ∈ C such that

(a) For all p, p′ ∈ C we have p̂i = p̂′i .
(b) p0 ⊆ p1 ⊆ p2 ⊆ . . . , p̂0 ⊆ p̂1 ⊆ p̂2 ⊆ . . . and V (pi) lies over V (i < ù, p ∈
C ); note that V (pi) is independent of p ∈ C by (a).

(c) signp2i+1 = 0 for all i .
(d) sign∗ p̂2i+2 = 0 and V (p2i+2) is the convex hull of V inM2i+2 for all i .

TakeM0 :=M andp0 := p. SupposeM0, . . . ,Mi andp0, . . . , pi are constructed,
and (a)–(c) holds up to i . We defineMi+1 and pi+1 in the following way:

Case 1. i is even (the case i = 0 is included since we do not need that sign∗ p̂i = 0
for this construction step).
By 6.3 applied to {pi | p ∈ C } and G(pi ) there is some Mi+1 � Mi with
dimMi+1/Mi = ℵ0+ |C | and cuts pi+1 ofMi+1 extending pi for all p ∈ C such that
signpi+1 = 0 and p̂i+1 is the least extension of p̂i onMi+1. By 3.12(iii), V (pi+1)
lies over V (pi), hence over V .

Case 2. i is odd.
Let αp be a realization of pi (p ∈ C ) and let r be the least extension of p̂i on
M 〈αp | p ∈ C 〉. Then αp + r is an extension of pi and V (r) lies over V (pi)
(3.12(iii)), hence over V . From 6.3 applied to T >0, r, and the convex hull of V in
Mi 〈αp | p ∈ C 〉we get someMi+1 �Mi 〈αp | p ∈ C 〉 with dimMi+1/Mi = ℵ0+ |C |
and an extension r1 of r onMi+1 with multiplicative invariance group U such that
sign∗ r1 = 0 and such that U is the convex hull of V in Mi+1. Since 2 ∈ U , we
know that r1 is the upper edge of a convex subgroup of (Mi+1,+,≤) (cf. remark
following 3.4), hence U = V (r1). Now we take pi+1 = αp + r1 (p ∈ C ), which
completes the construction.

Let N =
⋃
Mi . By construction of the Mi we get dimN/M = ℵ0 + |C |. Let

H :=
⋃
i<ù

G(pi). By (a) the group H does not depend on p; by (b) we have

H =
⋃
i<ù

G(p2i ). By (d) and 6.4 applied to T>0 and the sequence (p̂2i+2)i<ù we

have sign∗H+ = 0 (cf. 6.4(iii)) and V (H ) =
⋃
i∈N

V (p2i+2) (cf. 6.4(ii)). Since each

V (p2i+2) is the convex hull of V we get that V (H ) is the convex hull of V in N .
It remains to show that for each p ∈ C there is a cut q of N with sign q = 0 and
G(q) = H . We take q =

⋃
pi and apply 6.4 to the sequence (p2i+1)i<ù : clearly we

have q =
⋃
p2i+1; by (c) and 6.4(iii) we have sign q = 0. By (b) and 6.4(ii) again,

we have q̂ =
⋃
i∈N

p̂2i+1 = H+. a

Proposition 6.6. Let T be an o-minimal expansion of RCF , letM be a model of
T and let G be a convex subgroup of (M,+,≤). Let V be a proper convex valuation
ring of M with V ⊆ V (G). Let C be a set of cuts of M with G ⊆ G(p) for all
p ∈ C . Let ε, ä ∈ {−1, 0, 1}. Then there are an elementary extension N ofM with
dimN/M = ℵ0+ |C | and a convex subgroupH of (N,+,≤), such thatH ∩M = G ,
sign∗H+ = ε, V (H )+ is an heir of V + and such that for each p ∈ C there is a cut q
of N extending p with sign q = ä and G(q) = H .

