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A Change-of-Variable Formula
with Local Time on Curves

GORAN PESKIR*

Let X = (X;);>0 be a continuous semimartingale and let b: R, — IR bea
continuous function of bounded variation. Setting C = {({,z) € Ry xR | x <
b(t)} and D ={(t,z) € Ry xIR |z > b(t)} suppose that a continuous function

F:IRyxIR— IR isgivensuch that F is C'? on C and F is C'? on D.
Then the following change-of-variable formula holds:

F(t,X,) = F(0,X,) + /Ot %(Ft(s,Xs—i—)—i—Ft(s,Xs—)) ds

+ (FI(S,X5+)+FI(S,XS—)) e

[ Fuas X I(X. #0(s)) d(X. X).

/Ot (Fx(s,Xs—l—)—Fx(s,Xs—))I(Xs =b(s)) det(X)

ﬁ
N =

+

+

NSRRI NG

where (%(X) is the local time of X at the curve b given by:

(X)) = P—lsi%l %/0 I(b(r)—e < X, <b(r)+e) d{X,X),

and df®(X) refers to the integration with respect to s — (%(X) . A version of
the same formula derived for an It6 diffusion X under weaker conditions on F
has found applications in free-boundary problems of optimal stopping.

1. Introduction

1. Let X = (X;);>0 be a continuous semimartingale (see e.g. [6]) and let b: IRy — IR be
a continuous function of bounded variation. Setting:

(1.1) C={(t,x) e Ry xR |z <bt)}

(1.2) D={(t,x) e R xR | x> 0b)}

suppose that a continuous function F': IR, x IR — IR is given such that:
(1.3) F is ¢'? on C

(1.4) F is C'? on

]

More explicitly, it means that F restricted to C coincides with a function F; which is C'?
on IRyxIR,and F restricted to D coincides with a function F» whichis C'? on RyxIR .
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[We recall that a continuous function G : Ry xIR — IR is C'? on IR, x IR if the partial
derivatives G; , G, and (G, exist and are continuous as functions from Ry xR to IR .]
Moreover, since F' 1is continuous, the two functions Fj; and F5 must coincide on the curve
{(t,b(t)) | t € R+} , or in other words:

(L.5) Fi(t,0(t)) = F(1,0(t)) = Fa(t,b(1))

for all t € Ry .

Then the natural desire arising in some free-boundary problems of optimal stopping (see [4]-
[5]) is to apply a change-of-variable formula to the process F(¢,X;) so to account for possible
jumps of F.(s,x) at x = b(s) being measured by:

(1.6) (X)) = P—lim i/ H(b(r)—= < X, < b(r)+2) d(X, X),
£l0 22 Jy

which represents the local time of X at the curve b for s € [0,¢] . The limit in (1.6) denotes

a limit in probability (stronger convergence relations may also hold).

The best known example of such a formula is the Tanaka formula (see e.g. [6] p. 222) where
F(t,z) =% and b(t) =0 forall ¢t € IR, . Further special cases are derived in [2] (Section 5)
when X is a Brownian motion, F(¢,x) = (x—0b(t))* ,and b: IR, — IR is a continuous function.
We refer to the recent paper [1] for more definite results in the case of Brownian motion and for
further references on this topic. Motivated by applications in free-boundary problems mentioned
above, the main purpose of the present paper is to consider a more general case of the function F'
and the process X using also a somewhat different method of proof.

2. Before we state the change-of-variable formula in Section 2 below, let us for further reference
list the following consequences of the conditions (1.1)-(1.4) stated above:

(1.7) x +— F(t,z) is continuous at b(¢)
(1.8) limits F,(t,b(t)£) existin IR
(1.9 t — F.(t,b(t)+) are continuous
(1.10) limits F,,(t,b(t)+) existin IR
(1.11) t — F,.(t,b(t)£) are continuous.

It may appear evident that some of these conditions (and thus (1.3) and (1.4) above as well) may
be relaxed. Some of these further extensions will be discussed in Section 3 below.
Yet another consequence of (1.3) and (1.4) that may be useful to note is the following:

(1.12) t F(t,b(t)) is C' when b is C'.

It follows by recalling (1.5) above from where we also see that:

d
(1.13) =(F@b) = RO + Fo (b)) (1)
where the two signs £ are simultaneously equal to either + or — respectively.



2. The first result and proof
The first result of the present paper may now be stated as follows.

Theorem 2.1

Let X = (Xy)i>0 be a continuous semimartingale, let b: IRy — IR be a continuous function
of bounded variation, and let F' : IRy xIR — IR be a continuous function satisfying (1.3) and (1.4)
above. Then the following change-of-variable formula holds:

t
2.1 F(t, Xy) = F(0, Xy) + / %(Ft(s,Xs—i—)—i—Ft(s,Xs—)) ds
0

t
1
+/ —(Fm(s,Xs+)+Fx(s,XS—)> dX,
) 2

1

+ 5/0 Fral(s, Xs) I(Xs #b(s)) d{X, X),

! /0 (Falo, Xob)— (s, Xom) T(X,=b(s)) di2()

where (°(X) is the local time of X at the curve b given by (1.6) above, and d(®(X) refers to
the integration with respect to the continuous increasing function s — EZ(X ).

Proof. To prove the theorem we shall combine two approximation methods each of which will
improve upon weak points of the other. Consequently, the proof can be shortened but we present
the longer version for comparison of the methods. Another proof will be given in Section 3 below.

Part I: 1. The first approximation method may be termed simple (linear or quadratic). With
t > 0 given and fixed, we shall “smooth out” a possible discontinuity of the map x — Fy(t,x)
at b(t) by a linear approximation as follows:

(2.2) Fl(t,x) = Fu(t,x) if x & |b(t)—en, b(t)+en]
= linear if x € [b(t)—en,b(t)+en)
for (t,2) € Rx+xIR and n >1 where ¢, | 0 as n — oo . We thus have:

@3 Bty = MO BIOZE) (o) 2)) 4 R b -2)

for x € [b(t)—ep,b(t)+c,] and ¢ € Ry .
Define the map F" : IRy x IR — IR using (2.2) and (2.3) as follows (other definitions are
also possible and will lead to the same quantitative result):

x

Q4 P = Febo-s)+ [ ) dy
b(t)—en

Fo(t, b(t)4en)—Fp(t,b(t)—cn) (z—(b(t)—ep))?
2e,, 2
+ Fo(t, 0(t) —epn) (x—(b(t) —cn))

= F(t,b(t)—e,) +



for z € [b(t)—ep, b(t)+2,] and set:
2.5) F'(t,z) = F(t, ) if x < b(t)—en
= F(t,x)—Dot) if z > b(t)+ey,
where Dy (t) = F(t,b(t)+c)— F™(1,b(t)+,) so that using (2.4) we find:
2.6) Da(t) = F(t,b(t)+2,) — F(t,b(t)—ep) — en<Fx(t, b(t)+2)+ Filt, b(t)—en)>

for t € IRy . [It may be noted that the approximating map = +— F™(t,x) is quadratic on
[b(t) —en,b(t) 425 , and thus as such has three degrees of freedom, while to match the map
x — F(t,z) together with its first derivative with respect to x at b(t)+e, introduces four
conditions. All of them thus cannot be met in general, and this is the reason that D, (t) in (2.5)
is not necessarily zero.]

2. Using (1.3) and (1.4) it follows that =+ F"(t,x) is C? but possibly at b(t)+s, where
it is at least C' . Since moreover x +— F(t,x) is clearly of bounded variation on each bounded
interval containing b(t)+e, (due to the fact that the four limits FJ, (¢, (b(t)£e,)+) existin IR
and define continuous functions of ¢ being therefore bounded on bounded intervals) it follows
that the 1td formula can be applied to F" (¢, X;) in the standard form (see e.g. [6] p. 147) as soon
as we have that ¢ — F"(t,r) is C' on IR, . [If the reader is not familiar with this fact, it
may be noted that a proof also follows from the convolution arguments given in Part II below (see
(2.53) and Remark 2.3).] From (2.4)-(2.6) we however see that ¢ — F"(t,x) will be cloif
additionally to x + F,(t,z) being C' at b(t)+e, , which we have since x +— F(t,2) is C?
on the open set C'U D , we should also have that s+ F,.(s,x) is C! at ¢t for x = b(t)+e,
and that b is C' on IR, . For these reasons we shall first prove the theorem i.e. establish (2.1)
when b is C' on IR, and the continuous function F : IR, x IR — IR satisfying (1.3) and
(1.4) is of the form F(t,z) = G(t) H(x) .

3.Let b be C! andlet F satisfying (1.3)-(1.5) be of the form F(t,z) = G(t) H(z) . Then
clearly s +— F,(s,2) = G(s)H'(z) is C' at t for x = b(t)4s, so that by the arguments
exposed above we can apply the It6 formula in its standard form to F™(t, X;) giving:

t t 1 t
2.7) F”(t,Xt):F”(O,XO)+/ Ft”(s,Xs)ds+/ Fg(s,xs)dxs+§/ F™ (s, X5) d{X, X),
0 0 0

for all ¢t € IR; and all » > 1. A natural step is then to pass to the limit in (2.7) for n — oo,
and for this we need a few preliminary remarks.

