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A long-standing open problem of L. E. Dubins seeks to determine the
maximal expected range of Walsh’s spider process on n edges per root
of the expected stopping time. The solution is known for n = 1 (1988)
and n = 2 (2009). In this paper we present the solution for n ≥ 3 .

1. Introduction

A long-standing open problem1 of L. E. Dubins (cf. [6, p. 401]) seeks to determine the
maximal expected range of Walsh’s spider process on n edges per root of the expected stopping
time. The solution is known for n = 1 ([7], [14], [17]) and n = 2 ([6]). The purpose of this
paper is to present the solution for n ≥ 3 .

More specifically, let X be a symmetric Walsh spider process on edges E1, . . . , En starting
at 0 (the origin) where n ≥ 1 is given and fixed (see Section 2 for fuller details). Let Si

denote the running maximum of X on the edge Ei for 1 ≤ i ≤ n . The Dubins problem seeks
to determine the smallest constant Dn such that

(1.1) E(S1
τ + . . . + Sn

τ ) ≤ Dn

√
Eτ

for all stopping times τ of X . Note that the problem includes finding a (non-zero) stopping
time at which equality in (1.1) is attained. An application of Lagrange multipliers shows that
the Dubins problem (1.1) is equivalent to the optimal stopping problem

(1.2) V = sup
τ

E(S1
τ + . . . + Sn

τ − cτ)

where the supremum is taken over all stopping times τ of X such that Eτ < ∞ and c > 0
is a given and fixed constant (Lagrange multiplier). Moreover, the Dubins constant Dn equals
2
√

V upon letting c = 1 with equality in (1.1) being attained at the optimal stopping time
in (1.2) (see Section 3 for fuller details).

When n = 1 the process X is equal to |B| where B is a standard Brownian motion.
The solution to (1.2) with D1 =

√
2 found in [7] was extended to Bessel processes in [8]. This
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subsequently led to the identification of the maximality principle in [20] that applies to general
one-dimensional diffusion processes (see [22, Section 13]). When n = 2 the process X is
equal to B itself. The solution to (1.2) with D2 =

√
3 was found in [6]. A different derivation

based on the maximality principle was given in [21]. For n = 3 the problem (1.2) was studied
in [9] and [10]. A modified version of the problem (1.2) where the sum of all running maxima
is replaced by the sum of the two largest maxima was solved in [4].

In this paper we present a unifying approach that solves the problem (1.2) for all n ≥ 1 .
Theorem 1 states the main results. Its proof consists of ten parts. There are also ten figures
that help to visualise the rich underlying dynamics and geometry of the solution. The optimal
stopping time in (2.1) is realised by means of the pruning procedure described in Theorem 1.
This leads to the novel concepts of a separation principle and edges with leaks. The optimal
stopping problem (1.2) is reformulated as a free-boundary problem where Kirchhoff’s condition
at the origin for n ≥ 2 replaces Neumann’s condition when n = 1 . This reflects the subtle
nature of the origin as a triple branching point for the state space of X when n = 3 (cf. [24]).

The free-boundary problem does not have a unique solution. We show that the maximality
principle closes the system and makes the solution arising from the pruning procedure unique.
This is achieved using smooth fit (at the optimal stopping boundary) and normal reflection (at
diagonal points) combined with exit probabilities and mean exit times (calculated in Section
2) by showing that the optimal stopping boundary f used in the pruning procedure can be
characterised as a unique continuous solution to a nonlinear integral equation that needs to be
solved recursively over domains with curved boundaries determined (alongside the boundary
values) by the solution f from the previous step. The nonlinear integral equation is equivalent
to a nonlinear hyperbolic PDE and the appearance of hyperbolic equations in the probabilistic
setting is both unusual and interesting. Combining the specified f with the optimal stopping
boundary g on edges with leaks, which by the maximality principle happens to be a linear
function, we obtain a full description of the pruning procedure that is sufficient to realise the
optimal stopping. This, however, is still insufficient to calculate the value function at the origin
as needed for finding the Dubins constants.

We resolve this issue in a novel way by adding an extra edge with zero leak to the state
space of X . This yields the optimal stopping boundary f̄ taking values in the added edge.
We show that f̄ can be characterised as the unique continuous solution to a linear (for its
square) integral equation over the domain with a curved boundary determined (alongside the
boundary values) by the final solution f to the nonlinear integral equation described above.
We find that V = cf̄ 2(0) so that Dn = 2

√
V = 2f̄(0) for c = 1 . This settles the Dubins

problem for all n ≥ 1 .
In Examples 1 and 2 we show how the general solution yields the known values D1 =

√
2

and D2 =
√

3 respectively. In Example 3 we briefly describe the quadrature method that
yields the numerical approximation D3 = 1.91 . . . where the first two decimal places are exact.
The absence of an explicit expression for D3 is attributed to the fact that the origin is a
triple branching point when n = 3 so that f admits no closed-form expression. The same
conclusion extends to all n ≥ 3 . The quadrature method is applicable in any dimension
although numerical approximations become increasingly computationally expensive (especially
for f̄ ) as the dimension n increases. Developing faster and more efficient methods/algorithms
for solving the nested integral equations in higher dimensions to approximate the remaining
Dubins constants D4, D5, . . . presents a challenging topic for further study.

2



2. The Walsh spider process

In this section we present a few basic facts about the Walsh spider process that are helpful
in tackling the Dubins problem to be discussed in the next section.

1. Definition and origin. The Walsh spider process (often called Walsh’s Brownian motion)
is a diffusion process X = (Xt)t≥0 on a star-shaped graph consisting of finitely or infinitely
many half-lines [0,∞) (called edges, rays, ribs, legs) that are connected at a single vertex
0 (the origin). The motion of X on each edge coincides with a standard Brownian motion
(Wiener process) when away from the origin. After hitting the origin from within an edge, the
process X reflects instantaneously into another (possibly the same) edge, independently from
the past motion, according to a given probability measure µ on [0, 2π) representing the angle
of the new edge in the plane to be taken by X . The motion of X then continues in exactly
the same manner indefinitely (see Figure 1).

The Walsh spider process was introduced by Walsh in [25] as a generalisation of the Itô-
McKean construction of a skew Brownian motion (when the angular measure µ is concentrated
on two points). We refer to [2, Section 2] and the references therein for five different construc-
tions of the Walsh spider process including the original one described by Walsh that we adopt.
For constructions of more general Markov processes of this/similar kind see [11]. In addition
to being strong Markov (and continuous), the Walsh spider process is known to be Feller in
general, as well as strong Feller when the angular measure is concentrated on finitely many
points (as in the Dubins problem). For a study of harmonic functions of the Walsh spider
process see [12]. For applications of the Walsh spider process in queueing theory see [1].

2. Radial and angular part. In terms of polar coordinates in the plane, the Walsh spider
process X = (Xt)t≥0 can be written as

(2.1) Xt = (Rt, Φt)

for t ≥ 0 , where the radial part R = (Rt)t≥0 is an instantaneously reflecting (at zero) standard
Brownian motion in [0,∞) , and the angular part Φ = (Φt)t≥0 takes values in [0, 2π) as
described above. The local time of R at 0 is given by

(2.2) `0
t (R) = lim

ε↓0
1

2ε

∫ t

0

I(0≤Rs≤ε) ds

for t ≥ 0 , and the process Bt := Rt − R0 − `0
t (R) defines a standard Brownian motion for

t ≥ 0 with respect to the natural filtration (FX
t )t≥0 of X (cf. [2, Lemma 2.2]). Hence we see

that the radial part R of X solves

(2.3) dRt = dBt + d`0
t (R) .

It is known that (FX
t )t≥0 is not a Brownian filtration unless the angular measure µ is con-

centrated on one or two points (cf. [24]) implying that extra randomness is needed essentially
(in addition to B driving R ) to create angles representing three or more edges to be occupied
by X after R hits 0 . More specifically, the angular part Φ = (Φt)t≥0 is given by

(2.4) Φt = Un(t)
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Figure 1. Motion of the Walsh spider process X = (Xt)t≥0 on three edges: (i) X is a standard
Brownian motion in each edge when away from the origin; (ii) X instantaneously reflects into
another (or the same) edge when at the origin. The origin is a (triple) branching point of the one-
dimensional (Euclidean) topological space E := E1 tE2 tE3 where Ei = [0,∞) for 1 ≤ i ≤ 3 .
The running maxima S1, S2, S3 of X are being pushed infinitesimally upwards when (and only
then) the process X reaches them respectively.

where U1, U2, . . . are independent (from B as well) µ-distributed random variables taking
values in [0, 2π) and n(t) is the number of the excursion of B straddling t for t ≥ 0 . Note
that Φ is flat when R is away from 0 and changes only when R returns to 0 . Note also
that the total time spent by R at 0 equals zero with probability one.

3. Itô’s formula. The Walsh spider process X = (Xt)t≥0 is a continuous semimartingale
and the Itô formula reads

F (Xt) = F (X0) +

∫ t

0

F ′(Xs)I(Xs 6=0) dBs +
1

2

∫ t

0

F ′′(Xs)I(Xs 6=0) ds(2.5)

+

(∫ 2π

0

∂F

∂r
(0+, ϕ) µ(dϕ)

)
`0
t (X)

for t ≥ 0 , where F = F (r, ϕ) is a real-valued C2 function for r ∈ [0,∞) and ϕ ∈ [0, 2π) ,
and the local time `0

t (X) of X at 0 (the origin) is defined in the same way (with X in place
of R ) as in (2.2) above (cf. [13], [16], [18]).