Proof. First we apply 6.5 and replace G by H and each p ∈ C by a cut q
extending p with sign q = 0 and G(q) = H . Since V (H ) is the convex hull of V in
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N �M and V 6=M we know from 2.10, thatV (H )+ is an heir of V +. So in order
to prove the Proposition we may assume that signp = sign∗ p̂ = 0, G = G(p) and
V = V (p) 6=M (p ∈ C ).
First we do the case ä = 0. If ε = 0, the result is 6.5. So let ε 6= 0.
Let â be a realization of G+ and for each p ∈ C let p1 be the largest extension
of p onM 〈â〉. By 3.12(iii) applied to Th(M )>0, the cut p̂1 is the largest extension
of G+ onM 〈â〉. Let G1 be the convex hull of G inM 〈â〉. Then sign∗ p̂1 = 1 and
sign∗G+1 = −1 (by 3.12(iv) and since sign∗G+ = 0). MoreoverV (p1) is the largest
convex valuation ring ofM 〈â〉 lying over V , and V (p1) = V (G1) by 3.12(i),(ii).
Now we apply 6.3 to G(p1) and p1 (p ∈ C ). Hence there is some N � M with
dimN/M = ℵ0 + |C | and cuts q of N extending p1 (p ∈ C ) such that G(q) is the
convex hull of G(p1) in N . Since sign∗(p̂1) = 1 we have sign∗ q̂ = 1 as well and the
cut V (q)+ is an heir of V (p1)+. Since q̂ does not depend on p ∈ C we have proved
the Proposition in the case ε = 1 and ä = 0.
The same argument for G1 and p1 (p ∈ C ) yields the Proposition in the case
ε = −1, ä = 0.
Now we get the Proposition from the case ä = 0 as follows: for p ∈ C take
an extension qp of p on N , sign qp = 0 such that G(qp) = H , sign∗H+ = ε and
V (H )+ is an heir of V +. Let N1 � N be such that all qp (p ∈ C ) are realized
in N1 with dimN1/N = ℵ0 + |C |, and let H1 be the largest extension of H+ on
N1. From 3.12(iii) applied to T>0, H+ and N1 we get that V (H1)+ is the least or
the largest extension of V (H )+; consequently V (H1)+ is an heir of V (H )+, hence
of V +. From 3.12(i),(ii) applied to T , qp and N1, the least and largest extensions
of qp on N1 have invariance group H1. These extensions have signature −1,+1
respectively, since sign qp = 0. a

§7. Existentially closed extensions. Again we work with an o-minimal expansion
T of the theory of real closed fields in the language L . If p is a cut of a model
M of T and f : M −→ M is M -definable, then by [vdD3] 7,(2.5) the map
f is differentiable in a neighborhood I of p and there is an M -definable map
g : M −→ M with g(x) = f ′(x) for all x ∈ I . The cut g(p) does not depend on
the choice of I and g. We denote this cut by f ′(p).

Proposition 7.1. If p is a cut of M with signp = 0 and f : M −→ M is M -
definable with f(p) = p̂, then f ′(p) = m(p)+ or f′(p) = m(p)−. In particular
p ∼ V (p)+.
Remark. It is an open question if a cut p of an o-minimal expansion of a field with
signp = 0 and p ∼ p̂ exists at all. We’ll use our Proposition to show that in many
cases this is not the case (cf. 7.2).

Proof. First we prove |f ′(p)| ≤ m(p)+.
Suppose 0 < a < |f′(p)| for some a ∈ V (p)∗. Then 1a ·p̂ = p̂, hence the map

g(x) := 1
a ·f(x) fulfills g(p) = p̂ and g

′(p) ≥ 1. Let b, c ∈M such that b < p < c
such that g is differentiable in [b, c], g(b) ≥ 0 and g ′(x) ≥ 1 for all x ∈ [b, c]. Then
0 ≤ g(b) + x − b ≤ g(x) for all x ∈ [b, c], hence 0 ≤ g(b) + p − b ≤ g(p) = p̂.
This implies g(b) +p− b = p̂, thus signp 6= 0 in contradiction to our assumption.
It remains to show |f′(p)| ≥ m(p)+. We may assume p > 0. Suppose there is
some a ∈ m(p) with 0 < |f ′(p)| < a.
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Claim 1. There is some c ∈M with 1 + a ∈ G∗(p + c).

