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Abstract- In previous work, we have proposed a novel
approach to data clustering based on the explicit opti-
mization of a partitioning with respect to two comple-
mentary clustering objectives [4, 5, 6]. In a compari-
son to alternative clustering techniques, the approach
showed a high performance in terms of its capability
to deal with a range of difficult data properties, includ-
ing overlapping clusters, elongated cluster shapes and
unequally sized clusters. In this paper, we make three
modifications to the algorithm that improve its scalabil-
ity to large data sets with high dimensionality and large
numbers of clusters. Specifically, we introduce new ini-
tialization and mutation schemes that enable a more ef-
ficient exploration of the search space, and modify the
null data model that is used as a basis for selecting the
most significant solution from the Pareto front. The high
performance of the resulting algorithm is demonstrated
on a newly developed clustering test suite.

1 Introduction

The inherently multiobjective nature of data clustering,
as identified in, e.g., [3, 8], has motivated us in our re-
cent work [4, 5, 6] to devise an explicit multiobjective-
optimization approach to this problem. In [4], we began
to investigate this idea with an evolutionary algorithm, VI-
ENNA, which used a fixed, user-specified, number of clus-
ters,

�
. Our subsequent work [5, 6] developed the initial ap-

proach significantly, introducing a method for automatically
estimating the best solutions from the Pareto front returned
— at the same time determining the number of clusters, au-
tomatically. In the following we recall the main elements of
the latter, briefly.

1.1 Existing algorithm

Our existing multiobjective clustering algorithm MOCK
(multiobjective clustering with automatic determination of
the number of clusters) is based on the elitist multiobjective
evolutionary algorithm, PESA-II, described in detail in [2].
It optimizes two clustering objectives, overall deviation and
connectivity, which reflect two fundamentally different as-
pects of a good clustering solution: the global concept of
compactness of clusters, and the more local one of connect-
edness of data points.

The encoding employed is the locus-based adjacency
scheme proposed in [9]. In this graph-based representation,
each individual � consists of � genes ���������	���
��� , where �
is the size of the clustered data set, and each gene �� can
take allele values � in the range ���������	������� . Thus, a value
of � assigned to the � th gene, is then interpreted as a link be-

tween data items � and � : in the resulting clustering solution
they will be in the same cluster. The decoding of this repre-
sentation requires the identification of all subgraphs, and all
items belonging to the same subgraph are assigned to one
cluster. This can be done in linear time.

The operators used are standard uniform crossover, and
a specialized initialization and mutation scheme. MOCK’s
initialization is based on minimum spanning trees (MSTs):
for a given data set, the complete MST is computed using
Prim’s algorithm. The � th individual of the initial popula-
tion is then initialized by the MST with the ����� largest
links removed. This has the effect of generating solutions
with a range of cluster numbers, all solutions having well-
separated clusters. MOCK’s mutation operator allows data
items to be linked to one of their � nearest neighbours only.
Hence, �������  � �"!#!  �����	������!#! %$ � , where !#! %& denotes the'
th nearest neighbour of data item � . This has the effect of

significantly reducing the size of the search space.
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Figure 1: Solution and control reference front for a run of
MOCK on a simple four-cluster data set (from [5]). Solu-
tions are scored by their distance to the reference front (their
‘attainment score’). The solution with the largest minimum
distance to the reference front is indicated by an arrow, and
corresponds to the correct four-cluster solution. In general,
all solutions situated at distinct knees in the Pareto front are
of high immediate interest. Several such solutions can exist
and they often correspond to cluster structures on different
levels. In a plot of the attainment scores as a function of
the number of clusters, such distinct ‘knees’ are manifest as
local optima.

The algorithm generates clustering solutions that corre-
spond to different trade-offs between the two clustering ob-
jectives and contain different numbers of clusters. In or-
der to reduce the number of solutions to consider, an auto-
mated technique was developed, which selects good solu-



tions from the resulting Pareto front, and, thus, simultane-
ously determines the number of clusters in a data set (see
Figure 1). This method of solution selection is based on the
shape of the Pareto front. Specifically, it tries to determine
‘knees’ in the Pareto front that correspond to good solutions.
A comparison to a null model, that is, random control data,
is used in order to help correctly determine these knees, and
abstract from

�
-specific biases in the two objectives. A de-

tailed motivation and description of this methodology (in-
cluding pseudo-code) is provided in [5].

