Chapter 6

Elasticity

6.1 (Perfect) Thermoelastic Materials

A solid body that undergoes reversible deformations is said to be perfectly elastic. The key feature
of a solid, as opposed to a fluid or a gas, is that a solid body has a natural or rest state in which it
is unstrained (any strain measure is zero), but if thermal and/or mechanical loads are applied then
the body will deform. For perfectly elastic behaviour, the body must return to its natural state
when all the loads are removed. Imagine pulling a spring: under the applied load the spring will
deform (extend), but it will return to its rest state once you let go. Similarly, heating a block of
rubber will cause it to expand, but once it cools down it will return to its original shape. Perfectly
elastic behaviour is an idealisation that is reasonable for many materials over a restricted range of
deformations. If you stretch any material too much then it can exhibit plastic behaviour (undergo
permanent deformation) or even fracture (break).

The reversibility of perfectly elastic deformation means that there cannot be any internal dissi-
pation of energy. In other words, it must be possible to recover all the energy that goes into the
deformation (strain energy). Furthermore, we do not expect the material behaviour to depend on
its previous history because then a difference between the loading and unloading times could lead
to irreversible deformation. Hence, the material behaviour is expected to depend on the current
state of deformation, represented by the deformation gradient tensor F, and current temperature.
We propose the following constitutive relationships for the Helmholtz free energy, Cauchy stress,
entropy and heat flux

U(F,0,v,0), T(F,0,v.0), n(F.0,v.0), Q(F,0,V.0). (6.1)

The Clausius-Duhem inequality in free-energy form (4.29) implies that
—p\I/—pn@—@Q-VR@—i—T: D >0.

From the proposed constitutive laws (6.1) and the chain rule the material derivative of the free

energy is
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after using equation (2.51). where for simplicity we have chosen to represent quantities in Cartesian
coordinates. Hence, in dyadic form
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Using equation (6.2) in the Clausius-Duhem inequality yields

ov ov . ov : -1
. FT oL+ 2= . — - —0- T:D>0.
P oF +0@®+8VR@ V.0 — pmO ®Q V.0 + >0

From the derivation in section 4.4.1 or by using the symmetry of the Cauchy stress tensor we know
that

1 1
T:L="T;L1; = 3 (TryL1y+TyrLyr) = TIJ§ (Lyj+ Ly)=T:D.

Using the above expression for the stress power and gathering terms in the Clausius—Duhem in-
equality gives

ov ov . ov . 1
—p—F' 4+ T|:L —p— — —p——V.0 - —Q-V.0>
[paF * ] +(pa@ pn)@ p&VR@ = @Q 2O = 0.

which has to be true for all valid thermomechanical processes. One such process is the instanta-
neous application of a temperature gradient to an initial state with uniform temperature and no
deformation. In that case, the inequality becomes

. vV O<0:
/%%@Yﬁ_ﬁ

and because the temperature gradient can be positive or negative, and ¥ does not depend on 0,
the only way that the inequality can be satisfied is for

ov
ov,0

0. (6.3)

Thus, the free energy cannot depend on temperature gradients.
In addition, considering an isothermal process (© = 0, V.© = 0), we deduce that

ov
T=p—FT, 6.4a
PE (6.4a)
in order for the inequality to be true for any possible rate of deformation. Similarly, for a process
that does not involve any change in deformation, but simply a change in the uniform temperature,

the inequality is only satisfied if
ov

=00
From the constraint (6.3) the Helmholtz free energy cannot depend on temperature gradients and
equations (6.4a,b) demonstrate that the Cauchy stress and the entropy cannot depend on temper-
ature gradients either.
Once the constraints (6.3) and (6.4a,b) are applied the dissipation is zero, as expected, and
Clausius-Duhem inequality reduces to

(6.4D)

1
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and because © > 0, it follows that
Q-V,6 <0, (6.5)

which cannot be reduced further because @ is not necessarily independent of V0.



It follows that a general thermoelastic material can be described entirely by the Helmholtz free

energy and a heat flux vector
U(F,0), Q(F,0,V,0).

For this reason much of the constitutive modelling of elastic bodies is concentrated on modelling
the free energy.

In order that the material behaviour is objective then the free energy and heat flux must remain
invariant under change in observer! R* = Q(t)R. A little thought shows that the measure of
deformation chosen must be based on the Lagrangian representation in order to remain invariant
under change in Eulerian observer?. The argument is essentially that the free energy is a scalar
function of the deformation measure and temperature, so U*(a*, ©*) = ¥U(a*, ©*) = ¥U(a, ©), where a
is our deformation measure. Hence, the deformation measure must remain invariant under observer
transformation a* = a in order that the free energy also remains invariant.

A more long-winded approach is to use the transformation rules, remembering that we do not
want the constitutive laws to change form under observer transform,

U*(F*,0%) = U(F*,0") = ¥(QF,0) = V(F,0), (6.6a)
Q" (F,0",V_.0") = Q(QF,0,QV,0) =QQ(F,0,V,0). (6.6b)
The transformation of the gradient follows from the chain rule and fact that Q is orthogonal:
00 00 0X,
V0l = 0X;  0X,0X;
but,
* T 3= T Xk T
X =QuX, = QX[ =QkQuX,=0xsX;=Xx = o Qkr;
I
and so 96 96
— T _ —
[V,.0], = ax, I QIJOXJ V.0 =QV,0.

Equations (6.6a,b) must be satisfied for every possible choice of Q. In particular they must be
true for the orthogonal matrix R in the polar decomposition F = RU. Hence,

U(RTF,0) = ¥(U,0) = ¥(F,0) and RQ(R'F,0,RTV,0) = RQ(U,0,RTV.0) = Q(F, 0, V,0).

Hence, the constitutive relations must depend only on the right stretch tensor or, equivalently,
the right Cauchy-Green deformation tensor, c, because U? = ¢ = F'F. The right Cauchy-Green
deformation tensor is invariant under change in Eulerian observer, as expected.
For the heat flux, one way to ensure that the entropy constraint (equation 6.5) is satisfied is to
define
Q(c,0,V,0) = —K(c,0)V,0.