A standard localization argument based on using the exit times 7, =inf{s>0 : |X|>m}
and establishing (2.1) via (2.7) first for ¢ A 7, in place of ¢ and then letting m — oo in the
resulting formula shows that there is no restriction to assume in the sequel that |F|, |F|, |Fy|
and |F,.| are all uniformly bounded by a constant on C'U D (and thus on C'U D as well).
This fact then transfers further and enables us to make similar conclusions about the maps |F™|,
|F*| , |F?| and |F},| for n > 1. In other words, from definitions (2.2)-(2.6) we see that there
is no restriction to assume that these maps remain uniformly bounded on /R, x IR by a constant




not depending on n > 1 . This will be freely used in what follows.
4. From (2.6) we see that D, (t) — 0 so that by (2.4) and (2.5) we find that:
(2.8) F"'(t,z) — F(t,z)

as n — oo forall (t,x) € RyxIR .
Moreover, it is easily seen directly from (2.4) and (2.5) that:

(2.9) Fl(t,x) — Fy(t,x) if x # b(t)
. %(Fx(t, b))+ Faltb(1))) i o = b(1)

as n — oo forall (t,x) € RyxIR .
Finally, note firstly that from (2.6) using (1.13) we get:

(210) D;”L(t) = Ft(t’ b(t)+5n) + Fx(tv b(t)+5n) bl(t) - Ft(t’ b(t)_gn) - Fx(t’ b(t)_gn) bl(t)

d

—en (Fx(t, b(t)+en)+Fa(t,b(t) —sn)>
e Rt D)4 + Fa(t, b)) V() — Fy(tb(t)—) — Fu(t.b(t)—) V() = 0

as n — oo forall ¢ € IRy . Secondly, let us compute F;*(¢,x) for x = b(t) using (2.4). For

this, note that by differentiating in (2.4) we find:

Q.11)  Fl'(t,x) = F(t,b(t)—2n) + Fu(t,b(t) —e,) V(1)
(z—(b(t)—en))”

4e,

(x—(b(t) —=n))

2ep

+%(Fx<t, b(t)+en) = Fo(t,0(0) =)

+<Fx(t, b(t)+en) — Fu(t, b(1) —gn))

+%<Fx(t, b(t)—a?n)) (.T—(b(t)—gn)) + Fx(t’ b(t)—€n> (—b/(t)) .

(=b'(1))

Inserting & = b(t) hence we see that:
(2.12)  FP(t,b(t) = Fi(t,b(t)—en) + Fo(t, b(t)—e,) b (t) + O(en)
—% (Fx(t, b(t)+en)—Fy(t, b(t)—en)> V(t) + O(en) — Fu(t,b(t)—en) V(1)
Rt b)) — %(Fw(t, B(1)+) — (1. b(1)-) ) V(1)
— (4 b(t)—) — %(Ft(t, b(1) =)~ Fy(t,b(1)+))
= %(Ft(t,b(t)+)+Ft(t,b(t)—)>

as n — oo forall ¢t € IRy by means of (1.13). It thus follows from (2.5) using (2.10) and



(2.12) just established that:

(2.13) Fl'(t,z) — Fi(t,x) if = # b(t)
. %(Ft(t,b(t)+)+Ft(t,b(t)—)> it @ = b(t)

as n — oo forall (t,x) € RyxIR .

5. Recalling the localization argument above we know that there is no restriction to assume
that |F}"| is uniformly bounded by a constant not depending on n > 1, so that by (2.13) and
the dominated convergence theorem it follows that:

t t
(2.14) /Ft”(s,XS)dsa/ 1<Ft(s,X5+)+Ft(s,X5—)> ds
0 0 2

as n — o0 .
Similarly, we may assume that |F}'| is uniformly bounded, so that by (2.9) and the stochastic
dominated convergence theorem (see e.g. [6] p. 142) it follows that:

t t
1
(2.15) /Fg(s,Xs)dXse/ §<Fx(s,Xs+)+Fx(s,Xs—)> dX
0 0

in probability as n — oo .
Finally, using (2.2) and (2.3) we see that:

(2.16) /O F7 (s, X,) d(X, X), = /0 Fon(s, X0) I(Xo ¢ [b(5) — 2, b(s)+20]) d(X, X),s

+ % i (Fx(s, b(3)+5n)_Fx($,b(3)_5n)> I(b(s) =2, < Xs<b(s)+e,) d(X, X)q

upon recalling that fot I(Xs=0(s))d(X,X)s =0 for b of bounded variation (which we have
since b is C' by assumption) so that the value of F,.(s, -) at b(s) can be set arbitrarily.

Again, by the localization argument we may assume that |F,,| is uniformly bounded, so that
by the dominated convergence theorem it follows that:

2.17) /0 Fou(s, X0) I(Xs & [0(5) =, b(5) +2n]) d(X, X)s

R /0 Fuals, X3) T(X, # b(s)) d(X, X),
as n — oo .

6. Letting n — oo in (2.7) above, and using (2.8) with (2.14)-(2.17), we can conclude that:

(2.18)  lim L/O (Fx(s,b(s)+€n)—Fx(s,b(s)—€n)> I(b(s)—en<Xs<b(s)+e,) d(X, X)s

n—oo 2,

exists in IR as a limit in probability. In particular, if we choose X; = X; — ¢(t) to be the
semimartingale and set F(t,x) = 2t with b(¢t) = 0, we see that the local time ($(X) of X



at c, given by (1.6) above with ¢ instead of b , exists in IR as a limit in probability. The
proof in the case b is C!' and F satisfying (1.3)-(1.5) is of the form F(t,z) = G(t) H(z)
will therefore be completed as soon as we show that:

(2.19) P—lim — /O (Fx(s,b(s)+sn)—Fm(s,b(s)—sn)> I(b(s)—ep < Xy <b(s)42) d{X, X,

n—oo 2e,

- %/O A Fy(s, Xs) I(X,=b(s)) dl®%(X)

where we set Ay F,(s,b(s)) = Fy(s,0(s)+)—Fy(s,b(s)—) for s € [0,¢] .

7. To verify (2.19) we may add and subtract —F,(s,b(s)+) as well as F,(s,b(s)—) under
the first integral sign in (2.19). Using then that a continuous function on a compact set is uniformly
continuous, for given 6 >0 we can find ns > 1 such that |F,(s,b(s)4en) — Fu(s,b(s)+)] <6
for all s € [0,¢] and all n > ns . Hence it follows that:

(2.20) ‘% /0 (Fm(s,b(s)+5n)—Fm(s,b(s)+)> I(b(s) 0 < Xy <b(s)+en) d(X, X) s

<6 i/tf(b(s)—en<xs<b(s)+en) d(X, X), — 6 0(X)
0

2e,

in probability as n — oo . Letting ¢ | 0 we can conclude:

1t

@2 / (Fuls,bs)+20) = Fuls,b(s)+) ) T(b(s) 2 < Xy <b{s)+en) d{X, X), = 0
En 0

in probability as n — oo . Similarly, we find that:
1t

) / (Fe(s,b(5)) = Fals,b(s5) ) ) T(b(s) e < Xy <B(5)+20) A X, X)s — 0
En 0

in probability as n — oo . Using (2.21) and (2.22) in the right-hand side of (2.19) we see that:

(2.23) P— lim — /O <Fx(s,b(s)+sn)—Fm(s,b(s)—sn)> I(b(s)—2n < X5 <b(s)+en) d(X, X)s

n—oo 2&,

= IP— lim L/ (Fx(s,b(s)+)—Fx(s,b(s)—)) I(b(s)—en < Xs<b(s)+e,)d(X, X)s .
0

n—oo 2g,
Moreover, we know by (1.9) that:
(2.24) t — Fy(t,b(t)+)— Fy(t,b(t)—) is continuous
so in view of (2.23) to establish (2.19) it is enough to verify that:

(2.25) P—lgiﬁ)l %/0 g(s) I(b(s)—= < Xs <b(s)+e) d(X, X)s :/0 g(s) di®(X)

for a continuous function ¢ : [0,¢{] — IR .



For this, denote the left-hand side in (2.25) by L and note that:

(2.26) L=1IP- 151&)1 > Z/t 1 §)—e < Xg <b(s)+e) d(X, X)s
= IP- lgfggz_:g / (b(s)—e < Xy <b(s)+¢) d{X, X),
1m su b —
<Z(1 1 supg(s7)) (4.(%) -6, ()

<Zg (404 0) = [ ot atx)

for some s; and s} = limsup,|,s; from [ti—1,t;] where 0 =1tg <t <...<tp_1 <t,=t
so that maxi<;<,(t;—t;—1) — 0 as n — oo . In exactly the same way using a liminf instead of
the limsup one derives the reverse inequality, and this establishes (2.25) for continuous g .

Thus (2.19) holds too, and the proof of the theorem in the special case when b is C! and
F satisfying (1.3)-(1.5) is of the form F(t,x) = G(t) H(x) is complete.

