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7. More on uniform distribution

§7.1 Generalisation to Higher Dimensions
We shall now look at the distribution of sequences in R¥.

Definition. A sequence x,, = (z),...,2F) € R¥ is said to be uniformly

distributed mod 1 if, for each choice of k intervals [a1,b1], ..., [ag, bk] C [0,1),
we have that

1 n—1 k . k
E ZO I_le[ai,bi}({x;}) - l_Il(bz - (Iz'), as n — 00.
j=0i= i

We have the following criterion for uniform distribution.

Theorem 7.1 (Multi-dimensional Weyl’s Criterion)
The sequence x,, € R* is uniformly distributed mod 1 if and only if

n—1
i 1, ... k
2 :627rz(flx]-+ +Hxy) —0, asn — oo,

J=0

1

for all £ = (f1,...,0) € ZF\ {0}.
Remark. Here and throughout 0 € Z* denotes the zero vector (0,...,0).
Proof. The proof is essentially the same as in the case k = 1. O

We shall apply this result to the sequence z,, = (nay,...,naqy), for real
numbers aq, ..., qy.

Suppose first that the numbers aq, ..., ag, 1 are rationally independent.
This means that if r1,..., 7, are rational numbers such that

riay + -+ rpag +r =0,

then ry = --- = rp = r = 0. In particular, for £ = (¢1,...,£;) € Z¥\ {0} and
n €N,
finoq + -+ - + Lpnog §é Z,

so that
eQwi(Zlna1+~~~+£knak) ?é 1.
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We therefore have that

n—1

2min(f1ar+---+¢,
l Z e27ri(€1ja1+...+gkjak) le wzé( 101 kQK) _ 1
n 4 0 n e2mi(fion+-+Lrar) — 1
]:
1 2 0
E |627T’L'(€10¢1+~..+[kak) _ 1| — 9 as n — oQ.
Therefore, by Weyl’s Criterion, (nasq, ..., nay) is uniformly distributed mod
1.
Now suppose that the numbers aq,...,ax,1 are rationally dependent.

Then there exists £ = (¢1,...,¢;) € Z¥\ {0} such that
biag + -+ + g € Z.

Thus e2mi(f1nant+lnar) — 1 for all n € N and so

n—1
lz}%wmﬁm%mwzl#a as 71— 00,
n-
7=0
Therefore, (nayq,...,nax) is not uniformly distributed mod 1.

§7.2 Generalisation to polynomials

We shall now consider another generalisation of the sequence na. Write

p(n) = apn® + ap_1n* T+ aqn + ap.

Theorem 7.2 (Weyl)
If any one of aq,. .., ay is irrational then p(n) is uniformly distributed mod
1.

To prove this theorem we shall need the following technical result.

Lemma 7.3 (van der Corput’s Inequality)
Let zy,...,2n_1 € Candlet 1 <m <n—1. Then

2

n—1 n—1
m? sz < 771(7’L—i—m)z:|zj|2
j=0 =0

m—1 n—1—j
+2(n+m)Re Z(m—j) Z ZitiZi-
j=1 i=0
Let z,, € R. For each m > 1 define the sequence x%m) = Tpym—Tp of MM

differences. The following lemma allows us to infer the uniform distribution
of the sequence x,, if we know the uniform distribution of the each of the
m* differences of z,,.
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Lemma 7.4

Let x,, € R be a sequence. Suppose that for each m > 1 the sequence x,(lm)
of mth differences is uniformly distributed mod 1. Then x,, is uniformly
distributed mod 1.

Proof. We shall apply Weyl’s Criterion. We need to show that if £ € Z\{0}

then
1 n—1

— Z 2™ 0, asn — oo.
n=

Let z; = e?™%; for j =0,...,n — 1. Note that |zj| =1. Let 1 <m < n.
By van der Corput’s inequality,

2
9 |n—1

m il m
2T < s mn
§=0
m—1 N n—1—j
+ 2(71 + m) Re (m — ]) Z e27ri€(xi+j —x;)
n - n :
j=1 1=0
-1
m 2(n+m) _ ‘o ,
= g(m +n)+ — Re Z(m —J)An;
j=1
where
1 n i ( ) 1 n 1 (1)
L= 2mil(xiqj—ai) _ = 2milx;
An,]—nZe +i _nZe .

1=0 =0
As the sequence xl(.j ) of 4% differences is uniformly distributed mod 1, by
Weyl’s criterion we have that A, ; — 0 for each j = 1,...,m — 1. Hence for
each m >1

n—1 2

2 — .
lim sup m_2 Z ¥ 5| < lim sup mM =m.
n—oo TN =0 n—00 n

Hence, for each m > 1 we have

1
lim su E et <~
n—>oop n = - m
As m > 1 is arbitrary, the result follows. O

Proof of Weyl’s Theorem. We will only prove Weyl’s theorem in the
special case where the leading digit aj of

p(n) = apn® + -+ + a1n + ag
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is irrational. (The general case, where «; is irrational for some 1 < i < k
can be deduced very easily from this special case, but we will not go into
this.)

We shall use induction on the degree of p. Let A(k) denote the statement
‘for every polynomial g of degree < k, with irrational leading coefficient, the
sequence ¢(n) is uniformly distributed mod 1’. We know that A(1) is true.

Suppose that A(k — 1) is true. Let p(n) = agn® +--- + ain + o be an
arbitrary polynomial of degree k with «y, irrational. For each m € N, we
have that

p(n+m) —p(n)
= arm+m)*+ap(n+m) - ar(n+m) + ag
— aknk — ak_lnk_l —

= an®+aknf tm4 oo o (B — DnF 2R
k-1

e — N — O

+-dam+am+ag — apnf —ag_in cee—an — Q.

After cancellation, we can see that, for each m, p(n+m)—p(n) is a polyno-
mial of degree k — 1, with irrational leading coefficient apkm. Therefore, by
the inductive hypothesis, p(n+m)—p(n) is uniformly distributed mod 1. We
may now apply Lemma 7.4 to conclude that p(n) is uniformly distributed
mod 1 and so A(k) holds. This completes the induction. O

Exercise 7.1

Let p(n) = agn® + a0t + - + ain + ag, g(n) = Bxn® + BpinF~1 +
-+ Bin+ Bo. Show that (p(n),q(n)) is uniformly distributed mod 1 if at
least one of (ag, Bk, 1), ..., (a1, (1,1) is rationally independent.



