MATH45061: SOLUTION SHEET! I

1.) The values a! are the components of the vector a in the Cartesian coordinate system.
We can write a! = a - e; from which we deduce that a' = 1, a*> = 2 and a® = 3.
Similarly, we find that b; = 4, by = 2 and b3 = 1. The scalar product is given by

3
a'by =) a'by=a'bi+a’by+ a3 =1x4+2x2+3x1=4+4+3=11
=1
2.) If » = r'g,, then taking the dot product with the contravariant base vector gives
’r‘.g-] fr— rzgzogj fr— ’]"7'(5‘27 = 7’-]"

and so r* = r-g, after changing the free index from j to i. We can write an explicit
expression by using the Cartesian representations of the position vector r = rxex
and contravariant base vector g' = ¢! /Orex:

¢

81’[(.

r'=xk

Thus, 7 # £' in general.
In a Cartesian coordinate system, £ = 2% and then
oz

8xK

=Tl =2,

r’=xK

so the i-th component of the position vector is equal to the i-th coordinate.

3.) The position vector is given by 7 = £2 ¢! ey +&! ey, which can be written in component
form in the global Cartesian basis as

2¢1
(55

Thus covariant base vectors are therefore given by

2 1
91:7°,1:(61), 92:”°,2:<€0)-

The contravariant base vectors are most easily found by using the inverse transpose
of the covariant transformation matrix M, where

(3)-4(2)
gs €2
In this case,
€2 1 B 1/ 0 -1 0 &
M:(fl 0) N Ml:?(—ﬁl fz)i(l —éf)’
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The contravariant base vectors are given by

1 L
g -7 ( €1 1 (0 2 &t
() (2) = o=(1) #- (%)

We can check our calculation by confirming that the equation g,-g’ = 55 is satisfied
(which it is). The coordinate system is not orthogonal because g,-g, # 0.

4.) This is actually discussed in the online notes. In an orthonormal coordinate system
the covariant and contravariant base vectors must coincide, so

=g = axKe _85"8
9: =9 gt K T gk K

The global Cartesian base vectors ek are orthogonal, which means that if coordinate
system & is orthogonal then

ozl o€
e = 9K (1)
o€ ox
Multiplying equation (1) by 9¢¢/0xt gives
orf g og og or  og og

, = = =
o¢t ozt OxK OxL oxL  0xK OxL’
after using the chain rule. The global Cartesian coordinates are independent and
so 0z /oxl = 6% so
08" 98" _ i
OrK 9xL ~ L 2)

If, as usual, we write the components of the contravariant transform as a matrix

ogt  ogt og
oxl  09x2  Ox3

Q- | o2 o2 o
ozl 022 Ox3 ’
o8 o8 og®
oxl  9x2 0x3

then equation (2) can be written in the form
Q"Q=1,

where | is the identity matrix. Hence the contravariant transformation from the
Cartesian base vectors is orthogonal and because it is identical to the covaraint
transform that is also orthogonal. Hence, any orthonormal basis can only be ob-
tained by orthogonal transformation from Cartesian base vectors.

5.) The easiest way to proceed is to consider what happens under a change in coordinates
from £° to x?. The components of the vectors transform contravariantly so that

7 aij N i

a = a a = aéz j
T ¢ N

a’,




which means that the equation a’ = T'(, j) i becomes

i i - _ k .
B iy o F X %y (3)
Xk X! og! X!
We write T'(7,7) for the coefficients in the transformed coordinates so that we can
write 3 L
a® =T (k, )V,
and subtracting equation (3) gives
N G S I
T(k)— ==T(i,j) == | b =0.
R0 - G TG 5
Provided that the coefficients T'(7, j) are independent of b, then
oot 0
T(k)=—==T(,7) —=;
(k,1) o€ (4, 7) o

and the coefficients T'(7, j) transform contravariantly in the first index and covari-
antly in the second. Hence, T'(7,j) can be written as T]’ and are the components of
a tensor in the basis g, ® g’.

This result (and its obvious generalisations to as many different indices as you like)
is sometimes called the quotient rule and it can be used to establish whether not
not an object is a tensor.

6.) The covariant metric tensor is g;; = g;'g;, so can be written in matrix form as
(911 912 ) _ ( 91°91 91°9> ) _ ( 1+£2¢% ¢ )
921 922 9291 92°9> §he? gret
Its determinant is given by
g=8¢(1+¢) -¢ee=¢¢.

The contravariant metric tensor ¢” can be found by taking the inverse of the co-
variant metric tensor g;; or from the relationships ¢” = g'-g’, either way it is

_&
gll g2 _ 1 i
921 922 62 1+§2 52 *

T g

Its determinant is given by
1 + 62 52 52 52 _ 1 1

gt gg e g

For the verification of g* = gg;, we shall consider the two cases i = 1 and 7 = 2
separately:
2

E(fl e1) = (& —&)er + e = e,
2 2 ¢2
2—1(52 e +es)+ %

in agreement with question 3.

g =9"g,+9%g, =1 e +e) —

2
(fl 61) = l191 - ée%

92 = 92191 + 92292 = - - ¢l ¢l



7.) The easiest approach here is to establish the identity in Cartesian coordinates and
then because it is a tensor identity is will be true in any coordinate system. In
Cartesian coordinates, we have

I1JK IcJ I ¢J

We first observe that swapping I and J or L and M will change the sign of LHS
and also changes the sign of the RHS, as it should. If I and J and L and M are
swapped simultaneously then both LHS and RHS are unchanged. If I = J and/or
L = M, then both LHS and RHS are zero. We are therefore left with the nine cases
IJ, LM = 12,13, 23.