8. One could now wish to argue that a simple density argument (such as that all polynomials
F(t,x) = > Pi(t) Qi(x) are dense in the class of functions F' satisfying (1.3)-(1.5) when
restricted to a compact set K C R4 x IR relative to the norm:

Q) Flk = swp (IF(0)]+ [Filto2)] + [Fultb)] + |Fanlt b))
(t,z)eK

upon recalling the localization argument above; or that C! functions b are dense in the class
of C° functions b relative to the supremum norm on a compact time interval) should be able
to complete the proof. However, since we are dealing with general continuous semimartingales
X it seems apparent that a conceptual difficulty in completing such a proof would lie in the
irregularity of the map « +— ¢f(X) which is generally known to be right-continuous only (see
e.g. [6], Chapter VI), or even completely discontinuous, if adopting our symmetric definition of
the local time (1.6). We thus proceed with Part II of the proof where these difficulties of Part I
will be avoided while the new difficulty appearing in the end of Part II can be resolved using the
partial result of Part I just established.

Part II: 1. The second method is based on the well-known convolution approximation. To
simplify the analysis of the mapping s +— F'(s,b(t)) around the point ¢, which can be complicated
if b oscillates heavily, let us first replace the function F' by the function G defined by:

(2.28) G(t,z) = F(t,x+0b(t))
for (t,z) € IRy xIR . Approximate then the new map G as follows:
1
Q) @) = [ (Glary/n) + Glta—y/n)2) dy
R

for (t,z) € RyxIR , where Q: IR — IR, is any given and fixed function satisfying the following



three conditions: (i) © is C°°; (ii)) Q has a compact support which we choose to be [0,1] ;
(i) [RQy)dy =1 . Such a function is easily specified explicitly.
Introduce the following functions:

(2.30) P"(t,x) = /]RG(t,x—l—y/n) Qy) dy

(2.31) N"™(t,x) = /]RG(t,x—y/n) Qy) dy

and let H'™ denote either P™ or N" . Then the following facts are valid:

(2.32) t — H"(t,x) is of bounded variation
(2.33) x — H"t,z) is C%

an
(2.34) t— —k(t,x) is continuous

ox

for every k € INU {0} and in particular for k& equal to 1 and 2 what we shall use.

To establish (2.32) one can use Itd’s formula (see e.g. [6] p. 147) with the C'1? function (¢, 2)
F(s,x+ty/n+2) and the semimartingale (t,b(t)), since F(t,x+y/n+z2)=Fi(t,cty/n+z2)
if t+y/mn<0 and F(t,xty/n+z2)=F(s,xty/n+z) if t+y/n>0 for z=>(t) in
both cases, where F; and F, are C? functions from (1.5). Integrating the resulting formula
with respect to (y) dy , and using the Fubini theorem, one obtains a representation for H"(t,x)
from which the claim follows readily.

To verify (2.33) and (2.34) we can introduce substitutions z = = + y/n in the two integrals
and then differentiate under the integral signs as many times as we please upon using the standard
argument to justify this operation (based on the dominated convergence theorem); the continuity of
the map in (2.34) follows then easily from the continuity of the map ¢ — G(¢,z) .

2. The property (2.34) embodies a clear advantage of the convolution approximation upon the
linear approximation from Part I, and we shall now exploit this fact. We will begin by analysing
the function P first; this will then be followed by a similar analysis of the function N™ .

Let Z = (Z;)i>0 be a continuous semimartingale. Using (2.32) with H"” = P™ and It0’s
formula for C? functions let us write:

m

(2.35) P"(t,Z1)—P™0,Zo) = > _ P™(t;. Zy,)— P"(ti—1, Zy,)
i=1
+ZPn(ti—17Zti)_P (tic1, Z1i ) Z/ P"(ds, Zy,)
i=1 t
m t; 1 t;
'y < [ Prenzyazo s [Ptz az Z>S>
i=1 ti1 2 ti1

where 0 =1y <t; <...t,—1 <ty =1 are given so that max j<j<m(ti—ti—1) — 0 as m — oo .
By (2.34) with £ =1 and the stochastic dominated convergence theorem as well as (2.34) with
k = 2 and the dominated convergence theorem, upon using the localization argument if needed,



we see that the final sum in (2.35) converges in probability as m — oo, and so does the first sum
too. Denoting the latter limit by fot P™(ds,Zs) (which clearly does not depend on any particular
choice of the points ¢; ) in this way we end up with the following version of the Itd formula:

t t 1 t
(2.36) P”(t,Zt):P”(O,ZO)+/ P”(ds,Zs)+/ Pg(s,zs)dzs+§/ P (s, Z5) d(Z, Z),
0 0 0

being valid for all n > 1 .

3. To compute the first integral in (2.36) we shall first note that the Itd formula gives:

(2.37) F(ti,z+0b(t;)) = F(ti—1, v +b(ti—1)) +/ti Fi(s,(x+b(s))x) ds

ti—1

+/i Fo(s, (x+b(s))E) db(s)

ti 1

forall x € IR and 7= 1,2,...,n . It follows in the same way as the proof of (2.32) sketched
above upon using that ' = F; on C and F = Fy on D where F; and F> are cL?
functions from (1.5).

Recalling the definition of the first integral in (2.36) we find using (2.30)+(2.28) and (2.37)
that the following line of identities is true:

m

t
(2.38) / P"(ds, Z,) = P—%@WZ (P”(ti,Zti)—P”(ti_l,Zti)>
=1

0

m—0o0

= P— lim Z/ G (ti, Zy.+y/n)— (i_l,Zti+y/n)>Q(y) dy

= IP— lim Z/ F(ti,Zti+y/n—i—b(t¢))—F(ti_1,Zti+y/n+b(ti_1))>9(y) dy

m—0o0

— P_%EHOOZ/ (/t s, (7, +y/n+b(s))+) ds
+ /tH Fo(s,(Zy.+y/n+b(s))+) db(S)) Qy) dy
— tFt(s, (Zs+y/n+b(s))+)ds + tFm(S,(Zs+y/n+b(8))+)db(8) Qy) dy
(1 / )

where the final identity follows from the fact that the maps z — Fy(s,(z+y/n+0b(s))+) and
2+ Fy(s, (z4+y/n+b(s))+) are right-continuous. Letting n — oo in (2.38) we finally get:
¢ ¢ ¢
(239)  lim [ P"™(ds,Zs) :/ Fi(s,(Zs+b(s))+) ds +/ Fi(s,(Zs+b(s))+) db(s) .
e Jo 0 0
4. Similar calculations can be performed with the map N . Instead of (2.35) we can write:

(2.40) N4 20 =N (0, Z0) = S (N7 (0 Z0) = N" (8. 24,
i=1
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+Z (Nn(tiaZti71)_Nn(ti—1aZti,1)> = Z < ) N™Mt;, Zs) dZ,
1=1 =1 71—
t;

]' " = ti "
+5 N (t;, Z) d(Z, Z)S> +;/t N™(ds

ti—1

Using the same arguments as above, this then leads to the following analogue of (2.36):

t t 1 t
@41) N'(t, Z) = N"(0, Zo) + / N"(ds, Z,) + / N2(s, Z,)dZ,+ / N2 (s, Z5) d(Z, Z),
0 0 0

as well as the following analogue of (2.38):

t m
(2.42) / N™ds,Z) = P— lim > N"(t;, Z;,_,)— N"(ti-1. Z,_,)

:/]R (/t Fi(s, (Zs—y/n+b(s))—)ds+/0t Fx(s,(Zs—y/n+b(s))—>db(s))%) dy

0

where this time for the final identity it is used that the maps z +— Fy(s,(z—y/n+b(s))—) and
2+ Fy(s,(z—y/n+0b(s))—) are left-continuous. Letting n — oo in (2.42) we finally get:

n

(2.43)  lim N"™(ds, Zs) :/0 Fi(s, (Zs+b(s))—)ds+/0 Fo(s,(Zs+b(s))—) db(s) .

n—oo 0

5. With the aim of letting n — oo 1in (2.36) and (2.41), let us first note that:

(2.44) P"(t,z) — G(t,x+) and N"(t,z) — G(t,x—)
(2.45) Pl(t,z) — Gy(t,x+) and N} (t,z) — G,(t,x—)
(2.46) Pl.(t,x) — Gup(t,z+) and N, (t,x) — Gup(t,z—)

as n — oo . It is important to note that the sequences in (2.44) and (2.45) are bounded by
a constant on any bounded subset of /Ry x IR so that the (stochastic) dominated convergence
theorem can be used in (2.36) and (2.41) upon applying the localization argument; this, however,
is not the case with the sequences in (2.46) due to the existence of jumps of G, at (¢,0) when
such ones exist for the map F,(¢,-) at b(¢) . More explicitly, substituting z = x+y/n in
(2.30) and (2.31) respectively, differentiating twice under the integral signs (which is justified by
the standard arguments recalled in the proof of (2.33) and (2.34) above), and using integration by
parts twice, we find that the following formulas are valid:

(2.47) P (t,2) = /R Gan(t,v+y/n) a+y/n + 0) Qy) dy

Q=) (G (1, 04) — Ga(1,0-))

(2.48) NI () = /]R Gan(t,2—y/m) Ilx—y/n # 0) Qy) dy

+ nQ(nx) <Gx(t7 0+) —Galt, 0_>>
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for all (¢,7) € IRy xIR and all n > 1, where clearly the final terms present the difficulty as they
are not uniformly bounded. From (2.47) and (2.48) we however see that:

(2.49) Pro(t,) Iz ¢ ]=1/n,0[) — Guu(t, a+)

(2.50) N2 (tx) I(x ¢]0,1/n]) — Guul(t,z—)

as n — oo , while clearly these sequences are bounded by a constant on any bounded subset

of IRy x IR , so that the same arguments can be used for them as for the sequences in (2.44)
and (2.45) above.