In fact, it is a reasonable assumption on physical grounds that the heat flux depends on the tem-
perature gradient and is often known as Fourier’s Law. Under this assumption,

Qr=—-K1,0, (6.7)

'Here we reach another unfortunate clash in standard notation. The heat flux vector @ and the orthogonal
matrix, Q, are both represented by a capital letter Q). Hopefully the choice of fonts will keep the distinction clear; a
vector is not the same entity as a second-order tensor after all.

2Recall from section 5.2.2 that the Lagrangian measures are such that c* = c, e* = e.




and therefore
Q-V,0=0Q/0;=—-K;;0,0;<0,

which will be true provided that K is positive semi-definite (all the eigenvalues are positive or zero).
Moreover, objectivity is guaranteed provided that

—QKQ"V,0 = —KV,0,

and because this must be true for all possible temperature gradients, it follows that K = k(c, ©)l
is a second-order isotropic tensor, known as the heat conductivity tensor. Anisotropy can only be
included if we change our constitutive assumptions to include dependence on particular directions.

6.2 Hyperelastic materials

A material is said to be hyperelastic (or Green elastic) if there exists a strain energy function W
such that the stress power per unit undeformed volume is the material derivative of the strain
energy.

We have already established from thermodynamic constraints that a thermoelastic material can
be described by a Helmholtz free energy and heat flux. The components of the Cauchy stress are
given by

oV
T = F
1J =P OF x JK
which means that the stress power per unit deformed volume is
ov 1 .
TrsL FixLi; = Frg = pV.
1yl p(‘?F[K JELIg pf)FzK IK =P

The last equality is only true if the temperature during the deformation remains constant. Equiva-
lently, we can use the constraint (6.4b), to write W(F,n) and then the equality is valid if the entropy
is constant during the deformation.

The stress power per unit undeformed volume is therefore

P\PJ = P‘P% = Po‘i’ = Po@b-

The above equation follows from the relationship between the two volume elements, equation
(2.41a), which states that dV, = JdV,. The density py is constant and if we now write the stress
power per unit undeformed volume as the material derivative of the strain energy

W = p(ﬂbv

then the expression can be integrated directly to demonstrate the existence of the strain energy
function

Hence, for isothermal or isentropic deformations the strain energy function exists and is simply the
density of the undeformed body multiplied by the free energy. The mechanical behaviour of the
material is then determined entirely by its deformation, in which case W(c).

If a strain energy function exists then in Lagrangian variables from equation (4.12)

W = 577,



where s are components of the second Piola-Kirchhoff stress tensor and ~;; are components of
the Green-Lagrange strain tensor. The Green-Lagrange strain tensor is invariant under Eulerian
observer transformation and is directly related to the right Cauchy—Green deformation tensor (e =
¢ — I), which means that we can write W(~,;). Hence,

oW y
W= 54 = 593,
a’)/ij J J

and because the rate of deformation is arbitrary it follows that

oW

s = )
a%’j

Alternative stress measures can be derived from the strain energy function by using kinematic
relationships and the chain rule. Another simple relationship is given in terms of the first Piola—
Kirchhoff stress tensor because

W =p:F=pF, (6.9)
see example sheet 4. From the chain rule
oW .
W = F 6.10
aF[J 1J, ( )

and by comparing equations (6.9) and (6.10) we see that

B ow
Py = 8F1J7

(6.11)

which may be generalised to arbitrary curvilinear coordinates

080X, oW 9 ax; oW oW

J

P’ = 0, a—XgpIJ = 8(8X1/3$J) ox s axg N 3(8)@/8@) N aX?j.

A wide variety of material behaviours can be described by using different strain energy functions.
We shall concentrate on the simplest: homogeneous, isotropic materials.

6.2.1 Homogeneous, Isotropic Materials

The simplest elastic materials are homogeneous (independent of material coordinate) and isotropic
(with no preferred direction). In this case the strain energy must depend only on the invariants of
the strain tensor because the result must be the same for any local change in material coordinates
and cannot depend explicitly on the material coordinates. In other words,

W(-[lv -[27 13)7

where I;, Iy and I35 are the strain invariants defined in section 2.4.3. Hence,

oW oW ol +3W812 +8W813.
8%‘j a[l a’}/l] (9[2 8%3 8[3 a%jj

]

(6.12)

and from the definitions of the strain invariants

I = G} = g"Gyi = g7Gij = 29" 7i; + 97 g5 = 29775 + 0, = 34 2975,
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L= (9" Girg” G — 9" Girg" Ga] = 3 (9™ ¢" (2 + gin) (v + g1) — 970" 2950 + g50) (27 + ga) ] -
Thus,
0l .
—2411 6.13a
a%‘j ( )
ol 1. .. g L L . L
(97-2. :i [gzjgkl2le + glkgjz2le N gzkg]lszl B nggﬂQle} -9 (gz]gkl B gzkg]l) le; (613b)
ij

ol; 10G 1 0G 0Gy, G il o i i iy
=-— = - = —G"20; 0! =213GY, 6.13c
a%‘j g a%‘j g 0Gy a%‘j g S ’ ( )

where we have used the equation (2.53), dG /090Gy, = GG*; the fact that the undeformed metric
tensor is fixed; and that

o oG o
Go =29 + g = 270, 0] + 9 = Gy'k-l =20}, 07.
ij
Using the expressions (6.13a—c) in the expression (6.12) gives
oW W o oW -~
iy — 92 " i 9 ij kU ik gl G LG
S oL +(‘9[2 (99 99)k1+a[3 3G,
which can be rewritten in the form
s =ag¥+b B +pGY, (6.14)
where oW oW oW
=2— b=2— = 2[s——
“Ton o, YT L
and

BY = (g"g" — g"¢") G = Lig" — ¢"¢"' G
Note that in general a, b and p will be functions of position and time because the strain invariants
can vary with position and time.
Once we have an expression for one of the stresses then any of the others can be found from the

standard transformations. For example, the body stress (or Cauchy stress in convected coordinates,
the basis in the deformed configuration associated with the Lagrangian coordinates), is given by

JT9 = \/I;TY = §9,

which means that N N . .
T = Ag + BBY + PGY (6.15)

where
a 2 0W

A== ,
VI, VL oI,

B

b 2
VI V0L Vi; 0l



6.2.2 Incompressibility constraints

If the body is incompressible then its volume cannot change and so I3 = 1, see section 4.1. Hence,
the strain energy function does not vary with I3 because I3 is fixed. In general, if a continuum is
subject to a scalar internal constraint on the deformation, it can be written in the objective form

C () = 0. (6.16)
For example, the incompressibility constraint is that

G/lg—1=0. (6.17)
Taking the material derivative of equation (6.16) yields

oC .