If IJ= LM (I# J),then the LHS is 1 and so is the RHS. If we swap I.J and LM,
then the RHS is unchanged by symmetry of the Kronecker delta. Hence, we are left

with three cases to check
1J=12,LM = 13,23

and I.J =13, LM = 23. In the first two cases, the LHS must be zero, because from
e!?K the only non-zero value occurs when K = 3, but then exry; = 0; and the RHS
is also zero. In the final case, K = 2, and so exry = 0 and the LHS is zero, as it
the RHS. Thus, we have established the identity in Cartesian coordinates and the
general result follow from coordinate transform.

The contravariant components of the double vector product can be written in index
notation as

ijk Il.m __ ijk I m __ i _j i g I m _ 13 m i l
€V aj€pmb c™ = €egmajbc —(glgfn—gmgl)ajbc =ba,,c" — c'aql,

which gives
ax(bxe)=(a-c)b—(a-b)ec.
8.) The Christoffel symbol is defined by

p._ O or
W agiog gk

Under a change in coordinates from &° to X{,

*r  Or ) (8xK) oxk

F;EE fry = —e—— = =
oxioxs oxk  ox ox*

ox’
Now using the chain rule, we have
o oE! i <8§m 6xK> oz’ ogn B oE! 8{"& (8{’” &IK) ozk
VT ox o€ \oxd g™ ) 0m axF - o ok 0&! \ oxd ogm ) o
B gt o¢n (i ((‘%m) ork n oE™ 92X ) oz
SO oxF N0 \oyd ) dgm T oxa oglogm ) ogn”
B (65’ oEm 85“) 02z oxk N 0 <8§m> o™ 0K ozl
\ Oy Oy OxF) DEDEm DEr T oyt \OxT ) ok 9E™ dEn




B (8fl agm @fn) - @2£m %
o o ok )T axiong ok ™
The first term corresponds to the tensor transformation rule, but the presence of

the second term means that the Christoffel symbol does not in general transform as
a tensor. Therefore, the Christoffel symbol is not a tensor.

9.) The covariant derivative of the scalar ¢ coincides with the partial derivative, so ¢|; =
¢;. Now the combination

CLj|ibj + (ljbj|l' = (aj,i — ank)bj + Clj(b?‘i + Fizbk) = Cljﬂ'bj + a/jb{i = (ajbj)ﬂ‘,

because the partial derivative does obey the product rule and the terms involving
Christoffel symbols are the same (one dummy indices are interchanged). Thus,

ajlit + a;t’|; = (a;b7) i = ¢ = i = (a;V7)];,
and the covariant derivative satisfies the product rule.
10.) The quantity o = Aijbicj is a scalar invariant, so «, is covariant. Then
oy = Az‘j,rbicj + Aljbfrc] + A”bl()fr
From the definition of the covariant derivative for vectors
b, =b|, — T}, b* and o, =d|, — T,
Q= AijmblC] + 141]07 (bz|r — Zrbk) + Aijbz (07|r — F{TCZ) .
= Ay b, + Ayb'd |, + (Aw, — Auly, — ATy bEc
All three terms must be covariant tensors of first order and we can define the third-
order covariant tensor
k k
Aijlr - Aij,r — Ak]f‘lr — Aikrjra
so that o o ' -
(AiijC]Mr == Aij|rblcj —|— Alij‘TCJ —|— Aijblcj‘r,

and the product rule of covariant differentiation is satisfied.

11.) This is a worthwhile exercise, but it’s a bit tedious (sorry). Let’s start with cylin-
drical polars:
r=rcosf, y=rsinf, z=2=z2

Let us define &' = r, €2 = 0, € = 2 and then we have that the covariant base
vectors in components in the global Cartesian basis are

cos —rsinf 0
g, = | sinf |, g,= rcos 6 , gs=1 0
0 0 1



The covariant metric tensor is given by

0
r2 2

1 0
gj=10 0 |, with determinant g = 1",
0 1

0

and we note that the basis is orthogonal, but not orthonormal because the distance
associated with a change in angle varies as a function of distance from the origin.
The contravariant metric tensor is then simply

g9"=10
0

and the contravariant base vectors are
1_ 2 _ _
g =4, g = ﬁg% g = 4gs.

