MATH45061: SOLUTION SHEET! VI

1.) The Eulerian rate of deformation tensor D is defined, in Cartesian components, to be
1
Dy = 3 Vig+ V).

In order to construct the (traceless) deviatoric tensor 5, we first find the trace of D:
trace(D) = Dxx = Vkx = V,-V.
If we subtract the trace(D) multiplied by the identity from D then we have
D = D — trace(D)I,

but

~

trace(D) = trace(D) — trace(D)trace(l) # 0,

because trace(l) = 3, so we must also divide the second term by the trace of the
identity to obtain our deviatoric tensor

1
D=D- gtrace(D)l7

~ 1
= D:D+§(VR-V)I.
2.) A compressible Newtonian fluid has the constitutive law
T=—-Pl+AV,-V)I+2uD, (1)

and the heat flux is given by
Q = —kV,0. 2)

These laws are consistent with the assumptions in the lecture notes that led to the
constraints (you can go through the working again, if you like ... it’s good for you!),

~ 1
T:D>0 and —@Q-VR@ZO,
where T = —P 1+ T. Using the constitutive laws (1) and (2) in the above gives
1
MV,-V)I:D+2uD:D>0 and 6“(%6)2 > 0.

The temperature © > 0 and (V,,0)? > 0, so the second inequality is only satisfied
if K > 0, as required. Using the fact that | : D = V,-V, the first inequality becomes

MV,-V)2+2uD:D > 0.

The two terms in the above inequality do not vary independently so we cannot pro-
ceed further unless we separate the changes in volume from the other deformations

~ 1
D=D+(%V)!
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and then the inequality becomes
9 ~ 1 ~ 1
ANV, V)2 +2pu D+§(VR-V)I : D+§(VR-V)I >0,

= AV,-V)?+2uD: D+2u9(V V) |+2u3(v 2V)1:D >0.

By construction D is traceless so | : D=0 and | : | = 3, which means that

2 ~ ~
(A + g“) (V.-V)?+2uD : D > 0.

The two terms are now independent, which means that we can construct a process
in which D = 0, but (V,-V # 0, in which case

p
()\ + §u> (V,-V)? > 0;

and because the square term is positive (and not zero), we must have (A + % p) >0
as requlred Similarly, we can construct an isochoric process for which (V,-V =

R
and D # 0, and then o
2uD D > 0.
The term D : D consists of the sum of squares so it must be positive and then we

deduce that p > 0, as required.

3.) The kinetic energy of the fluid is defined by

K1) :/gV-VdV,
D

SO

DK D
Dt Dt

and using the Reynolds transport theorem and conservation of mass (as in the
lecture notes) we obtain

pv Vay,

DV

DK D
iy N V)de/pV—dV

Dt » 2Dt
Using the balance of linear momentum to replace pDV /Dt, we have

DK

= [ 2u(V,D)-V = V-V,(P + pG) dV,
Dt Jp

after using the fact that F' = —V,G. If we write the integrand using index notation
in Cartesian coordinates (for simplicity), we have

DK

D



and using the product rule, we can write

DK
S = | @uDicVi = (P + pG)Vic) ¢ = 2uDixc Vi xc + (P + pG)Vic e dV.
D

The last term vanishes because the fluid is incompressible Vi x = 0 and we can use
the divergence theorem on the first term to obtain

DK
—, — (Q,UDIK‘/I - (P + pG)VK) NK dS — / Q,UDIK‘/I,K dV
Dt oD .

The boundary is stationary which means that on the boundary V- =0and V - N =
0, so the surface integral vanishes and we have

DK

1
- = —2#/ Dig Vi dV = —QM/ 5 (DixVik + DriVi,r) dV.
D D

2
Using the symmetry of D, we obtain the desired result

DK 1
— = —QM/ Dik= (Vixk +Vkr) dV = —QM/ DixDrg dV,
Dt

Incidentally, this result shows that the kinetic energy is conserved in an inviscid
fluid, but that it decreases (is dissipated by viscosity) in a viscous fluid.

