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MATH45061: SOLUTION SHEET1 V

1.) a.) The faces of the cube remain aligned with the same coordinate planes. We
assign Cartesian coordinates aligned with the original cube (x, y, z), where
0 ≤ x, y, z ≤ 1. The stretched lengths of the three sets of parallel sides are λ1,
λ2 and λ3 and the cube does not rotate, so provided that we choose the axis
appropriately the deformed position is

X = λ1x, Y = λ2y, Z = λ3z,

as required.

b.) In order to find the strain invariants, we must compute the deformed and un-
deformed metric tensors. We have a Cartesian coordinate system so the unde-
formed metric is just the identity

gij = gij =

 1 0 0
0 1 0
0 0 1

 .

The deformed covariant base vectors are given by

G1 = (λ1, 0, 0)T , G2 = (0, λ2, 0)T , G3 = (0, 0, λ3)T ,

which gives the metric tensors

Gij =

 λ2
1 0 0

0 λ2
2 0

0 0 λ2
3

 , Gij =


1
λ2
1

0 0

0 1
λ2
2

0

0 0 1
λ2
3

 .

Thus the strain invariants are

I1 = gijGij = λ2
1 + λ2

2 + λ2
3,

I2 =
1

2

[
I2

1 − gikGjkg
jlGil

]
=

1

2

[
I2

1 − δikGjkδ
jlGil

]
=

1

2
=
[
I2

1 −GjiGij

]
,

=
1

2

[
(λ2

1 + λ2
2 + λ2

3)2 − (λ4
1 + λ4

2 + λ4
3

]
= λ2

1λ
2
2 + λ2

1λ
2
3 + λ2

2λ
2
3,

I3 = G/g = λ2
1λ

2
2λ

2
3.

c.) The general constitutive law is

T ij = Agij +BBij + PGij,

where A = 2√
I3

∂W
∂I1

, B = 2√
I3

∂W
∂I2

, P = 2
√
I3

∂W
∂I3

, and Bij = I1g
ij − gikgjlGkl, so

Bij =

 I1 − λ2
1 0 0

0 I1 − λ2
2 0

0 0 I1 − λ2
3

 =

 λ2
2 + λ2

3 0 0
0 λ2

1 + λ2
3 0

0 0 λ2
1 + λ2

2

 .
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The strain invariants do not depend on position and so A, B and P are con-
stants. It follows that the only non-zero stress components are the diagonal
entries

T 11 = A+B(λ2
2 + λ2

3) + P/λ2
1,

T 22 = A+B(λ2
1 + λ2

3) + P/λ2
2,

T 33 = A+B(λ2
1 + λ2

2) + P/λ2
3.

All the stress components are constant in space, which means that the equi-
librium equations T ij||j = 0 are trivially satisfied.

d.) We assume that the stretches in the y and z directions are the same λ2 = λ3

The stress components are therefore

T 11 = A+ 2Bλ2
2 + P/λ2

1,

T 22 = T 33 = A+B(λ2
1 + λ2

2) + P/λ2
2.

The in-plane stresses are zero, so T 22 = T 33 = 0, which means that

P = −Aλ2
2 −Bλ2

2(λ2
1 + λ2

2),

and therefore

T 11 = A+ 2Bλ2
2 − A

λ2
2

λ2
1

−Bλ2
2

(
1 +

λ2
2

λ2
1

)
= (A+Bλ2

2)

(
1− λ2

2

λ2
1

)
.

The physical stress component is

σ(11) = T 11
√
G11/G11 = λ2

1T
11 = (A+Bλ2

2)
(
λ2

1 − λ2
2

)
;

and if the body is incompressible then

I3 = λ2
1λ

4
2 = 1 ⇒ λ1 = 1/λ2

2,

which yields
σ(11) = (A+B/λ1)(λ2

1 − 1/λ1).