Hence, the gradient of a scalar field f is

cos of —

V= gif,i = sinf | = + COSTG g i g
0 or 0 90 1 ] 9%

If we convert the vectors to unit vectors in the coordinate directions, we obtain the
standard expression

L0 vor o
Vi=eq te 55 teg

The Laplacian of a scalar field is given by

1 0 i O 10 ( 0f 10 ( 19f - of
sz‘ﬁa_ﬁj(m ae) rar< ar)*rae( 269)+ 0 <@)

of 102f  9%f
rar ( ar) T2 T o

The divergence of a vector F' is given by
divF = F'|; = F', + T}, F",
which means that we need to calculate the Christoffel symbols.
F;‘k = gj,k'gi'

We already know the base vectors so we can determine that the only non-zero
derivatives are

—sin@ —rcos
9gi12=9s1 = cos 6 , and gy, = | —rsing |,

0 0



which means that the only non-zero Christoffel symbols are

1

2 _ 12 _ 1
F12_F21_;7F22__r'

Thus,
divF = F} + F2 4+ F% + —F",
b K b /rv

and because
F = F'g, + F?g, + F?g, = F'e, + F?rey + e,

so F' = F,, F? = 1Fy and F® = F,, where F,, Fy and F, are the components of the
vector in the directions of the standard unit base vectors. Hence,

oF, 1 10F, OF,
divF = -F 4+ —— )
v 0 * r * r 00 * 0z

r

Turning to spherical polars we have

r=rsinfcos¢p, y=rsinfsing, z=rcosh
Let us define &' = r, €2 = 0, € = ¢ and then the covariant base vectors in
components in the global Cartesian basis are
sin @ cos ¢ 7 cos 0 cos ¢ —rsinfsin ¢
g, = | sinfsing |, g,=| rcosfsing |, g;= rsin 6 cos ¢
cosf —rsinf 0

The covariant metric tensor is given by

1 0 0
gi=1 0 r? 0 ., with determinant ¢ = r*sin?6,
0 0 r%sin®6

and we note that the basis is again orthogonal, but not orthonormal. The con-

travariant metric tensor is then simply

1 0 0
g7 = = 0,
1
0 0 r2sin? @
and the contravariant base vectors are
1 3 1

1: 2:— = — .

Hence, the gradient of a scalar field is

cos 0 cos ¢ sin ¢
sin 6 cos ¢ r " rsind
; oo of : of of
VFf=dg ;= 0 e cos 0 sin ¢ ZJ co.s¢ -
f=gf sin 6 sin ¢ o + T 9 50 + = 36
__sin 0

cos 6
T



If we convert the vectors to unit vectors in the coordinate directions, we obtain the
standard expression
of 10f 1 of

Vi=es: or +€9_%+e Tsinﬁcf)_gb‘

The Laplacian of a scalar field is given by

1 0 of 1 0 (,. ,0f 1 0 (5. ,10f
= ij ht' = 2
Vg 08 (\/Eg 88) r2sin 0 Or (T Slng@r)+r251n989 (T Smgﬁ 00

—I——1 9 r? sin@—1 2
r2sin 6 9¢ r2sin?0 0¢ )’

= raf + = 2 Sln&g %—#ﬁ
r2 or or r2sin 6 00 00 r2sin? 6 0¢?

For the Christoffel symbols, the only non-zero derivatives are

Vif =

cos f cos ¢ —sinfsin ¢
gi2=9s1 = | costsing |, g,3=g3,= sin @ cos ¢
—sin 6 0
—7rcosfsin ¢ —7rsin  cos ¢
923 =932 = r cos 6 cos ¢ ; gop= | —rsinfsing
0 —rcosf
—7rsin # cos ¢
gs3= | —rsinfsing |,
0
which means that the only non-zero Christoffel symbols are
1 cosf
I, =T3=T%=TI% = Iy, =T3% =
12 21 13 st = L2 827 S g
I, =—r, [I33=—rsin’f, T3, = —cosfsinb.
Thus,
2 0
divF = FL 4 F2 4+ F8 4 Zpt 4 “20 2
’ ’ s sin 6

and because

F =F'g, + F’g, + F’g, = F'e, + F’rey + F’rsinfey,

so F' = F,, F? = 1Fy and F* = _—F, where F,, Fy and F}; are the components
of the vector in the directions of the standard unit base vectors. Hence,

. or, 2 10F, 1lcosf 1 0Fy
F = -F+-——+- F, —
div or r r+'r’ ol +7’sin9 9+rsin6 0P
0 1 OF,
_ 10 e OF,
r2 or (r r>+rsm889 (sin 6 Fy )+Tsin9 0o



12.) The curve is given by 7(¢) and if a vector field a(r) is to remain parallel, then the
vector a(r(t)) must not change as it moves along the curve. In other words, the
vector must not change as t varies, so that its rate of change with respect to ¢ is
Z€ero, 1.e.

da
dt
If we have a general coordinate system &%, then we can write a(£(t)) and so

gt

da d§'0a dE 0
at

at  dateg  Ma

= aj|igj

Now the vectors g, are not zero because they form a basis of the space (unless some-
thing very degenerate is going on). In addition for any non-trivial curve d¢?/dt # 0.
Therefore the condition for the vector field to be parallel is that

a’|l; =0, foralli, j.