Dij !
and so we can add an arbitrary multiple of dC/07;; to the second Piola-Kirchhoff stress tensor

without altering the stress power, s : é:

oW aC

ij _ 1q _
a%‘j 8%’3‘

The field g(,t) is an unknown (Lagrange) multiplier that is the part of the stress responsible for
enforcing the constraint.
For the incompressibility constraint (6.17)

oC (%/G/g 1 0G ale 1 Kl i of > >
= = = GG™26,.0] = \/G/gGY = G,
i ij 2\/Gg oGy 0vi;  2v/Gyg o /9

where we have used equation (2.53); the facts that G;; = 27;; + g;; and g;; does not vary with ;;
(or anything in fact); and that \/G/g = /I3 = 1.

Thus, for incompressible materials,

oWl I)

st
a%‘j

+¢GY,

and on comparison with equation (6.14) we see that ¢ = p and once again

s =ag? +b BY +pGY, (6.18)
where, as before,
ow ow
=22 p=2-
T oI,

but p(r,t) is now an independent (pressure) field that is responsible for enforcing the incompress-
ibility constraint. Note that the choice of sign for p is different from that of the ideal gas.



6.2.3 The governing equations for hyperelastic materials

In a hyperelastic material, conservation of mass and the entropy inequality have already been used
in the formulation of the strain energy function and balance of angular momentum is built into the
symmetry properties of the stress tensor. The system is isothermal (or isentropic), which means
that there can be no external sources of heat or entropy, so the energy equation becomes

Dd DW 1
p— =T:D = lidad = & = —)WW + constant.
Dt po Dt Po
In other words the strain energy is the internal energy of the solid, apart from an arbitrary reference
value, which means that from equation (4.15) the material derivative of the total kinetic and strain
energy is equal to the power supplied by the external loads

£(U+K): T-Vd8t+/ pF -V AV, (6.19)
Dt o9, o

where the total internal energy is given by U = th pﬁoW dV;. If there are no external forces then
the total energy is conserved and simply converted between the strain energy and kinetic energy.
Thus, the strain energy is equivalent to a potential energy in classic particle dynamics; and for this
reason the strain energy is sometimes termed elastic potential energy.

We can use the equation (6.19) to solve problems, but it is not independent of the linear mo-
mentum equation. In fact, it follows directly from the linear momentum equation in integral form
after taking the dot product with V' and integrating with respect to time.

Thus, the only remaining equation is the linear momentum equation or Cauchy’s equation,
which from equation (4.8) is given in components in the covariant basis associated with the Eulerian

coordinates Y’ in the deformed configuration, G; = ?9_? by
v s i3 7
Pl VIV =T+ oF, (6.20)

where the symmetry of the stress tensor has been used. The symbol |5 refers to covariant differen-
tiation with respect to the base vectors G, so that

- 8‘/5 = <k a7 8T53 =7 ik = k7 =i 7 0 7
VZH;:a_Xj—i_FEEV y T”H;: axj —|—F5ET1 +FE3T J and FEE:G.aXE
In fact, it is more convenient to work in the convected (Lagrangian) coordinates, &', so that
we can use the expression for the body stress from the strain energy function (6.15) directly. The
equation (6.20) was written in tensorial form, so we need simply remove the overbars to convert to

the new coordinate system?

3You might wonder why the acceleration term is not simply V?/9t because we are now working with Lagrangian
coordinates £'. The issue is that we are working with the convected Lagrangian coordinates in the deformed config-
uration and so the derivative of the entire velocity vector is

DV  D(ViG;) DV? .DG; V' ok
= = G, +V' = G' +V'V¥|;Gy,
Dt Dt Dt T D T o T G
after using equation (2.46) to evaluate DG, /Dt. Thus, the component of the acceleration in the direction G; is
oV N
Vv,

and we can see that the second (advective) term arises from the variation of the Lagrangian basis vectors as the
body deforms.



ot

Here, the symbol ||; refers to covariant differentiation with respect to the base vectors G, so that

oV o 3 .
,0[ +VJVZ||j]:TZJ||j+pFZ. (6.21)

; ovt i OTY i o =i o —i
Vil = 7l + T, VE TV, = 56 + T, T*+T,,TY and T, =G
Naturally, the governing equations can also be expressed in Lagrangian form in components in
the basis g,

i 9G;
gk

o’ 1 0 =1 : .
0 _ L0 (56, g+ s
ey N (\/ﬁp] 7)) g+ pof
which is, of course, much simpler in Cartesian coordinates
Jvr _ Opyr

In fact, the equation can be expressed entirely in terms of the displacement w(r,t) because v; =
OJuy /0t and

8pJI . 8}?][ 8FKL - 8}1}[ 82XK . 82W 82(xK—|—uK) . 82W 82UK
835] B 8FKL 8$J B 8FKL 8.17J8113L N 8FKL8FJI axJGxL N GFKLGFJI Ga:J(?:z:L’

which means that the governing equation becomes

82u1 . (92)/\/ 82uK i f
po 0%t N 8FKL8FH 8xJ6xL Polr.

Most analytic treatments of the equations favour working in the deformed configuration because
it is then easier to apply the physical boundary conditions. For numerical work, it is easier to work
in the Lagrangian formulation so that the domain remains fixed.

