MATH45061: SOLUTION SHEET! III

1.) Balance of angular momentum about a particular point Z requires that
/(R— Z)x pVdV = L,.
Q

The moment about the point Z can be decomposed into torque due to the body
force, F', and surface traction T':

£Z:/(R—Z)prdV+/ (R—Z)xTdS;
Q Bly)
and so

/(R—Z)xdeV:/(R—Z)prdV+/ (R—Z)xTdS. (1)

o0N

If linear momentum is in balance then
/devz/dev+ T dS;
0 Q o0

and taking the cross product with the constant vector Z —Y , which can be brought
inside the integral,

/(Z—Y)XdeV:/(Z—Y)prdV—l—/ (Z-Y)xTdS. (2)

Adding equation (2) to equation (1) and simplifying

/Q(R—Y)XdeV:/Q(R—Y)XdeV+/89(R—Y)><Td8.

Thus, the angular momentum about any point Y is in balance.

If body couples, L, are present then they need to be included in the angular mo-
mentum balance as an additional term on the right-hand side

[z
Q

This term will be unaffected by the argument above, so we need to demonstrate that
the body couple distribution is independent of the axis about which the angular
momentum balance is taken. For a body couple to be independent of the body
force, the forces that constitute the couple must be in balance because otherwise
an additional contribution to the body force would result. We can write that at a
given point R, the body couple referred to a given axis is

L,(R)= 5lim Y (R+68u) — Z) x F,
[0 ()| =0
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the limit of the sum of torques acting at slightly different points but the distance
between the points is tending to zero. We assume that such a limit exists and is
finite (which actually requires unbounded forces, because otherwise the forces will
simply cancel). The argument is now essentially the same as above, because the
forces must be in balance then ), F';) = 0, and so

(Z-Y) x ZF@ =Y (Z-Y)xFy =0,

)

which means that

L, = 6hm Z [(R—l—(S(i) —Z) XF(i)—i-(Z—Y) X F(i)}
10)|—=0"

= lim Z(R—l— 5@) — Y) X F(i) = Ly,
105|=077
so the body couple distribution is a free vector distribution — it is independent of
the axis about which the angular momentum balance is taken. Thus, the result is
still true if body couples are included, provided that our body couple distribution
is defined in a manner consistent with the behaviour of couples that act over finite
distances.

2.) The difficulty of the argument depends on how rigorous you want to be. Here I shall
adopt a middle way. The starting point is to consider a short cylinder (pillbox) that
is formed by extending a disk D of fixed radius about the point R a distance h/2
in both the positive and negative normal directions to the disk.

The surface of the cylinder consists of two disks D, D_ and the curved surface I'y,.
We assume that the total force on the cylinder tends to zero as the volume of the
cylinder tends to zero, i.e. the forces remain bounded, so

lim [ TdS + TdS + TdS =0.

h—=0 Jp, D, D_

If the forces remain bounded (which follows from continuity of T") then because the
area of the curved surface I', — 0 as h — 0 the first integral vanishes and we have
that

TdS + TdS =0.

Dy D_



(If you want to make this really rigorous, you need to use the mean value theorem
for integration.) In this limit the two disks are the same and coincide with the
original disk D, but the normals equal an opposite, so

/T dS+/T R)dS =0,

which is true for any size of disk so

T(N /T R -0 = T(N(R),R)=-T(-N(R),R).

3.) This is a straightforward exercise in vector geometry. The key point is that in the
infinitesimal limit, the tetrahedron is straight-sided with three edges given by Gj.

Gt

We now use the standard result that the cross product of two vectors gives a vector
normal to both (with direction given by the right-hand rule) and with magnitude
equal to twice the area of the triangle defined by the two vectors. Thus the vector
area of the face whose edges are not aligned with a coordinate direction is

ds = NdS = %(G§ _ Gy x (G — GY),
where the direction of the normal is out of the tetrahedron. Hence,
NdS:%(GQX Gs; — G5 X Gy — Gy X G3+ Gy x Gy),
the final term is zero due to the properties of the cross product, so
NdS = %G§X G§+%GT>< G§+%GT>< Gs.

after using the antisymmetry property of the cross product.

The three terms on the right-hand side are simply the vector areas of the other
three faces of the tetrahedron; and the outer normals to these faces are given by the
contravariant base vectors G*. Thus, outer unit normals are given by G*/ VGii (no
summation) and we have the required result

NdS=Y" GZZS“ .