4. Uniformly-atomic angular measure. In the Dubins problem one assumes that the angular
measure µ of the Walsh spider process X = (Xt)t≥0 is uniformly concentrated on n points
in [0, 2π) for n ≥ 1 given and fixed. In this case we refer to X as a symmetric Walsh spider
process on n edges. The exact specification of the n points is irrelevant and one could take
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them to be (i−1)(2π/n) for 1 ≤ i ≤ n . The state space of X then equals

(2.6) E =
n∐

i=1

Ei :=
n⋃

i=1

{(x, i) |x ∈ Ei }

where Ei = [0,∞) for 1 ≤ i ≤ n . The graph E is viewed as a one-dimensional (Euclidean)
topological space having a branching point at the origin. Points (x, i) in E will be denoted
by xi for 1 ≤ i ≤ n . Thus xi is a non-negative real number belonging to the edge Ei for
1 ≤ i ≤ n . To indicate that Xt belongs to Ei we will write X i

t for t ≥ 0 with 1 ≤ i ≤ n .
The restriction of a function F : E → IR to Ei will be denoted by Fi meaning that the
function Fi : Ei → IR is defined by Fi(xi) = F (xi) for xi ∈ Ei and 1 ≤ i ≤ n . In the rest
of the paper we only consider a Walsh spider process X on n edges having the state space
given by (2.6) above. For more general Walsh spider processes of this kind see [19]. Note that
X has the same law as |B| when n = 1 and B when n = 2 respectively.

5. Infinitesimal characteristics. If X = (Xt)t≥0 is the Walsh spider process on n edges
with angular probabilities p1, . . . , pn , then its infinitesimal characteristics are specified by

ILX =
1

2

∂2

∂x
for x 6= 0(2.7)

n∑
i=1

pi
∂

∂xi

= 0 at x = 0 (Kirchhoff).(2.8)

Note that the Kirchhoff condition (2.8) is consistent with the presence of the final term in Itô’s
formula (2.5) above when the angular measure is uniformly atomic. If n = 1 then the Kirchhoff
condition (2.8) reduces to the Neumann condition (of normal reflection). A precise meaning to
(2.8) can be given in terms of the domain of the infinitesimal generator ILX , however, we will
not need this in the sequel and thus omit fuller details.

6. Exit probabilities and mean exit times. Given a1 ∈ E1, . . . , an ∈ En consider the first
entry time of X to the set A = {a1, . . . , an} given by

(2.9) τA = inf { t ≥ 0 | Xt ∈ A }

under the probability measure Pxi
such that Pxi

(X0 = xi) = 1 for 0 ≤ xi ≤ ai with
1 ≤ i ≤ n . Solving the boundary value problem based on (2.7)+(2.8) with ILX = 0 for x 6= 0
one can verify that

Pxi
(XτA

=ai) =
1

(ai/pi)
∑n

k=1 pk/ak

(
1− xi

ai

)
+

xi

ai

(1 ≤ i ≤ n)(2.10)

Pxi
(XτA

=aj) =
1

(aj/pj)
∑n

k=1 pk/ak

(
1− xi

ai

)
(1 ≤ i 6= j ≤ n)(2.11)

Similarly, solving the boundary value problem based on (2.7)+(2.8) with ILX = −1 for x 6= 0
one can verify that

(2.12) Exi
(τA) =

∑n
k=1 pkak∑n

k=1 pk/ak

(
1− xi

ai

)
+ aixi − x2

i (1 ≤ i ≤ n) .
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Denoting any of the functions from (2.10)-(2.12) by F , note that in these (and similar other)
calculations in addition to the Kirchhoff condition (2.8) one also needs to employ the continuity-
at-the-origin condition that reads

(2.13) F1(0+) = F2(0+) = . . . = Fn(0+)

where Fi denotes the restriction of F to Ei for 1 ≤ i ≤ n .

3. The Dubins problem

In this section we present a few basic facts about the Dubins problem (cf. [6, p. 401]). These
considerations will be continued in the next section.

1. Initial formulation. Let X = (Xt)t≥0 be a symmetric Walsh spider process on n edges
starting at 0 (the origin) where n ≥ 1 is given and fixed. Consider the (running) maximum
process Si = (Si

t)t≥0 of X on the edge Ei defined by

(3.1) Si
t = sup

s∈[0,t] :Xs∈Ei

X i
s

for 1 ≤ i ≤ n . The Dubins problem seeks to determine the smallest constant Dn such that

(3.2) E(S1
τ + . . . + Sn

τ ) ≤ Dn

√
Eτ

for all stopping times τ of X . Note that the problem includes finding a (non-zero) stopping
time at which equality in (3.2) is attained. The solution is known for n = 1 (cf. [7], [14], [17])
and n = 2 (cf. [6]) with the constants D1 =

√
2 and D2 =

√
3 . Our main focus in this paper

will therefore be on the case n ≥ 3 .

2. Related formulations. The Dubins problem can be reformulated by asking to solve

(3.3) sup
τ :Eτ>0

E(S1
τ + . . . + Sn

τ )√
Eτ

.

Further two closely-related constrained problems are asking to solve

sup
τ :Eτ≤α

E(S1
τ + . . . + Sn

τ )(3.4)

inf
τ :E(S1

τ+...+Sn
τ )≥β

Eτ(3.5)

where α > 0 and β > 0 are given and fixed constants. It turns out that the three problems
(3.3)-(3.5) can be tackled simultaneously using Lagrange multipliers as follows. We will not
discuss the constrained problems (3.4) and (3.5) in this paper and will only focus on (3.3).

3. Lagrangian. An application of Lagrange multipliers in either of the two constrained
problems (3.4) and (3.5) implies that the Lagrange function (Lagrangian) is given by

(3.6) V = sup
τ

E(S1
τ + . . . + Sn

τ − cτ)

where the supremum is taken over all stopping times τ of X such that Eτ < ∞ and c > 0
is a given and fixed constant (Lagrange multiplier). It is well known that solving (3.6) for
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all c > 0 will also solve (3.4) and (3.5) as well. Moreover, due to the scaling property of X
(inherited from B ), it turns out that solving (3.6) for all c > 0 (in fact c = 1 is sufficient)
will also solve (3.3). This can be seen as follows.

4. Equivalence. Denoting the value V in (3.6) by V (0; c) to indicate its dependence on
the initial point 0 and the Lagrange multiplier c , using the scaling property of X combined
with the fact that the supremum in (3.6) is attained at the first entry time of the (Markov)
process (X,S1, . . . , Sn) into a (closed) set (cf. [22, Corollary 2.9]), it is easily verified that

(3.7) V (0; c) =
1

c
V (0; 1)

for all c > 0 . From (3.6) and (3.7) we see that

(3.8) E(S1
τ + . . . + Sn

τ ) ≤ V (0; c) + cEτ =
1

c
V (0; 1) + cEτ

for every c > 0 and every stopping time τ of X with Eτ < ∞ given and fixed. Minimising
the right-hand side in (3.8) over c > 0 , one finds that the unique minimum is attained at
c =

√
V (0; 1)/Eτ . Evaluating the right-hand side in (3.8) at this c then gives

(3.9) E(S1
τ + . . . + Sn

τ ) ≤ 2
√

V (0; 1)
√

Eτ

for all stopping times τ of X with E τ < ∞ . Moreover, letting τ1 denote the optimal
stopping time in (3.6) with c=1 , we claim that equality in (3.9) is attained at τ1 . For this,
note that we have

E(S1
τ1

+ . . . + Sn
τ1

) = E(S1
τ1

+ . . . + Sn
τ1
− τ1) + Eτ1 = V (0; 1) + Eτ1(3.10)

=

(
V (0; 1)√

Eτ1

+
√

Eτ1

)√
Eτ1 ≤ 2

√
V (0; 1)

√
Eτ1

where the inequality follows from (3.9) above. From (3.10) we see that

(3.11)
V (0; 1)√

Eτ1

+
√

Eτ1 ≤ 2
√

V (0; 1)

or equivalently (
√

V (0; 1)−√Eτ1)
2 ≤ 0 implying that V (0; 1) = Eτ1 . Making use of this

identity in (3.10) above we obtain

(3.12) E(S1
τ1

+ . . . + Sn
τ1

) = V (0; 1) + Eτ1 = 2V (0; 1) = 2
√

V (0; 1)
√

Eτ1

showing that equality in (3.9) is attained at τ1 as claimed. In turn this also shows that solving
(3.6) for all c > 0 (in fact c=1 is sufficient) will also solve (3.3) as claimed.

5. Conclusion. The previous considerations show that the Dubins problem is equivalent to
the optimal stopping problem (3.6). Moreover, the Dubins constant Dn from (3.2) equals

(3.13) Dn = sup
τ :Eτ>0

E(S1
τ + . . . + Sn

τ )√
Eτ

= 2
√

V (0; 1)

with the supremum in (3.13), or equivalently equality in (3.2), being attained at the optimal
stopping time in (3.6) with c=1 . For this reason we focus on the optimal stopping problem
(3.6) in the sequel.
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4. Solution to the Dubins problem

In this section we present the solution to the Dubins problem discussed in the previous
section. Recalling that the Dubins problem is equivalent to the optimal stopping problem (3.6)
we concentrate on the latter problem.