MOCK was compared to three single-objective cluster-
ing algorithm, an advanced ensemble method [14] and the
Gap statistic [15], and results indicated a clear advantage to
the multiobjective approach.

1.2 Limitations of MOCK and scope of this work

The first implementation of MOCK described above was
targeted at scenarios in which the number of clusters is rea-
sonably small. Specifically, the range of obtainable clusters
was restricted to the range (%����)�*,+ , and the algorithm was
evaluated on data sets with relatively small numbers of clus-
ters (mostly

�.- �	/ ). However, a limitation to such small
numbers of clusters is not realistic in several real-world ap-
plications, in particular in biological applications such as
the mining of gene-expression data.

MOCK’s original restriction on the number of clusters is
enforced by means of a simple penalty function. While a
straightforward adaptation of these penalty functions to al-
low numbers of clusters

�10 )�* is possible, such an exten-
sion comes at major costs in the required number of evalu-
ations and/or high impairments in clustering quality. In this
paper we therefore suggest three more fundamental modifi-
cations that improve the scalability of the algorithm to data
sets with large numbers of clusters. The suggested modi-
fications generally result in a more efficient exploration of
the search space, improving performance on large and high-
dimensional data sets, and significantly reducing the num-
ber of evaluations required.

1.3 Paper outline

The remainder of this paper is structured as follows. Sec-
tion 2 summarizes the modifications introduced to the algo-
rithm. Section 3 describes the generators developed to ob-
tain sufficiently complex high-dimensional test data. The
experimental setup is described in Section 4, while Sec-
tion 5 presents results. Finally, Section 6 concludes.

2 Modifications

In this section, three modifications are introduced that sig-
nificantly improve MOCK’s convergence speed and its scal-
ability to data sets with large numbers of clusters.

2.1 Initialization scheme

On the level of individual genes, basing MOCK’s initializa-
tion scheme on MSTs has the advantage of providing high-
quality genotypes, in the sense that data items are linked
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Figure 2: Comparison of the solutions constructed by the
original and the new initialization approach on two differ-
ent data sets. The additional use of

�
-means solutions in-

duces a more even distribution of solutions along the Pareto
front, in particular towards the bottom right side (where so-
lutions with large numbers of clusters are situated). The use
of the criterion of ‘interestingness’ decreases the generation
of highly similar MST solutions.

to data items that are nearby and therefore likely to be in
the same class. On the cluster level, the solutions gener-
ated by cutting the longest link in the MST essentially cor-
respond to solutions that would be identified by single link
agglomerative clustering. On the one hand, this has the ef-
fect that initial solution quality will be very high on data
sets with well-separated clusters. On the other hand, this
type of solution-construction inherits the shortcomings of
single link agglomerative clustering: in the absence of spa-
tially separated clusters the method tends to isolate outliers
so that many of the solutions generated are highly similar
(this ‘chaining effect’ in decision space carries over to ob-
jective space, see Figure 2).

Clearly, a better spread of initial solutions along the
Pareto front is desirable, in order to improve MOCK’s con-
vergence to the Pareto front. Towards this end a new ap-
proach to solution construction has been developed. The
new initialization operator is based on the observation that
different clustering algorithms tend to perform better (find
better approximations) in different regions of the Pareto
front [6]. In particular, MST type or single link solutions
tend to be close to optimal in those regions of the Pareto
front where connectivity is low, whereas

�
-means performs

well in the regions where overall deviation has significantly
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Figure 3: Construction of an MST-similar solution from a given
�

-means solution. Starting from the original MST solution,
all links that cross cluster boundaries (defined by the three-cluster

�
-means solution) are removed. The missing links are

then replaced by a link to a randomly chosen neighbour with �324!#!56&87 '3- � .

decreased. An initialization based on a mixture of
�

-means
and MST solutions can therefore help to obtain a better
spread of solutions and a better initial approximation to the
Pareto front.

Generation of interesting MST solutions

First, we consider the generation of MST solutions. In order
to avoid the chaining effect mentioned above, we employ a
definition of interestingness that distinguishes between ‘un-
interesting’ links whose removal leads to the separation of
outliers, and ‘interesting’ links whose removal leads to the
discovery of real cluster structures.