6. It follows from the preceding arguments that by letting n — oo in (2.36)+(2.41) and using
(2.39)+(2.43), (2.44)+(2.45), (2.49)+(2.50) together with the identity:

n—oo n—oo

(2.51) G(t,z) = lim G"(t,x) = lim 1<P”(t,x)+N”(t,x)>

we obtain the following formula:
t
1
2.52)  G(t,7,) = G(0, Zy) + / 5 (Fuls, (Zeb()4)+ Fils, (Zo+b(s))-) ) ds
0

+/0 = (R, (Zo+b(s) )+ Fals, (Ze40(3))-) ) ()

1

tq t
+ [ 3(Galos 20 +Guls.2m)) 2t 5 [ Gials 22) 12.£0) 402,2),

+ 5 P lim l/ot (nQ(—nZS)I(—l/n<ZS<O) +nQ(nZS)I(O<ZS<1/n)>

n—oo

(Gx(s, 0-+) — G (s, o-)) dZ,2),

where the value of G, (s, 7s) for Zs =0 does not matter since fg I(Z;=0)d(Z,7Z)s =0 by
the occupation times formula (see e.g. [6] p. 224).

Applying (2.52) to the semimartingale 7Z; = X; —b(¢) and noting that the db(s) integral
cancels out, we obtain the following formula:

t
(2.53)  F(t,X,) = F(O,Xo)+/ %(Ft(s,Xs+)+Ft(S,Xs—)) ds
0

t 1 1 t
+/0 §<Fx(s,XS+)+Fx(S,XS—)> dX, + 5/0 Fra(s, Xs) 1(Xs#0) d(X, X)s

+ % P—lim 3/0 ALFy (s, b(s)) <nQ(n(b(s)—XS))I(b(s)—l/n<XS<O)

+nQ(n(Xs—0b(s))) I(O<Xs<b(s)+1/n)>d<X,X>s
where we set Ay F,(s,b(s)) = Fy(s,b(s)+)—Fy(s,b(s)—) and use that (X —b, X —b) = (X, X)

since b 1is of bounded variation.
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7. Thus to complete the proof of (2.1) it is enough to establish the following limit representation:
1 t
(2.54) IP-lim 31n) / AL F,(s,b(s)) <Q(n(b(s) — X)) I(b(s)—1/n< Xs<0)
n—oo 0
+Qn(Xs—0(s))) I(0< X5 <b(s)—i—1/n)>d(X, X)s

_ /t AL Fy(s,b(s)) d®
0

which appears to be the analogue of (2.25) from Part I in the present case. An equivalent way of
looking at (2.54) is the following:

1

(2.55) 201 /)

(Q(n(b(s) — X)) I(b(s)—1/n < X5 <0)
+Q(n(Xs—0(s))) I(0< X5 < b(s)+1/n)> d(X, X)s = dﬁg
on [0,t] in probability as n — oo . In view of (2.25) we see that yet another equivalent way

of looking at either (2.54) or (2.55) is the following:

(2.56) 2<11W (Q(n(b(s) —Xs)) I(b(s)—1/n < X5 <0)
+ Q(n(Xs—b(s))) I(0< X < b(s)+1/n)> d{X, X)s
1
~2(1/n)

on [0,t] in probability as n — oo .

I(b(s)—1/n< X <b(s)+1/n) d{X,X)s = 0

8. It is at this point that Part I of the proof shows helpful. For this, firstly note that it is
enough to prove (2.54) when A, F,(s,b(s)) is replaced by h(s) where h:IR; — IR is any
C' function. This follows easily since C! functions s h(s) are dense (by the Weierstrass
theorem) in the class of continuous functions s — A, F,(s,b(s)) with respect to the supremum
norm on the compact set [0,¢] . Thus to establish (2.54) it is enough to prove that:

(2.57) P—nllrrgo 201/n)

/O h(s) (Q(n(b(s) — X)) I(b(s)—1/n < X, <0)

+Q(n(Xs—0b(s))) I(0< X5 < b(s)+1/n)> d{X, X)s

t
= / h(s) de®
0
for any C' function h : R, — IR . N
If such a function A is given, we can consider the function F': IR, x IR — IR given by:

(2.58) F(t,x) = h(t) |z|

for (t,z) € IRy x IR . This function is then of the type for which the formula (2.1) with 5(5) =0
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was proved in Part I above for any continuous semimartingale. Taking the semimartingale to be
Xy = X;—b(t) and noting that A, F,(s,b(s)) = Ay Fy(s,0) = 2h(s) , we see that (2.57) follows
by a direct comparison of (2.53) from Part II and (2.1) from Part I, both with F', X and b in
place of F', X and b, respectively. Thus (2.57) holds for all C'! functions and therefore for all
continuous functions % as well. Since s+— A, F,(s,b(s)) is continuous by (1.9), this establishes
(2.54). Finally, inserting (2.54) in (2.53) we obtain (2.1), and the proof is complete. O

We will conclude the present section with a few remarks which are aimed to clarify some of
the points related to the change-of-variable formula (2.1).

Remark 2.2
The following two simple examples may help to obtain a better feeling for the class of functions
F: Ry xR — IR to which the change-of-variable formula (2.1) is applicable.

1. Let Fi(t,x) = (t—1)? and Fy(t,x) = 2% for (t,x) € Ry xIR ,andlet C' = {(t,x) | r<
|t—1]} and D = {(t,2) |x>|t—1|}. Then F definedtobe F; on C and being equal F> on
D satisfies (1.3) and (1.4) so that the change-of-variable formula (2.1) can be applied. Note that
b(t) =|t—1] in this case, and that b is not differentiable at ¢=1 . This fact does not contradict
the implicit function theorem (see e.g. [3] p. 8) since (9/0t)(Fy—Fy)(t,z) = —2(t—1) =0
for (t,x) = (1,b(1)) = (1,0) . Using the same method one can similarly construct many other
functions F' to which the change-of-variable formula (2.1) is applicable.

2. Let F(t,z) = (x—b(¢t))* for (t,z) € Ry xR where b: IR. — IR is a continuous
function. If b is C' then F satisfies (1.3) and (1.4) with C' and D from (1.1) and (1.2),
and the change-of-variable formula (2.1) can be applied. If b is only of bounded variation, then
the change-of-variable formula (2.1) can still be applied, however, with the function F(t,z) =
instead of F' and the continuous semimartingale X; = X;—0b(¢) instead of X , as in this
case we see that (1.1)-(1.4) are satisfied with /' in place of F° and b = 0 in place of 0 .
Finally, if b 1is only continuous then the change-of-variable formula (2.1) cannot generally be
applied in its present form.

Remark 2.3
The change-of-variable formula (2.1) can obviously be extended to the case when instead of
one function b we are given finitely many functions 01,02,...,b, which do not intersect.

More precisely, let us assume that the following conditions are satisfied:

(2.59) b; : IR+ — IR is continuous and of bounded variation for 1 <¢<n
(2.60) F,:Ri.xR— R is C"? for 1<i<n+1
(2.61) F(t,z) = Fi(t,x) if = < bi(t)

= Fi(t,z) if bi_1(t) <z <bi(t) for 2<i<n

= Foqpi(t,x) if x> by(t)

where F': IRy xIR — IR is continuous. If X = (X;);>0 is a continuous semimartingale, then
the change-of-variable formula (2.1) extends as follows:
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t
(2.62) F(t, X;) = F(0, Xp) +/ %(Ft(S,XS—F)—i-Ft(S,XS—)) ds
0

t
1
+/ —(Fx(s,Xs+)+Fm(s,Xs—)) dX,
) 2
1

n 5/ Fua(s, Xo) T(Xo @ {b1(5), ..., ba(s)}) d(X, X),
L Z/ (5, Xot) = Fals, Xo=) ) T(X, =bi(s)) dl¥ (X)

where (%(X) is the local time of X at the curve b; given by (1.6) above, and d(%(X) refers
to the integration with respect to s — (%(X) for i=1,...,n .

Remark 2.4

It should be noted that an effort is made in the proof above (recall (2.28) and (2.29) in Part
IT) to establish the change-of-variable formula (2.1) with the one-dimensional limits F;(s, Xs+)
and F,(s, X;+) instead of the two-dimensional limits Fj(s+, Xs+) and F,(st, Xs+) in the
first and second integral, respectively. The latter two limits may require a more complex analysis
which in turn may lead to more restrictive conditions on the function F' if the curve b oscillates
heavily. This is not the case with the former two limits which also more naturally reflect that fact
that b is a function of ¢ so that each line parallel to the z-axis intersects b at most once.

