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5. More examples: toral endomorphisms

§5.1 Endomorphisms of a torus

Take X = R¥/Z* to be the k-torus.
Let A = (a;5) be a k x k matrix with entries in Z and with det A # 0.
We can define a linear map R¥ — RF by

I I
— A
Tk Tk
For brevity, we shall often write this as (z1,...,2%) — A(z1,...,Tk).

Since A is an integer matrix, it maps Z¥ to itself. We claim that A allows
us to define a map

T=Ty : RF/ZF - RF/ZF

(x1,...,2k) — A(z1,...,2%) mod 1.

To see that this map is well defined, we need to check that if z,y € R¥
determine the same point in R* /Z* then Az mod 1 and Ay mod 1 are the
same point in ]Rk/Zk. But this is clear: if 2,y € R* give the same point in
the torus, then x = y+n for some n € Z¥. Hence Az = A(y-+n) = Ay+ An.
As A maps ZF to itself, we see that An € Z* so that Az, Ay determine the
same point in the torus.

Definition. Let A = (a;;) denote a k x k matrix with integer entries such
that det A # 0. Then we call the map T4 : R¥/Z* — R¥/ZF a linear toral
endomorphism.

The map T is not invertible in general. However, if det A = £1 then
A~ exists and is an integer matrix. Hence we have a map T~! given by

T Yay,...,xx) = A (2, ..., 23) mod 1.
One can easily check that 7! is the inverse of T.

Definition. Let A = (a;;) denote a k x k matrix with integer entries such
that det A = 1. Then we call the map T : R¥/Z* — R¥/ZF a linear toral
automorphism.
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Example. Take A to be the matrix
2 1
=(11)
and define T : R?/Z? — R?/Z? to be the induced map:

T(x1,22) = (221 + 2 mod 1,1 + x2 mod 1).

Then T is a linear toral automorphism and is called Arnold’s cat® map.

Figure 4.2: Arnold’s cat map.

Definition. Suppose that det A = +1. Then we call T' a hyperbolic toral
automorphism if A has no eigenvalues of modulus 1.

Exercise 5.1
Check that Arnold’s cat map is hyperbolic. Decide whether the following
matrices give hyperbolic toral automorphisms:

11 11
A1_<0 1)’ A2_<1 0)'

LCAT stands for ‘C’ontinuous ‘A’utomorphism of the ‘T’orus.
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Let us consider the special case of a toral automorphism of the 2-dimensional
torus R?/Z2.

Proposition 5.1
Let T be a hyperbolic toral automorphism of R?/7Z? with corresponding
matrix A having eigenvalues A1, Ag.

(i) The periodic points of T' correspond precisely with the set of rational
points of R?/72:

P1 D2
{(;a;) +ZQ ‘p17p27q € N7 0 Sp17p2 < Q} .

(In particular, the periodic points are dense.)

(ii) Suppose that det A = 1. Then the number of points of period n is
given by:

card{z € R%/Z* | T™(z) = 2} = |A\] + \§ —2|.

Proof. (i) If (z1,22) = (p1/q,p2/q) has rational co-ordinates then we

can write )
Tn($1,$2) — <p1_7pQ_>
q q

where 0 < pgn), pgn) < q are integers. As there are at most ¢? distinct

possibilities for pgn), pgn), this sequence (in n) must be eventually peri-
odic. Hence there exists n; > ng such that 7™ (z1,z2) = T (21, x2).
As T is invertible, we see that T™ "0 (1, z9) = (1, 22) so that (x1,x2)

is periodic.

Conversely, If (z1,72) € R?/Z? is periodic then T"(x1,x9) = (21, 72)
for some n > 0. Hence

w(n)-(0)=0) o
X9 T2 no

for some nq,n9 € Z. As A is hyperbolic, A has no eigenvalues of mod-
ulus 1. Hence A™ has no eigenvalues of modulus 1, and in particular

1 is not an eigenvalue. Hence A™ — [ is invertible. Hence solutions to
(5.1) have the form

(2 )=er-nr(m)

As A™ — I has entries in Z, the matrix (A" — I)~! has entries in Q.
Hence z1, 29 € Q.
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(ii) A point (x1,x2) is periodic with period n for T if and only if

Mﬁ—D(ii):(Zi). (5.2)

We may take x1, 29 € [0,1). Let u = (A" —1)(0,1),v = (A" —I)(1,0).
The map A™ — I maps [0,1) x [0,1) onto the parallelogram

R={ou+pv|0<a,p <1}

For the point (z1,2z2) € [0,1) x [0,1) to be periodic, it follows from
(5.2) that (A™ — I)(x1,x2) must be an integer point of R. Thus the
number of periodic points of period n correspond to the number of
integer points in R. One can check that the number of such points is
equal to the area of R. Hence that number of periodic points of period
n is given by | det(A™ — I)|.

Let us calculate the eigenvalues of A™ — I. Let u be an eigenvalue of
A™ — I with eigenvector v. Then

(A" —TIv=puw < A" = (u+ 1)v

so that p + 1 is an eigenvalue of A”. As the eigenvalues of A are
given by A1, A2, the eigenvalues of A™ are given by A7, A\j. Hence the
eigenvalues of A" — I are A\ —1, A\ —1. As the determinant of a matrix
is given by the product of the eigenvalues, we have that

[det(A" = D) = (AT = DAz = 1)|
= [(uA2)" + 1= (AT +A3))
= AN+ —2

as A\Ay =det A =1.