Definition 1.1: A link �:9;� is considered as interesting,
iff �<2=!#!�> & 7?�@2A!#! CB 7 'ED �F7 �.D � , where � is a
parameter. Its degree of interestingness is GH24IKJCLNM ' � �8O .
Definition 1.2: A clustering solution P is considered as in-
teresting, if it can be deduced from the full MST through
the removal of interesting links only.

For a given data set, a set of interesting MST-derived
solutions can then be constructed as follows. In a first step,
all Q interesting links from the MST are detected and are
sorted by their degree of interestingness. Using this sorted
list, a set of clustering solutions is then constructed: for ! �( /R�
IKJ%LSMTQU��/8�V*?WFX#Y��[Z]\ O + , where X#Y	�[Z�\ is the total number
of initial solutions, clustering solution P_^ is generated by
removing the first ! interesting links. The missing links are
then replaced by a link to a randomly chosen neighbour with�32`!#! %& 7 '3- � .

Generation of
�

-means solutions

Next, we consider the generation of
�

-means solutions. We
start by by running the

�
-means algorithm (for 10 itera-

tions) for different numbers of clusters
� � ( )8�aX#Y	�[Z�\K�MbIKJ%L5MTQU��/R� *�WcX#Y	�[Z]\ Oed � O + . The resulting partitionings

are then converted to MST-based genotypes as illustrated in
Figure 2. The preservation of a high degree of MST infor-
mation (within clusters) at this stage is crucial for the quick

convergence of the algorithm. Note that the numbers of
clusters obtained as the final phenotypes are not pre-defined
and can increase or decrease depending on the structure of
the underlying MST.

2.2 Neighbourhood-biased mutation operator

MOCK’s mutation operator narrows down the search space
by restricting the number of data items that an individual
item can be linked to. In the original algorithm, each gene
has an equal probability �� of undergoing such a mutation
event, per generation.

Intuitively, ‘long links’ are expected to be less
favourable, that is, a link �f9g� with �h2i!#!S6& may be
preferred over a link �j9k�8l with �mlE2n!#!opB if

'rqc�
. This

can be used to bias the mutation probability of individual
links �59s� , which we now define ast�u 2 �� dwv '�4xEy �
where �H2z!#! %& and � is the size of the data set.

2.3 Null model

The original version of MOCK uses a Poisson model for the
generation of the control data, that is, the control data is gen-
erated uniformly randomly within the bounds of the given
data set (where the bounds are determined as the maximum
and minimum value obtained in each dimension). While
this approach performs well for low dimensional data, it
fails to correctly capture the shape of the data manifold for
high-dimensional data (see Figure 4). This problem arises
due to the properties of high-dimensional data, which are
usually embedded in a lower-dimensional manifold within
the high-dimensional space — a property that cannot be
captured by the current null model.

Here, we suggest the use of a refined null model, based
on the description by Sarle [13]. Again, a Poisson model
is used, but now it is set up within the space of principal
components. Specifically, a principal component analysis is
applied to the covariance matrix of the original data. The
eigenvectors and eigenvalues obtained are then used for the
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Figure 4: Comparison of the control fronts obtained us-
ing the original and the new null model on a two dimen-
sional (top) and a 100-dimensional (bottom) data set, each
of which contains four clusters. In low-dimensional space
both models yield very similar results. In high-dimensions,
the performance of the original null model breaks down
and the control fronts generated are of increasingly concave
shape.

definition of a uniform distribution: the data is generated
within a hyperbox in eigenspace, where each side of the hy-
perbox is proportional in length to the size of the eigenvalue
corresponding to this dimension. The resulting data is then
back-transformed to the original data space.

3 Data generators

In order to obtain test data of sufficient complexity, two new
cluster generators were developed. Both generators and the
specific test data sets used in this paper are made available
at www.dbk.ch.umist.ac.uk/handl/generators/.

3.1 Gaussian cluster generator

The first generator is based on a standard cluster model us-
ing multivariate normal distributions. The covariance ma-
trices need to be symmetric and positive definite, which is
ensured by constructing them to be diagonally dominant,
with positive diagonal elements only.