4.) Here we need only use the transformation properties of the two vectors. We know
that the vector components transform as

OX;
Ni= 55 No = Qs

and so multiplying by the inverse of the matrix gives
NfQ;f — Q;foJNJ = 0Ny = Nk.
We use these vector transformation properties to determine that

Tr=T;N; = Ty QI_}( = TNz ;%7

and then multiplying both sides by Q,
Ty = QM\[TJINZQ;% = Iy= QJmTJIQ;%ND
which means that if in the transformed coordinates T5; = T7 77/V7, then
T = Q]\/Z[TJIQ;% = QE;TJIQ?]’V] = QE]TJIQ?]/M\a

because Q is orthogonal. Thus the Cauchy stress tensor does satisfy Cartesian tensor
transformation properties.

5.) a.) The total surface force on the body is given by integrating the traction over the
surface

o0 o0 o0

We would like to apply the divergence theorem, but the integrand is not of the
correct form. In the examples class, I took the following approach: Consider
the three separate integrals,

/ pnggN] dS :/ pnggeI-NdS, I = 1,2,3.
o o0

Then applying the divergence theorem to each integral, we obtain

/ pnggNIdS = / VR' (pnggeI) dy = pfg(513/ dV,
o0 Q Q

which means that
F,=prgVes.

Alternatively, a more sophisticated method is to take the inner product with
a constant vector a so that

Fs’CL = / pnggCL[N[ dsS.
o0

Now we can use the divergence theorem to write

0
Fg-a:/—(pnggaI) dV:pfgag/ dy.
Q aX[ Q



Hence, because a is arbitrary it follows that

F, = Pfg/ dVes = Png€3>
Q

where V' is the volume of the body. Hence the resultant surface force is the
mass of water displaced p;V multiplied by g, which gives the weight of water
displaced and acts in the positive X3 direction.

b.) If we let (R) be the centre of volume then the resultant torque about the centre
of volume is

L= /{)Q(R— (R)) x pgXsN dS.

In a Cartesian coordinate system, the component in the direction ey is

Ly= Prg X3 €IJK(XJ - <XJ>)NK ds.
o0

Thus, using the divergence theorem gives

0
L; = — (X X;— (X dy
I ,Ofg/QaXK( 3€IJK( J < J>)

= PfQ/ 0K €IJK(XJ - <XJ>) + Xsergrdyr dV.
Q

Now d;k is symmetric on interchange of J and K, but e;;x is antisymmetric
on interchange of J and K so the last term must be zero. Thus,

Ly = /)fg/ ers3(Xy — (X)) dV,
Q

but (X) is a constant and so we have

lepfgeug [/ XJdV_V<XJ>:| s
Q

where V' is the volume of the body. Now by definition of the centre of volume

(X)) =5 /Q X, v,
which means that
Li=prgers V(X)) —V(X,)]=0 = L=0,
as required.

6.) a.) A change from one set of Cartesian coordinates to another does not change the
angle between the coordinate axes. If the X3 direction and handedness remain
fixed, the only possible family of transformations are rotations about the Xj
axis. These rotations can be described by a single angle 6, between the X; and
X7 directions:



0 A1
o
0
X1
b.) The transformation between the two coordinate systems is given by
X3 cosf sinf 0 X,
X5 | = —sinf cosf 0O X
X; 0 0 1 X
Thus the transformation rule for the stress tensor is
0X+
Tr5=QuivIvu@Qgy  where Q= 52,
SO
N Ti; Tis Tig
T=| Ths T35 Ts3
T Trs Ts3
cosf sinf 0 T, T2 0O cos) —sinf 0
= | —sinf cosf O Tis T5 0 sinf cosf O
0 0 1 0 0 0 0 0 1
cosf) sinf O Ti1cos0 +Tigsinf —Tiisinf + Tiacosf 0
= | —sinf cosf O Tiocost + Toosinfd —Tiasinf + Toscosf 0 |
0 0 1 0 0 0
and so

T3 =Tn cos® 0 + Ty sin? @ + 2715 cos O sin 6,
T55 =T sin? @ + Thy cos? 8 — 271715 cos fsin b,
Ti5 = (Tog — Th1) sinf cos 0 + T, (cos? § — sin®6).
We can use the double angle formulee to write
1 1
T’l"l‘ = T11§(1 -+ cos 29) + T22§(1 — COS 29) + T12 sin 29,

T T T, —T
— (Th + Top) —I—( 1 5 ) cos 20 + T sin 260

2
1 1
Tos = T11§(1 — cos 20) + T22§(1 + cos 260) — Ty sin 20,
T T Ty — T}
= ( 11—5 22) + (T2 5 n) cos 260 — 114 sin 26,
(Toy — Th1)

T35 = s sin 26 + T, cos 26.



c.) If T35 =0, then

(T2 —Th) . 2T
~ 2 sin20 4+ Tjsco820 =0 = tan20= —-"——.
2 = (Th — Tha)

The maximum and minimum values of 737 and T35 occur when 0757/00 = 0
and 0T55/00 = 0, respectively; and

06
00

Hence, when T35 = 0, the values of 757 and T35 are either at their maximum
or minimum. In other words, these are the principal stresses.