Recalling (3.1) and setting S = (S1, . . . , Sn) with I = {1, . . . , n} , we will make use of the
following notation S̄i1 := (S1, . . . , Si1−1, Si1+1, . . . , Sn) for i1 ∈ I , S̄i1,i2 := (S1, . . . , Si1−1,
Si1+1, . . . , Si2−1, Si2+1, . . . , Sn) with S̄i2,i1 := S̄i1,i2 for i1 < i2 in I , and so on. Similarly, for
s = (s1, . . . , sn) ∈ [0,∞)n we will write s̄i1 := (s1, . . . , si1−1, si1+1, . . . , sn) for i1 ∈ I , s̄i1,i2 :=
(s1, . . . , si1−1, si1+1, . . . , si2−1, si2+1, . . . , sn) with s̄i2,i1 := s̄i1,i2 for i1 < i2 in I , and so on.

The main results of the paper may be stated as follows.

Theorem 1. Consider the optimal stopping problem (3.6) where S1, . . . , Sn are the running
maxima of a symmetric Walsh spider process X on n edges starting at 0 with n ≥ 1 and
c > 0 given and fixed.

(I): The optimal stopping time τ∗ in (3.6) is obtained by the following pruning procedure
where the optimal stopping boundaries f and g are specified in (III) below.

Step 1: Consider

(4.1) τ1 = inf { t ≥ 0 | f(S̄i1
t ) ≤ g(Si1

t ) for some i1 ∈ I } .

Step 2: If Xτ1 ∈ Ei1 then

(4.2) τ∗ = inf { t ≥ τ1 | X i1
t ≤ g(Si1

t ) } .

If Xτ1 /∈ Ei1 then consider

τ2 = inf { t ≥ τ1 | X i1
t ≥ f(S̄i1

t ) or(4.3)

f(S̄i1,i2
t ) ≤ g(Si2

t ) for some i2 ∈ I \ {i1} } .

If X i1
τ2
≥ f(S̄i1

τ2
) then τ∗ = τ2 otherwise proceed as after Step 1 above.

Step 3: If Xτ2 ∈ Ei2 then

(4.4) τ∗ = inf { t ≥ τ2 | X i2
t ≤ g(Si2

t ) } .

If Xτ2 /∈ Ei2 then consider

τ3 = inf { t ≥ τ2 | X i1
t ∨X i2

t ≥ f(S̄i1,i2
t ) or(4.5)

f(S̄i1,i2,i3
t ) ≤ g(Si3

t ) for some i3 ∈ I \ {i1, i2} } .

If X i1
τ3
∨X i2

τ3
≥ f(S̄i1,i2

τ3
) then τ∗ = τ3 otherwise proceed as after Step 2 above.

Step 4: If Xτ3 ∈ Ei3 then

(4.6) τ∗ = inf { t ≥ τ3 | X i3
t ≤ g(Si3

t ) } .

If Xτ3 /∈ Ei3 then consider

τ4 = inf { t ≥ τ3 | X i1
t ∨X i2

t ∨X i3
t ≥ f(S̄i1,i2,i3

t ) or(4.7)

f(S̄i1,i2,i3,i4
t ) ≤ g(Si4

t ) for some i4 ∈ I \ {i1, i2, i3} } .

If X i1
τ4
∨ X i2

τ4
∨ X i3

τ4
≥ f(S̄i1,i2,i3

τ4
) then τ∗ = τ4 otherwise proceed recursively as after Step 3

above until the final two edges are reached.
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Step n: If Xτn−1 ∈ Ein−1 then

(4.8) τ∗ = inf { t ≥ τn−1 | X in−1

t ≤ g(S
in−1

t ) } .

If Xτn−1 /∈ Ein−1 then

τ∗ = inf { t ≥ τn−1 | X i1
t ∨ . . . ∨X

in−1

t ≥ f(S̄
i1,...,in−1

t ) or(4.9)

X in
t ≤ g(Sin

t ) } .

[Note that X i1
t ∨ X i2

t ≥ f(S̄i1,i2
t ) in (4.5) is interpreted as either X i1

t ≥ f(S̄i1,i2
t ) holds ( i.e.

Xt ∈ Ei1 and Xt ≥ f(S̄i1,i2
t ) ) or X i2

t ≥ f(S̄i1,i2
t ) holds ( i.e. Xt ∈ Ei2 and Xt ≥ f(S̄i1,i2

t ) ).
A similar interpretation applies to X i1

t ∨X i2
t ∨X i3

t in (4.7) and so on. Note also that Xτn−1 /∈
Ein−1 is equivalent to Xτn−1 ∈ Ein in Step n and that S̄

i1,...,in−1

t equals Sin
t in (4.9).]

(II): The value function V in (3.6) and the optimal stopping boundaries f and g solve
the (parabolic) free-boundary problem (4.17)-(4.24) below, where the continuation set C is
explicitly expressible in terms of f and g using the pruning procedure from (I) above as
shown in (4.25) below. Explicit formulae for V on various parts of C (expressed in terms of
f and g ) alongside various properties of f itself (such as being permutationally invariant)
are given in the proof below.

(III): The optimal stopping boundary f can be characterised as the unique continuous
solution to the nonlinear (hyperbolic) integral equation

1

4c

( 1

s∗1
+ . . . +

1

s∗k

)
− c

(
s∗1 + . . . + s∗k

)
+ log

(s∗1 · . . . · s∗k
s1 · . . . · sk

)
(4.10)

+ c

∫ s∗1

s1

f 2(s′1, s2, . . . , sk)

(s′1)2
ds′1 + . . . + c

∫ s∗k

sk

f 2(s1, . . . , sk−1, s
′
k)

(s′k)
2

ds′k

= c
( 1

s1

+ . . . +
1

sk

)
f 2(s1, . . . , sk) + 2c(n−k)f(s1, . . . , sk)

for 0 ≤ s1 ≤ s∗1, . . . , 0 ≤ sk ≤ s∗k solved recursively for k = 1, . . . , n−1 , where s∗i is the
largest value of si which does not produce a (strict) leak either on the edge Ei or another
edge, i.e. more specifically, setting s := (s1, . . . , sk) we either let

(4.11) s∗i = f(s̄i) +
1

2c
if f(s̄i) ∈ Ei

i.e. if s̄i belongs to the domain of f , or we set sj := max s̄i and let s∗i be the largest value
of si in [0, 1/2c] for which sj ≤ f(s̄j)+1/2c for 1 ≤ i ≤ k . [Note that the domain of
f is changing as k runs from 1 to n − 1 so that f solving (4.10) for k is being used to
specify the domain boundary of f solving (4.10) for k+1 .] Moreover, we have f(s∗1, . . . , s

∗
k) =

f(s∗1, . . . , s
∗
i−1, s

∗
i+1, . . . , s

∗
k) where s∗i is the largest among s∗1, . . . , s

∗
k for 1 ≤ k ≤ n−1 .

The optimal stopping boundary g is given explicitly by

(4.12) g(s) = s− 1

2c

for s ≥ 1/2c .
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(IV): Adding an extra edge with zero leak to the state space E of X yields the optimal
stopping boundary f̄ (taking values in the added edge) that can be characterised as the unique
continuous solution to the linear (for its square) integral equation

1

4c

( 1

s∗1
+ . . . +

1

s∗n

)
− c

(
s∗1 + . . . + s∗n

)
+ log

(s∗1 · . . . · s∗n
s1 · . . . · sn

)
(4.13)

+ c

∫ s∗1

s1

f̄ 2(s′1, s2, . . . , sn)

(s′1)2
ds′1 + . . . + c

∫ s∗n

sn

f̄ 2(s1, . . . , sn−1, s
′
n)

(s′n)2
ds′n

= c
( 1

s1

+ . . . +
1

sn

)
f̄ 2(s1, . . . , sn)

for 0 ≤ s1 ≤ s∗1, . . . , 0 ≤ sn ≤ s∗n , where s∗i is the largest value of si which does not
produce a (strict) leak either on the edge Ei or another edge, i.e. more specifically, setting
s := (s1, . . . , sn) we either let

(4.14) s∗i = f(s̄i) +
1

2c
if f(s̄i) ∈ Ei

i.e. if s̄i belongs to the domain of f , or we set sj := max s̄i and let s∗i be the largest value of
si in [0, 1/2c] for which sj ≤ f(s̄j)+1/2c for 1 ≤ i ≤ n . [Note that f specifying the domain
boundary in (4.14) and afterwards is the final solution to (4.10) above obtained for k = n−1 .]
Moreover, we have f̄(s∗1, . . . , s

∗
n) = f(s∗1, . . . , s

∗
i−1, s

∗
i+1, . . . , s

∗
n) where s∗i is the largest among

s∗1, . . . , s
∗
n . [Note that the zero leak does not affect this conclusion.]

(V): The Dubins constant from (3.2) and (3.13) is given by

(4.15) Dn = 2f̄(0)

where 0 := (0, . . . , 0) ∈ [0,∞)n for n ≥ 1 and we set c = 1 .

Proof. The optimal stopping problem (3.6) is (n+1)-dimensional and the underlying
Markov process equals (X,S1, . . . , Sn) . It is evident from the structure of the gain process
in (3.6) that the excursions of X away from the running maxima S1, . . . , Sn play a key
role in the problem. Another important feature that underpins many arguments throughout
is a complete (permutationally invariant) symmetry of the running maxima S1, . . . , Sn in the
problem. We will divide the proof into ten parts as follows.