Briefly, a single multivariate cluster is defined as follows:

1. the mean, uniformly in the range (%�{�	/R���	/|+
2. the off-diagonal entries of the covariance matrix, gen-

erated as a random number in the range (6�{�����}+ with

Table 1: Gaussian data sets of low dimension. For each
of the 8 combinations of cluster number and dimension, 10
different instances were generated, giving 80 data sets in all.

Parameter range
Number of clusters 4, 10, 20, 40
Dimension 2, 20
Size of each cluster uniformly in ( *|/8��*|/�/�+ for 4

and 10 cluster instances, and(%�	/R���	/�/�+ for 20 and 40 clus-
ter instances

a distribution following ~E�����:24� y where � is a uni-
formly random deviate in ( /R���}+ and the sign of � is
determined randomly by a pseudorandom ‘coin toss’

3. the diagonal entries of the covariance matrix, gener-
ated as the sum of all off-diagonal entries plus a ran-
dom number in the range ( /R�a)�/H�m� �K+ with a distri-
bution following ~E�����K2c� y , where � is a uniformly
random deviate in ( /8�	�}+ , the sign of � is determined
randomly by a ‘coin toss’, and � is the dimensional-
ity of the data set

Here, the use of a distribution �12�� y serves to encourage
the production of elongated clusters.

Data generation is based on a simple trial-and-error
scheme. Clusters are iteratively constructed, and a simple
heuristic is used to detect overlap between them. Overlap-
ping clusters are rejected and regenerated, until a valid set
of clusters has been found. Using this method, 80 different
data sets were generated, as described in Table 1.

In low dimensions, the clusters generated are frequently
elongated and of arbitrary orientation (see Figure 5). How-
ever, in higher dimensions (that is, more than 10), the shape
of a cluster becomes more (hyper)spherical and more axis-
aligned: the former because a high variance in one dimen-
sion hardly affects the Euclidean distance of points when
there are very many dimensions; the latter because with
higher dimensions the non-diagonal entries in the covari-
ance matrix are forced to be relatively smaller compared
with those on the diagonal. Because of the lack of gen-
erality of spherical clusters, we have developed a second
alternative cluster generator that produces more elongated
cluster shapes in arbitrarily high dimensions.

3.2 Ellipsoidal cluster generator

This generator creates ellipsoidal clusters with the major
axis at an arbitrary orientation. The boundary of a cluster
is defined by four parameters:

1. the origin (which is also the first focus)

2. the interfocal distance, uniformly in the range(%��� /8�a�8� /�+
3. the orientation of the major axis, uniformly from

amongst all orientations



Table 2: Ellipsoidal data sets of high dimension. For each
of the 8 combinations of cluster number and dimension, 10
different instances were generated, giving 80 data sets in all.

Parameter range
Number of clusters 4, 10, 20, 40
Dimension 50, 100
Size of each cluster uniformly in ( *|/8��*|/�/�+ for 4

and 10 cluster instances, and(%�	/8�	�	/�/�+ for 20 and 40 clus-
ter instances

4. the maximum sum of Euclidean distances to the two
foci, uniformly in the range (6��� /]*m�	���C�"*,+ — equivalent
to an eccentricity ranging from ( /R� ����/8�a/8� ��*�),+

For each cluster, data points are generated at a Gaussian-
distributed distance from a uniformly random point on the
major axis, in a uniformly random direction, and are re-
jected if they lie outside the boundary.

After the data points of all clusters are generated (with
the origin initially at /8�	��������/ ), a genetic algorithm is used
to translate the location of the origin of each cluster so that
a cost consisting of the overall deviation of the entire data
set, plus a penalty term for any overlapping clusters, is min-
imized. This has the effect of ‘arranging’ the clusters in a
compact configuration (see Figure 5).

Using this method, 80 different data sets were generated,
as described in Table 2.

4 Experimental setup

4.1 Alternative methods

We evaluate the new version of MOCK by comparing it
to three established single-objective clustering methods,
whose implementations are described below. In order to
permit a suitable comparison against MOCK, these algo-
rithms are run for a range of different numbers of clusters� � (%����*|/�+ . We then compare both the quality of the best
solution generated and the quality of solutions selected by
the Silhouette Width, and by MOCK’s attainment scores,
respectively.