6.2.4 Common strain energy functions

A number of strain energy functions have been proposed over the years. It is common to write the
functions in terms of the invariants, but it is also possible to write the strain energy in terms of
the principal stretches, A\;, Ay and 3. By considering the deformed metric tensor in the eigenbasis,
equation (2.39), the strain invariants are seen to be

I =trace(G) = A7 + A3 + A3, (6.22a)
1

I =3 [(trace(G))* — trace(G?)] = A\JA3 + ATA; + A3\, (6.22Db)

I3 =det(G) = MM (6.22¢)

Some of the most popular strain energy functions are shown below

e Neo-Hookean
W = Ci(I, — 3) + eIy — dlog(V13), (6.23)

where C', ¢ and d are constants. The original Neo-Hookean model was incompressible and
here the choice of dependence of I3 ensures that the strain energy becomes unbounded under
extreme extension I3 — oo or compression I3 — 0.

Optional
Reading
(briefly
mentioned
in lecture)



e Mooney—Rivlin
W = Cy(I) — 3) + Cy(Iy — 3) + ¢Is — dlog(V15), (6.24)

where C, Cs, ¢ and d are constants. The original Mooney—Rivlin model is also incompressible
and the dependence on I3 is chosen to be the same as in the Neo-Hookean model.

e General Ogden Models

Ogden considered very general forms of the strain energy function given in terms of the
invariants. He based the form on the fact that for an unstrained body the strain energy
should be zero.

W= por(ly = 3)(Iy = 3)"(Is — 1), (6.25)

P4y

where c,q- are constants. Note that the incompressible Neo-Hookean and Mooney-Rivlin
models are special cases of this model.

An alternative form in terms of the principal stretches is given by

W= apqr [(AT(AS + A0) + XA+ A9) + N + D) (A deds)” — 6], (6.26)

p7q7r

which satisfies the property that it is unchanged under permutation of the principal stretches
and is zero when the body is unstrained; as you might expect, a,, are constants.

e Specific Ogden
In the case when the body is incompressible and ¢ = 0 the second Ogden model reduces to

W= 2a, (N + X+ ) —3), (6.27)

p

which is equivalent to the Mooney—Rivlin model if the only non zero terms are p = +2. The
incompressibility constraint means that \;7? = A\2A\2 etc. Ogden noticed that p does not have
to be restricted to integer powers in equation (6.27).

e St. Venant —Kirchhoff

A Y
W =S+ u(j) = S (i =3)"+ % (I = 3)* + 4(1 = 3) = 2(I> = 3)] , (6.28)
where 75 = ¢";; and X and p are constants. This model fits within the framework of the
general Odgen model, but it has been criticised because although it exhibits unbounded strain
energy under extreme tension (A;) — 00), it does not under extreme compression (A — 0).

6.2.5 Example: Pure Torsion of a circular cylinder

We wish to find the state of internal stress and strains associated with the purely torsional (twisting)
deformation of a circular cylinder of undeformed length [ and radius a. The deformation is such
that the angle of twist increases linearly with distance along the cylinder, but that the cross-
sections of the cylinder do not move out of plane. We shall assume that the cylinder is made of
an incompressible, homogeneous and isotropic hyperelastic material so that after deformation the
length is [ and radius is a.
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It is natural to treat the Lagrangian coordinates as a cylindrical polar coordinate system in
the undeformed configuration, but our governing equation (6.21) is formulated in the Lagrangian
coordinates associated with the deformed position. For this reason, so that we don’t have to work
with any more complicated Christoffel symbols than necessary, we shall consider a cylindrical polar
coordinate system aligned with the cylinder, ¢! = r, €2 = 0 and £ = 2z, in which the deformed
position is given by

Xy =rcosl, Xo=rsinf, Xs=2z where0<r<a 0<z<IL
Before the torsional deformation
xy =rcos(f —Cz), xy=rsin(@ —Cz), x3=z,

where C' is a constant that expresses the magnitude of the deformation.
The deformed covariant base vectors in the global Cartesian coordinates are

G = (cos,sin0,0)", Gy = (—rsinf,rcosd,0)’, G5=(0,0,1)",

so the deformed metric tensors are therefore given by

100 ) 10 0
Gi]‘ = G,"Gj = 0 7"2 0 s GU = 0 7% 0
0 0 1 0 0 1

The undeformed covariant base vectors are
g, = (cos(§ — Cz),sin(f — Cz),0)", g, = (—rsin(f — Cz),rcos(d — Cz),0)”,
g; = (Crsin(d — Cz), —Crcos(d — Cz),1)",

which leads to the undeformed metric tensors

1 0 0 - 1 0 0
gij = 0 r? —CT2 s g” = 0 02 + TLQ C
0 —Cr? 14C?*? 0 C 1

Calculating the determinants gives ¢ = G = r?, so I3 = G/g = 1 and the deformation is indeed
isochoric (volume preserving). The other two strain invariants are given by

]1 = gijGZ‘j = G; =3 + 027"2,

1 .
[2 = 5 [112 — GJGﬂ =3+ 027’2 = [1.
Thus, the strain energy is a function only of r, which means that the functions A and B in the
body stress tensor (6.15) are also functions only of 7.

In addition,

) 10 0 10 0 10 0 10 0
B7=3+C) [0 C’+% C |-[0C+% C 0 r2 0 0 C*+% C |,
o Cc 1 o Cc 1 0 0 1 o Cc 1



Hence, from equation (6.15),

) 10 0 24C%? 0 0 1 00
TV=Al0 C°+% C | +B 0 C?’+5 C |+P[0 % 0
o Cc 1 0 c 2 0 0 1

In other words, the only non-zero components of the stress tensor are

T =A+ (2+ C**)B + P,
T2 =A(C* +1/r*) + B(C* + 2/r*) + P/r?,
T =A+2B+ P,

T% =T% =C(A+ B),

If the cylinder is in equilibrium and there are no body forces, then Cauchy’s equations (6.21)
become B S
T9); =T9 + T, T"* +T,,T% = 0.
In the deformed metric, cylindrical polars, the only non-zero Christoffel symbols are

=1 —2 —9 1
Pog=—r, Tp=Ty = -

Thus, the non-zero terms in the governing equations are

1

T3+ =T —rT% =0, (6.29a)
’ T

T3 + T3 =0, (6.29b)

T + T3 =0. (6.29¢)

Now, C' is constant and A(r), B(r), but because the pressure P is an independent field that
enforces the incompressibility constraint, in principle P(r, 6, z). The first equation (6.29a) becomes

