MATH45061: SOLUTION SHEET! V

1.) a.) The faces of the cube remain aligned with the same coordinate planes. We
assign Cartesian coordinates aligned with the original cube (x,y,z), where
0 <uz,y,z < 1. The stretched lengths of the three sets of parallel sides are Ay,
Ao and A3 and the cube does not rotate, so provided that we choose the axis
appropriately the deformed position is

X = )\1.T, Y = /\Qy, Z = /\32,

as required.

b.) In order to find the strain invariants, we must compute the deformed and un-
deformed metric tensors. We have a Cartesian coordinate system so the unde-
formed metric is just the identity

gij = gij =

S O =
O = O

0
0
1
The deformed covariant base vectors are given by

Gl = ()‘17 07 0)T7 G2 = (07 >\27 O)Ta G3 = (Oa Oa )\3)T7

which gives the metric tensors

1
2000 w00
Gij: 0 )\% 0 5 GU: 0 )\L% 0
0 0 A 0 0 %g

Thus the strain invariants are
Il = gijGij = )\% + )\% + /\g,

1 , , 1 ; ; 1
L=3 (1} = 9" Girg" G = 3 (I} — 6" Gud"Ga) = 5= (1} = GiiGg]

[N+ A3+ 2A3)% — (AT 4 A3+ A3] = ATAS + ATA3 + M35,

N | —

I;=G/g = AN\
c.) The general constitutive law is

T% = Ag” + BBY + PGV,

where A = \/—%%/Y, B = %%, P = 2\/1_32—‘2:, and BY = I,¢" — ¢*¢/'G},, so
) L—-X 0 0 A3+ A3 0 0
BY = 0 L—-X 0 = 0 AT+ A3 0
0 0 I, -\ 0 0 A+ N

! Any feedback to: Andrew.Hazel@manchester.ac.uk



The strain invariants do not depend on position and so A, B and P are con-
stants. It follows that the only non-zero stress components are the diagonal
entries

T = A+ B(A3 + \3) + P/)\2,
T = A+ B\ + \3) + P/,
T% = A+ B(\I + )\3) + P/);.

All the stress components are constant in space, which means that the equi-
librium equations T%||; = 0 are trivially satisfied.

d.) We assume that the stretches in the y and z directions are the same Ay = A3
The stress components are therefore

T = A+2B)\ + P/)\2,
T =T% = A+ B(A] + \3) + P/)s.

The in-plane stresses are zero, so 7?2 = T33 = (0, which means that
P = —AX\ — BXS(A\T 4+ A,

and therefore

T”:A+2B)\2—A)\—%—B)\2 1+A—% = (A+ BX\)) 1—A—%
2 )\2 2 )\2 2 )\2 .
1 1 1

The physical stress component is

oy = TG /G = XITM = (A + BA2) (A2 — \2);
and if the body is incompressible then
L=XM=1 = X\=1/)
which yields
oy = (A+ B/M)(A] = 1/A1).

If Ao = A3 = 1, then incompressibility demands that \; = 1 and the body does
not deform, which means that ;1) = 0. The physical interpretation is that
we cannot possibly stretch an incompressible body in only one direction: if the
volume is to remain constant the body must also deform in other directions.

e.) If we assume that \; = 1 + €\, then
oy = (A+ BI+e)™) ((1+A)? = (1+ ™),

= (A+ B — BA)(1 426\ — 1 4 €)) + O(e?),
= (A+ B)(3e)),

which is the classic linear result that the stress is proportional to the strain
€11 = ()\1 — 1)/1 = €.



2.) The three strain invariants are defined by

I =g"Gy, 1= 3 (I} — ¢*Gug"Gu], I3 =G/g,

and under infinitesimal deformation (from the lecture notes)

Gij = gij + 2Eéij + 0(62),

SO
I = g (gij + 2€55) = (01 + 2¢8¥) = 3 + 2¢f.

I == [(3+2€e))” — g™ (g1 + 2¢€j1) 9" (g + 2€€)] ,

A Y

[9 4 12e¢; — (5% + 265;)((5{ +2ee])] + O(€?),

1 . . ,
5 9 + 12e6; — (6] + 2¢€¢, + 2¢€))] + O(€7).

~ % (6 + 8ec;] = 3+ 4ej.

Now, in Cartesians g;; = 07y and g = 1, so
I;=G/g= eIJKGllGQJG3K7
after expanding out the determinant using the alternating symbol e//%. We can

now use our approximation to write
Iy = "5 (811 + 2€é11) (69 + 2€627) (03 + 2€é3x),

"R (81702703 + 2€(011627€31¢ + 017E25035 + E1702503K)] -
Using the fact that the only non-zero terms occur when [ =1, J =2 and K = 3,

we have
I3 =1+ 2¢ 33 + €2 + €33 ,

Converting back to general coordinates gives
Iy =1+ 2¢f.