4.1.1
�

-means

Starting from a random partitioning, the
�

-means algorithm
repeatedly (i) computes the current cluster centres (that is,
the average vector of each cluster in data space) and (ii) re-
assigns each data item to the cluster whose centre is closest
to it. It terminates when no more reassignments take place.
By this means, the intra-cluster variance, that is, the sum
of squares of the differences between data items and their
associated cluster centres, is locally minimized.

Our implementation of the
�

-means algorithm is based
on the batch version of

�
-means, that is, cluster centres are

only recomputed after the reassignment of all data items. To
reduce suboptimal solutions

�
-means is run repeatedly (10

times) using random initialisation (which is known to be an
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Figure 5: Examples of the data sets used in our experiments.
Top: Two dimensional data set containing 40 clusters. Bot-
tom: 100-dimensional data set containing 10 clusters (pro-
jection to two dimensions).

effective initialization method [10]) and only the best result
in terms of intra-cluster variance is returned.

4.1.2 Hierarchical clustering

In general, agglomerative clustering algorithms start with
the finest partitioning possible (that is, singletons) and, in
each iteration, merge the two least distant clusters. They
terminate when the target number of clusters has been ob-
tained. Alternatively, the entire dendrogram can be gener-
ated and be cut at a later point.

Single link and average link agglomerative clustering
only differ in the linkage metric used. For the linkage met-
ric of average link, the distance between two clusters P  andPr> is computed as the average dissimilarity between all pos-
sible pairs of data elements � and � with � � P� and � � P > .
For the linkage metric of single link, the distance between
two clusters P  and P > is computed as the smallest dissim-
ilarity between all possible pairs of data elements � and �
with � � P  and � � P > .
4.1.3 Silhouette Width

The Silhouette Width is a validation technique commonly
used for model selection in a cluster analysis. Given clus-
tering solutions for a range of different numbers of clusters,
the Silhouette Width can be employed to determine the most
appropriate solutions.

The Silhouette Width [12] for a partitioning is computed



as the average Silhouette value over all data items. The Sil-
houette value for an individual data item � , which reflects
the confidence in this particular cluster assignment, is com-
puted as � Mb� O 2 �  ��� I��|�#M � ��a�� O �
where �  denotes the average distance between � and all data
items in the same cluster, and �  denotes the average dis-
tance between � and all data items in the closest other cluster
(which is defined as the one yielding the minimal �  ).The Silhouette Width return values in the interval (%�{������+
and is to be maximized.

4.2 Parameter settings for MOCK

Parameter settings for MOCK are given in Table 3 and are
kept constant over all experiments. 100 initial solutions and
500 generations are largely sufficient for the data sets tack-
led in this paper, where � - *|/�/�/ and

�w-�� / . This
means that the number of total evaluations (representing the
main cost of the algorithm) is *8�	/�/ (per attainment front),
which is a significant reduction with regard to the previous
algorithm, where a number of I����oM�*�/8� �y
�

O W�)|/�/ evalua-
tions was used. Nevertheless, readers should be aware that,
for data sets of much larger size, more evaluations may be
needed. Similarly, quick convergence on data sets with very
large numbers of clusters (e.g.

�?0 *�/ ) may require the use
of a larger set of initial solutions.

Table 3: Parameter settings for MOCK, where � is data set
size.

Parameter setting
Number of generations 500
External population size 1000
Internal population size 10
#(Initial solutions) �8�a���,� 100
Initialization Minimum spanning tree

and � -means ( �f����� )
Mutation type � nearest neighbours ( �?�.��� )
Mutation rate ��  �� F�¢¡£�¤F¥�¦£¨§ª©
Recombination Uniform crossover
Recombination rate �8« ��¬ 
Objective functions Overall deviation and

connectivity ( �f�.�}� )
#(Reference distributions) �

4.3 Evaluation

Clustering quality is evaluated using the Adjusted Rand In-
dex, an external measure of clustering quality, which is is a
generalization of the Rand Index.