If λ2 = λ3 = 1, then incompressibility demands that λ1 = 1 and the body does
not deform, which means that σ(11) = 0. The physical interpretation is that
we cannot possibly stretch an incompressible body in only one direction: if the
volume is to remain constant the body must also deform in other directions.

e.) If we assume that λ1 = 1 + ελ̃, then

σ(11) = (A+B(1 + ελ̃)−1)
(

(1 + ελ̃)2 − (1 + ελ̃−1)
)
,

= (A+B −Bελ̃)(1 + 2ελ̃− 1 + ελ̃) +O(ε2),

= (A+B)(3ελ̃),

which is the classic linear result that the stress is proportional to the strain
e11 = (λ1 − 1)/1 = ελ̃.



3

2.) The three strain invariants are defined by

I1 = gijGij, I2 =
1

2

[
I2

1 − gikGjkg
jlGil

]
, I3 = G/g,

and under infinitesimal deformation (from the lecture notes)

Gij = gij + 2εẽij +O(ε2),

so
I1 = gij(gij + 2εẽij) = (δii + 2εẽkk) = 3 + 2ekk.

I2 =
1

2

[
(3 + 2εẽkk)

2 − gik(gjk + 2εẽjk)g
jl(gil + 2εẽil)

]
,

=
1

2

[
9 + 12εẽkk − (δij + 2εẽij)(δ

j
i + 2εẽji )

]
+O(ε2),

=
1

2

[
9 + 12εẽkk − (δii + 2εẽii + 2εẽii)

]
+O(ε2).

≈ 1

2

[
6 + 8εẽii

]
= 3 + 4ekk.

Now, in Cartesians gIJ = δIJ and g = 1, so

I3 = G/g = eIJKG1IG2JG3K ,

after expanding out the determinant using the alternating symbol eIJK . We can
now use our approximation to write

I3 = eIJK(δ1I + 2εẽ1I)(δ2J + 2εẽ2J)(δ3K + 2εẽ3K),

= eIJK [δ1Iδ2Jδ3K + 2ε(δ1Iδ2J ẽ3K + δ1I ẽ2Jδ3K + ẽ1Iδ2Jδ3K)] .

Using the fact that the only non-zero terms occur when I = 1, J = 2 and K = 3,
we have

I3 = 1 + 2ε [ẽ33 + ẽ22 + ẽ33] ,

Converting back to general coordinates gives

I3 = 1 + 2ekk.

3.) The St. Venant–Kirchhoff strain energy function is

W =
λ

2
γiiγ

j
j + µ(γijγ

j
i ) =

λ

2
gikγkig

jlγlj + µ
(
gikγkjg

jlγli
)
.

The second Piola–Kirchhoff stress tensor is given by snm = ∂W
∂γnm

, so

snm =
λ

2

(
gikδknδimg

jlγlj + gikγkig
jlδlnδjm

)
+ µ

(
gikδnkδmjg

jlγli + gikγkjg
jlδlnδim

)
,

=
λ

2

(
gnmγjj + gnmγii

)
+ µ

(
gingmlγli + gmkγkjg

jn
)
,

⇒ snm = λgnmγkk + µ(gnigmjγij + gnjgmiγij) = λgnmγkk + 2µγnm,

from the symmetry properties of γij. In the infinitesimal limit, sij ≈ τ ij and γij ≈
eij, so we recover the linear, homogeneous, isotropic behaviour.
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4.) a.) The deformed position is represented by standard cylindrical polar coordinates,

X1 = r cos θ, X2 = r sin θ, X3 = z.

Assuming uniform stretch µ along the axis of the cylinder X3 = µx3. In addi-
tion, the deformation is incompressible which means that the volume remains
constant, so if the undeformed radius is r0 then πr2

0l = πr2µl, so r0 = r
√
µ.

Hence, the undeformed position is given by

x1 = r
√
µ cos θ, x2 = r

√
µ sin θ, x3 = z/µ.

b.) The undeformed covariant base vectors are

g1 = (
√
µ cos θ,

√
µ sin θ, 0)T , g2 = (−√µr sin θ,

√
µr cos θ, 0)T , g3 = (0, 0, 1/µ)T ,

so the undeformed metric tensors are

gij =

 µ 0 0
0 µr2 0
0 0 µ−2

 , and gij =

 µ−1 0 0
0 µ−1r−2 0
0 0 µ2

 .