Note, however, if the following conditions are satisfied:

(2.63) /Ot (Ft(s, Xo+)+ Fi(s, XS—)>I(XS —b(s)) ds = 0

(2.64) /Ot (Fx(s, Xyt + s, Xs—)>I(XS — b(s)) dX, = 0

then the first two integrals in (2.1) can be simplified to read as follows:

(2.65) F(t, X)) = F(O,X0)+/O Fi(s, Xo) I(Xs#b(s)) d3+/0 Fo(s, Xs) T(X,#£b(s)) dX,

1

v g /O Fra(s, X) T(X, #b(s)) d(X, X),

+1 /0 (Falo Xeb) = Fa(s, X0 T(X, =b(s)) diS(X)

whenever the other conditions of Theorem 2.1 are fulfilled. [The same fact extends to the formula
(2.62) above and the formula (2.70) below.]
Note that (2.63) is satisfied as soon as we know that:

(2.66) P(X;=0b(s)) =0 for se (0,4 .
Moreover, if X = M+ A is the decomposition of X into a local martingale M and a

bounded-variation process A (both being continuous and adapted to the same filtration) then
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fo (s, X + +Fo(s, Xs—)) [(Xs=0(s)) dX5 = fo (s, Xst+)+Fu(s, Xs—)) I[(Xs=0b(s)) dAs
since fo (s, Xs+)+ Fu(s, Xs—)) [(Xs5 = b(s)) dM = 0 by the extended occupation times
formula (see e.g. [6] p. 232) using also that (M, M) = (X, X) = (X —b, X —0b) where X —b
is a continuous semimartingale. We thus see that (2.64) is equivalent to:

2.67) /Ot (Fx(s,Xs+)+Fx(s,Xs—)>I(XS —b(s)) dA; = 0 .

For example, if X solves dX; = u(t, X;)dt +o(t,X;)dB; where B is a standard Brownian
motion, then A; = fot p(s, Xs)ds and (2.67) holds whenever (2.66) holds. Thus, in this case
we see that (2.60) is sufficient for both (2.63) and (2.64), and consequently (2.1) takes the simpler
form (2.65).

Remark 2.5

The change-of-variable formula (2.1) in Theorem 2.1 is expressed in terms of the symmetric
local time (1.6). The Part II of the proof clearly shows that we could work equally well with the
one-sided local times defined by:

(2.68) H(X) = P—lim é Sl(b(r) < X, <b(r)+e)d(X, X),
€ 0

(2.69) (X)) = P—lim % ) I(b(r)—e < X, <b(r)) d(X, X),
€ 0

where only (2.2)+(2.3) in Part I of the proof should be accordingly modified. Then under the same
conditions as in Theorem 2.1 we find that the following analogues of (2.1) are valid:

t t
(2.70) F(t,Xy) = F(O,X0)+/ Ft(s,XSqE)ds+/ Fo(s, X,F) dX,
0 0

N % /O Fra(s, X) T(X, #b(s)) d(X, X),

+ %/0 (Fx(S,Xs+)_F:E(S,XS—)> I(X,=0b(s)) dO"*(X) .

It is well-known that a main advantage of the one-sided local time (2.68) upon the symmetric local
time (1.6) is that the former generally admits a right-continuous modification in the space variable
(see e.g. [6] pp. 225 and 234). In particular, if X —b 1is a continuous local martingale, then the
three definitions (1.6), (2.68) and (2.69) coincide.

Remark 2.6

A key point in the proof above was reached through the definition (2.58) which enabled us to
connect Part II with Part I of the proof and in this way establish (2.54). When considering (2.54)
on its own, however, it is tempting to make use of the extended occupation times formula (see e.g.
[6] p. 232) and then integrate by parts in order to make use of the fact that P and N converge
weakly as n — oo . Although leading to the same formula (2.1), it seems that this approach may
have a drawback of requiring stronger conditions to be imposed on X than those used in Theorem
2.1 above, the aim of which would be to recover the continuity of the map =+ ¢7(X) in order
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to exploit the weak convergence mentioned. While this may well be working for a special class
of continuous semimartingales (such as diffusions driven by Brownian motion via SDE’s) it may
be difficult to extend this approach to the case of general continuous semimartingales treated in
Theorem 2.1. It is exactly at this point where the real power of the argument above rests.

3. Another proof and extensions

The proof of Theorem 2.1 given above makes use of the Itd6 formula and derives the Tanaka
formula. If we make use of the Tanaka formula as well, then a simpler proof can be given as
follows. The idea to use (3.1)-(3.4) below is due to Thomas Kurtz.

1.Set 7! = X; Ab(t) and 7} = X,V b(t) and note by (1.5) that:
3.1) F(t,Xy) = FU(t, Z}) + F2(t, Z}) = F(t,b(t))

where for the notational convenience we set F' = Fy and F? = F, . The processes (Z})i>0
and (Zf)tzo are continuous semimartingales admitting the following representations:

1

(32) Zi = 5 (Xa+0(t) = X =b(1)])
1
(3.3) 7z} = 5 (Xe+0b(t) + | X:—b(1)]) .

Recalling the Tanaka formula:

(3.4 | X, —b(t)] = |Xo—0(0)] —1—/0 sign(Xs—b(s)) d(Xs—b(s)) + 2(X)

where sign(0) = 0, we find that:

(3.5) 47! = % (AXe+b(1)) — sign(Xe—b(1)) d(X,—b(1)) — de}(Y))
_ % ({1~ sign(X, —b(1)) dX; + (1 + sign(X,—b(t)) db(t) — dL4(X))
(3.6) Az} = % (d(Xt+b(t)) + sign(X; — (1)) d(X; —b(t)) + deb(X )
1

=3 ((1 + sign(X;—b(t)) dX; + (1 — sign(X;—b(t)) db(t) + dﬁi’(X)) .

Hence we also see that:

TG =0(1)) dOX, XY = T(X < (1) d{X, X)g

3.7) A7, 7Yy, = (I(Xt<b(t)) +
(3.8) (2%, 7% = (I(Xt > b(1)) + %I(Xt:b(t))> d(X, Xy = I(X; > b(t) d(X, X )y

where the second identity in (3.7) and (3.8) follows by the occupation times formula.
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2. Applying the Ito formula to F'(t,Z}) and using (3.5)+(3.7) we get:

t
3.9  FY,z}) = Fl(o,zg)+/ EMs, Z1y ds
0

t t
1
Fy(s, Zsl)dZsl+§/ Fy (s, Z5)d(Z", Z")
0 0

t 1/t
O,Z&) /Ft (s, Z§>d$+§/0 (1—sign(XS—b(s))>Fxl(s,Zg)dXS

/ot ( + sign(X b(S))>Fxl(3, ZH db(s) — %/t Fy(s, Z3) diy(X)

0

— Fl

~

+

N | —

t

+ I(X, <b(s)) Fl(s,Z)) d(X, X),

S~

N | —

Applying the Ito formula to F2(t, Z!) and using (3.6)+(3.8) we get:
t

(3.10)  F*(t,7%) = F*(0,73) +/ F2(s,72)ds
0

t t
1
+ / Fp(s, Z5) dZ5 + 5 / Fro(s, 2) d(2%, 2%),
0

0

t 1 t
:F2(0,23)+/ th(s,Zf)ds+§/ (1+sign(XS—b(s)))Fg(s,Zf)dXS
0 0

+%/O (1—sign(Xs—b(s))>F§(s,Zg)db(s)—|—%/ F2(s, 22y db(X)

0

4 % /Ot I(Xs>b(s)) ng(sv Zs?) d{X, X)s

3. With the aim of inserting (3.9) and (3.10) in the right-hand side of (3.1) we will proceed
by grouping the corresponding terms.
Firstly, note that:

(3.11) FY0, 28 + F2(0,2%) = F1(0, Xo A b(0)) + F2(0, Xg V b(0))
= F(0, Xg) + F(0,b(0))

upon using (1.5) with ¢ = 0 .
Secondly, note that:

t t
(3.12) / Fl(s, Zh) ds+/ F2(s, 7% ds—/ (Ftl(s,Xs)+Ft2(s,b(s))>I(Xs<b(s))ds
0 0 0

t
—+

TN

F} (5,0(5)) + F2(5,b(5)) ) (X =b(s)) ds

¥ (F} )+ F2(s, X, ))I(XS >b(s)) ds

S— S—
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- /Ot <Ft(s,XS)I(Xs<b(5>> +

= /t %(Ft(s,Xs+) + Ft(s,Xs—)> ds
0
+/O <Ft(s,b(s)+) [(Xs < b(s)) + %(Ft(s,b(s)—) +Ft(s,b(s)+)> 1(Xs=b(s))
+ Fi(s,b(s)—) I(Xs > b(s))> ds

upon using in the final identity that F is C'? on C and D .
Thirdly, note that:

19§ [ (1= s Xeen) Fhs 2D ax,+ 5 [ (14 (0060 205, )X,
= [ (300~ sionxe-non) R, X

1+ sign(X, —b(s))) F2(s, b(s))) [(X, < b(s)) dX,s

1 — sign(X, —b(s)) ) F (s, b(s)

+ %(1 + sign(X,—b(s)) ) F2(s, b(s))> [(X, =b(s)) dX.