The Rand Index is based on counting the number of pair-
wise co-assignments of data items. Given the partitions ®
and ¯ ( ® being the known correct classification and ¯ be-
ing the partition under evaluation), the quantities � , � , ° andG are computed for all possible pairs of data points � and � ,
and their respective cluster assignments °,±S² C³ , °	±S² > ³ , °	´r² C³
and °	´µ² > ³ , where�H2�¶·�	���¸�¹¶|°	±S² C³ 2z°	±5² > ³ 7º°"´µ² %³ 2z°"´3² > ³ ��¶

� 2»¶·�	���ª�¹¶�°	±S² %³ 24°"±S² > ³ 7?°	´µ² %³E¼2z°	´r² > ³ ��¶°e2»¶·�	���ª�¹¶�°	±S² %³E¼24°"±S² > ³ 7?°	´µ² %³ 2c°	´µ² > ³ ��¶GK2½¶·�	���¸�¹¶|°	±S² C³E¼2z°	±5² > ³ 7?°	´3² %³E¼24°"´µ² > ³ ��¶
Hence, � and G keep track of correspondences between the
two partitionings, whereas � and ° count clear deviations.
The Rand Index [11] is then defined as¾ Mª®��a¯ O 2 � d G� d � d ° d G �
It takes values in the interval ( /8�	�}+ and is wanted to be max-
imized.

The Adjusted Rand Index introduces a statistically in-
duced normalization in order to yield values close to 0 for
random partitions. Using a different representation based
on the contingency table defined by ® and ¯ , the Adjusted
Rand Index [7] is given as¾ Mª®���¯ O 2�¿ &%B M ^�ÀVÁy

O �»Â ¿ & M ^�À%Ãy
O � ¿ B M ^�Ã Áy

OªÄSÅ M ^ y
O�

y Â
¿ & M ^�À%Ãy

ONd ¿ B M ^�Ã Áy
O Ä � Â ¿ & M ^�À%Ãy

O � ¿ & M ^�Ã Áy
O Ä Å M ^ y

O �
where ! &%B denotes the number of data items that have been
assigned to both cluster

'
and cluster

�
.

5 Experimental results

Table 4 and Table 5 show the results obtained by the indi-
vidual algorithms. Runtimes are given in Table 6.

First, we are interested in the algorithm’s capability to
generate high-quality solutions. Table 4 gives the average
adjusted Rand Index of the best solution obtained. The re-
sults underline that the data sets used in this study are quite
difficult to cluster. This difficulty is caused by two prop-
erties: the clusters are not clearly separated and are fre-
quently of elongated shape. Evidently, this poses a prob-
lem to the three single-objective algorithms. Single link,
which doesn’t make any assumptions on cluster shapes but
relies on good separation between clusters, generally shows
a very poor performance on these data. The performance
of average link and

�
-means, which both favour spherically

shaped clusters, significantly deteriorates for those data sets
with more elongated clusters (predominantly those gener-
ated by the ellipsoidal cluster generator). In contrast to
this poor performance of the single-objective algorithms,
MOCK generates consistently good results across the entire
range of data sets.

Next, we study the performance of the algorithms, if an
automated method for the selection of good clustering solu-
tions is employed. For MOCK, the attainment scores of all
solutions are computed and are plotted as a function of the
number of clusters. For

�
-means, average link and single

link, the Silhouette width is used instead. Again, the scores
of all solutions are computed and plotted as a function of
the number of clusters. Evidently, both types of plots may
contain several local maxima, in particular on data sets with
large numbers of clusters, where cluster structures on dif-
ferent levels exist. In a practical data-mining scenario all



Table 4: Number of clusters Æ and Adjusted Rand Index of the best solution generated by MOCK, Æ -means, average link and single link.
Values for MOCK and Æ -means are averages over Ç�ÈeÉ?È�Ê runs; average link and single link are deterministic, so averages are over the
ten different problem instances only. The statistically best performer is highlighted in bold face. Only two algorithms were in contention
to be best in any problem: MOCK and average link agglomerative clustering. To test if the difference was statistically significant, a
paired Wilcoxon signed-rank test was used [1], which takes into account the dependence on problem instance. Notice the null hypothesis
of no difference could not be rejected for 10d-20c at ËÍÌFÊ�Î Ê,Ï .