1. Optimal stopping problem. To tackle the optimal stopping problem (3.6) we will enable
the Markov process (X,S1, . . . , Sn) to start at any point (x, s1, . . . , sn) in the state space
E×[0,∞)n under the probability measure Px,s1,...,sn . The optimal stopping problem (3.6) then
extends as follows

(4.16) V (x, s1, . . . , sn) = sup
τ

Ex,s1,...,sn(S1
τ + . . . + Sn

τ − cτ)

for (x, s1, . . . , sn) ∈ E×[0,∞)n where the supremum is taken over all stopping times τ of X
such that Ex,s1,...,sn(τ) < ∞ and c > 0 is a given and fixed constant.

The motion of X and its excursions away from the running maxima S1, . . . , Sn can be visu-
alised as shown in Figure 1. An important initial observation is that the process (X,S1, . . . , Sn)
can never be optimally stopped when X i = Si i.e. when X belongs to Ei and equals Si

for 1 ≤ i ≤ n . The same phenomenon is known to hold for optimal stopping of the maximum
process associated with general one-dimensional diffusion processes (see [20, Proposition 2.1])

10



Figure 2. Optimal stopping boundaries f and g as functions of the running maximum s1

attained at the edge E1 (in the fictional absence of all other running maxima). At any point in
E2 or E3 that is above f(s1) , or at any point in E1 that is below g(s1) , there is no incentive
to continue the motion (with a view to s1 and its increase) because s1 is too far away to offset
the cost of getting there. When s1 moves upwards, the optimal stopping value f(s1) moves
downwards both within E2 and E3 until collapsing at the origin and turning into the optimal
stopping value g(s1) which then moves upwards within E1 ever afterwards. Exactly the same
picture holds for the running maxima s2 and s3 attained at the edges E2 and E3 respectively.
Understanding the interplay between the resulting interactions of the running maxima is of central
importance for the Dubins problem (see Figures 4-6 below).

and the same arguments apply in the present setting without any changes. Before we formalise
this in the next part below, let us recall that general theory of optimal stopping for Markov
processes (see [22, Chapter 1]) implies that the continuation set in the problem (3.6) equals
C = { (x, s1, . . . , sn) ∈ E× [0,∞)n | V (x, s1, . . . , sn) > s1 + . . . + sn } and the stopping set
equals D = { (x, s1, . . . , sn) ∈ E× [0,∞)n | V (x, s1, . . . , sn) = s1 + . . . + sn } , where we also
know that the value function V is continuous so that C is open and D is closed. It means
that the first entry time of (X,S1, . . . , Sn) into D is optimal in the problem (3.6).

To determine the sets C and D we will begin by formalising the initial observation above.
Any point (x, s1, . . . , sn) in the state space E× [0,∞)n such that x ∈ Ei and x = si for
some 1 ≤ i ≤ n is referred to as a diagonal point.

2. All diagonal points belong to C . This is a simple consequence of the fact that if the
process (X, S1, . . . , Sn) starts at a diagonal point (meaning that X0 ∈ Ei and X0 = Si for
some 1 ≤ i ≤ n ) then the expected gain in the problem (3.6) is locally proportional to the
root of time (because locally Si is the running maximum of a standard Brownian motion)
while the expected cost is linear in time so that it is not optimal to stop at once. We refer to
the proof of Proposition 2.1 in [20] for fuller details.

Combining this conclusion with the same argument applied to the expected gain and cost for
large times, which implies that it is not optimal to continue forever either, we see that a sole in-
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Figure 3. Optimal stopping boundaries f and g reflecting the closeness of {s2, s3, s4} and
s1 respectively. Initially all points in the state space E belong to the continuation set C (first
graph). Then the increase of s1, s2, s3, s4 moves f and g across each other and creates points in
the stopping set D (second graph). Removing S1 from the gain process in the optimal stopping
problem (3.6) creates a ‘leak’ on the edge E1 meaning that the only incentive to continue the
motion of X within E1 below f is the closeness of X to the origin (to gain a potential entry
to any of the running maxima on the edges E2, E3, E4 ). The separation principle embodies the
fact that adding S1 to the gain process can only have two extreme effects: either (i) the optimal
stopping value f(s2, s3, s4) is completely unaffected or (ii) the optimal stopping value f(s2, s3, s4)
is no longer optimal (before at least one of the four running maxima is increased). This stands in
sharp contrast with the usual behaviour of optimal stopping boundaries for diffusion processes on
manifolds (non-graphs).

centive for continuation of the process (X, S1, . . . , Sn) is the closeness of X to {S1, . . . , Sn} .
Focusing on the single running maximum S1 in the fictional absence of S2, . . . , Sn as depicted
in Figure 2, we see that this yields the existence of monotone optimal stopping boundaries f
and g as functions of the running maximum s1 attained at the edge E1 (note that f trans-
forms into g when passing through the origin). Exactly the same picture holds for any other
running maximum (in isolation) among S2, . . . , Sn . Understanding the interplay between the
resulting interactions of the running maxima is of central importance for the problem (3.6).

3. Separation principle. To address this interplay in fuller detail, let us assume that the
process (X, S1, . . . , Sn) starts at the origin (which clearly belongs to C as a diagonal point).
The motion of X then triggers the interplay between f and g as depicted in Figure 3 for
the edge E1 and similar interplays take place simultaneously for all other edges too. Focusing
on the edge E1 alone for simplicity, the value g(s1) represents the optimal stopping value
in the absence of s2, . . . , sn , and similarly, the value f(s2, . . . , sn) represents the (combined)
optimal stopping value in the absence of s1 . Clearly the mapping s1 7→ g(s1) is increasing
and the mapping si 7→ f(s2, . . . , sn) is decreasing for every 2 ≤ i ≤ n . Hence after waiting
sufficiently long the values g(s1) and f(s2, . . . , sn) will meet (see Figure 3). At this time
something interesting happens. Namely, if the equality g(s1) = f(s2, . . . , sn) is attained

12



Figure 4. The optimal stopping boundary s1 7→ g(s1) when a leak is created on the edge E1

through the increase of S1 . The resulting optimal stopping problem is two-dimensional so that
the maximality principle [20] applies and the solution can be derived exactly (the optimal stopping
boundary g is linear as shown in the graph above).

through the increase of s1 , then the entire problem fully simplifies to two dimensions of the
process (X1, S1) only, in which case the maximality principle [20] applies and the solution can
be derived exactly (see Figure 4). On the other hand, if the equality g(s1) = f(s2, . . . , sn) is
attained through the increase of si for some 2 ≤ i ≤ n , then the problem reduces to the
problem (3.6) where S1 is removed from the gain process. The edge E1 becomes an edge with
leak in the latter case meaning that the only incentive to continue the motion of X within
E1 is its closeness to the origin (to gain a potential entry to any of the running maxima in
the remaining edges). Thus, the problem is simplified to the edge E1 alone in the former
case, and the problem is reduced to the edges E2, . . . , En in the latter case (see the caption to
Figure 3 for an equivalent/dual interpretation of this splitting). The separation principle just
described stands in sharp contrast with the observed behaviour of optimal stopping boundaries
for diffusion processes on manifolds (non-graphs).

4. Edges with leaks. Applying the separation principle inductively starting with (4.1) above
leads to the pruning procedure described in Steps 1–n above. An edge with leak is created in
each step and either the motion of (X, S1, . . . , Sn) is stopped at the boundary g if the leak
is created through the increase of the running maximum in the leaked edge, or the motion of
(X,S1, . . . , Sn) is continued and either stopped at the boundary f or a new leak is created
(see Figure 5 for a leak created at E1 in the first step followed by a leak created at E2 in the
second step). Proceeding recursively in this way until the final two edges are reached (given
that it was not optimal to stop before) we arrive at Step n above where after a new leak is
created the problem reduces to X being a skew Brownian motion (the first graph in Figure
6) and then a standard Brownian motion (the second graph in Figure 6) with a single running
maximum in both cases, so that the maximality principle [20] applies as earlier and the solution
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Figure 5. A leak created on E1 in the first step (first graph) followed by a leak created on E2 in
the second step (second graph). The two leaked edges E1 and E2 having the angular probability
1/n each can be combined into a single (fictional) leaked edge having the angular probability 2/n
(with n = 4 in the graphs above).

can be derived exactly. Finally, the motion of (X, S1, . . . , Sn) is optimally stopped for good
at either the boundary f or the boundary g as stated in (4.9) above.