3.) The St. Venant—Kirchhoff strain energy function is
W_éij_i_(ij)_éik'jl._i_ (ik‘jl‘)
= 2%’%’ BV ) = 29 Veig™ Vi T B\ V9 Vi) -

_ oW
- 0vnm’ ©

The second Piola—Kirchhoff stress tensor is given by s™"

s = —

A ‘ . o . ‘ Z ‘
=3 (9" Okn0img” 5 + 9" Vhig" S1nbm) + 11 (9™ 6kOmi g i + 9™ Vi 9 OinOim)

A , . . ,
_ - ( nm,yg _i_gnm,.yzz) +M (gmgml,yli _i_gmk,ykjgjn) ’

2
= = Ag" (g™ g i+ 9 9™ ) = AT+ 2y

from the symmetry properties of ;. In the infinitesimal limit, s ~ 7% and ~;; ~
eij, so we recover the linear, homogeneous, isotropic behaviour.



4.) a.) The deformed position is represented by standard cylindrical polar coordinates,
Xy =rcos, X,=rsinf, X;3==z.

Assuming uniform stretch p along the axis of the cylinder X5 = pxs3. In addi-
tion, the deformation is incompressible which means that the volume remains
constant, so if the undeformed radius is ro then 712l = wr?ul, so ry = T/l
Hence, the undeformed position is given by

ry =r\/pcosl, wxy=r\/using, x3==z/p.
b.) The undeformed covariant base vectors are

g1 = (Vicost, /usin0,0)", g, = (—/ursin, \/ircost,0)", gy =(0,0,1/p)",

so the undeformed metric tensors are

w 0 0 . ot 0 0
gj=1 0 p? 0 , and g¢Y = 0 upw 2 0
0 0 pu? 0 0 %

The deformed metric tensor is simply the standard cylindrical polar metric

100 /10 0
Gy=107 0|, and GY=1| 0 2 0
0 0 1 0 0 1

Hence the strain invariants are
I =g"Gij =2 + 12,

| . 1
L =5 (I = g% Gyg'Gu) = 5 (4" +dpt ' = (02 + " + 1Y)

N | —

1
=3 (2u_2 + 4u) =2u+p 2

and I3 = 1, by construction.
In addition



A+ p2 0 0
= 0 (u+p)r = 0
0 0 20

Now from the constitutive law
TY = Ag” + BBY + PGY,

and because I; and I, are constant it follows that A and B are independent of
position. The equilibrium equation is

Tij”j +pF1 = 07

where F = (rw?,0,0)”. We could just plough ahead and compute the covariant
derivatives without further thought, but there is a little trick we can use to
save some work. For this deformation, there is a simple relationship between
the tensors ¢, G and B“. We note that

g’L] o Gljufl — O
0

which is constant, so taking the covariant derivative gives
9’lli ==t GV = 0.

However, transforming G*||; back to Cartesian coordinates gives dr;; = 0, so
we have that G¥||; = 0 (a general result) and hence ¢”||; = 0. Similarly, by
taking the covariant derivative of

BY —(p+p )G =0 0 0 :
00

we also deduce that BY|[; = 0.

We cannot assume anything about the spatial dependence of P, so the equi-
librium equation becomes

GijPHi—i—pFiZO = Gini—i-pFi:O,
because P is a scalar. Thus the governing equations are
oP o orP 0P
_— = — w _— — =
o~ " e T o T
which implies that

1
P = —§p7"2w2 -+ Po,

where F, is a constant.
It follows that

1
TH = Ap + B(p+p?) + P =A™ + Blp+ %) = 5pr'w” + By,



If the curved surface of the cylinder is traction free than

T™ =0 at r/p=a = r=a/Ju,
SO .

0=Ap + Blp+p) = gpa*w’n™ + Ry,

1 _ _ _

= Fy= §pa2w2,u VAt = B+ ).

Thus, finally, we obtain
71— lpr a_Q _ 2
2 1 '

and the result does not depend on the strain energy function because the radial
stress must balance the body force which is independent of constitutive law.