_|_

S~

(5(1 = sisnCx.—0(s)) FlGe.06s)
+ (1 + sign(XS—b(s))> F2(s, XS)> I(X, > b(s)) dXs
:/Ot F;(S,XS)J(XS<5(3))dXS+/Ot%(F;(s,b(s))+F§(s,b(s)))f(xs — b(s)) dX,

+/Ot F2(s, X3) I(X, > b(s)) dX, = /Ot %(Fx(s,Xs%—) +Fx(s,Xs—)> dX,

upon using in the final identity that F = F!' on C and F =F? on D .
Fourthly, note that:

(3.14) %/Ot (1+sign(Xs—b(s)))F;(s,Z;)db(s)+%/Ot (1—sign(Xs—b(s)))Fg(s,Zf)db(s)
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Il
::N“
TN
N | —
N

1+ sign(X, — b(s)) ) F} (s, X,)
+ %(1 — sign(X,~b(s)) ) F2(s. b(s))> (X, <b(s)) db(s)

# [ (30104 sinxe—von) FE s

+ %(1 — sign(X,—b(s))) F2(. b(s))) T(X, = b(s)) db(s)
# [ (30104 sinxe—vn) FE .60

(1= sign(X,—b(s)) ) F2(s, XS)>I(XS > b(s)) db(s)
= [ (P20 100 <00+ (2 069) + 20506 10K =006)

+ Fl(s,b(s)) (X, > b(s))> db(s)
= [ (Pt o4 T <06 + (Pl 61+ Fulo )40 TOX=006)

+EL( 08 10X, > 0(s) ) dbs)

upon using in the final identity that ' = F! on C and F = F? on D .

4. Inserting (3.9) and (3.10) in the right-hand side of (3.1) and using (3.11)-(3.14) we see that
the change-of-variable formula (2.1) will be obtained if we can verify the following identity:

(3.15)  F(t,b(t)) = F(0,0(0))
v (P b T <0050) + 5 (R bs) + b)) 1K =005)
- Fy(s,b(s)=) I(X, > b(s))> s
+ /Ot <Fx(s, b(s)+) I(Xs <b(s)) + %(Fx(s b(s)+) + Fals, b(s)—))I(XS:b(s))
L5, 08) ) 10X, > 1) ) dbs)
To prove (3.15) formally first note that by (1.5) we have:
(3.16)  F(Lb(1)) — F(0,b(0)) = /0 R (s b(s)4) ds + /0 " Fo (s b)) db(s)

— / Fi(s,b(s)=)ds + / Fy(s,b(s)—) db(s)
0 0
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for all ¢+ > 0 . In particular, taking first A = (t;,t9] for 0 <t} <ty <¢ with ¢ >0 fixed, and
then using the standard uniqueness argument for finite measures, we see that the second identity
in (3.16) extends as follows:

(3.17) /0 Fi(s,b(s)+)1a(s)ds + /0 Fo(s,0(s)+) 14(s) db(s)

= [ Bls b)) 1ads [ Falsbs)=) La(o) bt
0 0

for every Borel subset A of [0,%] . Letting A in (3.17) first to be {0 < s <t | X;<b(s)}
and then {0 < s <t| Xs=0b(s)}, we see that the identity (3.15) reduces to equality between the
first and the third term in (3.16). This shows that (3.15) is valid and thus (2.1) is satisfied as well.

5. The preceding proof can be conveniently extended to derive a version of the change-of-
variable formula (2.1) that goes beyond the conditions (1.3) and (1.4). Motivated by applications
in free-boundary problems of optimal stopping (cf. [4]-[5]) we will now present such an extension
of (2.1) where (1.3) and (1.4) are replaced by the conditions:

(3.18) Fis ¢% on C
(3.19) F is C“ on D
and X = (X;)¢>0 is a diffusion process solving:
(320) dXt = /L(t, Xt) dt + O'(t, Xt) dBt

in Itd’s sense. The latter more precisely means that X satisfies:

¢ ¢
(3.21) Xy = Xo+ / p(s, Xg) ds + / o(s, Xs) dBs
0 0

forall ¢ >0 where p and o are locally bounded (continuous) functions for which the integrals
in (3.21) are well-defined (the second being 1t6’s) so that X itself is a continuous semimartingale
(the process B = (B;);>0 is a standard Brownian motion). To ensure that X is non-degenerate
we will assume that o > 0 . This fact, in particular, implies that (2.66) holds for all ¢ > 0 so
that (2.1) takes the simpler form (2.65) whenever (1.3) and (1.4) are satisfied.

It turns out, however, that the conditions (1.3) and (1.4) are not always readily verified. The
main example we have in mind (arising from the free-boundary problems mentioned above) is:

(3.22) F(t,x) = B, (G(t—I—TD,XH_TD))
where X; = x under P, , an admissible function G is given and fixed, and:
(3.23) p =inf{s>0| (t+s,Xi4s) €D} .

Then one directly obtains the ’interior condition” (3.18) by standard means while the ’closure
condition’ (1.3) is harder to verify at b since (unless we know a priori that b is Lipschitz
continuous or even differentiable) both F; and F,, may in principle diverge when b is
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approached from the interior of C .

The following theorem is designed precisely to handle such cases (without entering into more
involved arguments on Lipschitz continuity or differentiability of b which is not given explicitly)
provided that one has some basic control over [} at b . [In free-boundary problems mentioned
above such a control is provided by the principle of smooth fit which often follows knowing only
that b is increasing or decreasing for instance.] It turns out that in the latter case even if F; is
formally to diverge when the boundary b is approached from the interior of C' , this deficiency
is counterbalanced by a similar behaviour of F,, through the infinitesimal generator of X , and
consequently the first integral in (3.29) below is still well-defined and finite. For specific applications
of the theorem below see [4] and [5] (as well as a number of subsequent papers on the topic).

6. Given a subset A of /RyxIR and a function f: A — IR we say that f is locally bounded
on A (in IRy xIR) if foreach a in A there is an open set UU in IR, xIR containing a such
that f restricted to ANU is bounded. Note that f is locally bounded on A if and only if for
each compact set K in IR xIR the restriction of f to ANK # ) is bounded. Given a function
g :[0,t] = IR of bounded variation we let V' (g)(t) denote the total variation of ¢ on [0,¢] .

To grasp the meaning of the condition (3.26) below in the case of F' from (3.22) above, letting
Lx =3/0t + 1ud/dx + (¢%/2) 9*/0x* denote the infinitesimal generator of X , note that:

(3.24) LxF =0 in C
(3.25) ILxF =LxG in D.

This shows that ILx F' is locally bounded on C'U D as soon as ILyG is soon D . The latter
condition (in free-boundary problems) is easily verified since G is given explicitly.

The second result of the present paper may now be stated as follows (see also Remark 3.2
below for further sufficient conditions).

Theorem 3.1

Let X = (Xy)i>0 be a diffusion process solving (3.20) in Ité’s sense, let b : IRy — IR be
a continuous function of bounded variation, and let F' : IR, X IR — IR be a continuous function
satisfying (3.18) and (3.19) above.

If the following conditions are satisfied:

(3.26) F+ukF, + (02/2)Fm is locally bounded on C U D
(3.27) Fo(-,b(-)%e) — Fu(-,b(-)x) uniformly on [0,t] as |0
(3.28) sup V(F(-,b(-)xe))(t) < oo for some 6 > 0

0<e<é

then the following change-of-variable formula holds:
t

(329)  F(t.X) = F(0,Xo) + / (Fy + 1Fs + (0%2) Fa ) (5, Xo) 1(X, £b(5)) ds
0

+/ (0F;) (s, Xs) I(X5 #£b(s)) dBs
0
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. /0 (Falo Xob)— (s Xom)) 1K =b(s)) ()

where (°(X) is the local time of X at the curve b given by (1.6) above, and d(%(X) refers to
the integration with respect to the continuous increasing function s — EZ(X ).

Before we pass to the proof of (3.29) we will state a number of sufficient conditions which
either imply (3.26)-(3.28) or can be used instead. It will be assumed in the following remark that
I satisfies (3.18) and (3.19) above. Fuller arguments for the statements appearing in the remark
will be given in the proof below.

Remark 3.2
1. Note that (1.3) and (1.4) imply (3.26)-(3.28) so that (3.29) is a version of (2.1) obtained
under weaker conditions. Note also that the following condition:

(3.30) F, is continuous on C and D

implies (3.27). Finally, if either of the following two sets of conditions is satisfied:

(3.31) s — F(s,x) is decreasing on [0,#] for each = € IR ; x — F(s,x) is decreasing
(increasing) on IR for each s € [0,%] ; s — b(s) is increasing (decreasing) on [0, ]

(332) s+ F(s,x) is increasing on [0,¢f] for each x € IR ; x — F(s,x) is increasing
(decreasing) on IR for each s € [0,¢] ; s — b(s) is increasing (decreasing) on [0, 7]

then (3.28) holds as well.
2. If (3.27) holds, then the following condition:

(3.33) s+ Fi(s,b(s)*e) does not change its sign on [0,¢] for ¢ | 0

implies (3.28). Moreover, if both (3.26) and (3.27) hold, then the following condition:
(3.34) s+ F,.(s,b(s)te) does not change its sign on [0,¢] for = | 0

implies (3.28) as well. In particular, if (3.26) and the following two conditions hold:

(335) x — F(s,x) is convex or concave on [b(s)—06,b(s)] and convex or concave on
[b(s),b(s)+06] for each s € [0,t] with some 6 > 0

(3.36) s+ Fy(s,b(s)%) is continuous on [0,t| with values in IR

then both (3.27) and (3.28) hold. This shows that (3.35) and (3.36) imply (3.29) when (3.26) holds.
The condition (3.35) can further be relaxed to the form where:

(3.37) F,.,. =Gy +Gy on CUD

where (1 is non-negative (non-positive) and G is continuous on C and D . Thus, if (3.36)
and (3.37) hold, then both (3.27) and (3.28) hold implying also (3.29) when (3.26) holds.
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3. The condition (3.27) in the above theorem can be replaced by the following condition:

(3.38) sup V(F.(-,b(-)£e))(t) < oo for some & > 0 .
0<e<é

Thus, if (3.26) holds, then (3.28) and (3.38) imply (3.29). Note that ¢ in (3.38) is required to be
0 as well. [Although it appears to be of theoretical interest, when stated together and compared
with (3.28), the condition (3.38) is somewhat harder to verify generally.]