Problem MOCK Ð -means Average link Single linkÐ Rand Index Ð Rand Index Ð Rand Index Ð Rand Index
2d-4c 4.06667 0.987992 4 0.915131 5 0.93295 18.2 0.839558
10d-4c 4.12381 0.995501 4 0.970951 7.7 0.979746 34 0.396489
50d-4c 4 1 5.5 0.572435 15.6 0.668738 26.5 0.13485
100d-4c 4 1 6.1 0.493191 11.8 0.60045 11.1 0.0124546
2d-10c 10.7143 0.933782 12.8 0.824991 22 0.8329 36.9 0.634749
10d-10c 13.5952 0.961277 9.2 0.913382 29.3 0.938662 45.2 0.00266785
50d-10c 10.0238 0.997742 17.7 0.545384 36 0.51651 29.4 0.00127714
100d-10c 10.0286 0.99976 18.9 0.537827 30.5 0.582144 23.3 0.00128917
2d-20c 20.081 0.938703 40.5 0.860318 26.1 0.936857 40 0.822736
10d-20c 20.4905 0.996973 22 0.980184 20.2 0.997444 40.9 0.946316
50d-20c 21.8952 0.89365 35.2 0.578954 43.4 0.487253 41.6 0.00655653
100d-20c 20.9476 0.883184 36 0.588651 46.1 0.558948 38 0.0167002
2d-40c 42.4524 0.859737 45 0.619115 44.8 0.823132 47 0.532413
10d-40c 43.6333 0.987919 43.8 0.964179 42.3 0.995724 44.8 0.745406
50d-40c 46.8619 0.808289 47.7 0.497725 48.9 0.200675 41.6 0.00156619
100d-40c 47.5762 0.791701 48.3 0.508085 48.3 0.228758 48.1 0.00279215

Table 5: Number of clusters Æ and Adjusted Rand Index of the best local maxima, and number of local maxima Ñ¨ÒCÓ:Ô|Õ in a plot of
the attainment scores (MOCK only) or the Silhouette Width ( Æ -means, average link and single link). Values are averages as explained in
Table 4. The statistically best performer (determined in the same way as for Table 4) is highlighted in bold face. Here, the best performer
is always significantly better at beyond ËÍÌFÊ�Î Ê"Ê|È .

Problem MOCK Ð -means Average link Single linkÐ Rand Index Ö�× Ø5Ù
Ú Ð Rand Index Ö�× Ø5Ù�Ú Ð Rand Index Ö�× Ø5Ù
Ú Ð Rand Index Ö�× Ø3Ù
Ú
2d-4c 4.06667 0.959832 10.4 3.9 0.89943 1.9 5.2 0.928867 12.7 19.1 0.839177 16.6
10d-4c 4.17143 0.993823 10.3571 3.4 0.836517 1.7 8.2 0.977117 17.4 34.8 0.396114 16.1
50d-4c 4.02857 0.978285 5.59524 3.4 0.451401 2 19.7 0.64199 9 6.4 28.1 0.130981 9.2
100d-4c 4.53333 0.93326 5.66667 4.1 0.428195 1.9 16.5 0.578219 7.7 12.2 0.0120891 11.2
2d-10c 10.7714 0.913508 11.1429 11.6 0.780118 6.1 25.3 0.812206 13 37.8 0.634576 13.6
10d-10c 14.3381 0.954993 14.1143 8.5 0.886378 4.6 26.8 0.936017 16.8 43.7 0.00265018 22.2
50d-10c 11.3095 0.948293 6.98571 12 0.469559 5.1 36.9 0.51404 4 10 30.3 0.00124138 11.6
100d-10c 12.7095 0.903848 5.89048 9.5 0.378124 3.7 32.1 0.57415 10.3 24 0.00126184 11.2
2d-20c 20.581 0.913725 7.99048 35.9 0.84204 11 26.5 0.936314 15.4 40.5 0.821785 12.9
10d-20c 21.5667 0.98437 7.4381 19.9 0.945903 10.6 20.2 0.997444 16 41.5 0.945852 13.2
50d-20c 22.0286 0.873543 8.78095 26.6 0.474142 10.2 44.9 0.483533 6.6 45.4 0.00653575 12.3
100d-20c 21.6857 0.857716 8.7 26.9 0.494554 9.6 46.4 0.55545 6.5 38 0.01669 10.6
2d-40c 42.6476 0.847592 11.1952 41.8 0.609605 10.7 45.7 0.82095 6.8 47.1 0.532114 4.5
10d-40c 44.2333 0.979675 7.74286 39.7 0.954063 16.8 42.6 0.99552 6.4 45.2 0.745359 6.3
50d-40c 48.181 0.790105 11.5905 45.4 0.455038 15.4 49.6 0.199993 4 45.1 0.00155807 14.5
100d-40c 47.8952 0.770879 11.3905 43.2 0.421961 14.3 48.8 0.225682 4.8 48.4 0.00277296 14.4