5.) a.) Our starting point is simply that
/ TINR; S, = / TUN.R: S, + / TUNR: dS,,
o9 oQr 00

after dividing the boundary into the two sections. From the boundary condi-

tions we have that
R; = Xj;, on 0€;

and R
TYN; =t, on 0,

which gives the result that

/ TIN,RdS, = / TN, X;dS, + / 1R dS;.
o oQr o0

For the remainder of the equality we can use the divergence theorem to write
/ TIN,R: dS, = / (TYR3), AV,
8Qt Qt
and expanding out the derivative gives
/ TUN;R:dS, = / TY||,R; + TYR;, AV,
o) o8 ’
and from the equations of static equilibrium, we have that
TUHl = _pﬁj>
SO
/ TIN;R; dS, = / TIN,X;dS, + / R} dS;.
o o0r 003

= /Q TR, dV, — / pFIR; V. (1)

Q



b.) If R=RandT=T corresponds to an equilibrium configuration, then

/ TN, X; dS; + / R dS, = / TYR;; AV, — / pF'R; V.
oy o0 Q Q¢

There is no restriction on R* in the above other than the fact that it is consis-
tent with the displacement boundary conditions, so we could write an exactly
similar equation with R* = R. Subtracting these two equations gives

/ TijNi(Xj—Xj)dStJr/ H(R: — R,)dS,
oqy

003

= / TY(R}; — Rj;) dV, — / pF’(R; — R;)dV,.
Q4

Q¢
Thus, the principle of virtual work is

/ t'0R; dS, = / TY96R;; dV, — / pFI6R; AV,
o Qy Q

where R = R* — R. Note that we have shown that the virtual work on the
boundary can only be applied on portions of the boundary where displacement
boundary conditions are not applied.

c.) If we keep the deformation fixed at R in the equation (1),

/ TYN;X; dS; + / t'R; dS,
a0y

093

_ / TR, dV, — / pFIR; AV,
Qt Qt

We can replace T by T* in the above provided that we also replace the corre-
sponding body forces. Once again, we subtract the two equations to obtain

/ (T* — TN, X, dS, + / (t — )R, dS,
0T o003

- / (T*7 — T R;; AV, — / p(F* — FIR; V.
Qy

Q
The integral over the traction boundary vanishes and we have the virtual stress
principle
(ST”NzXJ dSt = (STinj’l' th - / p(SFJRJ th,
oQr Qs Q

which is also called the principle of complementary virtual work. In this case it
is only the portion of the boundary where displacement conditions are applied
that is important.

6.) a.) The deformation is entirely within the plane, therefore the position off-plane does
not vary, which means that

R(§17§27§3) = M(§17§2) + 5393'



b.) In general ) B B B
T = Ag” + BBY + PG".
Given the form of the undeformed and deformed positions

T(§17§27§3) = m(§17§2) + 53937 R(§17£27€3) = M(§17§2) + 5393’

the undeformed and deformed metric tensors must take the form

g1 g1z O ) gt g2 0
gi=1\| g2 92 0 |, ¢g7=1 ¢"* ¢ 0 |,
Gy G O ) a2
Gij=| G2 G 0 |, GY = G2 G2 0 |,
which means that
1 Bll B12 O
BY = > [hg” - g*¢'Gu) = | B® B 0 :

2 0 0 (L—1)/2

and all quantities are functions only of £ and £2. Thus, the stress has the form

Tll T12 0
TZ] (61; 52) — T12 T22 0 ’
0 0 73
as required.
c.) The equation of equilibrium is
Tinj + pFZ = 07

but 7% does not vary with &3, and 73* = 0, so the third equation, when i = 3
is automatically satisfied, provided that the body force does not act out of the
plane. (If the body force does act out of the plane, then we cannot have plane
strain.)

Thus, it F = —U ,G*, the equation of equilibrium in terms of the stress vectors
1s

1
—T° — pU,G* =0,
VG o

= T —VGpU,G* =0,
N [Ta . p\/@UGa] ~0.

The result follows because
V@

Vauee| - ew UG+ VUG —VGUT;, G,



and %g? = \/@Fga, lecture notes equation (1.54). The normal vector g5 is

constant because we are dealing with a plane. Therefore g3, = 0, and so
I3, = 0, which means that

VGUG®| =VGUG"T), + VGU,.G" — VGUTS,G* = VGU.G".

d.) Starting from the given expression
T = \/56'“)(77 + pVGUG",

it follows that
T WGUG" — Gy

and differentiating with respect to £* we obtain

[T - pVavET| =V,

because vGe' only takes the values 1 and is a constant. The term in
involving €’® is antisymmetric, but x ., is symmetric, so their product must
be zero, providing a solution to the equilibrium equation.

e.) The stress vector is given by
T* = VGT*' G,
which means that
VGT* G5 = VGex ., + pVGUG".
If we decompose x into components in the plane
x =X"Gs and x.,=x|,Gs,

SO
TGs = €\, Gs + pUG®,

and taking the dot product with G” gives the result
T8 = ewxﬁh + pUG*.
The tensors T and G*° are symmetric which means that
Xy = €7x,.