5. Free-boundary problem. To determine the value function V and the optimal stopping
boundaries f and g , we are led to formulate the free-boundary problem

ILXV (x, s1, . . . , sn) = c for (x, s1, . . . , sn) ∈ C(4.17)

V1(0+, s1, . . . , sn) = . . . = Vn(0+, s1, . . . , sn) = 0 (continuity)(4.18)
∑n

i=1
∂V
∂xi

(0+, s1, . . . , sn) = 0 (Kirchhoff)(4.19)

∂V
∂si

(xi, s1, . . . , sn)
∣∣
xi=si− (normal reflection)(4.20)

V (xi, s1, . . . , sn)
∣∣
xi=g(si)+

= s1 + . . . + sn (instantaneous stopping)(4.21)

∂V
∂xi

(xi, s1, . . . , sn)
∣∣
xi=g(si)+

= 0 (smooth fit)(4.22)

V (xi, s1, . . . , sn)
∣∣
xi=f(s̄i1,...,ik

)− = s1 + . . . + sn (instantaneous stopping)(4.23)

∂V
∂xi

(xi, s1, . . . , sn)
∣∣
xi=f(s̄i1,...,ik

)− = 0 (smooth fit)(4.24)

for s1, . . . , sn ∈ [0,∞) , all 1 ≤ i ≤ n in (4.20)-(4.22), and all i ∈ {i1, . . . , ik} ⊆ I with
1 ≤ k ≤ n−1 in (4.23)-(4.24), where ILX is the infinitesimal generator of X given in (2.7)
above and the continuation set C is given by

C =
{

(x, s1, . . . , sn) ∈ E×[0,∞)n | x ∈ Ei for some i ∈ I and either(4.25)

(si1 , . . . , sik−1) belongs to the domain of f and x < f(si1 , . . . , sik−1)

with k ∈ I satisfying ik = i for si1 ≤ . . . ≤ sin or x > g(si)
}

.
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For the rationale and further details regarding free-boundary problems of this kind we refer
to [22, Section 13] and the references therein (see also [5] for derivations of the smooth-fit
conditions (4.22) and (4.24) in more general situations). These general arguments apply in the
present setting without any changes. Note that (2.8) implies (4.19) because X is symmetric
so that p1 = . . . = pn = 1/n and the representation (4.25) follows from the pruning procedure
described in Steps 1–n above.

6. Maximality principle. The system (4.17)-(4.24) does not determine the value function V
and the optimal stopping boundaries f and g uniquely. This is a consequence of the fact
that when the optimal stopping problem (3.6) is reduced to a leaked edge Ei for some 1 ≤
i ≤ n as described in Steps 1–n above, then the system (4.17)-(4.24) collapses to a subsystem
consisting of (4.17) combined with (4.20)-(4.22) above. Probabilistically this corresponds to
a two-dimensional optimal stopping problem studied in [20] where the maximality principle
implies that the optimal stopping boundary si 7→ g(si) is the maximal solution to the nonlinear
differential equation

(4.26) g′(si) =
σ2(g(si))L

′(g(si))

2c(g(si))(L(si)−L(g(si))

staying strictly below the diagonal in the state space of (X i, Si) , and the value function V is
given explicitly by

(4.27) V (xi, s1, . . . , sn) = s1 + . . . + sn +

∫ xi

g(si)

(L(xi)−L(y))c(y) m(dy)

for g(si) ≤ xi ≤ si where 1 ≤ i ≤ n is the index of a leaked edge (note that every other
solution g to (4.26) also makes V from (4.27) a solution to the subsystem consisting of (4.17)
combined with (4.20)-(4.22) above). The equations (4.26) and (4.27) are expressed in a greater
generality of one-dimensional diffusion processes and when specialised to the symmetric Walsh
spider process X we know that the diffusion coefficient σ(x) ≡ 1 , the cost function c(x) ≡ c ,
the scale function L(x) = x and the speed measure m(dx) = 2dx . Inserting these formulae
into (4.26) and (4.27) yields explicit expressions that we omit for brevity. The maximal solution
to (4.26) is then given by

(4.28) g(si) = si − 1

2c

for si ≥ 1/2c . This is the formula (4.12) above. For fuller details of these arguments we refer
to Theorem 3.1 and Figure 1 in [20].

After the optimal stopping boundary g is determined uniquely on a leaked edge using the
maximality principle, it turns out (as we will see below) that the optimal stopping boundary
f is determined uniquely (and hence the value function V too). This is an important point
to grasp for a deeper understanding of the solution in general. The first step in this direction
corresponds to determining f which appears in (4.9) of the final Step n above (see the first
graph in Figure 6). Clearly finding f is equivalent to solving a two-dimensional optimal
stopping problem studied in [20] where X is a skew Brownian motion in IR with the skewness
parameter β for [0,∞) at 0 equal to 1/n (implying that the skewness parameter for (−∞, 0]
at 0 equals 1−β = (n−1)/n as stated in Figure 6). The scale function of X is given by
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Figure 6. Proceeding recursively until the final edge is reached (given that it was not optimal to
stop before and assuming that the final edge equals En without loss of generality) the problem
reduces to X being (i) a skew Brownian motion with the angular probabilities 1/n and (n−1)/n
for En (with n = 4 in the graphs above) and the fictional leaked edge respectively (first graph)
and then (ii) a standard Brownian motion (second graph) with a single running maximum in both
cases so that the maximality principle [20] applies and the solution can be derived exactly (the
optimal stopping boundary f is curved and the optimal stopping boundary g is linear as shown
in Figure 4 above).

L(x) = (1−β)x if x ≥ 0 and L(x) = βx if x ≤ 0 , and the speed measure m(dx) = 2dx is
unchanged. The maximality principle implies that the optimal stopping boundary si 7→ g(si)
is the maximal solution to (4.26) and the value function V is given explicitly by (4.27) above
where i is the index of the remaining unleaked edge. Noting that the equation (4.26) is the
same as in the non-skewed case when g(si) ≥ 0 we see that the maximal solution to (4.26)
is given by (4.28) above for si ≥ 1/2c . The value g(1/2c) = 0 combined with continuity of
g then determines the solution to (4.26) for si ∈ [0, 1/2c] uniquely. Moreover, passing to an
equivalent linear equation for the inverse function of g one can readily verify that

(4.29) si(g) =
1

2c

(κ2−1

κ2

)
e2cκg +

1

κ
g +

1

2cκ2

for g ∈ [g0, 0] where si(g0) = 0 and we set κ = (1−β)/β . Denoting the inverse function of
si from (4.29) by g , we see that the sought f is given by

(4.30) f(si) = −g(si)

for si ∈ [0, 1/2c] (see Figure 9). This explains how f appearing in (4.9) of the final Step
n above is determined. Before we show how this f can be used to determine the function
f appearing in Step n–1 above uniquely, and proceed similarly by recursion until Step 1 is
reached, we will first present a canonical result that underpins all the equations to be derived
in this way. Note that the canonical result is obtained as a consequence of the strong Markov
property combined with the condition of smooth fit (expressing a variational principle) and

16



Figure 7. A canonical setting for derivation of all equations for f where E1 is the (only) edge
with a leak for a Walsh spider process X on n edges with angular probabilities p1, . . . , pn and
f(s2, . . . , sn) is the optimal stopping point in E1 for s2, . . . , sn given and fixed.

the condition of normal reflection (belonging to the infinitesimal characteristics of the process)
in the free-boundary problem (4.17)-(4.24) above, and may be viewed as a realisation of the
generally known fact that a harmonic function in the interior of a set is uniquely determined
by its values at the boundary of the set.

7. Smooth fit and normal reflection. Consider the optimal stopping problem (3.6) for a Walsh
spider process X on n edges with angular probabilities p1, . . . , pn , and suppose that E1 is
the (only) edge with a leak (see Figure 7) where f := f(s2, . . . , sn) is the optimal stopping
point in E1 for the initial values s2, . . . , sn ∈ [0,∞) of the running maxima S2, . . . , Sn of X
given and fixed. Because E1 is the only edge with a leak, we know by the separation principle
that the area in E surrounded by f, s2, . . . , sn is contained in the continuation set C . Focus-
ing on that area we can therefore omit s1 and S1 from (4.16) as they play no role. Set

(4.31) V (si) := V (xi, s2, . . . , sn)
∣∣
xi=si

for i = 2, . . . , n and let x1 ∈ [0, f), x2 ∈ [0, s2), . . . , xn ∈ [0, sn) be given and fixed. Applying
the strong Markov property of (X,S2, . . . , Sn) at the first entry time τA of X into the set
A := { f, s2, . . . , sn } we find that

(4.32) V (xi, s2, . . . , sn) = (s2 + . . . + sn) Pxi
(XτA

=f) +
n∑

j=2

V (sj) Pxi
(XτA

=sj)− cExi
(τA)

for 1 ≤ i ≤ n . Note that the identities (2.10)-(2.12) are applicable to the exit probabilities
and mean exit times in (4.32) with a1 = f, a2 = s2, . . . , an = sn .

Focusing on x1 and rearranging the terms in (4.32) we see that

V (x1, s2, . . . , sn)− (s2 + . . . + sn)

1−Px1(XτA
=f)

= −(s2 + . . . + sn) +
n∑

j=2

V (sj)
Px1(XτA

=sj)

1−Px1(XτA
=f)

(4.33)
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− c
Ex1(τA)

1−Px1(XτA
=f)

.