Since 1a 6∈ V (p) there is some b ∈ G(p), b > 0 with ba 6∈ G(p). Let d < p

with d + b
a > p. We prove 1 + a ∈ G∗(p + c) for c := b

a − d . Let m ∈ M with

d < m < p. Since ap < b+ ad we have (1+ a)(m+ c) = m+ c+ a(m+ ba − d ) =
m + c + b + am − ad < m + c + b + b. As b ∈ G(p) we get m + 2b < p, hence
m + 2b + c < p + c. This proves Claim 1.
With the element c from Claim 1 we replace f(x) by f(x − c) and p by p + c,
hence we may assume that 1 + a ∈ G∗(p). By 3.5 we have 1− a ∈ G∗(p) as well.

Claim 2. There is a linear map g :M −→M with g(p) = p and a neighborhood
(c, d ) of p with g(x) ≥ x + f(x) on (c, d ). For the proof of Claim 2 we have two
cases.

Case 1. f′(p) > 0.
There is a neighborhood [c, d ] of p, c > 0, where f is strictly increasing and
differentiable, such thatf(c) ∈ G(p) andf ′|(c,d ) < a. Take g(x) = f(c)+(1+a)·x.
Then g(x) > x+f(x) on [c, d ], because g(c) > f(c)+c and g ′ = 1+a > 1+f′ > 0
on (c, d ). Wehave g(p) = f(c)+(1+a)·p = p, since (1+a)·p = p andf(c) ∈ G(p).

Case 2. f′(p) < 0.
There is some neighborhood [c, d ] of p, where f is strictly decreasing and differ-
entiable, such that f(d ) ∈ G(p) and f ′|(c,d ) > −a. Since (1 + a)·p = p we have
a ·p ≤ p̂; as signp = 0 we have a ·p < p̂. Hence we may shrink d if necessary so
that a ·d ∈ G(p). Let g(x) = f(d ) + ad + (1 − a) ·x. Then g(x) ≥ x + f(x)
on [c, d ], since g(d ) = f(d ) + d and g ′ = 1 − a < 1 + f′ on (c, d ). We have
g(p) = f(d ) + ad + (1− a)·p = p since (1− a)·p = p and f(d ), a ·d ∈ G(p).

NowClaim 2 is proved and we have a linear map g with g(p) = p and g(x)−x ≥
f(x) on (c, d ). This means g1(p) = p̂ if g1(x) denotes g(x) − x. Since g1 is linear
it is not possible that signp = 0. a

Theorem 7.2. Let p be a cut of a model of T , such that V (p)+ ∼ V + for some
T -convex valuation ring V ofM . Then

(i) The signature alternative holds for p. In particular signp = 0 implies p 6∼ p̂.
(ii) The signature alternative holds for |p| with respect to M>0. In particular
sign∗ p = 0 implies p 6∼ G∗(p)+.

Proof. (i). Suppose signp = 0. If p ∼ p̂, 7.1 and the assumption give p ∼
V (p)+ ∼ V +; in particular pL is definable in (M,V ); 5.2 implies, then, that
signp 6= 0. Hence, p 6∼ p̂.
Let α be a realization of p̂ and let q be the unique extension of p on M 〈α〉.
By 3.12(v) we have sign q = 0 and by 3.12(i),(ii), the cut q̂ is the largest extension
of p̂ onM 〈α〉. By 3.12(iii) applied to p̂ andM>0 the cut V (q)+ is the least or the
largest extension ofV (p)+ onM 〈α〉; in particular it is an heir ofV (p)+. By 4.6(iv),
V (q)+ ∼ W + for some T -convex valuation ring W of M 〈α〉. Since sign q = 0,
we can apply the argument at the beginning of the proof to q instead of p and get
q 6∼ q̂ as desired.
(ii). Let sign∗ p = 0, hence p 6= a ·G∗(p)± for all a ∈ M . We first show that
p 6∼ G∗(p)+.
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Case 1. signp = 0.
By (i) we have p 6∼ p̂ and by 3.5 we have p̂ ∼ G∗(p)+, hence p 6∼ G∗(p)+.