Hence if we set
Xﬁ - €6B¢,57
then the symmetry is achieved because

EWXBH = Evaféﬁﬁb,éw = 5%865%5,& = 67BXO[|'Y7

where we have used the symmetry of the partial derivative and the fact that
the covariant derivative and partial derivative coincide for scalar functions.



10

f.) Using the result from part (e) directly in the expression for the stress compo-
nents, we obtain
T = P |5, + pUG.

In the absence of body forces U = 0 and in Cartesian coordinates we have
Tab = egaedb¢,dga

The alternating symbol is only non-zero if ¢ # a and d # b, so we have

Ty =0¢2, To=0¢11, Tio=—0¢i,
as needed.

7.) a.) We simply substitute the assumed form into the governing equations and cancel
the exponential terms. We find that

0*u o

el 1(nk * T—wt)

52 = wUe ,
V2'U, — —anei(nk . w—wt)’

V-.u=in(k- U)ei("k Pt

so that |
V(V-u)=-n*k- U)k:el(”k " T-wt)

and
Vi = nw(k - U)elmk - T-wt)

(If you are unhappy with these solutions, check by using index notation. Re-
member that k is a unit vector.)

We also find that
V0 = inOkei(k * T-wt)

V20 — _n2@ei(nk . zc-m))

and

% — _lw@el(nk . aszt).
ot

Thus the governing equations become

—w?U = —(A+ p)n*(k - U)k — n*uU + inOak,
—iwO = —kn?0 + vnw(k - U).

and rearranging we obtain the desired relationships
WU =n*[pU + (A + p)U - kk] — ian©Ok,

and
(kn? —iw)O = vnwU - k.
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b.) If U - k = 0, then the wave solutions exist if

w?U = n? [uU] — ian®k, (2)

and
(kn? —iw)O = 0. (3)

Taking the dot product of (2) with U gives
(@ —n2)|U]| =0,
and taking the dot product with k yields
ian® = 0,

It follows that © = 0 and equation (3) is trivially satisfied. Hence, the waves are
independent of thermal effects. Non-trivial waves can only exist if w? = un?.

c.) If we take dot product of the equations found in part (a) with k, we obtain
W |U| =0 [u|U] + (X + p)|U|] — ian®,
and
(kn? —iw)O = vnw|U|.

Hence we obtain the matrix system

(o L) (9)-(2)

where the matrix must have zero determinant in order for there to be non-
trivial waves. Provided that there is thermal coupling (« # 0 and v # 0), then
the waves are not independent of thermal effects.

8.) a.) The second Piola-Kirchhoff stress tensor is given by

3 oW .. ow .. ow ..
() U9 BY 4+ 2], ——GY
S Ty A VA

so in this case
s = C1g" + CyBY + (c+2d(I3 — 1)) [,GY.
Hence,
s = Cig" + Oy [Ilgij - gikQﬂsz} + (e +2d(13 — 1)) [,GY.
In the infinitesimal limit, we know that,
I, =3+ Qei, Is =1+ Qez, Gij = gij + 2e45,
which means that

s =79~ Cig7+Cy [397 + 2e5g” — g™ g7 (g1 + 2e4;)] + (c+Adef) (1426)) G

(4)
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We need an expression for G and we know that
G*Gyy =08, = Glgy +2e] = 0.

In the absence of any deformation G% = ¢ and so we expect that GY =
g + Xe¥. Thus,

(™ + Ae™)(gus + 2ex;) = 8% + Ael + 2¢} + O(€?) = 6,
and so A 4+ 2 = 0, giving the desired result
G = g7 — 26",
Using this result in equation (4) gives
T~ C1g" + Oy [3g"7 + 2efg" — g7 — 2€)] + (c+ 4de}) (1 + 2¢}) (g7 — 2€%),
and so
7 = (C) + 2Cy + ¢)g" + (20, 4 4d + 2¢)el g — (20, + 2¢)e¥,

as required.

b.) The linear constitutive law in the absence of heating is
T = Nefg' + 2pe”,

so in order for the strain energy function to be consistent with this linear result

Cy +2C, +c=0, (5)
205 +4d + 2c¢ = A, (6)
—2C5 — 2¢ = 2. (7)

Thus, adding (5) and (7)/2 gives
201 +2C, =2u = C1+Cy =
then from equation (7)
c=—Cy—p=0Cr— 2y,

and from (6)
2u+4d=X = d=N+2p)/4