Noting that s2 + . . . + sn = V (f, s2, . . . , sn) and making use of (2.10) above we find that

V (x1, s2, . . . , sn)− (s2 + . . . + sn)

1−Px1(XτA
=f)

(4.34)

=
V (x1, s2, . . . , sn)− V (f, s2, . . . , sn)

f−x1

· f(p1/f +
∑n

k=2 pk/sk)∑n
k=2 pk/sk

−→ ∂V

∂x
(f, s2 . . . , sn) · f(p1/f +

∑n
k=2 pk/sk)∑n

k=2 pk/sk

= 0

as x1 ↑ f where in the final step we use the smooth-fit condition (4.24) above.
Making use of (2.10) and (2.11) it is readily verified that

(4.35)
Px1(XτA

=sj)

1−Px1(XτA
=f)

=
1

(sj/pj)
∑n

k=2 pk/sk

in (4.33) above. Similarly, making use of (2.10) and (2.12) it is readily verified that

(4.36)
Ex1(τA)

1−Px1(XτA
=f)

=
p1f+

∑n
k=2 pksk + (p1+f

∑n
k=2 pk/sk)x1∑n

k=2 pk/sk

in (4.33) above. Letting x1 ↑ f in (4.33) and making use of (4.34)-(4.36) we obtain

(4.37)
n∑

j=2

pj
V (sj)

sj

=
( n∑

k=2

sk

)( n∑

k=2

pk/sk

)
+ c

( n∑

k=2

pksk + 2p1f + f 2

n∑

k=2

pk/sk

)
.

Note that the identity (4.37) is derived by an essential use of the smooth-fit condition (4.24)
(in addition to an implicit use of the infinitesimal-characteristics conditions (4.18) and (4.19)
that underpin the identities (2.10)-(2.12) above).

Returning to (4.32) and making use of (2.10)-(2.12) combined with the identity (4.37) above,
we find by a lengthy but straightforward calculation that

(4.38) V (xi, s2, . . . , sn) =
(
cf 2 +

n∑

k=2

sk

) si−xi

si

+ V (si)
xi

si

− cxi(si−xi)

for 2 ≤ i ≤ n . Differentiating with respect to si in (4.38) and making use of the normal-
reflection condition (4.20) above, we obtain

(4.39)
∂

∂si

(V (si)

si

)
= c

(
1− f 2/s2

i

)−
n∑

k=2

sk/s
2
i

for 2 ≤ i ≤ n . Note that the identity (4.39) is derived by an essential use of the smooth-fit
condition (4.24) combined with the normal-reflection condition (4.20) (in addition to an implicit
use of the infinitesimal-characteristics conditions (4.18) and (4.19) that underpin the identities
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Figure 8. A realisation of the canonical setting from Figure 7 (with k +1 in place of n )
where E1 represents an aggregate of n−k edges with leaks (having the angular probability
p1 = (n−k)/n ) and the remaining k edges E2, . . . , Ek+1 (having the angular probabilities
p2 = . . . = pk+1 = 1/n ) contain no leak. With f(s3, . . . , sk+1) determined in the previous step,
and s∗2 being the largest value of s2 which does not produce a leak on E2 , the aim is to
find/determine the optimal stopping value f(s2, . . . , sk+1) on each of the n−k edges with leaks.

(2.10)-(2.12) above). We will use the identity (4.39) below to derive integral equations that
characterise the optimal stopping boundaries f uniquely.

In addition to (4.38) above, returning to (4.32) and making use of (2.10)-(2.12) combined
with the identity (4.37) above, we find by a lengthy but straightforward calculation that

(4.40) V (x1, s2, . . . , sn) =
n∑

k=2

sk + c(f−x1)
2 .

Unlike in (4.37) note that the expressions on the right-hand side of (4.38)-(4.40) contain no
explicit dependence on p1, . . . , pn (this dependence sits entirely in f instead). Note also that
the function V given by (4.38) and (4.40) satisfies the Kirchhoff condition (2.8) (or equivalently
(4.19) in the symmetric case) when the condition (4.37) holds.

8. Integral equations. Going backwards from Step n to Step 1 in the pruning procedure
from (I) above, in each step we are faced with a particular realisation of the canonical setting
from Figure 7 as shown in Figure 8. With k running from 1 to n−1 given and fixed,
without loss of generality (using that X is symmetric) we may assume as in Figure 8 that
the edge E1 represents an aggregate of n−k edges with leaks and the remaining k edges
contain no leak. In the canonical setting of Figure 7 this corresponds to n being equal to
k +1 with the angular probabilities p1 = (n−k)/n and p2 = . . . = pk+1 = 1/n . With
(s3, . . . , sk+1) 7→ f(s3, . . . , sk+1) determined in the previous step (note that the number of
arguments of f equals k−1 ), we then aim to find/determine (s2, . . . , sk+1) 7→ f(s2, . . . , sk+1)
representing the optimal stopping value on each of the n−k edges with leaks. If f(s3, . . . , sk+1)
belongs to E2 , i.e. if (s3, . . . , sk+1) belongs to the domain of f , then the largest value of s2

19



which does not produce a (strict) leak on E2 is given by s∗2 = f(s3, . . . , sk+1)+1/2c due to
(4.12) above. Exactly the same argument (by symmetry) applies to any of the remaining edges
E3, . . . , Ek+1 with no leak and this leads to the values s∗3, . . . , s

∗
k+1 whenever the values of f

are defined. On the other hand, if (s3, . . . , sk+1) does not belong to the domain of f , then using
symmetry we set sj = max {s3, . . . , sk+1} and let s∗2 be the largest value of s2 in [0, 1/2c] for
which sj ≤ f(s2, . . . , sj−1, sj+1, . . . , sk+1)+1/2c . In other words, we swap the roles of s2 and
sj upon using that (s2, . . . , sj−1, sj+1, . . . , sk+1) must belong to the domain of f because the
edges E2, . . . , Ek+1 contain no leak (noting also that s2 7→ f(s2, . . . , sj−1, sj+1, . . . , sk+1) is
decreasing). Exactly the same argument (by symmetry) applies to any of the remaining edges
E3, . . . , Ek+1 with no leak and this leads to the values s∗3, . . . , s

∗
k+1 when the values of f are

not defined either.
The key reason for singling out the points s∗2, . . . , s

∗
k+1 is that their extremity makes the

value function from (4.31) with k +1 in place of n expressible explicitly at these points.
Namely, calculating the integral in (4.27) explicitly as indicated above (with s1 removed and
k+1 in place of n ), we see that

(4.41) V (s∗i ) := V (s∗i , s2, . . . , si−1, s
∗
i , si+1, . . . , sk+1) = s∗i +

k+1∑

j=2,j 6=i

sj +
1

4c

for i = 2, . . . , k+1 . This expression can now be used to instantiate the identity (4.39) combined
with the identity (4.37) above. For this, note that

(4.42)
k+1∑
i=2

V (s∗i )
s∗i

=
k+1∑
i=2

V (si)

si

+
k+1∑
i=2

∫ s∗i

si

∂

∂s′i

(V (s′i)
s′i

)
ds′i

for 0 ≤ si ≤ s∗i with 2 ≤ i ≤ k+1 . Making use of (4.41) in the first sum, (4.37) with k+1 in
place of n and p1 = (n−k)/n alongside p2 = . . . = pk+1 = 1/n in the second sum, and (4.39)
in the third sum above, a lengthy but straightforward calculation shows that (4.42) reads

k+1∑
i=2

[
1

4cs∗i
− cs∗i + log

(s∗i
si

)
+ c

∫ s∗i

si

f 2(s2, . . . , si−1, s
′
i, si+1, . . . , sk+1)

(s′i)2
ds′i

]
(4.43)

= c
( k+1∑

i=2

1

si

)
f 2(s2, . . . , sk+1) + 2c(n−k)f(s2, . . . , sk+1)

for 0 ≤ si ≤ s∗i with 2 ≤ i ≤ k+1 . Note that (4.43) is exactly the equation (4.10) above
stated with renamed variables.

9. Uniqueness. Probabilistic arguments presented above establish the existence of a non-
negative solution (s1, . . . , sk) 7→ f(s1, . . . , sk) to the equation (4.10) with 1 ≤ k ≤ n−1
given and fixed. From the closed-form expression (4.38) above we see that f is continuous
(because V is so). To show that the solution is unique, suppose that g is another non-negative
continuous solution to (4.10) and let ε > 0 be given and fixed. Setting f := f(s1, . . . , sk) and
g := g(s1, . . . , sk) for ε ≤ s1 ≤ s∗1, . . . , ε ≤ sk ≤ s∗k given and fixed, we see from (4.10) that

[( 1

s1

+ . . . +
1

sk

)
(f+g) + 2(n−k)

]
(f−g)(4.44)
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=

∫ s∗1

s1

(f 2−g2)(s′1, s2, . . . , sk)

(s′1)2
ds′1 + . . . +

∫ s∗k

sk

(f 2−g2)(s1, s2, . . . , s
′
k)

(s′k)
2

ds′k .

Rearranging the terms and using the fact that both f and g are continuous and thus bounded
on their compact domain, we find that

|f−g| ≤ Kε

ε2

[ ∫ s∗1

s1

|(f−g)(s′1, s2, . . . , sk)| ds′1 + . . . +

∫ s∗k

sk

|(f−g)(s1, s2, . . . , s
′
k)| ds′k

]
(4.45)

=
Kε

ε2

[ ∫ s∗1

s1

|(f−g)(s′1, s2, . . . , sk)| eρs′1eρs2 . . . eρske−ρs′1e−ρs2 . . . e−ρsk ds′1 + . . .