DK
= —+2u/D:DdV:O.
D

4.) a.) For cylindrical polar coordinates the position is given by
R = (Rcos©, Rsin®, 2)",
which means that if we choose ¢! = R, £2 =0, £ = Z,
G = (cosO,sin0,0)" = ep,

Gy = (—Rsin©, Rcos ©,0)" = Ree,
G; = (0,0,1)" =ey.

It follows that G! = eg, G* = %e@, G = ez. If we write the velocity in the
form V = VG, then where V! =V - G*, then

1 F
Vl :F(R) €@°€R:0, VQIF(R) GQ'EGQI %, V3:F(R) 6@'6220.

b.) The rate of deformation tensor is given by
. 1 : . . )
DY =3 (G7*V7||k + GV |)

where V'||; = Vi + I, V*. The only non-zero Christoffel symbols are I'}, =
1/R, T'Y, = —R (see example sheet 1), so for the given velocity field we have

Villa = Vi+ ThV? = —F(R),



F'(R) F(R)  1F(R) F'(R)
2 2 2 2
VA = Vit TV == = TR R T R

and all other components V*||; are zero. The only non-zero entries of the
contravariant metric tensor are G = G*3 =1, G** = 1/R?, so

12 _ Lo 11 7,2 1 _F(R) F'(R) _li F(r)
DE=5 (@ VIR+ VA =5~ + % ) “2ar "R )

and all other values of D% are zero. The constitutive relation is given in a
general coordinate-free notation; and in Cartesian components, it would be

written

Try = —Pory+2uDyy. (3)
Converting equation (3) into components in the general basis via the tensor
transformation laws gives

og o o5t 9 og' o
) — = —
™ =ax;"ex, = Pax,ax, T2 ax, Prax,
; ael Ogi y ’ ’
ij _ i pid ij
=T e R PGY 24DV,

Thus, the stress tensor is

) —P u(F(R)/RY 0
T = | w(F(R)/RY  -P/R 0 |,
0 0 —-P

as required.

c.) The balance of linear momentum equation is

DV’ oV
P =P

VIV | = TY||; + pF"
Dt ot + ||]:| |lj + pF",

where T4 |[; = T + T4, T + I‘j:kTik.
Thus for i = 1,2,3, we have (only showing the non-zero Christoffel symbol

terms)
VAV =T T 4 T 4 ThT 4+ T3,

0=T3 4T3 +T5 +T5,T" + 5T + 15,7,
0=T1 + 75 +T5 = pg,

which, on using the explicit form for the stress tensor, become

F2 9P _P P 9P
R or "mTRT om @
n’ 1 aP I /
= [W(F/R) —ﬁ%%—?)}—%(F/R), (5)
oP
0=—>- —pg. (6)



If we assume that the solution is axisymmetric then P is not a function of ©
and letting y = 7", equation (5) becomes

/
3
v +3y/R=0 #/%dy:—/ﬁdR =Ilny=-3nR+C,

K
_ 7l2 _
:>y—T _ﬁ7

where In K = C. It follows from direct integration of equations (4, 5) that

R F2
P:—Po+/ p?derpgz,

which gives the required answer.

The corresponding physical component of the stress is given by

K
o2) = V/Ga/G'T? = VRT"? = T

d.) The outer unit normal to the cylinder is given by eg, so that the contravariant
components of the traction exerted on the cylinder of fluid are

T = TIN, = T",

because Ny = 1 and Ny = N3 = 0. Thus, the only non-zero components are
T' and T? and the traction exerted on the fluid is then

T=T"G, +T"G,.
It follows that the traction exerted on the fluid is

K
T =—Pep+ ﬁe@.