% (A+ (2+C*r*)B+ P)+A/r+(2+C*r*)B/r+P/r—A(rC*+1/r)— B(C*r+2/r)— P/r =0,

= % (A+ (2+C*r*)B+ P) — ArC* = 0;

and the equations (6.29b,c) reduce to
or 0P
00 0z
Thus, the pressure is a function of r only and is given by

P=—A—B(2+C%?) +C? / A(s)sds + constant,

after direct integration of equation (6.29a).
The outer unit normal to the curved surface of the cylinder is given by G*/vVG! = G* = G4,
because G'' = 1, so in the deformed coordinate system N; = 1, Ny = N3 = 0. Thus, if we assume



that the curved surface at r = a has a constant normal load of magnitude M then the boundary
traction T = —M G, which means that

TIiN,=T7 = TH=—_N TR=T3B=0 atr=a.
We already know that T'? = T3 = 0, and the only non-trivial condition is

Tll
r—

=a

=-M = Pa)=-M— Aa) — (2+ C%a®)B(a),

which means that ;
P=—-M—A—BQ2+C%*?% + 02/ A(s)sds.

The internal pressure therefore depends on the details of the constitutive model, but has the explicit
form given above,

At the top (z = 1) /bottom (z = 0) surfaces, the outer unit normal is given by +G® = +G3, so
N1 = Ny =0 and N3 = +1. Thus, the traction at these surfaces is

T7 = £T%,
and so

T' =0,
T° =+ C(A+ B),

T° =+ A+QB—M—A—QB—BC'2T2+C'2/ A(s)sds] ::I:[—JW—%—C'2 (/ A(S)SdS—BT2>:|.

Thus, in order to maintain the deformation equal and opposite non-zero azimuthal and axial trac-
tions must be applied at the ends of the cylinder. Integrating the tractions over the surface shows
that there is no resultant azimuthal force, but there is a resultant moment (or couple). The resul-
tant couple is to balance the twist within the cylinder and the resultant axial force is required to
ensure that the volume of the cylinder does not change.

6.2.6 Principles of Virtual Work and Displacements

. . .. .. .. . Optional
We can express the governing equations of hyperelasticity as a variational principle. Consider a go.ging

deformable body that is loaded by a surface traction T and a body force F'. The linear momentum of (not exam-
the body is in balance and it is then subject to an instantaneous, infinitesimal virtual displacement inable)
field R that is consistent with all boundary conditions®.

4If you are unfamiliar with variational calculus then the important point is that § R represents an infinitesimal
virtual change in the function R(r,t), such that the new function R*(r,t) = R(r,t) + 6 R(r). Here, the variation
0R = €ef(r) = R* — R, where € < 1 and f(r) can be any function that satisfies the appropriate (homogeneous)
boundary conditions. The term virtual is used because we are not making the choice of any specific displacement,
but considering all possible infinitesimal displacements, which is not the same as a specific infinitesimal change dR
caused by a known change in Lagrangian coordinate, d¢?, for example.

The first variation commutes with derivatives and definite integrals because they are both linear operators:

OR OR* OR 0 ,_, R
R A
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The principle of virtual work states that the net external work done by the virtual displacements
is equal to the internal work done by the virtual strains consistent with the virtual displacements.

The net external virtual work (assuming only stress boundary conditions, so that 0R # 0 on
the boundary) is given by

D
SW = (pF - p—V> SRAV, + | T-SRAS, (6.30)
Iy Dt o

and from the divergence theorem and the definition of the Cauchy stress tensor, the surface integral
can be expressed in the form

T' 1 0 : 1 0
OR-— | N;dS; = ——— (0R.T") AV, = —
/HQz ( \/5) ' Qy \/aaél ( ) ' Q \/aaél

:/ T”HZCSR]—l—TUG]'((SR)Jth
Qy

(\/ETijGj-aR) v,

Hence, equation (6.30) becomes

J

oW = [(pF]—p D‘; +T”||,~) 5Rj+T”Gj-(5R)7i] th:/ T9G;-(6R);dV,, (6.31)
Qt Qt

after using the balance of linear momentum, equation (4.8). The equation (6.31) represents the
internal work due to the virtual strains, which can be seen by using the symmetry property of the
Cauchy stress tensor to write

1 .
oW = | T92[G(6R); + G;-(OR),) dV, = / T 6, dV,, (6.32)
Qt Qt

because the first variation of the strain is given by

1
075 =05

1 1
5 (Gij — gij) = 55 (G4+G,) = 3 (Gi*6R; + R ;-G}).

In deriving this equation, we have used the fact that the product rule applies to the variation symbol
0 and the variation symbol and the partial derivative commute — properties that follow directly
from the definition of 4.
Combining equations (6.30) and (6.32) we obtain a formal statement of the principle of virtual
work:
DV g
pF — p—— ) ORdV, + T-0RdS; = T 6,5 dVy, (6.33)
o8 Dt lo) of

which can be put into the Lagrangian representation by transforming the volume integral to the
undeformed domain

/ 20 [ _ %ﬂ SR — 5767, AV, + T-0RdS; = 0. (6.34)
Q0 00

The first variation of a general functional J(R) is the directional derivative (Gateaux derivative) in the direction d R,
0J = 4 {J(R+ adR)}|
o .
do a=0

where « is a scalar.



The principle of virtual displacements is simply the principle of virtual work restated in terms only
of variations in the displacements

/po[ ?;;] SR—s"R;6R;dVy+ [ T-SRAS, =0. (6.35)
Qo o

Strictly speaking this is not a variational principle because it cannot necessarily be written as
the variation of a single functional. If the material is hyperelastic, however, there exists a strain
energy function W, and virtual internal work can be written as the variation of a single functional
because the first variation of the total internal energy is then

ow

5W:6/ potr dVy = §
Qo a Yij

Wy, = / WAV = [ S5y, AV, = / $6m AV,
Qo Qo Qo

Qo
If the body force and surface loads are conservative, so that they can be written as the gradients
of a potential energy, (G, then the variational principle can be formulated as the minimum of the
total energy of the system. The fact that it is a minimum follows from an assumption that the

strain energy is positive definite. Note that the existence of a variational principle provides formal
justification for using Lagrange multipliers to enforce kinematic constraints.