+

∫ s∗k

sk

|(f−g)(s1, s2, . . . , s
′
k)| eρs1 . . . eρsk−1eρs′ke−ρs1 . . . e−ρsk−1e−ρs′k ds′k

]

≤ Kε

ε2
‖f−g‖ε

[1

ρ

(
e−ρs1−e−ρs∗1

)
e−ρs2 . . . e−ρsk + . . . + e−ρs1 . . . e−ρsk−1

1

ρ

(
e−ρsk−e−ρs∗k

)

for Kε > 0 large enough and any ρ > 0 where we set

(4.46) ‖f−g‖ε := sup
ε≤si≤s∗i ,1≤i≤k

(
|(f−g)(s1, s2, . . . , sk)| eρs1 . . . eρsk

)
.

Multiplying both sides in (4.45) by eρs1 . . . eρsk and taking the supremum as in (4.46) we get

(4.47) ‖f−g‖ε ≤ Kε

ε2

k

ρ
‖f−g‖ε .

Choosing ρ large enough so that (Kεk)/(ε2ρ) < 1 we see that ‖f−g‖ε must be zero. Letting
ε ↓ 0 we obtain f = g as claimed.

10. Edge with zero leak. Having reached the final step k = n−1 in the system (4.10), and
recalling from (3.13) that our aim is to determine the value V (0, 0, . . . , 0) in (4.16), we see
from (4.40) that the latter value is still inaccessible because the optimal stopping boundary
(s1, . . . , sn) 7→ f(s1, . . . , sn−1) derived in the final step takes values in the edge E1 having a
leak so that s1 ≥ 1/2c > 0 (recall the paragraph containing (4.31) above) and we cannot let
s1 be or tend to 0 . Potentially this could be a serious issue and the novel argument that we
now present to resolve it is both insightful and beautiful.

The first step in this direction was already undertaken by introducing the general angular
probabilities p1, . . . , pn in the paragraph containing (4.31) above. Moreover, it was shown
above that these angular probabilities play an explicit role only in the smooth-fit relation (4.37)
with p1 standing out and leading to the appearance of the factor 2c(n−k) in the equation
(4.10) making it nonlinear. Motivated by these observations and our aim recalled above we are
thus naturally led to continue the recursion in the system (4.10) beyond k = n−1 by adding an
extra edge E0 to the state space E =

∐n
i=1 Ei of X having a zero leak. Probabilistically this

means that X moves within E0 as a standard Brownian motion, and after hitting the origin
in Ē :=

∐n
i=0 Ei from within E0 , the process X reflects instantaneously into any of the

edges E1, . . . , En with probability 1/n . The derivation of (4.37) and (4.39) presented above
remains valid in this case with p1 = 0 and p2 = . . . = pn+1 = 1/n where n is replaced by
n+1 throughout. The derivation of the integral equation (4.43) remains valid as well with the
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notable difference that p1 = 0 kills the final term in (4.43). This leads to the linear integral
equation (4.13) where the optimal stopping boundary (s1, . . . , sn) 7→ f̄(s1, . . . , sn) takes values
in E0 and f specifying the domain boundary (alongside the boundary values) as stated in
(4.14) above is the final solution to (4.10) corresponding to k = n−1 .

Probabilistic arguments presented above establish the existence of a continuous non-negative
solution (s1, . . . , sn) 7→ f̄(s1, . . . , sn) to the equation (4.13). A minor modification of the
uniqueness argument for the equation (4.10) given above shows that this solution is unique.
The derivation of (4.40) remains valid as well and the resulting identity for the value function
V̄ on Ē×[0,∞)n defined as in (4.16) reads as follows

(4.48) V̄ (x0, s1, . . . , sn) =
n∑

k=1

sk + c(f̄−x0)
2

for 0 ≤ x0 ≤ f̄ := f̄(s1, . . . , sn) with 0 ≤ si ≤ s∗i for 1 ≤ i ≤ n . The process X started at
the origin in Ē coincides with a symmetric Walsh process on the edges E1, . . . , En . A formal
verification of the fact that the solution V (with f and g ) to the free boundary problem
(4.17)-(4.24) constructed by means of τ∗ equals the value function from (4.16) can be carried
out in a standard way by applying Itô’s formula to V composed with (X,S1, . . . , Sn) (upon
invoking a well-known justification [15, Remark 4.2] in these settings and using (2.5) above)
combined with the optional sampling theorem and the fact that τ∗ has a finite expectation
(due to the maximality principle). Letting x0 = s1 = . . . = sn = 0 in (4.48) we see that the
value function V from (4.16) satisfies

(4.49) V (0) = cf̄ 2(0)

where 0 := (0, . . . , 0) ∈ [0,∞)n . Inserting this value with c = 1 in (3.13) we obtain (4.15) as
claimed and the proof is complete. ¤

Remark 1. As pointed out in the proof above, note that the pruning procedure of Steps
1–n is realised in a forward direction when observing and stopping the process X optimally,
while the systems (4.10) and (4.13) need to be solved recursively in the opposite/backward
direction when finding the optimal stopping boundary f used in the pruning procedure. Note
also that a leak in the pruning procedure is always created on the edge having the largest
running maximum among all edges with no leak.

Remark 2. In an attempt to specify the general solution to (4.17) within the free-boundary
problem (4.17)-(4.24) we went on to exploit symmetries of the value function V (alongside
its continuity) in the Kolmogorov-Arnold theorem and its refinement due to Sprecher [23].
Although this approach was eventually abandoned it may still be of interest for future studies.

Remark 3. We used the weighted sup norm (4.46) to establish uniqueness of the solution
to the integral equations (4.10) and (4.13). Tricks of this kind are known in the literature on
integral equations (see [26, pp 61-62]). Another way to derive the uniqueness could be based
on multidimensional versions of the Wendroff inequality (see (5)-(6) in [3, p. 154]). This line of
argument may also be of interest for further development.
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Remark 4. Applying ∂2/∂s1∂s2 to both sides in (4.10) with k = 2 shows that the
nonlinear integral equation (4.10) can be rewritten as the nonlinear PDE of hyperbolic type

(4.50)
∂2f

∂s1∂s2

= −
∂f
∂s1

∂f
∂s2

f + 1/( 1
s1

+ 1
s2

)

where f = f(s1, s2) . The appearance of hyperbolic equations in the probabilistic setting is
both unusual and interesting.

5. Special cases

In this section we specialise the result of Theorem 1 to dimensions n = 1, 2, 3 . We show how
the known Dubins constants D1 and D2 can be determined explicitly and how the long-sought
Dubins constant D3 can be determined numerically. The absence of an explicit expression for
D3 is attributed to the fact that the origin is a triple branching point in the state space of
Walsh’s spider process on 3 edges (cf. [24]) so that the optimal stopping boundary f given
in (4.30) admits no closed-form expression (as is seen from (4.29) above). The same conclusion
extends to all n ≥ 3 .

We assume throughout that X is a symmetric Walsh spider process on n edges and we
consider the problem (4.16) and its solution presented in Theorem 1 above for n ≥ 1 .

Example 1. Consider the case n = 1 . Adding an extra edge E0 with zero leak to E1

we see that the problem of finding s1 7→ f̄(s1) with values in E0 reduces to solving a two-
dimensional optimal stopping problem for a skew Brownian motion in IR with the skewness
parameter β = 1 for [0,∞) at 0 . From the paragraph following (4.28) with i = 1 we
know that the optimal stopping boundary s1 7→ g(s1) in this problem is given by (4.28) for
s1 ≥ 1/2c and is expressed through its inverse (4.29) on [0, 1/2c] where κ = (1−β)/β = 0 in
the limit. Denoting the value in (4.29) by s1(g; κ) it is readily verified that

(5.1) s1(g) := lim
κ↓0

s1(g; κ) =
1

2c
− cg2

for g ∈ [−1/c
√

2, 0] where s1(−1/c
√

2) = 0 (see the first graph in Figure 9). Recalling (4.30)
we see that this yields f(s1) = (1/

√
c)

√
1/2c− s1 for s1 ∈ [0, 1/2c] (see the second graph in

Figure 9). In particular, we have f̄(0) = 1/c
√

2 so that (4.15) with c = 1 implies that

(5.2) D1 = 2f̄(0) =
√

2 .

This is a known result of [7], [14], [17]. Note that one can also derive (5.2) more directly by
the maximality principle without adding an extra edge with zero leak.

Example 2. Consider the case n = 2 . Adding an extra edge E0 with zero leak to
E1

∐
E2 we see that the problem of finding (s1, s2) 7→ f̄(s1, s2) with values in E0 reduces to

solving the integral equation (4.13) that reads

1

4c

( 1

s∗1
+

1

s∗2

)
− c

(
s∗1+s∗2

)
+ log

(s∗1s
∗
2

s1s2

)
+ c

∫ s∗1

s1

f̄ 2(s′1, s2)

(s′1)2
ds′1 + c

∫ s∗2

s2

f̄ 2(s1, s
′
2)

(s′2)2
ds′2(5.3)
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Figure 9. The optimal stopping boundary s1 7→ g(s1) from (4.29) in the two-dimensional
problem for a skew Brownian motion in IR with a skewness parameter β ↑ 1 for [0,∞) at 0
(left graph), and the optimal stopping boundary s1 7→ f(s1) from (4.30) appearing in the final
step (4.9) of the pruning procedure in Theorem 1 (right graph). Both graphs show the limiting
case β = 1 only (see Example 1) while the graphs in all prelimiting cases look similar.