= sin 20(T5y — T'1) + 2775 cos 26 = 2155,

= sin 29(T11 - ng) - 2T12 cos 20 = —2T’1"2‘

d.) The maximum value of 755 occurs when 0755/060 =0, i. e.

(T22 - Tll)

(T22 — Tll) cos20 — 2T158in20 =0 = tan20 =
2T,

If we indicate the value of 6 that extremises the normal stress by 6,, and that
corresponding to the maximum value of 755 by 05, then

1 sin20,  cos 20,

tan 260,, = — = = ,
a tan 20, cos 20, sin 26,

= sin 26, sin 26, + cos 20, cos 20, = 0 =  cos2(6, — 0,) = 0;

and therefore
T

m
20, —8)=+5 = 6.=6.+.

Thus the angle at which 755 gains its maximum value is £45° from the angle
at which the 757 is maximised or minimised.

7.) Note that we shall drop the overbars for convenience in the working here, but we are
working in the Eulerian coordinate system. The principal invariants of the Cauchy
stress tensor are given by

T} — ud| = =1 + Lo p® = L+ I,

SO
i
]1_,1_;'7

b= (T - TT)),

N —

J

8.) The principal invariants of the stress deviation tensor are given by

T i i 1 i i
T} — poj| = [T} - ngféj — | = =+ Ty p? = Ty i+ s,



Thus, X 1
leﬂi—gT,féf:Tj—g P x3=0.
Ty = % (T} = T3i61/3) (T] = Thwd}/3) — (T} — T}k63/3) (T) — T61/3)]

=5 [ h =TT + TET) 3+ T /3 = TET0367 /9]

m Y5

We know that J; = 0 and 6! 6! = 67 = 3, so

1 1i ] i 1 i g i g 11’ j
ho= g [JT - T = [T - T - T = 1 - ()
i Lok
9.) a.) From the definition
T=TyN +Ts,

and taking the dot product with the unit normal gives
T -N =Ty;
and by the definition of the Cauchy stress tensor
Ty =TyNN; =T ;NINy,

after using the symmetry property of the Cauchy stress tensor as well.

b.) Taking the dot product of the stress vector with itself and using the fact that
N and Ty are orthogonal gives

T-T=(IxN+Ts)(IwN+Ts) = TI%J +Ts T,

SO
Ts|* = |T|* - T3 (3)

If we work in the Cartesian coordinate system given by the principal axes of
stress then the Cauchy stress tensor is diagonal with entries corresponding
to the principal stresses, say o), o(2) and o). Hence from the definition
Tt = oy Nt (no summation), and so

|T|2 = (0(1)N1)2 + (0(2)N2)2 + (0(3)N3)2.
In addition,
2
T?% = (T1sNiN;)* = [oyNi + 0@ N3 + o3 N3 |~

and so by direct substitution into equation (3)

T2 = (TryNiNy)? = (00 N1 )24 (0(2) No) 2+ (0(3) Ns )2 — [0y N2 + 012) N2 + 03y N2] .

= 0y (N7 — Np) — 2 (0(yo2y N7 N3 + 01)0(3) Ny Njo ()05 N3 N3 ) .



This expression can be simplified by spotting that
N — Ny = N{(1 = Ny) = N{(N; + N3),

because IV is a unit vector. Using similar expressions for N3 — N3 and N3 — Ny,
we obtain

‘TSP = N12N22(U(21) + 0(22) - 20’(1)0(2)) + N22N§(a(22) + 0(23) - 20(2)0(3))

+N12N§(U(21) +U(23) —20(1)0(3))
= |T5|2 = [NlNg(O'(l)—0(2))]2+[N2N3(0’(2)—0(3))]2+[N1N3(0’(1)—0'(3))]2. (4)

c.) We continue to work in the coordinate system given by the principal axes of
stress. The cosine of the angle between a plane and the I-th coordinate axis is
given by cosf) = N;y = N-e;, where N is the unit normal to the pane and
es is a unit base vector in the coordinate direction. The result follows directly
from the formula A - B = |A||B| cos ¢, where ¢ is the angle between the two
vectors A and B.

If a plane makes the same angle with each of the three principal axes of stress
then
cosf) = cosbpy = cosliz = Ny =N, =Nj,

but IV is a unit vector, so
1
NP+ Nj+Nj=1 = BNf=1 =Nf=N =N =z

The square of the magnitude of the shear stress on this plane is found from
equation (4)

1
Ts* = 5 [(ow) —0)* + (00) = 0)* + (00 = 03))"] -
In our chosen coordinate system the invariant .J; is found from question 8 to
be
1
Jy=1I,— (I,)*/3 = 3 (T11Tyy — TigTrs) — (T1r)?/3

(o) + o) + o) (o) + 0@) + 03) — 0y — Olay — T3]

N —

—(0(1) + 0@ + 0'(3))2/3.