Table 6: Size of the problem Û , and the corresponding runtimes (in seconds) for MOCK, Æ -means, average link and single link
(averages over all intances/runs). The time complexity of both MOCK and Æ -means increases linearly with the size of the data set
and the dimensionality. The runtime of agglomerative clustering is independent of dimensionality (due to the use of a pre-computed
dissimilarity matrix), but quadratic in the size of the data set. All timings are for obtaining the set of solutions Æ`Ü»ÝVÈ"Þ
Ï�Ê�ß . (For
agglomerative clustering and MOCK these were determined in just one run, whereas Æ -means had to be re-run for each Æ .)

Problem à MOCK á -means Average link Single link
2d-4c 1253.5 53.4 63.8 14 13.2
10d-4c 1108.3 67.4 55.5 9.5 9.2
50d-4c 1045.2 112.2 74.7 9.6 9.2
100d-4c 1117.5 191.6 111.8 10.8 10.5
2d-10c 3120.2 162.5 425.5 144.2 144.4
10d-10c 2955.9 241.2 416.6 136.6 136.1
50d-10c 2796.4 402.5 440.1 120.4 120.2
100d-10c 2773.9 668.6 530.1 116.9 114.5
2d-20c 1235.7 50.1 55.4 11.5 11.7
10d-20c 1171.9 71 59.2 10.5 10.7
50d-20c 1171.1 132.1 85.7 10.7 10.1
100d-20c 1124.9 208.3 109.9 9.8 9.2
2d-40c 2268.1 104.4 203.9 60.9 59.5
10d-40c 2355.5 154.4 250.3 73.6 72.8
50d-40c 2159.7 273.9 264 56.9 56.2
100d-40c 2106.2 451.8 316 53.2 52.8



of these local maxima would be considered as ‘interesting’
and may be subjected to further investigation. For our evalu-
ation purposes, we therefore select this reduced set of local
maxima. The number of local maxima, and the Adjusted
Rand Index of the best of the selected solutions is given in
Table 4.

The results show a satisfactory performance of MOCK’s
method of solutions selection. It reliably manages to main-
tain high quality solutions, while reducing the set of con-
sidered solutions to a very manageable number (often less
than 10 and always less than 15, here). The Silhouette
Width also shows a remarkable performance at maintain-
ing the quality of

�
-means’ and average-link’s solutions.

It should be noted, however, that the use of the Silhouette
Width as a selection criterion for MOCK is inappropriate:
like

�
-means and average link, the Silhouette Width is bi-

ased towards compact, spherically-shaped clusters and leads
to poor results when applied to MOCK’s solutions (results
not shown).

6 Conclusion

Our principal goal in this work has been the extension of
multiobjective clustering to the application to large and
complex data sets. In order to achieve this goal, three mod-
ifications to our algorithm MOCK have been introduced,
which significantly improve the convergence speed of the
algorithm and permit a substantial reduction in the number
of total evaluations required.

We also conducted the first evaluation of multiobjective
clustering on large high-dimensional data sets with up to
5000 data items, 100 dimensions and 40 clusters. Due to
the lack of publicly available and sufficiently complex clus-
tering test suites, two new data generators have been devel-
oped for this purpose. The results obtained clearly demon-
strate that the advantages of multiobjective clustering carry
over to complex data-mining scenarios.

MOCK currently features a simple visual interface per-
mitting the interactive exploration of the Pareto front and
the solutions discovered. The development of more power-
ful and scalable visualization approaches is under way. The
software for MOCK is available from the first author, on
request.
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