= c
( 1

s1

+
1

s2

)
f̄ 2(s1, s2)

for 0 ≤ s1 ≤ s∗1 and 0 ≤ s2 ≤ s∗2 where

(5.4) f(s1) =
1

2c
−s1 & f(s2) =

1

2c
−s2

for 0 ≤ s1 ≤ 1/2c and 0 ≤ s2 ≤ 1/2c (because there is no skewness at 0 due to zero leak)
so that s∗1 = f(s2) + 1/2c = 1/c−s2 for 0 ≤ s2 ≤ 1/c and s∗2 = f(s1)+1/2c = 1/c−s1

for 0 ≤ s1 ≤ 1/c . Note that the domain D(f̄) of f̄ equals the entire triangle { (s1, s2) ∈
[0, 1/c]×[0, 1/c] | s1+s2 ≤ 1/c } i.e. its (upper) boundary is not curved.

The equation (5.3) can be solved explicitly. For this, note that by applying ∂2/∂s1∂s2 to
both sides in (5.3) we find that

(5.5)
∂2f̄ 2

∂s1∂s2

(s1, s2) = 0

(cf. (4.50) above) so that f̄ 2(s1, s2) = h1(s1)+h2(s2) for (s1, s2) ∈ D(f̄) with some functions
h1 and h2 . Since f̄ 2 is permutationally invariant (because f is so) and f̄ 2(1/2c, 1/2c) = 0 ,
we can conclude that h1 = h2 =: h . Inserting f̄ 2(s1, s2) = h(s1)+h(s2) into (5.3) above, and
separating variables, we find that

(5.6)
1

4c

( 1

s∗j

)
− cs∗j + log

(s∗j
si

)
+ c

∫ s∗j

si

h(s′)
(s′)2

ds′ − c
h(si)

s∗j
= c

h(si)

si

for i 6= j in {1, 2} with (s1, s2) ∈ D(f̄) . Replacing either s1 or s2 by s and applying
∂/∂s to both sides in (5.6) we find that

(5.7) h′(s) = s− 1

c
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Figure 10. The optimal stopping boundary (s1, s2) 7→ f(s1, s2) solving the nonlinear integral
equation (5.12) uniquely in the case n = 3 with c = 1 (see Example 3). The graph on the left
shows a side view and the graph on the right shows a top view. The function s 7→ f(s) from
Figure 9 determines the domain boundary of (s1, s2) 7→ f(s1, s2) and its boundary values (see
the sentence containing (5.13) and (5.14) in Example 3).

for 0 ≤ s ≤ 1/2c . The unique solution to (5.7) satisfying h(1/2c) = 0 is given by

(5.8) h(s) =
s2

2
− s

c
+

3

8c2

for 0 ≤ s ≤ 1/2c . Setting c = 1 this gives f̄(0, 0) = 2h(0) = 3/4 and (4.15) implies that

(5.9) D2 = 2f̄(0, 0) =
√

3 .

This is a known result of [6] (see also [21] for a different derivation).

Example 3. Consider the case n = 3 . Adding an extra edge E0 with zero leak to
E1

∐
E2

∐
E3 we see that the problem of finding (s1, s2, s3) 7→ f̄(s1, s2, s3) with values in E0

reduces to solving the integral equation (4.13) that reads

1

4c

( 1

s∗1
+

1

s∗2
+

1

s∗3

)
− c

(
s∗1+s∗2+s∗3

)
+ log

(s∗1s
∗
2s
∗
3

s1s2s3

)
(5.10)

+ c

∫ s∗1

s1

f̄ 2(s′1, s2, s3)

(s′1)2
ds′1 + c

∫ s∗2

s2

f̄ 2(s1, s
′
2, s3)

(s′2)2
ds′2 + c

∫ s∗3

s3

f̄ 2(s1, s2, s
′
3)

(s′3)2
ds′3

= c
( 1

s1

+
1

s2

+
1

s3

)
f̄ 2(s1, s2, s3)

for 0 ≤ s1 ≤ s∗1 , 0 ≤ s2 ≤ s∗2 and 0 ≤ s3 ≤ s∗3 , where setting s := (s1, s2, s3) we either let

(5.11) s∗i = f(s̄i) +
1

2c
if f(s̄i) ∈ Ei
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i.e. if s̄i belongs to the domain of f , or we set sj := max s̄i and let s∗i be the largest value
of si in [0, 1/2c] for which sj ≤ f(s̄j)+1/2c for 1 ≤ i ≤ 3 (recall the second paragraph
in Section 4 above for the notation), and we have f(s∗1, s

∗
2, s

∗
3) = f(s∗i , s

∗
j) where s∗k is the

largest among s∗1, s
∗
2, s

∗
3 for different i, j, k ∈ {1, 2, 3} . The function (s1, s2) 7→ f(s1, s2) used

in (5.11) and afterwards to specify the (upper) boundary of the domain of f̄ (as well as the
values of f̄ at the boundary) solves (uniquely) the integral equation (4.10) that reads

1

4c

( 1

s∗1
+

1

s∗2

)
− c

(
s∗1+s∗2

)
+ log

(s∗1s
∗
2

s1s2

)
+ c

∫ s∗1

s1

f 2(s′1, s2)

(s′1)2
ds′1 + c

∫ s∗2

s2

f 2(s1, s
′
2)

(s′2)2
ds′2(5.12)

= c
( 1

s1

+
1

s2

)
f 2(s1, s2) + 2cf(s1, s2)

for 0 ≤ s1 ≤ s∗1 and 0 ≤ s2 ≤ s∗2 , where setting s := (s1, s2) we either let

(5.13) s∗1 = f(s2)+
1

2c
& s∗2 = f(s1)+

1

2c

for 0 ≤ s2 ≤ 1/2c and 0 ≤ s1 ≤ 1/2c , or we let

(5.14) s∗1 = f−1
(
s2− 1

2c

)
& s∗2 = f−1

(
s1− 1

2c

)

for 1/2c ≤ s2 ≤ f(0)+1/2c and 1/2c ≤ s1 ≤ f(0)+1/2c , and we have f(s∗1, s
∗
2) = f(s∗i )

where s∗j is the larger of s∗1 and s∗2 for different i, j ∈ {1, 2} . The function s1 7→ f(s1) used
in (5.13)+(5.14) and afterwards to specify the (upper) boundary of the domain of f (as well
as the values of f at the boundary) is given by (4.30) above (where g is the inverse function
of the function from (4.29) above). Note that the domain D(f) of (s1, s2) 7→ f(s1, s2) equals
{ (s1, s2) ∈ [0, 1/c]×[0, 1/c] | s1 ∈ [0, 1/2c] with s2 ≤ f(s1)+1/2c or s2 ∈ [0, 1/2c] with s1 ≤
f(s2) + 1/2c } , i.e. its (upper) boundary is curved (see the second graph in Figure 10). The
curvature of the domain D(f̄) of (s1, s2, s3) 7→ f̄(s1, s2, s3) can be visualised using (5.11) (see
the first graph in Figure 10). Recall that (s1, s2) 7→ f(s1, s2) and (s1, s2, s3) 7→ f̄(s1, s2, s3)
are permutationally invariant so that it is sufficient to determine the values of f and f̄ on
the generating sets consisting of (s1, s2) ∈ D(f) with s1 ≤ s2 and (s1, s2, s3) ∈ D(f̄) with
s1 ≤ s2 ≤ s3 respectively.

The integral equations (5.10) and (5.12) can be solved numerically (in the reversed order)
using a classic quadrature method that generally approximates each integral in the equation by
a weighted sum of function values (a quadrature rule) to be determined by solving a system
of algebraic equations. Using only a rudimentary knowledge of numerical analysis we have
implemented such an algorithm using a simple endpoint quadrature rule for the equidistant
mesh of the domain. The algorithm starts by making use of the known (curved) boundary
values, and then continues by producing approximate values of f and f̄ further away from
the boundary and deeper inside the generating sets of their domains addressed above, until the
values f(0, 0) and f̄(0, 0, 0) are finally reached. Only a single quadratic equation needs to
be solved in each step for the (nonlinear) equation (5.12) and no algebraic equation needs to
be solved for the (linear) equation (5.10). The equation (5.12) needs to be solved first. The
numerical solution f found is then used as a boundary specification/condition to solve the
equation (5.10) for f̄ . The latter task is more demanding because the equation (5.10) is three-
dimensional while the equation (5.12) is two-dimensional. The quadrature method produces a
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stable and accurate algorithm in both cases while the speed of calculation is much slower for
(5.10) than (5.12). Once f̄(0, 0, 0) is obtained with c = 1 we know by (4.15) that

(5.15) D3 = 2f̄(0, 0, 0)

approximately (the finer the mesh the more accurate the approximation). The following nu-
merical approximations for f̄(0, 0, 0) were obtained using the quadrature algorithm described
above for c = 1 with the number of one-dimensional nodes in the equidistant mesh given in the
brackets: 0.925505 (100); 0.952463 (500); 0.955386 (1,000); 0.956967 (1,500); 0.957801 (2,000).
For 2,000 one-dimensional nodes using (5.15) this gives

(5.16) D3 = 1.91 . . .

where it took just over two minutes to solve the equation (5.12), and over seventy-seven hours
to solve the equation (5.10), both using the quadrature algorithm described above (optimised
by Wolfram Mathematica and run on a high-performance computing cluster). Developing
faster and more efficient methods/algorithms for solving the nested integral equations (4.10)
and (4.13) in higher dimensions to approximate the remaining Dubins constants D4, D5, . . .
presents a challenging topic for further study.
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