Case 2. signp 6= 0, so p = a ± p̂ with some a ∈M . We may assume that p > 0.
If a ≤ 0, then a ∈ G(p), hence p = p̂ and p 6∼ G∗(p)+ = V (p)+ follows from 5.2.
So we may assume that a > 0 and we may replace p by 1+ 1a ·p̂. If 1 6∈

1
a ·G(p), then

1+ 1a ·G(p) is a convex subgroup of (M
>0, ·,≤) in contradiction to sign∗ p = 0. So

1 ∈ 1
a ·G(p), in other words p = p̂ and we may use 5.2 again.

So we know that sign∗ p = 0 implies p 6∼ G∗(p)+. As in the proof of (i), this
implies the signature alternative for |p| with respect toM>0. a

Remark. If T is polynomially bounded then 7.2(i) follows quickly from the
valuation property (cf. [vdD-S], (9.2)). This property even implies that p 6∼ G+ for
all convex subgroups G of (M,+,≤) and all cuts p ofM with signp = 0.

Notation. Let p be a cut of a divisible ordered abelian groupM . If signp 6= 0,
then p is an edge of the nonempty set Z(p) := {a ∈M | a + p̂ = p or a − p̂ = p}
and we denote the other edge by z(p). If signp = 0 we define z(p) := p.
SoZ(p) is the set of all a ∈M between p and z(p). Note thatZ(p) is 0-definable
in the structure (M,pL).
If p is a cut of a real closed fieldM , p > 0, thenZ∗(p), z∗(p) denote Z(p), z(p)
respectively with respect to (M>0, <, ·) (where we consider z∗(p) as a cut of M ,
too). If G is a convex subgroup of a real closed fieldM we write z∗(G) instead of
z∗(G+). Hence

z∗(G) :=





a ·m(G)+ if a ·V (G) = G , a 6= 0,

a ·V (G)+ if a ·m(G) = G, a 6= 0,

G+ if sign∗G+ = 0.

We come to our main result:

Theorem 7.3. LetM be amodel ofT and letp be a cut ofM such thatf(V (p)+) =
V + for some T -convex valuation ringV ofM and someM -definable mapf :M −→
M . Suppose signp = 0 and p is not dense. Let N be an elementary extension ofM
and let q be a cut ofN extending p such thatG(q)∩M = G(p), V (q)∩M = V (p)
and f(V (q)+) =W +, whereW is a T -convex valuation ring of N .

(i) If sign∗ p̂ = 0 then (V (q)+, q̂, q) is an heir of (V (p)+, p̂, p).
(ii) If sign∗ q̂ = sign∗ p̂ and Z∗(q̂) ∩M = Z∗(p̂), then (V (q)+, q̂, z∗(q̂), q) is an
heir of (V (p)+, p̂, z∗(p̂), p).

Proof. Since p is not dense, V (p) is proper. Since V (q)+ extends V (p)+,
W + = f(V (q)+) extends V + = f(V (p)+). Since V (p) is proper, V is proper and
W + is an heir of V +. So V (q)+ is an heir of V (p)+.
(i). We may assume that p > 0. By 2.8 we have to show the following: If
ϕ(v1, . . . , v6) is anL (M )-formula and α1, α2, â1, â2, ã1, ã2 ∈ N are such that