A very brief introduction to finite element methods

Equation (6.35) is the basis of finite element methods for the numerical solution of the equations of
nonlinear elasticity. We derived the governing variational principle (6.35) using general coordinates
in which the undeformed position is given by

(&) =" ()en

For computational purposes, unless there are special symmetries in the initial domain, it is easiest
to choose the Lagrangian coordinates to be the global Cartesian coordinates. In that case the
components of undeformed position are r/(£%) = &/; the tangent vectors are Cartesian base vectors

g;, = €;;

and the undeformed metric tensor is the Kronecker delta, g;; = d;;.
In the finite element approach, we approximate the Lagrangian coordinates by discrete sum over
known basis functions, P,
¢=>§n,
l

é; is the i-th Lagrangian coordinate at the [-th node. It is common to take an isoparametric
approach and use the same basis functions for the unknown deformed positions

=> Rf P,
l

The basis functions are fixed and never vary, which means that the variations in the position are
given by variations only in the discrete variables

P

SR =Y 0RfPe; and 5— Z SRF g 5;
l
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Thus, the principle of virtual displacements (6.35) becomes

L OR* 0P, d*RF -
S 5 - (1= 5 ) ]t ot
1 0

— / TwPORFAS, = 0. (6.36)
00

The discrete variations may be taken outside the integrals because they are not functions of

space
CORF 0P, 0?R*
Z{/g {5” oEi 8_55 e (fk T o )Pl] Vgdedgtde”

l

—/ T3, P)] dst}afz;f = 0. (6.37)
00

The variations of the unknowns are independent, so the only way that equation (6.37) can be
satisfied for all possible variations is for each term in braces to be zero, which gives one discrete
equation for each unknown

OR* 0P, O?RF
/ [Sl] oz agi (fk_ o7 )Pl} vadE et a

o

These contributions to the problem can be assembled in an element-by-element manner. We
divide the undeformed domain into into elements, which are related to the support of the basis
functions, and for each element compute the contribution to the discrete volume residual

g ] oy k o P 1 9 3
o /Q {S o&i g (f P a2 ) z} Vg de" de? de

The integration takes place over the Lagrangian coordinates (undeformed domain), which means
that we only need to generate a mesh in the undeformed domain — this can be a considerable
advantage.

In order to complete the discrete equations, we must loop over the surfaces to add any tractions

/ [T.P] dS..
o

Note that this integral is over the deformed surface, so the deformed normal vector must be
computed from the local mapping R(£%). Finally, we assemble the contributions into a global
nonlinear residuals vector, which is typically solved by a multidimensional Newton method.

6.3 Linear Thermoelasticity

The governing equations for a general thermoelastic body are simply the balance of linear momen-
tum and conservation of energy. In the Eulerian form these are

DV
Do
p~— =T:D+pB - V,-Q. (6.38b)

Dt
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In addition, we have the relations that follow from entropy inequality

o _, o

T=r5eF n=-35

where U(F, ©) is the Helmholtz free energy; and our assumed form for the heat flux
Q = —KV,0.

In general, given specific ¥, K, F and B, we must solve the coupled system of equations (6.38a)
for a given set of boundary conditions. The boundary conditions will consist of specified displace-
ments, tractions, temperatures or heat fluxes on the boundaries of the domain and we must also be
given an initial position, initial velocity and initial temperature. The full solution of the nonlinear
equations of thermoelasticity is difficult and is usually treated numerically. However, we can reduce
the system to a simpler set of equations if we linearise about a known strain-free state.

In general solid mechanics problems, nonlinearity arises from two distinct sources: (i) geometric
nonlinearity, which occurs when the displacements are large; and (ii) material nonlinearity, which is
a consequence of the constitutive law. It is possible to construct a theory in which the displacements
are large, but the strains remain small (such as the bending theory of shells), in which geometric
nonlinearity is retained, but material nonlinearity is neglected. We could also construct a theory
in which the deformations are small, but the material behaviour has a nonlinear dependence on
temperature. In what follows, we shall eliminate all sources of nonlinearity by assuming both that
the deformations are infinitesimal and that the constitutive law is linear. In other words, we shall
assume that

R=r+u=r+eu and O =0="0,+ €, (6.39)

where € < 1 and @ and 6 are both O(1).

6.3.1 Linear strain and stress measures

In the linear approximation, all the strain and stress measures can be reduced to the classical
infinitesimal strain and Cauchy stress, respectively.

Strain

The Green—Lagrange strain tensor in general curvilinear coordinates is defined by

1 /0R OR Or Or
%’j=§ Y et wurdll I

see equation (2.26). Using the expressions (6.39) we have

1 (87"4—611 87‘—|—611_ or 87')
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Neglecting the term multiplied by € because € < 1, we obtain

. . 1 . .
Vi R es (U9, + y0g) = €5 (wil; + agli)

N | —



where the line | denotes covariant differentiation with respect to the undeformed basis g;. Thus,
the Green—Lagrange strain tensor for small deformations is simply € multiplied by the classic in-
finitesimal strain tensor, v;; = €€;;, where

. 1, . -
€ij = 5 (Gilj + i)

In fact, all our strain measures, by construction, will reduce to the infinitesimal strain tensor ee
at leading order when the deformation is small. The general strain measures described in section
2.4.4 can all be written in the form

FU) = i f (A@> v; @ vy, (6.40)

where )\(f) are the principal stretches and v; are the corresponding principal directions, or eigenvec-
tors of the deformed metric tensor, see equation (2.36). In the linear approximation, from equation
(2.36), the required eigenvalues and eigenvectors of the deformed metric tensor are defined by

Gijv? = {gij + € (@l; + a;])} o7 = (g5 + €2é5) v/ = pgyjv’. (6.41)

If we expand the eigenvalue p = po + €21, then collect together terms at for each power of e,
equation (6.41) becomes

gi v’ = pogiv’, at O(1),
2éij’l}j = 2/1gijvj, at O(E)

Thus pu = 1+ €21, where ji are the eigenvalues of the infinitesimal strain tensor. Moreover, from
equation (2.40), the stretch in the direction of the eigenvectors is given by

from the binomial theorem. Thus, the general strain measures (6.40) become

3

)

because the left-hand side is simply diagonalised form of the infinitesimal strain tensor. Hence, we
conclude that under the assumption of small deformations, all strain measures are equivalent to the
infinitesimal strain measure.