The deformed metric tensor is simply the standard cylindrical polar metric

Gij =

 1 0 0
0 r2 0
0 0 1

 , and Gij =

 1 0 0
0 r−2 0
0 0 1

 .

Hence the strain invariants are

I1 = gijGij = 2µ−1 + µ2,

I2 =
1

2

(
I2

1 − gikGkjg
jlGli

)
=

1

2

(
4µ−2 + 4µ+ µ4 − (µ−2 + µ−2 + µ4)

)
=

1

2

(
2µ−2 + 4µ

)
= 2µ+ µ−2.

and I3 = 1, by construction.

In addition
Bij = I1g

ij − gikgjlGkl

= (2µ−1 + µ2)

 µ−1 0 0
0 µ−1r−2 0
0 0 µ2


−

 µ−1 0 0
0 µ−1r−2 0
0 0 µ2

 1 0 0
0 r2 0
0 0 1

 µ−1 0 0
0 µ−1r−2 0
0 0 µ2

 ,

=

 2µ−2 + µ 0 0
0 (2µ−2 + µ)r−2 0
0 0 (2µ+ µ4)

−
 µ−2 0 0

0 µ−2r−2 0
0 0 µ4

 ,
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=

 µ+ µ−2 0 0
0 (µ+ µ−2)r−2 0
0 0 2µ

 .

Now from the constitutive law

T ij = Agij +BBij + PGij,

and because I1 and I2 are constant it follows that A and B are independent of
position. The equilibrium equation is

T ij||j + ρF i = 0,

where F = (rω2, 0, 0)T . We could just plough ahead and compute the covariant
derivatives without further thought, but there is a little trick we can use to
save some work. For this deformation, there is a simple relationship between
the tensors gij, Gij and Bij. We note that

gij −Gijµ−1 =

 0 0 0
0 0 0
0 0 µ2 − µ−1

 ,

which is constant, so taking the covariant derivative gives

gij||i − µ−1Gij||i = 0.

However, transforming Gij||i back to Cartesian coordinates gives δIJ,I = 0, so
we have that Gij||i = 0 (a general result) and hence gij||i = 0. Similarly, by
taking the covariant derivative of

Bij − (µ+ µ−2)Gij =

 0 0 0
0 0 0
0 0 µ− µ−2

 ,

we also deduce that Bij||i = 0.

We cannot assume anything about the spatial dependence of P , so the equi-
librium equation becomes

GijP ||i + ρF i = 0 ⇒ GijP,i + ρF i = 0,

because P is a scalar. Thus the governing equations are

∂P

∂r
= −ρrω2,

∂P

∂θ
=
∂P

∂z
= 0,

which implies that

P = −1

2
ρr2ω2 + P0,

where P0 is a constant.

It follows that

T 11 = Aµ−1 +B(µ+ µ−2) + P = Aµ−1 +B(µ+ µ−2)− 1

2
ρr2ω2 + P0.
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If the curved surface of the cylinder is traction free than

T 11 = 0 at r
√
µ = a ⇒ r = a/

√
µ,

so

0 = Aµ−1 +B(µ+ µ−2)− 1

2
ρa2ω2µ−1 + P0,

⇒ P0 =
1

2
ρa2ω2µ−1 − Aµ−1 −B(µ+ µ−2).

Thus, finally, we obtain

T 11 =
1

2
ρω2

(
a2

µ
− r2

)
.

and the result does not depend on the strain energy function because the radial
stress must balance the body force which is independent of constitutive law.