α1 < q < α2, â1 < q̂ < â2, ã1 < V (q)
+ < ã2, N |= ϕ(α1, α2, â1, â2, ã1, ã2),

then there are a1, a2, b1, b2, c1, c2 ∈M such that

a1 < p < a2, b1 < p̂ < b2, c1 < V (p)
+ < c2, M |= ϕ(a1, a2, b1, b2, c1, c2).
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First we prove that (q, q̂) is an heir of (p, p̂). Since p̂ hasmultiplicative signature 0,
using our assumptions on V (p) and V (q), we can apply 5.5, which shows that q̂ is
an heir of p̂. Since signp = 0 and V (p)+ ∼ V +, the signature alternative holds for
p by 7.2(i). Hence we can apply 3.19 which shows that (q, q̂) is an heir of (p, p̂).
If ã1 is not a realization of V (p)+, then there are elements ai , bi , ci as claimed:
this follows from 3.17 applied to the theory T>0, because (q, q̂) is an heir of (p, p̂).
Hence we may assume that ã1 is a realization ofV (p)+. Since signp = sign∗ p̂ = 0,
neither p nor p̂ is of the form a ± b ·(V (p)+)±1 with a, b ∈ M . Since V (p) is
definable in (M,V ), 5.2 is applicable. We get that neither pL norG(p) are definable
in (M,V (p)). Therefore, and since ã1 realizes V (p)+, p and p̂ must be omitted in
M 〈ã1〉.
Letp1 := q �M 〈ã1〉 be the unique extension ofp onM 〈ã1〉. Then p̂1 is the unique
extension of p̂ on M 〈ã1〉. Since V (q)+ is an heir of V (p)+ we can apply 3.18 to
T>0, thus V (q) lies over V (p1), which shows that f(V (p1)

+) is the upper edge of
the T -convex valuation ringW ∩M 〈ã1〉. Hence the assumptions of the Theorem
for p and q also hold for p1 and q. Because sign∗ p̂1 = 0we can apply what we have
already shown, namely: (q, q̂) is an heir of (p1, p̂1).
By 3.17 applied to T>0, (q, q̂) and (p1, p̂1), there areM -definable maps h,g1,g2,
f1,f2 with

f1(ã1) < p1 < f2(ã1), g1(ã1) < p̂1 < g2(ã1), ã1 < V (p1)
+ < h(ã1)

and

M 〈ã1〉 |= ϕ(f1(ã1), f2(ã1), g1(ã1), g2(ã1), ã1, h(ã1)).

Therefore we can find elements ai , bi , ci in M as desired, if we know that
(V (p1)+, p̂1, p1) is an heir of (V (p)+, p̂, p). To see this, note first that V (p1)+

is an heir of V (p)+. Then, it follows from a standard compactness argument
(cf. [Poi] 11.01) that there are cuts r1, r2, r3 of M 〈ã1〉 with r1 = V (p1)+ such that
(r1, r2, r3) is an heir of (V (p)+, p̂, p). Since p1, p̂1 are the unique extensions of p,
p̂ respectively onM 〈ã1〉 we get p1 = r3 and p̂1 = r2. So (V (p1)

+, p̂1, p1) is an heir
of (V (p)+, p̂, p) and this finishes the proof of (i).
(ii). If sign∗ p̂ = sign∗ q̂ = 0, then z∗(p̂) = p̂, z∗(q̂) = q̂ and (ii) is implied by (i).
So we assume that ε := sign∗ p̂ = sign∗ q̂ 6= 0, hence Z∗(q̂)∩M = Z∗(p̂) 6= ∅. Let
a ∈ Z∗(p̂) and let g(x) := a ·xε . Then g(V (p)+) = p̂ and g(V (q)+) = q̂. Since
V (q)+ is an heir of V (p)+, q̂ is an heir of p̂. By 7.2(i) and 3.19 again, it follows
that (q̂, q) is an heir of (p̂, p).
Let h(x) = a ·x−ε . Then h(V (p)+) = z∗(p̂), h(V (q)+) = z∗(q̂) and it follows
easily that (V (q)+, q̂, z∗(q̂), q) is an heir of (V (p)+, p̂, z∗(p̂), p). a

Theorem 7.4. Let T be model complete and let f(y, x1, . . . , xn) be a 0-definable
map. Let O^, G , Z ,Z ∗ and D be new unary predicates and let c1, . . . , cn be new
constants with respect to L . Let ε, ä ∈ {−1, 0, 1} and let L ∗ be the language
L (O^,G ,Z ,Z ∗,D , c1, . . . , cn).
Let T ∗ be the L ∗-theory which extends T and which says the following about a
model (M,V,G,Z,Z∗ , D, d1, . . . , dn):