Proof. The proof is an extension of the arguments (3.1)-(3.17) above obtained by replacing b
by b—c and b+ ¢ and passing to the limit when = | O (possibly over a subsequence).

1. For this, set Z,° = X;A(b(t)—¢) and Z>° = X,V (b(t)+=) and write down the formulas
(3.9) and (3.10) with b — < and b+ < instead of b respectively. Grouping the corresponding
terms like in (3.11)-(3.14) we find that:

(3.39) F(t, Z°) + F(t, Z}7) = F(0, XoA(b(0) —2)) + F (0, XoV (b(0)+<))

+/O (Fy 4+ uFy + (0%/2)Fuy ) (5, Xs) T (X5 & [b(s) —2, b(s)+¢]) ds
+/O (0F:) (s, Xs) I(Xs ¢ [b(s)—¢,b(s)+e]) dBs

1 /! be __l ! s b—e
=Y R CUCESRTANeY 2/Om,b() ) dE(X)
+/O Fi(s,b(s)+e) I(Xs<b(s ds+/0 Fy(s e) I(Xs<b(s)+e) db(s)
+/O Fy(s,b(s)—e) I(Xs>b(s ds+/0 Fu(s e) I(Xs>b(s)—¢) db(s)

upon using that P(X;=b(s)+e) =0 for 0 < s

2. Suppose that we can prove that:

t

(3.40) % / Fu(s, b(s)+<) deH(X) — % / Fu(s, b(s)—e) dl®==(X)

0

R / (5. b(s déb(X)—%/O Fu(s, b(s)—) de®(X)

as well as that:
(3.41) /0 Fi(s,b(s)+¢e) I(Xs<b(s)+e) ds +/O Fo(s,b(s)4¢) I(Xs<b(s)+e) db(s)
+/ Fi(s,b(s)—¢) I(Xs>b(s)—¢) ds+/ Fo(s,b(s)—e) I(Xs>b(s)—¢) db(s)
0 0
— F(t,b(t)) — F(0,b(0))

both P-as. as ¢ | 0 (possibly over a subsequence). Then letting < | 0 in (3.39) and using
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the dominated convergence theorem (deterministic and stochastic) to establish a convergence in
P-probability of the first and second integral in (3.39), where (3.26) can be used for the former
and for the latter it may be noted that (3.27) implies that F, and thus oF, as well are both
locally bounded on C'U D , we see that the limiting identity obtained is exactly (3.29) above. The
proof therefore reduces to derive (3.40) and (3.41).

3. To derive (3.40) let us show that:
t t
(3.42) / Fou(s, b(s) & 2) dOP:(X) — / Fu(s, b(s)4) de*(X)
0 0

P-as. as €| 0 over a subsequence. For this, note that sup g<,<; |25 (X) — (%(X)| — 0 P-as.
as £ | 0 over a subsequence as shown in (3.59) below. Thus outside a P-null set d¢}* = d¢%(X)
on [0,¢] as e | 0 over a subsequence. From the weak convergence just established and the

uniform convergence assumed in (3.27) one easily finds that (3.42) holds as claimed.

4. To derive (3.41) first note that by adding and subtracting the same terms and using (3.45)
below we find that (3.41) is equivalent to:

(3.43) /0 Fi(s,b(s)+¢e) I(Xs>b(s)+¢) ds+/0 Fo(s,b(s)4¢e) I(Xs>b(s)4¢) db(s)

—i—/ Fi(s,b(s)—¢) I(Xs<b(s)—¢) d8+/ Fr(s,b(s)—e) I(Xs<b(s)—e) db(s)
0 0
— F(t,b(t)) — F(0,b(0))

P-as. as ¢ | 0 over a subsequence. Note that the relation (3.43) is obvious if X stays strictly
above or below b(s) forall 0 < s <t orif s+ X, crosses s b(s) finitely many times on
[0,¢] . To treat the case of a sample path of X we may invoke some results on weak convergence
of signed measures and proceed as follows.

Let 1. denote the Lebesgue-Stieltjes signed measure associated with s +— F(s,b(s)+=) on
[0,¢] , and let p denote the Lebesgue-Stieltjes signed measure associated with s — F(s,b(s))
on [0,¢] . Let ur and pZ denote the positive and negative part of . respectively. Since
(3.28) holds we can use Helly’s selection theorem to conclude that /i Z w1 and He, = s
over a subsequence £, | 0 as n — oo, where 1 and g9 are positive finite measures on [0, ¢] .
Moreover, since F(s,b(s)+e,) — F(s,b(s)) as n — oo foreach s € [0,¢],and s+— F(s,b(s))
is (right-)continuous on [0,¢] , it follows that u = pu; — p2 .

Set A, ={0<s<t]| Xs>0b(s)+e,} for n>1 and note that A, T A as n — oo
where A={0<s<t|Xs>0b(s)}.Since 04, C{0<s<t]| Xs;=0(s)+e,} we see that:

(3.44) E( /0 o (s) m(d@) < E( /0 (X = b(s) o) m(d@)

_ /0 P(Xy=b(s)+20) pira(ds) = 0

for all n > 1. This shows that s2(0A,) =0 forall n > 1 outside a P-null set. In exactly
the same way one finds that 11 2(0A) = 0 outside a P-null set.
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Denoting i = £ forall n > 1 we claim that lim, o i (A,) = p1,2(A) outside a P-null
set. To see this set anm, = (- (A;,) and note that the two limits apeo = liMp— o0 Gpm = ,uﬂf(A)
and  Goom = liM,—oo G = /1172(Am) exist (the latter outside a P-null set by the weak
convergence established) and moreover satisfy lim, .o Gnoo = iMoo Goom = 11,2(A) =1 Goooo
(the former outside a P-null set by the weak convergence established). Clearly @, < ano since
An T A sothat limsup,,_..c @nn < Goooo - On the other hand, since apy, < apy forall m < n
it follows first by letting n — oo that Geen, < liminf, . @y, and then again by letting m — oo
that oooo < limint, .o Gny . This proves that lim,, oo Gny = Gooo  oOutside a P-null set as
claimed. In particular, this implies that . (A, ) — u(A) as n — oo outside a P-null set.

Returning to (3.43) and recalling the formula (with the plus sign):
(3.45)  F(t,b(t)+e) = F(0,b(0)£e) + /Ot Fi(s,0(s)te) ds + /Ot Fy(s,b(s)%e) db(s)
being true for every ¢ > 0, we see by the previous conclusion that:
(3.46) /0 (s, bs)ten) T(Xu3b(s)en) ds + /0 (s b(s)ben) T(Xa > b(s) o) db(s)

= e, (Ace,) — p(A)

P-as. as n — oo . In exactly the same way one proves that:

(3.47) /O Fi(s, b(s)—n) I(Xs <b(s)—2n) ds + /O (s, b(s)— ) T(Xo<b(s)—2n) db(s)
= v, (B:,) — w(B)

P-as. over some ¢, | 0 as n — oo, where v., is the Lebesgue-Stieltjes signed measure
associated with s +— F(s,b(s)—e,) on [0,¢] while B, ={0<s<t]| X, <b(s)—e,} and
B={0<s<t]| X <b(s)}, upon using the formula (3.45) (with the minus sign).

From (3.46) and (3.47) we see that the four integrals on the left-hand side of (3.43) converge
to u(A)+ u(B) P-as. as = | 0 over a subsequence. Moreover, from the fact that:

Uy (s atas)) = ([ (X =b(s)) j2(a5))

_ /O P(Xs=b(s)) jura(ds) = 0

it follows that 11 2(A° N B°) =0 outside a P-null set. Hence p(A°N B°) =0 outside a P-null
set so that u(A) + u(B) = n(AU B) = u([0,t]) = F(t,b(t))—F(0,b(0)) P-as. as claimed in
(3.43). This completes the proof of (3.29) under (3.26)-(3.28).

In the reminder of the proof we present fuller arguments for the statements given in Remark
3.2 above upon recalling that F' is assumed to satisfy (3.18) and (3.19).

5. To see that (1.3) and (1.4) imply (3.26)-(3.28) note first that (1.3) and (1.4) imply (3.26).
Moreover, noting that (1.3) and (1.4) imply (3.30), and applying the general fact that each continuous
function on a compact set is uniformly continuous, we see that (3.30) implies (3.27) and thus so
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do (1.3) and (1.4) as claimed. Finally, from (3.45) we find that:
(349)  V(F(-,b(-)%e))( / |Fy(s,b(s)+e) |ds+/ |Fr(s,b(s)%e)| dV(b)(s)

for = > 0 . Since under (1.3) and (1.4) both F; and F, are continuous on C' and D , and
thus bounded on each compact set contained in C' and D , it follows by taking supremum over
all 0 < e < 6 on both sides of (3.49) that (3.28) is satlsﬁed for all 6 > 0 . This shows that
(1.3) and (1.4) imply (3.28) as claimed.