5.) a.) Our starting point is simply that∫
∂Ωt

T̂ ijNiR
∗
j dSt =

∫
∂Ωrt

T̂ ijNiR
∗
j dSt +

∫
∂Ωst

T̂ ijNiR
∗
j dSt,

after dividing the boundary into the two sections. From the boundary condi-
tions we have that

R∗j = Xj, on ∂Ωr
t ;

and
T̂ ijNj = t̂i, on ∂Ωs

t ,

which gives the result that∫
∂Ωt

T̂ ijNiR
∗
j dSt =

∫
∂Ωrt

T̂ ijNiXj dSt +

∫
∂Ωst

t̂jR∗j dSt.

For the remainder of the equality we can use the divergence theorem to write∫
∂Ωt

T̂ ijNiR
∗
j dSt =

∫
Ωt

(T̂ ijR∗j ),i dVt,

and expanding out the derivative gives∫
∂Ωt

T̂ ijNiR
∗
j dSt =

∫
Ωt

T̂ ij||iR∗j + T ijR∗j,i dVt,

and from the equations of static equilibrium, we have that

T̂ ij||i = −ρF̂ j,

so ∫
∂Ωt

T̂ ijNiR
∗
j dSt =

∫
∂Ωrt

T̂ ijNiXj dSt +

∫
∂Ωst

t̂jR∗j dSt.

=

∫
Ωt

T̂ ijR∗j,i dVt −
∫

Ωt

ρF̂ jR∗j dVt. (1)
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b.) If R̂ = R and T̂ = T corresponds to an equilibrium configuration, then∫
∂Ωrt

T ijNiXj dSt +

∫
∂Ωst

tjR∗j dSt =

∫
Ωt

T ijR∗j,i dVt −
∫

Ωt

ρF jR∗j dVt.

There is no restriction on R∗ in the above other than the fact that it is consis-
tent with the displacement boundary conditions, so we could write an exactly
similar equation with R∗ = R. Subtracting these two equations gives∫

∂Ωrt

T ijNi(Xj −Xj) dSt +

∫
∂Ωst

tj(R∗j −Rj) dSt

=

∫
Ωt

T ij(R∗j,i −Rj,i) dVt −
∫

Ωt

ρF j(R∗j −Rj) dVt.

Thus, the principle of virtual work is∫
∂Ωst

tjδRj dSt =

∫
Ωt

T ijδRj,i dVt −
∫

Ωt

ρF jδRj dVt,

where δR = R∗ −R. Note that we have shown that the virtual work on the
boundary can only be applied on portions of the boundary where displacement
boundary conditions are not applied.

c.) If we keep the deformation fixed at R in the equation (1),∫
∂Ωrt

T ijNiXj dSt +

∫
∂Ωst

tjRj dSt

=

∫
Ωt

T ijRj,i dVt −
∫

Ωt

ρF jRj dVt.

We can replace T by T∗ in the above provided that we also replace the corre-
sponding body forces. Once again, we subtract the two equations to obtain∫

∂Ωrt

(T ∗ij − T ij)NiXj dSt +

∫
∂Ωst

(tj − tj)Rj dSt

=

∫
Ωt

(T ∗ij − T ij)Rj,i dVt −
∫

Ωt

ρ(F ∗j − F j)Rj dVt.

The integral over the traction boundary vanishes and we have the virtual stress
principle ∫

∂Ωrt

δT ijNiXj dSt =

∫
Ωt

δT ijRj,i dVt −
∫

Ωt

ρδF jRj dVt,

which is also called the principle of complementary virtual work. In this case it
is only the portion of the boundary where displacement conditions are applied
that is important.

6.) a.) The deformation is entirely within the plane, therefore the position off-plane does
not vary, which means that

R(ξ1, ξ2, ξ3) = M(ξ1, ξ2) + ξ3g3.
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b.) In general
T ij = Agij +BBij + PGij.