The total torque is given by

K
/R x TdV = /ReR x (—PeR+ ﬁe@> dA,

K
= /Eesz@dZ = QWKHez,
where H is the height of the cylinder. Thus, the torque per unit length is
Tey = 2rKez, which implies that K = T/27.

e.) The first invariant is the trace of the rate of deformation tensor pI; = D! = 0,
the second strain invariant is

1 . 1_, [o(F/R)7?
pla = 3 ((ph)? = DYGGimD"™) = —ZRQ { (0]/% )]
Thus,
L [oF/R)T™! L [oF/R)1!
n—1 _ n—1
poc { OR } =oft OR ’



for some constant «, and so

TﬂQ:;AFVRY::aR”1{Q%%;Q}n.

Using the results from (c.) and (d.) we have that

Tu__Jjj;::aRn]_r%F/Rq"’

T 2T R3 OR

and integrating with respect to R gives

F o on/T\"_
2_ - = —n
v R 2<27T0z) R+,

applying the boundary conditions V2 = 0 at R = a, we obtain

1
2 n( 1 C(aF R
=3 (27&) o =R

and from the second boundary condition V? = Q at R = b, we deduce that

13 (5m) (40,

5.) a.) This is a simple matter of substituting ® = ¢,© into the energy equation (7.16¢)
in the lecture notes to obtain

Do

Py = 2uD : D+ kV2O + pB.

We then convert to Cartesian components to obtain

00 1
PCp {E + Vf@,l} = Q,MZ (Vio+ Vi) Vig+Vir) + 6O ki + pB,

and expanding the velocity gradient terms and relabelling the indices we obtain
the result

00
PCp {E + Vl@,l] =u(VigVis+ViiViy) + KO kx + pB.

b.) If we choose typical velocity, length, time and temperature scales by
Vi=Uuvy, X;=~LX], t=Tt", ©=A00"
then the equations become

AG 00"  UAO KAO >

P |~ g + r Viey| = 2 wr t 2 (Vi Vr, +V1*,JV}:1)-




If we choose the natural timescale 7 = £/U and divide by xA©/L? then we
have

pt®
KAO

pc,UUL | 0O*
£ { (VJ Vi +V1JVJ1)

ot +VI*@TI] =%k T o

K
We define Pe, the Péclet number, to be Pe = pc,UL/k, which reflects the
ratio of transport of temperature due to convection by the fluid to that due to
diffusion, and then

Y

e, LA (Ve Ve, +VE VD,

e

so A = pld/(pc, LAO), which represents the ratio of work done by the vis-
cous forces to the change in internal energy caused by the typical temperature
change AO.

c.) For C'=0 and a steady shear flow, the dimensionless energy equation becomes

PenY™

00" 9’0  9?0* 00 1 [82@* 82@*]

_ v+ _ - |YZ
ox: _ox: "oy W axs T pe |oExs T oy

In the limit of large Pe, we would lose the highest derivatives, so this is a
singular perturbation. We shall assume the existence of a thin boundary layer
of thickness ¢ adjacent to the plane wall and rescale into boundary-layer coor-
dinates:

X=X, Y*=4Y, ©"=6,
so that ~ ~
8@ 1 9?0 1 0°0
09X Perx | Pl oy
Now as Pe — o0, the first term on the right-hand side will tend to zero, but
the second term can remain in balance with the left-hand side provided that
§ ~ 1/(Ped?). (Note that this is different from the viscous boundary layer
because in that case the advective terms are O(1), rather than the O(6) here).
Thus, 6° ~ Pe~', which give the required boundary-layer scaling § ~ Pe~'/3
and then the governing equation becomes

v0Y

-00  0°©
’}/Y—~ = —,
0X 0%
as required.

You may be interested to know that a similarity solution technique can be used
to solve this equation, by letting n = Y X /3, then

0 Mo _ mead 9 _ MO _ o0

oX oxon 37 o oy oy on on’
which means that
- - \NOO . ,.0%0
X3, (L0 g-1) 22 5239 F
T ( ) on on?’



and N -
82_6 + 2@ =0
87’]2 '777 an - 9

which can be integrated to give a solution of the form



