MATH45061: EXAMPLE SHEET! V

1.) A unit cube of homogeneous, isotropic hyperelastic material undergoes a deformation
such that the lengths of its sides become A, Ay and A3, but its faces remain aligned
with the same coordinate planes. You may assume that \; is constant.

a.) Explain why the deformed position can be given by
X = )\1%, Y = )\gy, Z = )\32,

if (x,y, z) are Cartesian coordinates aligned with the original cube.
b.) Find the strain invariants in terms of the stretches A;.

c.) Use the general hyperelastic constitutive law to find the components of the
Cauchy (body) stress T% and explain why the body is in equilibrium.

d.) If the body is incompressible and loaded by a tension parallel to the z-axis.
Find the physical stress component o(11), assuming that the stresses within the

y — z planes are zero and that the in-plane stretch is the same in all directions.
What happens if Ay = A3 =17

e.) What is the physical stress component if the stretch is infinitesimal, A; = 1+eN?

2.) Show that under infinitesimal deformation, the three strain invariants are approxi-
mated to O(e) by

Iy =342k, Iy=3+4ef, I3=1+ 2.

For I3, work in Cartesians!

3.) By using the equation s = %, show that when the deformations are small the St.
ij

Venant—Kirchhoff strain energy function is consistent with the constitutive law for

a linear, isotropic, homogeneous material in the absence of pre-stress or thermal

effects.

4.) A cylinder of incompressible, hyperelastic material with undeformed radius a and
undeformed length [ is rotating steadily about its axis with angular velocity w. We
define a cylindrical polar coordinate system (7,0, z) aligned in the deformed body
and work in a rotating frame so that the rotation is represented by a body force per
unit mass rw?#, where # is a unit vector directed away from the axis of the cylinder
in a plane perpendicular to the axis.

a.) Assuming that there is a constant uniform stretch p along the axis of the cylin-
der, explain why the undeformed position in global Cartesian coordinates is
given by

r1 =r\/pcosl, wxy=r\/using, x3==z/p.

Hint: Remember the incompressibility constraint.
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b.) Find the stress component 7! in the cylinder, assuming that the curved surface
is traction free. Does the result depend on the strain energy function? Hint:
You will need to solve the equilibrium equation to find the unknown pressure
field P, for which it useful to know that G||; = 0. (Prove this by transforming
to Cartesian coordinates).

5.) Consider a deformable body that is subject to mixed stress and displacement bound-
ary conditions such that B .
TYN; =t', on 0§,

R=X, on 0.

Let R* and R be two deformations that are consistent with displacement boundary
conditions and T be a stress corresponding to R in the sense that the body force F
and surface traction ¢ are chosen so that the body is in equilibrium

Ti||; +pF' =0, and TN, =1#, on 0%,

a.) Show that

/ TYN;R}dS, = / TN X;dS, + / 'R} dS;,
o0 o0y o0

Qt Qt

b.) By letting R=RandT=T correspond to an equilibrium configuration and
0R = R" — R, deduce the principle of virtual work for this situation.

c.) Now suppose that we apply a virtual stress T = T* — T, where the two stress
states satisfy the traction boundary conditions, but we keep the deformation
fixed at R, find the associated virtual stress principle.

6.) A state of plane strain is one in deformation remains entirely planar, aligned with
the plane spanned by e; and e, in the global Cartesian coordinate system. The
undeformed position is therefore given by

r(¢',&%,8) =m(¢, &) + g,
where g5 is a unit vector normal to the plane.
a.) Explain why the deformed position is given by
R(¢,¢%,¢%) = M(£,¢%) + g,
b.) Show that under plane strain the stress tensor is of the form
T T2

T ey = T2 T2 ¢
0 0o 1%



c.) Show that if the body force is conservative and acts only in the plane, i. e.
F = —-U ,G", the equation of equilibrium reduces to the equation

T — pWGUG®| =0, (1)

,Q

in the plane, where a = 1,2 and T = \/aTo‘ﬁGg.
d.) Explain why the expression

T = VGerx + pEUG,

where x = x’G} is a vector in the plane €3 = 0 and €7 is the two dimensional
Levi-Civita symbol is a solution to equation (1). (Hint: Use the symmetry
properties of /G, which takes the values: 1 when v = 1, & = 2; —1 when
v =2, o =1; and 0 otherwise.)

e.) Hence show that
T = €°\P|, + pUG*”,

and use the symmetry properties of 7% and G*° to show that
waﬁ‘v = evﬂXa’w
and consequently that
X' =0,

The scalar function ¢ is called the Airy stress function.

f.) Finally, show that the stress can be written in the form
T = P g|s, + pUG,
and show that in Cartesian coordinates, in the absence of body forces

Ty =92, Trn=0¢11, Tio=—01.

7.) A linear, homogeneous, isotropic thermoelastic body in the absence of body forces
and heating is governed by the coupled set of equations, after scaling so that the
time-derivative terms have no pre-multipliers,

0*u 2

=5 = A+ u)V(V - u) + pViu + aVi,
00 Ou
E = /ﬁ}V 9 + VV'E'

a.) Show that plane wave solutions of the form
u = Uei(nk . .’.U—wt)’
H = @ei(nk . Zl,‘fwt)7

can exist if

wU =n?[uU + (A + p)(U - k)k] — ian©Ok,

and
(kn? —iw)O = vnwU - k.



b.) Show that non-trivial transverse (shear) waves (U - k = 0) are independent of
thermal effects.

c.) Show that non-trivial longitudinal waves (U - k = |U|) are not independent of
thermal effects.

8.) A particular strain energy function is given by

C d
W = 71(11 =3)+ 5 (= 3)+ 5l = 1)+ (I - 1)2,

where (', (5, ¢ and d are constants.

a.) Show that the corresponding second Piola—Kirchhoff stress tensor is
s = C1g" + CoBY + (c+2d(I3 — 1)) [GY.
By using the results from question 2, show that in the infinitesimal limit
T = (C) +2Cy + ¢)g" + (2Cs + 4d + 2¢)ef g7 + (—2Cs — 2c)e™.
Hint: You will need to establish the result that
G =[Gyt ~ g7 — 2",

b.) Hence find the values of C, Cs, ¢ and d to ensure that the strain energy function
is consistent with the linear, isotropic constitutive law in the absence of heating
and pre-stress.