Stress

The only difference between the two different families of stress measures is whether the force is
measured per unit deformed or undeformed area. If the deformation remains small, then there is



no distinction between the two measures to leading order. The easiest demonstration is from the
relationship between the body stress and the second Piola—Kirchhoff stress

TY = Js".
The jacobian of the mapping from undeformed to deformed configurations is given by
J=+/G/g, where G =|g;; +2¢é;;| ~ g+ Ole).

Hence, B B
J=1+0(e¢), and therefore T% = s 4 O(e),

so the two families of stresses are identical to leading order, as claimed. It also follows that from
the conservation of mass, Jp = pg, that p = pg + O(e) and, in fact, there is little point making a
distinction between Lagrangian and Eulerian coordinates, as we shall see in section 6.3.3.

6.3.2 Linear constitutive laws
Stress

We consider the Taylor expansion of the second Piola-Kirchhoff stress s (v;;,6) about a reference
configuration given by a state of zero strain v;; = 0 and a constant temperature 6y(r)

sY

vij =0, + 0(62)7

0= 0,

o ]
e TV 5y

. . 0s
7 7 ~
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[N Ykl

which can be written as - N N -
s = sg + EV*ey + o (0 — 6y),

where s/ is a pre-stress; E* is the fourth-order stiffness (or elasticity) tensor; and o/ is the

thermal expansion tensor. Here, ey = €€y, is (re)defined to be infinitesimal strain tensor

1
eij = 5 (wil; + usli) -
2
In the linear approximation, all stress tensors are the same, so we can also write the single stress
tensor as

7 = 70 4+ EMey, 4 a0 — 6,), (6.42)

the familiar linear thermoelastic constitutive law®. The precise form of the tensors E¥* and o™ will
still depend on the material under consideration. The symmetry of the stress and strain tensors
means that

Ez]kl _ E]zkl _ Ez]lk’ 7_8] — ng, ol = ot

Thus, the number of independent coefficients of the tensor E“* is reduced from 81 to 36. If we
assume that a strain energy function exists then its linearised form is given by

i 1 _.. g
W =rie; + §E”kl€z'j€kz + a'e;;0 + constant,

°In the absence of thermal terms, this is the generalisation of the classic Hooke’s law which states that stress is
linearly proportional to strain.



which follows from integration of the relationship s = 9W/d;;. The existence of the strain energy
function provides an additional symmetry property, E¥* = E*i <which further reduces the number
of independent coefficients to 21.

If the material is isotropic, then its material properties must be invariant under any possible
change to the material coordinates, which gives

EM = Ag7g" + 1 (g% ¢" + g"g"") (6.43)
and g y
a = Oég”,

where A\, p are the Lamé constants and « is the coefficient of thermal expansion. Thus, the
constitutive equation (6.42) for a homogeneous, isotropic, linear thermoelastic material is

79 =10 + Agel + 2ue 4+ ag (0 — 6p). (6.44)

Entropy

We also consider a Taylor expansion of the entropy 7(7;;, ) about the same reference configuration

P
e v

on

- vij =0, + O 62 . 645
o @ (649

0 =06p

N="1 =0 +€&;
6 =6p

From the thermodynamic constraint (6.4a), we have that

ov

Tiy=p Frk,

which can be converted into the derivative with respect to the nonlinear Green-Lagrange strain
tensor by using the chain rule:

T — ov 86[,]\/[ N ov 1 a(FpLFpM)F
g =p derns OF 1 JK = P Derns 2 OF JK
1 oV
=p3 (6prorx Fpam + Frropronk) Fik,
2 8€LM
ov 1 ov
= —(FiuF Fi Fyyn) = pF, F
PaeLM2( iy + FipFyv) = p L Gg M)
after using the symmetry properties of the Green—Lagrange strain tensor. Thus,
po OV p ov ~17p-T
T=—F—F = po— =JF ' TF " =
J  Oe 0D >

the second Piola—Kirchhoff stress tensor from equation (3.13). We had already established that
54 = pOaaTlfj for a hyperelastic material; and the strain energy function is then W = py¥. The above
argument demonstrates that the result holds for a general thermoelastic material.

The point of the above argument is that we have the two thermodynamic constraints (6.4a,b),
or equivalently,

ov J ov
an = ——
n 697




which means that

o Pw P QY
poam-j - 8%]89 B p0898%j N 00’

and our expansion for 7 (6.45) becomes
-1 7] 2
n=mno— eti;—a’ + e+ O(e), (6.46)
Po
where 7) is the entropy of the initial state and ( is a scalar entropy parameter.

6.3.3 Linearised governing equations
Linear momentum

The balance of momentum equation in component form in the deformed Lagrangian basis is given
by a simple transformation of equation from the Eulerian basis (G;) to the Lagrangian (G;) (4.8)

oV o 3 .
,o[ o +VJVZ||]~] — T9|; + pF' (6.47)

Our assumptions of small deformation (6.39) were that R = r + e, which means that

DR D(r+ew) Da
= = =c

v Dt Dt Dt’

because the undeformed position is fixed. In addition the covariant base vectors in the deformed
basis are given by
Gi = Rﬂ' = (T’ + €’l~,l,)7i =4g; + E’EL’Z',

and hence the Christoffel symbols associated with G; are
Fz’jk = Gk'Gi,j = (gk + Eﬁ’k)'(giJ + E'llﬂ'j) = Fijk + 0(6),

which means that there is no distinction between the covariant derivatives with respect to the
deformed and undeformed bases, i.e. we can replace the terms ||; by |;. We denote the stress 7%/
by the equivalent infinitesimal stress measure 7% and use the result

DV 9 ( Da\ Da Du 0% ,
7}5 = a (EE) + e—-V <€—) =e—— + O(E )

Hence, the governing equation (6.47) becomes

0%’
€Po o

= Tji‘j + poFl + 0(62),
and using the linear constitutive law (6.42) gives

0’

P g 05+ e(ETHE)|; + e(a0)|; + poF' + O(€),

so if we decompose the body force into the form, F = Fg + ef, then we have the O(1) equation

'l + poFy =0, (6.48)



which determines the steady pre-stress, assuming that the deformation remains small®; and the
O(e) equation which is the linearised balance of linear momentum

0*u’ . 3 ,
PO = (E"epq) |;+ (a7(0 = 00)) | + pof". (6.49)

Energy

The conservation of energy equation in component form in the deformed Lagrangian basis is obtained
by a simple transformation of equation (4.18)

Do . .