If (3.31) holds then s +— F'(s,b(s)+e) is decreasing on [0,¢] and therefore of bounded
variation. Moreover, since [ is continuous and thus locally bounded we see that (3.28)
follows as well. This shows that (3.31) implies (3.28) as claimed. Similarly, if (3.32) holds
then s+ F(s,b(s)+e) is increasing on [0,¢] and (3.28) follows in the same way. This shows
that (3.32) implies (3.28) as claimed.

6. For (3.33) recall first that (3.45) implies (3.49) above. Moreover, using (3.33) and taking
supremum over all 0 < ¢ < ¢ in (3.45) we find:

0 0
(3.50) sup / |Fi(s,b(s)£e)|ds = sup / Fi(s,b(s)te)ds

0<e<é JO 0<e<éd JO

~ sup <F(t,b(t)ig)—F(O,b(O)is)— /0 (s, b(s) =) db(s)>

0<e<d
¢
< sup |F(t,b(t)xe)|+ sup |F(0,b(0)xe)|+ sup / |Fro(s,b(s)xe) | dV(D)(s) < o0
0<e<d 0<e<é 0<e<8 J0

where the final (strict) inequality follows from the fact that F' and F, are locally bounded on
C' and D . Taking supremum over all 0 < £ < ¢ on both sides of (3.49) and using (3.50) we
find that (3.28) is satisfied for all ¢ > 0 . This shows that (3.33) implies (3.28) when (3.27) holds.

For (3.34) note that F} = ILxF — uF — (6%/2)F,, where LxF and pF, are locally
bounded on C' and D by (3.26) and (3.27) respectively. Inserting the former expression for
Iy into the right-hand-side of (3.49) we get:

351 V(- b(-)22))( / Ly F(s,b(s) =) |ds+/ (JFy) (s, b(s)£2)| ds
b [ @R 020 s+ [ 166 o) av e
for £ > 0. Moreover, using (3.34) and taking supremum over all 0 < e < ¢ in (3.45) we find:

(3.52) sup /((02/2)]Fm])(3,b(s)ie)ds: sup /((02/2)(j:Fm))(s,b(s)ie) ds
0<e<8 J0 0<e<d %
~ sup <iF(0,b(0)i5)qEF(t,b(t)is)i/ (L x F— uFy)(s, b(s) ) ds
0<e<d ; 0
L /0 Fu(s, b(s) +¢) db(s)>

¢
< sup |F(0,b(0)te)| + sup |[F(t,b(t)L£e)| + sup / |LxF(s,b(s)te)|ds
0<e<d 0<e<d 0<e<s6J0
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t t

+ sup / (F,) (5, b(s) )| ds + sup / IFu(s, b(s)42)| dV(B)(s) < oo
0<e<6 J0 0<e<6 J0

where the final (strict) inequality follows from the fact that F', LxF , uF, and F, are locally

bounded on €' and D . Taking supremum over all 0 < ¢ < 6 on both sides of (3.51) and

using (3.52) we find that (3.28) is satisfied for all ¢ > 0 . This shows that (3.34) implies (3.28)

when (3.26) and (3.27) hold.

For (3.35) note first that if 2 — F(s,x) is convex (concave) then z — F,(s,z) is
increasing (decreasing) so that ¢ +— F,(s,b(s)+¢e) is increasing (decreasing). Each of the
preceding two conclusions together with (3.36) then implies (3.27) by Dini’s theorem (note that
each s +— F,(s,b(s)£e) is continuous on the compact set [0,¢] ). Moreover, since F,, > 0
or F,, <0 depending on if = — F(s,z) is convex or concave, we see that (3.35) implies
(3.34). Taken together with the previous conclusion this shows that (3.35) and (3.36) imply (3.27)
and (3.28) when (3.26) holds.

That (3.35) in the previous implication can be relaxed to the form (3.37) follows firstly by
a simple modification of the proof given in (3.51)-(3.52) above which yields (3.28). For (3.27)
note that by setting ¢ = min g<s<;b(s) — 1 and integrating both sides in (3.37) from ¢ to
x with respect to the space variable we find that Fy(s,z) — Fy(s,c) = [ Foo(s,y) dy =
[P Gi(s,y) dy + [ Ga(s,y) dy = Hi(s,x) + Ha(s,x) where x +— Hi(s,x) is convex and
(s,x) — Ho(s,z) is continuous on C' and D . It thus follows as above that Hi(-,b(-)%e)
— Hy(-,b(-)+) and Hy(-,b(-)+e) — Ha(-,b(-)£) both uniformly on [0,¢] as ¢ | O,
where it should be noted that by (3.36) and the fact that /9 is continuous on C and D it
follows that s — Hj(s,b(s)£) is continuous on [0,¢] . This shows that (3.36) and (3.37) imply
(3.27) and (3.28) when (3.26) holds.

7. For (3.38) the idea is to transfer the requirement of uniform convergence (in the weak-limit
relations yielding (3.40) above) from F, to (° (X) using integration by parts. The latter gives:

(3.53) /OtF;E(s,b(s)ie) dﬁ’;ig(X):Fx(s,b(s)ie)ﬁgis()()\g—/Otﬁﬁig(X) dyFy(s,b(s)+e)

for ¢ > 0 . Suppose that we can prove that:

t t

(3.54) / (XY dyFy(s,b(s)+e) — / (X)) dyF,(s,b(s)£)
0 0

P-ass. as ¢ | 0 over a subsequence. Then letting ¢ | 0 in (3.53), using (3.54), and integrating

back by parts we see that (3.42) holds and so does (3.40). Thus, the proof of (3.40) in this case

reduces to establish (3.54).

For this, since F,(s,b(s)+e) — F.(s,b(s)£) as ¢ | 0 for every s € [0,¢] , and the
condition (3.38) is assumed to be satisfied, by Helly’s theorem it follows that d4Fj(s,b(s)+e) —
dsFy(s,b(s)%) on [0,¢] in the sense that fg g(8) dsFy(s,b(s)de) — fot g(s)dsFy(s,b(s)%) as
e ] 0 for every continuous function ¢ : [0,¢] — IR . In view of (3.54) it is therefore sufficient
to show that outside a P-null set (°*°(X) — (%(X) uniformly over s in [0,#] as ¢ | 0
(possibly over a subsequence).

For this, apply the Tanaka formula to the semimartingale 7 = X —b and the function
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f(z) =|z%¢| for z € IR and ¢ > 0. This gives:
¢

(3.55) |Zy +c| = |2y £ 2| + / sign(Zs £ €) dZs + (F5(Z)
0

where sign(0) = 0 . Noting that (**(Z) = (**°(X) we find from (3.55) that:

(356)  sup |(F(X) — (X)) = sup |(5°(Z) - (3(2)]
0<s<t 0<s<t

< su <HZSj:€\—]ZSH+‘]Zo\—]Z0i6]‘+‘/ (sign(Z,)—sign(Z,+e)) dZ,
0<s<t 0

Setting HE = sign(Zs) — sign(Zs+e) hence we find:

t
(57)  sup |(E(X) — (X)) < 2= + / (| [, X)) ds
0<s<t 0

t t
+/ [HE|dV(B)(s) + sup | / H o(s, X,) dB| .

0 o<s<t ! Jo
The argument of (3.48) with Lebesgue measure A instead of 12 shows that outside a P-null
set Z; = X;—0b(s) =0 for Maa. s in [0,t] . It follows that outside the same P-null set
H: — 0 for Aaa. s in [0,¢] . Since |H:| <2 for 0 <s <t and p is locally bounded
it thus follows by the dominated convergence theorem that the first integral in (3.57) tends to zero
outside a P-null set as ¢ | 0 . In exactly the same way we find that the second integral in (3.57)
tends to zero outside a P-null set as ¢ | 0 . To bound the third integral in (3.57) we can make
use of the Burkholder-Davis-Gundy inequality which yields:

> < E</0t(H§)202(s,XS)ds>1/2 :

Since o is locally bounded and HE =0 for X, ¢ [b(s)—e,b(s)+2] when s € [0,1], it follows

as above following (3.57) that fJ(Hj)%?(s, Xs)ds — 0 outside a P-null set as = | 0 so that

the right-hand side of (3.58) tends to zero as ¢ | 0 by the dominated convergence theorem. This

implies that the third integral in (3.57) tends to zero outside P-null set as ¢ | 0 over a subsequence.
Summarizing the preceding conclusions in (3.57) we obtain:

(3.58) E( sup ‘/ HE o(r, X,) dB,
0<s<t ! Jo

(3.59) sup (75 (X) = (2(X)| — 0
0<s<t

P-as. as £ | 0 over a subsequence. Thus outside a P-null set (%**(X) — (%(X) uniformly

over s in [0,f] as £ | O over a subsequence as claimed. This shows that (3.38) imply that
(3.28) is sufficient for (3.29) when (3.26) holds. The proof is complete. O

It appears evident from the proofs above that the change-of-variable formula (2.1) can be
extended to the case of a general (not necessarily continuous) semimartingale in the multi-
dimensional setting of functions which are smooth above and below surfaces (instead of curves).
Some of these extensions will be studied in a subsequent publication.
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