Given the form of the undeformed and deformed positions

r(ξ1, ξ2, ξ3) = m(ξ1, ξ2) + ξ3g3, R(ξ1, ξ2, ξ3) = M(ξ1, ξ2) + ξ3g3,

the undeformed and deformed metric tensors must take the form

gij =

 g11 g12 0
g12 g22 0
0 0 1

 , gij =

 g11 g12 0
g12 g22 0
0 0 1

 ,

Gij =

 G11 G12 0
G12 G22 0
0 0 1

 , Gij =

 G11 G12 0
G12 G22 0
0 0 1

 ,

which means that

Bij =
1

2

[
I1g

ij − gikgjlGkl

]
=

 B11 B12 0
B12 B22 0
0 0 (I1 − 1)/2

 ,

and all quantities are functions only of ξ1 and ξ2. Thus, the stress has the form

T ij(ξ1, ξ2) =

 T 11 T 12 0
T 12 T 22 0
0 0 T 33

 ,

as required.

c.) The equation of equilibrium is

T ij||j + ρF i = 0,

but T ij does not vary with ξ3, and T 3α = 0, so the third equation, when i = 3
is automatically satisfied, provided that the body force does not act out of the
plane. (If the body force does act out of the plane, then we cannot have plane
strain.)

Thus, if F = −U,αGα, the equation of equilibrium in terms of the stress vectors
is

1√
G
T α
,α − ρU,αGα = 0,

⇒ T α
,α −
√
GρU,αG

α = 0,

⇒
[
T α − ρ

√
GUGα

]
,α

= 0.

The result follows because[√
GUGα

]
,α

=
∂
√
G

∂ξα
UGα +

√
GU,αG

α −
√
GUΓαβαG

β,
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and ∂
√
G

∂ξα
=
√
GΓjjα, lecture notes equation (1.54). The normal vector g3 is

constant because we are dealing with a plane. Therefore g3,α = 0, and so
Γ3

3α = 0, which means that[√
GUGα

]
,α

=
√
GUGαΓββα +

√
GU,αG

α −
√
GUΓαβαG

β =
√
GU,αG

α.

d.) Starting from the given expression

T α =
√
Gεγαχ,γ + ρ

√
GUGα,

it follows that
T α − ρ

√
GUGα =

√
Gεγαχ,γ,

and differentiating with respect to ξα we obtain[
T α − ρ

√
GUGα

]
,α

=
√
Gεγαχ,γα,

because
√
Gεγα only takes the values ±1 and is a constant. The term in

involving εγα is antisymmetric, but χ,γα is symmetric, so their product must
be zero, providing a solution to the equilibrium equation.

e.) The stress vector is given by

T α =
√
GTαβGβ,

which means that
√
GTαδGδ =

√
Gεγαχ,γ + ρ

√
GUGα.

If we decompose χ into components in the plane

χ = χδGδ and χ,γ = χδ|γGδ,

so
TαδGδ = εγαχδ|γGδ + ρUGα,

and taking the dot product with Gβ gives the result

Tαβ = εγαχβ|γ + ρUGαβ.

The tensors Tαβ and Gαβ are symmetric which means that

εγαχβ|γ = εγβχα|γ.

Hence if we set
χβ = εδβφ,δ,

then the symmetry is achieved because

εγαχβ|γ = εγαεδβφ,δγ = εγβεδαφ,δγ = εγβχα|γ,

where we have used the symmetry of the partial derivative and the fact that
the covariant derivative and partial derivative coincide for scalar functions.
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f.) Using the result from part (e) directly in the expression for the stress compo-
nents, we obtain

Tαβ = εγαεδβφ|δγ + ρUGαβ.

In the absence of body forces U = 0 and in Cartesian coordinates we have

Tab = egaedbφ,dg,

The alternating symbol is only non-zero if g 6= a and d 6= b, so we have

T11 = φ,22, T22 = φ,11, T12 = −φ,12,

as needed.

7.) a.) We simply substitute the assumed form into the governing equations and cancel
the exponential terms. We find that

∂2u

∂t2
= −ω2Uei(nk · x−ωt),

∇2u = −n2Uei(nk · x−ωt),

∇ · u = in(k · U)ei(nk · x−ωt),

so that
∇(∇ · u) = −n2(k · U)kei(nk · x−ωt).

and
∇·u̇ = nω(k · U)ei(nk · x−ωt).