(a) D = pL for some cut p ofM , p neither dense nor principal with signp = ä.
(b) V = V (p).
(c) G = G(p) and sign∗G+ = ε.
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(d) f(V (p)+, d1, . . . , dn) > 0 is the upper edge of a T -convex valuation ring ofM .
This is axiomatizable by the axioms

g(f(V (p)+, d1, . . . , dn)) ≤ f(V (p)
+, d1, . . . , dn)

for each continuous, 0-definable map g.
(e) Z = {a ∈ M | a + G+ = p or a − G+ = p} and Z∗ = {a ∈ M ∗ | a ·V =
G or a ·m = G}.

Then

(i) T ∗ is consistent if and only if there is a modelM of T , a convex valuation ring
V ofM and d1, . . . , dn ∈M such that f(V +, d1, . . . , dn) is the upper edge of a
T -convex valuation ring.

(ii) If T ∗ is consistent then T ∗ is model complete.

Proof. (i). Certainly the condition is necessary for the consistency of T ∗. Con-
versely suppose we have a model M of T , a convex valuation ring V of M and
d1, . . . , dn ∈ M such that f(V +, d1, . . . , dn) is the upper edge of a T -convex
valuation ring. By 6.6 there is some N � M and an extension q of V + on
N with sign q = ä and sign∗ q̂ = ε such that V (q)+ is an heir of V +. Hence
f(V (q)+, d1, . . . , dn) is an heir of f(V +, d1, . . . , dn), thus f(V (q)+, d1, . . . , dn) is
the upper edge of a T -convex valuation ring of N by 4.6(iii). This proves that T ∗

is consistent.
(ii). In order to prove model completeness of T ∗ we use Robinson’s test. So let

M ⊆ N be an extension ofL ∗-structures, such thatM,N |= T ∗. We have to show
thatM is existentially closed in N . If ä 6= 0 then this follows easily from 5.6 and
the assumption that p is not principal. If ä = 0, thenM is existentially closed inN
by 7.3. a

We conclude with an open question, how non T -convex valuation rings can arise
in o-minimal structures. Let T be the theory of the real exponential field (R, exp),
which is o-minimal by [Wi]. Let M be a model of T containing (R, exp) which is
the definable closure of R together with a single new element x ∈ M \ R. Let W
be a proper convex valuation ring ofM . Then log(W ∗>0) is a convex subgroup of
(M,+) and the invariance valuation ringW ′ of this convex subgroup is contained
inW . CertainlyW is T -convex — hence equal to the convex hull V of R inM —
if and only ifW =W ′. Is it possible thatW )W ′ )W ′′ ) · · · ?
More generally, is it possible that V is not definable in (M,W )? Observe that V
is definable in (M,W ) ifW is definable in (M,V ), by 4.6(i).

REFERENCES

[Ba]W. Baur, On the elementary theory of pairs of real closed fields. II, this Journal, vol. 47 (1982),
no. 3, pp. 669–679.
[Da-Wo]H. G. Dales andW. H. Woodin, Super-real fields, London Mathematical Society Mono-

graphs. New Series, vol. 14, The Clarendon Press Oxford University Press, New York, 1996.
[Ch-Dic]G. Gherlin and M. Dickmann, Real closed rings. II. Model Theory, Annals of Pure and

Applied Logic, vol. 25 (1983), no. 3, pp. 213–231.
[Mac] A. Macintyre, Classifying pairs of real closed fields, Ph.D. thesis, Stanford University, 1968.
[MMS]D.Macpherson,D.Marker, andC. Steinhorn,Weakly o-minimal structures and real closed

fields, Transactions of the American Mathematical Society, vol. 352 (2000), no. 12, pp. 5435–5483.
[Ma] D.Marker,Omitting types in o-minimal theories, this Journal, vol. 51 (1986), no. 1, pp. 63–74.



60 MARCUS TRESSL
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