=T D, B — Q'||.. 6.50

T i+ pB—Q (6.50)
The Helmholtz free energy is given by ¥ = & — n0O, so

D® _ DV D, DO

s 51
Dt Dt " Dt- "Tphp (6.51)

but from the constitutive assumption ¥(F, ©) and the thermodynamic requirements (6.4a,b)

DV _9v DF 0¥DO _ .., DF DO

Dy _ov. _ 6.52
Dt~ oF ‘Dt 96Dt " Dt "D (6:52)
Combining equations (6.51) and (6.52) yields
D ., DF
= TF~ . .
o =P T 9 Dt (6.53)

Expanding the first term in index notation and using the result (2.51), DF/Dt = LF, gives
TV Fy ! LaFy, = TV Lyd, = T Lij = TV Dy,
after using the symmetry properties of the Cauchy stress tensor. Thus, equation (6.53) becomes

Do

179D, @
Dt =p it

D
and the energy equation (6.50) is simply

Dn .
00— ‘I; = pB.
PO +@lli=p
Using our linear expansion for the entropy, equation (6.46), the energy equation becomes

Dé;; 1 o DO
- Dt Po + 6

po(Bo + eé)e +q')i = poB.

Note that we have used the fact that there is no distinction between @ and q in the linear approx-
imation and that we can replace the covariant derivative ||; by |;. If we use Fourier’s law for the
heat flux (6.7), then )

q' =~k (0 + €0)];,

61t is also possible, that the pre-stress has a component of O(e) which can then be included at the next order, in
equation (6.49).



and the energy balance is then

DO i ~ . Dé;;
pOQOﬁEE = (]C](90|j + €8|j)> |Z + 60004J Dt] +poB + 0(62).

If we now decompose the body heating into the form B = by + eb, then we have the O(1) equation
(k76ol;) |: + pobo = 0,

which determines the initial temperature distribution; and the O(e€) equation which is the required
linearised balance of energy

Deij
Dt
This is simply the heat equation, but with an additional term that represents the heating due to
time variations in strain. Note that the material and partial derivatives of a scalar field coincide in
the linear approximation, D8/Dt = 00/0t + O(e).

Thus the linearised equations of thermoelasticity are the coupled equations

Poeoﬁﬁt = (k”e‘j) i + 0 ¥ + pob.

0%’ g g ,
o = (Bew) |+ (27(0 = 60)) | + o (6.54a)
00 y _De,
P — 1] . . 1] 1]
poto3 5 (KY61;) |; + 00 T + pob. (6.54Db)

It is common to neglect the elastic heating term in equation (6.54b), in which case the energy
equation decouples from the linear momentum equation (6.54a) and the thermal problem can be
solved first. This is not the case in the nonlinear system even if the elastic heating is neglected
because the deformation of the domain indirectly affects the thermal problem. If o = 0, then the
strain energy does not depend on the temperature and the two equations decouple completely. The
transport of heat is unaffected by the deformation of the material and vice versa.

6.3.4 Isotropic materials: Navier—-Lamé equations

If we assume that the material is homogeneous then the quantities E¥*, o and k% do not depend
on space, which simplifies the governing equations (6.54a,b)

u’ ijkl ij i
PO = EYey|j + a0+ pof,
00 g . De;;
OoB— = k“0|;; + 0y o —=2 b.
Po oﬁat ji + 6 Dt + po
If the material is also isotropic then using the constitutive relation (6.44) yields the equations
*u’ ij ij ij i
P GE = Mg eF|; 4 2ue|; + ago|; + pof,
00 iy . De;s
OoB— = kg0l + Oy g’ —2 b.
Po 06815 k9”0l + o ag Dt + Po

If we use the definition of the infinitesimal strain tensor in terms of the displacements 2e;; =
w;|; + uj); then we obtain the two equations

a2ui

Po o8

= )‘gijuk’kj + Ngikgjl<uk|lj + wlk;) + Oégije\j + pof?
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= (A + g7t xj + pg’ ' ky + ag”ll; + pof, (6.55a)
and the energy equation
90 ij i ij i ij i
po@g/@% = kg"0l;i + 0o aé; + pob = kg7 0);; + b0 ad; + pob = kg7 0);; + 0y av’|; + pob.  (6.55b)

Note that the material derivative of the infinitesimal strain is the (infinitesimal) rate of deformation
tensor’

. 1
éij = dij + O(€%) = 5 (vi; +v5l) + O(€2),

2
where v = Ju /0t is the velocity of the material.
In dyadic form equations (6.55a,b) become
D*u 9
PO g = A+ p)V(V -u) +puViu+aVe +pof, (6.56a)
a0 0
poblofi 5y = KV0 + by aV-a—? + pob. (6.56b)

If we set a = 0, and assume that the system is isothermal then what remains is known as the

Navier-Lamé equations
24, ,

The Navier-Lamé equations govern isothermal linear elasticity and have been widely studied.

"The result follows from equation (2.49), which states that for the finite Eulerian strain tensor
Erj=D1y— EixVis— ExiVi.1 = Dry — Erx(Wiy + Dky) — Exg(Wir + Dkr).

In the infinitesimal limit E7; = é77 4+ O(e?) and Dy = dry + O(€?), thus the result follows provided that the spin
tensor is also of O(e). If the spin tensor contains a component of O(1) (large rotation) then it’s contribution must
also be included, corresponding to a limit in which we include some geometric nonlinearities.