= 002 T0W)0E) TR 0@~ [00) + 0y + 00 + 201)0() + 20(1)0(3) + 202)0(3)] /3

1 19
=3 lowow +omow +owow — oty — ol —oly] = -3 51T

which means that the required magnitude is proportional to J.
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10.) a.) Using the hint, we consider

(XsTik) k= X5xTrx + X Tk k, (5)
by the product rule. The equations of equilibrium in Cartesian coordinates are
Tyrg+ Fr="T1,+ F1 =0, (6)

because F' is a body force per unit volume (not per unit density) and the
Cauchy stress tensor is symmetric Using equation (6) in (5) gives

(XuTik) x = 0Tk + X5(=Fy),
which gives the result in the hint
Ty = (XyTik) k + X Fr.
Taking the volume average of the equation, we have
1

1
<TIJ>:_/T]JdV:_/(XJT_[K)J{_‘_XJFIdV,
Ve VJa

and using the divergence theorem on the first integral

1

<TIJ>:_[ XJT]KNKdS+/XJF[dV:|,
V1 Jaa 0

where N are the Cartesian components of the outer unit normal to the body.
From the definition of the stress tensor T7x Nk = 77 on the body’s surface and
writing the equation in dyadic form gives the result (ahem, actually we also
use the symmetry property of the stress tensor)

1

<T>=—[ R®Td8+/R®FdV].
V o0 Q

This is known as Signorini’s theorem and it demonstrates that the average
stress in the body can be determined directly from the surface traction 7 and
the body force F'.

b.) If F = 0 and the surface is loaded by a uniform pressure then 7 = —pIN, where
N is the outer unit normal to the surface. Hence from Signorini’s theorem

1
M=~ Ro(-pN)dS=-L | RaNds,
V 0N 0N

because the pressure is uniform (and therefore p is constant). Using the diver-
gence theorem and working in component form

/ R[NJdS:/QR[7JdV:5[J/QdV:5[Jv;
oN

so back in matrix form
(T) = —pl.

If we choose T = (T) = —pl, then the equilibrium equations, in the absence of
a body force, are satisfied because

Try5=—porsy=0.
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11.) This question is just to check that you understand the colon notation

A:A=A ;A = %(A tA) = %(AIJAIJ) = Apy Dlz;ltu + DEXZJ Arg,
» D DA
E(A:A)zQA:E.
12.) The second Piola—Kirchhoff stress tensor is given by
s=JF'oF T,
Hence the material derivative, by the product rule is
§= JF'oF T + JF T oF T 4 JFTGF T 4 JF R (7)
From the lecture notes (or working it out again),
J=JdivV = Jtr(D), and F=LF.
Now because
FF'=1 = FF'4FF'=0 =F'=-F'FF'=-FIL,

and so
F7=-LTFT.

Using these results into the expression (7) we obtain the required stress rate

s=JF'[6+tr(D)o — Lo —oL"] F~T.

The quickest way to establish the objectivity, or not of s is to think about s. Under
a change in observer

S* — J*(F*)_lo'*(F*)_T.
The Cauchy stress tensor is objective by construction (it is a Cartesian tensor), see
question 4, so 0* = QoQT. We can look up the transformation properties of F in

the lecture notes to find that F* = QF. The Jacobian J is a scalar invariant because
F* = QF, which means that

J* = |F[ = |QF[ = |Q[|F| = [F| = J,
because |Q| = 1 by the orthogonality of Q. Hence,
s* = J(QF)'QeQT(QF) " = JF'QTQoQTQF T = JFloF T =35,

which means that the second Piola—Kirchhoff stress tensor is invariant under Eu-
lerian observer transformation. This shouldn’t be a surprise, it’s a Lagrangian
measure of the stress. By taking the material derivative of the above equation we
have that

$F =5,

and so s is also invariant under change of observer, so it is not objective.
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T
13.) If we invent the symbol A to represent the Truesdell rate, then

T *

A=
Dt

+ tr(D*)A* + L*TA* + A*L*,

= QAQ" + QAQ” + QAQT + tr(D)QAQ” + (QLTQ™ + 07)QAQ™ + QAQT(QLQT + Q)
= QA+ tr(D)A+LTA +AL| Q" + 0QAQT — QAQTQ + 07QAQ” + QAQTQ,
and using the fact that Q = —Q7, we have
X\*: QKQT’

which proves that the Truesdell rate is objective.