(If you are unhappy with these solutions, check by using index notation. Re-
member that k is a unit vector.)

We also find that
∇θ = inΘkei(nk · x−ωt),

∇2θ = −n2Θei(nk · x−ωt),

and
∂θ

∂t
= −iωΘei(nk · x−ωt).

Thus the governing equations become

−ω2U = −(λ+ µ)n2(k · U)k − n2µU + inΘαk,

−iωΘ = −κn2Θ + νnω(k · U).

and rearranging we obtain the desired relationships

ω2U = n2 [µU + (λ+ µ)U · kk]− iαnΘk,

and
(κn2 − iω)Θ = νnωU · k.
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b.) If U · k = 0, then the wave solutions exist if

ω2U = n2 [µU ]− iαnΘk, (2)

and
(κn2 − iω)Θ = 0. (3)

Taking the dot product of (2) with U gives

(ω2 − n2µ)|U | = 0,

and taking the dot product with k yields

iαnΘ = 0,

It follows that Θ = 0 and equation (3) is trivially satisfied. Hence, the waves are
independent of thermal effects. Non-trivial waves can only exist if ω2 = µn2.

c.) If we take dot product of the equations found in part (a) with k, we obtain

ω2|U | = n2 [µ|U |+ (λ+ µ)|U |]− iαnΘ,

and
(κn2 − iω)Θ = νnω|U |.

Hence we obtain the matrix system(
ω2 − n2(λ+ 2µ) iαn

−νnω (κn2 − iω)

)(
|U |
Θ

)
=

(
0
0

)
,

where the matrix must have zero determinant in order for there to be non-
trivial waves. Provided that there is thermal coupling (α 6= 0 and ν 6= 0), then
the waves are not independent of thermal effects.

8.) a.) The second Piola–Kirchhoff stress tensor is given by

sij = 2
∂W
∂I1

gij + 2
∂W
∂I2

Bij + 2I3
∂W
∂I3

Gij,

so in this case

sij = C1g
ij + C2B

ij + (c+ 2d(I3 − 1))I3G
ij.

Hence,

sij = C1g
ij + C2

[
I1g

ij − gikgjlGkl

]
+ (c+ 2d(I3 − 1))I3G

ij.

In the infinitesimal limit, we know that,

I1 = 3 + 2ekk, I3 = 1 + 2ekk, Gij = gij + 2eij,

which means that

sij = τ ij ≈ C1g
ij+C2

[
3gij + 2ekkg

ij − gikgjl(gij + 2eij)
]
+(c+4dekk)(1+2ell)G

ij.
(4)



12

We need an expression for Gij and we know that

GikGkj = δij ⇒ Gik [gkj + 2ekj] = δij.

In the absence of any deformation Gij = gij and so we expect that Gij ≈
gij + λeij. Thus,

(gik + λeik)(gkj + 2ekj) = δij + λeij + 2eij +O(ε2) = δij,

and so λ+ 2 = 0, giving the desired result

Gij ≈ gij − 2eij.

Using this result in equation (4) gives

τ ij ≈ C1g
ij + C2

[
3gij + 2ekkg

ij − gij − 2eij)
]

+ (c+ 4dekk)(1 + 2ell)(g
ij − 2eij),

and so

τ ij = (C1 + 2C2 + c)gij + (2C2 + 4d+ 2c)ekkg
ij − (2C2 + 2c)eij,

as required.

b.) The linear constitutive law in the absence of heating is

τ ij = λekkg
ij + 2µeij,

so in order for the strain energy function to be consistent with this linear result

C1 + 2C2 + c = 0, (5)

2C2 + 4d+ 2c = λ, (6)

−2C2 − 2c = 2µ. (7)

Thus, adding (5) and (7)/2 gives

2C1 + 2C2 = 2µ ⇒ C1 + C2 = µ;

then from equation (7)

c = −C2 − µ = C1 − 2µ,

and from (6)
−2µ+ 4d = λ ⇒ d = (λ+ 2µ)/4.


