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15. Examples of measure-preserving
transformations: shifts of finite type

§15.1 Shifts of finite type

Let A be a k x k matrix with entries equal to 0 or 1. Recall that we have
defined the (two-sided) shift of finite type by

Ya={z=(z) €{l,....,k}! | A(@p,2ns1) = 1 Vn € Z}
and the (one-sided) shift of finite type
h={z=(z,) €{1,... ,k}Z+ | A(zp, Tpi1) =1 V0 € Z7}.
The shift maps o : X4 — 24, 0 : Ejg — Zj are defined by

o(...,xz1, = ,r1,T2,...)=(...,T9, T1 ,T2,T3,...),
<~ <~

Oth place Oth place

0'(1130,1131,332,333, .. ) = (th?a'r?n .. ')7

respectively, i.e., o shifts sequences one place to the left.
As an analogue of intervals in this case, we have so-called ‘cylinder sets’,
formed by fixing a finite set of co-ordinates. More precisely, in ¥ 4 we define

[y—ma"'7y—17y07y17"'7yn] :{$ S EA | Ti = Yi, _mSZSH}a
and in ZX we define
[y07y177yn] :{$€EX‘$Z:yZ, OSZSTI}

In each case the cylinder sets form a semi-algebra which generates the Borel
o-algebra. (Cylinder sets are both open and closed.)

§15.2 The Perron-Frobenius theorem

The following standard result will be useful.

Theorem 15.1 (Perron-Frobenius)

Let B be a non-negative aperiodic k x k matrix (i.e. B;; > 0 for each
1 < 14,5 <k and there exists n > 0 such that B{fj >0 for all 0 <i,j <k).
Then:

(i) there exists a positive eigenvalue A > 0 such that all other eigenvalues
Ai € C satisfy |A\i| < A,
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(ii) the eigenvalue A is simple (i.e. the corresponding eigenspace is one-

dimensional),
(iii) there is a unique right-eigenvector v = (vy,...,v;)? such that v; > 0,
Z?:I vj] =1 and
Bv = v,
(iv) there is a unique positive left-eigenvector u = (u1,...,ux) such that
uj >0, 330 |uj| =1 and
uB = \u,

(v) eigenvectors corresponding to eigenvalues other than A are not positive:
i.e. at least one co-ordinate is positive and at least one co-ordinate is
negative.

§15.3 Markov measures

We will now see how to construct a large class of o-invariant measures on
shifts of finite type.

Definition. A k x k matrix P is said to be stochastic if:
(i) P(i,j) >0 i,5=1,...,k,
(i) Y5 Pli,j) =1, i=1,...,k
Suppose that P is compatible with A, i.e.,
P(i,j) >0 <= A(i,j) = 1.

Suppose in addition that P, or equivalently A, is aperiodic, i.e., there exists
n such that for each i, 7 we have P"(i,j) > 0.

Applying the Perron-Frobenius theorem, we see that there exists a unique
maximal eigenvalue A\. As P is stochastic, we must have that A = 1 (why?).
Moreover, by (ii) in the above definition, the right-eigenvector is (1,...,1).
Let p = (p1,-..,pr) be the corresponding (strictly positive) left eigenvector,
normalised so that Zle pi = 1.

Now we define a probability measure y = up on X 4, Zj by

prYe Yests - - Yn] = Py PWes yes1) - P(Yn—1,Yn),

on cylinder sets. (By the Kolmogorov Extension Theorem, this uniquely
defines a measure on the whole Borel o-algebra.)
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We shall show that the measure pup on EA‘ is o-invariant. By the Kol-
mogorov Extension Theorem, it is enough to show that up and o.up agree
on cylinder sets. Now

U*Np[y07yl7‘”7yn] - NP(U_l[y07yla"'7yn])
k
= WP U[j7y07yl7”‘7yn]
j=1

k
= Zup[jvy()yylv"'?yn]
j=1

K
= > piPG,v0)Pyo, 1) - P(Yn—1,vn)
j=1

= pyPWo,v1) - P(Yn-1,Yn)
= Hp[y07y17”‘7yn]7

as required (where to get the penultimate line we have used the fact that
pP = p). Probability measures of this form are called Markov measures.

Given an aperiodic k£ X k matrix A there are of course many compatible
stochastic matrices P. Each such stochastic matrix generates a different
Markov measure. However, there are several naturally defined measures
that turn out to be Markov, and we give two of them here.

§15.4  Full shifts
Recall that if A(i,7) =1 for all 4, j then

Sa={1,.. K% Tt={1.. . k"

are the full shifts on k symbols. In this case we may define a (family of)
measures by taking p = (p1,...,pr) to be any (positive) probability vector
(i.e., p; > 0, Zle p;) and defining

N[yh cee 7yn] =Py, " Pyn-

Such a p is called a Bernoulli measure.

Exercise 15.1
Show that Bernoulli measures are Markov measures (i.e. construct a matrix
P for which (p1,...,px)P = (p1,...,pk)-

§15.5 The Parry measure

As A is a non-negative aperiodic matrix, by the Perron-Frobenius theorem
there exists a unique maximal eigenvalue A with corresponding left and right
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eigenvalues u = (ug,...,ux) and v = (vy,...,vx), respectively. Define
Aijvj
Py =
)\’UZ'
U5V
pi =
c

k
where ¢ =) 7 | uv;.

Exercise 15.2
Show that P is a stochastic matrix and that p is a normalised left-eigenvalue
for P.

The corresponding Markov measure is called the Parry measure.



