Chapter 4

Physical Conservation and Balance Laws
& Thermodynamics

The laws of classical physics are, for the most part, expressions of conservation or balances of certain
quantities: e.g. mass, momentum, angular momentum, energy. These are fundamental postulates
or axioms that follow from experimental work. In this chapter we shall develop these balance laws
in forms that can be applied to continua in both the Eulerian and Lagrangian viewpoints. We have
already seen the expressions for balance of momenta (both linear and angular) in chapter 3 and
how they can be used to derive governing equations of equilibrium in the Eulerian viewpoint and
to demonstrate that the Cauchy stress tensor is symmetric.

4.1 Conservation of mass

The axiom of conservation of mass states that the total mass of a material region remains constant
under any motion, provided that there are no sources or sinks of mass. Thus, assuming an initial
mass density po(r) in the undeformed region,

[ mtriave= [ p(r.av, (4.1)
) Q

where p is the mass density in the deformed region, as defined in equation (3.5). We saw in chapter
2, that the relationship between material volume elements is given by equation (2.41a),

th =\ G/g dVo = JdVg
Thus,
/ podVy = / P\ G/g dV, = (po - pJ) dVy =0,
Q Q0

Qo

and because this relationship must be true for all volumes, we have that

po(’l") = :0<R(r7t)7t)<]v (42)

which is the Lagrangian expression of conservation of mass.
Alternatively, we can express the relationship in Eulerian form by insisting that the material
derivative of the total mass is zero,

D D
— AV = — t)dV, =
i /QO po(r)dVy Dt Jo, p(R,t)dV, =0,
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from equation (4.1). Using the Reynolds transport theorem we can write

D dp
Dt/ pdV; = / L% + V.- (pV)} dV, = 0.

The equation must be satisfied for all possible volumes, which means that the integrand is zero and
we have the Eulerian expression for conservation of mass, also known as the continuity equation

P
— + V.- (pV) =0. 4.3
S+ Ve (V) (143)
Expanding out the second term gives the alternative expression

dp Dp
— + V-V V.. V=—
ot TV Vel TPV Dt

which is the Eulerian form of the conservation of mass equation.
If the material is incompressible then its volume cannot change

Vg =J =12 =1,

and so from equation (4.2) the density does not change p(R(7),t) = po(r) provided that mass is
conserved (which is obvious from basic physical reasoning). Thus, Dp/Dt = 0 and the continuity
equation becomes

+ PV, V =0, (4.4)

pVV =0 = V,V=D:l=0.

From equation (2.55), it follows that the incompressibility constraint obtained in this way is con-
sistent with the condition that the dilation (relative volume change) is zero, as one might hope.

4.2 Balance of linear momentum

In chapter 3, we derived the governing equations of equilibrium
V, T+ pF =0,

in the Eulerian viewpoint, from the conservation of linear momentum in the absence of acceleration
terms. In order to include the effects of acceleration we must return to the integral form of the
balance law law (3.6)

DP D
deV TdS +/ pF V. 4.5
Dt Dt " oo, T t (4.5)

Using equation (3.16) in place of the force integrals we have that

D 1 oT"
Vdy, = + pFdYV; =
Dt / P t — 0 \/— aX P t —

Applying the Reynolds transport theorem to the momentum integrall

You should be slightly concerned here because we only derived the Reynolds transport theorem for the transport
of a scalar, ¢. Fortunately, the argument easily generalises to vectors (and tensors) because the product rule always
applies and the product of a scalar and tensor remains a tensor of the same type

d 4 [ DV D\/GJg
dt/QtVth—/ E(V\/G/g) dvy = Qoﬁm+v L vy

D D
:/ [D‘t/—i-VV V] VG/gdVy = D—‘;—FVV -V dy,.




gives
D [ DY)

Dp DV DV Dp
= —‘/ _— ‘/ ‘7 -‘/ d = _— ‘/ _ ‘7 -‘/ d .
/Qt{Dt TPpp TV } Vi /9 {th i (Dt+p " )] v

The expression in round brackets is zero by conservation of mass (4.4), and so the expression for
balance of linear momentum (4.5) becomes

/ DV 1 0T =
p ————p
Q4 Dt \/EaXZ

The integral must be zero for all possible volumes, which means that the integrand is zero and so

dv, = 0. (4.6)

DV 1 0T5+
"Dt~ Vgow "

F. (4.7)

which can be written as

DV
Por = Voo T+ pF,
or in component form in the basis G;
v = = i 7
P o + VIV 5| =T[5+ pF". (4.8)

Irrespective of how we write them, these are Cauchy’s equations of motion for a continuum in the
Eulerian representation.

The expression for balance of momentum in the Lagrangian formulation follows by transforming
the integrals in equation (4.5) to be over the undeformed, rather than the deformed domain

D
Dt Jo, 090 Q0

where ¢ is the traction measured using the area of the undeformed surface. From the definition of
the first Piola-Kirchhoff stress tensor we have that

and so we can define a stress vector per unit undeformed area which transforms contravariantly
th = NG kG;. Thus, the equation (4.9) becomes

—_— PoU dVo = —t dSo +/ poF dV(),
Dt Jo, 200 VI 2

after using the Lagrangian expression for conservation of mass (4.2) in the volume integrals. We
can now use the divergence theorem on the surface integral and bring the material derivative inside
the fixed integral over the reference domain to obtain

ov 1 ot
/Qo [Pog—ﬁagi —POF} dVp = 0.




Once again, the integrand must vanish so

ov _ 10t
Por ~ /g o

The expression for the derivative of the stress vector is actually rather messy when expressed in terms
of the first Piola—Kirchhoff stress tensor because we must evaluate f)Gj/ 0€'. A compact expression
can be obtained if we introduce a new representation of the stress tensor that decomposes the vector
into components in the undeformed basis t¥ = \/Etjkgj. The governing equation is then

o’ g :
— = tY|. + J’
Po ot i + pof
where F' = fjgj, v = ngj and the line | represents covariant differentiation with respect to the
Lagrangian coordinates in the undeformed configuration.
In fact, in Cartesian coordinates the two tensors p] ¥ and t/* coincide, which follows from

9; =1""G; 5 =p/h = axﬂ ag p7 %]

The choice of Cartesian coordinates corresponds to choosing &/ = z; and Y = X3, so we have
ik ik Ik Ik
o =p'toy = tF=p

Note that we do not have to choose Cartesian coordinates for the decomposition of the normal
vector for the stress tensors to coincide, but we do need the decomposition of the stress vector to
be in Cartesian coordinates. Thus, the expression found in many books for the governing equation
in the Lagrangian viewpoint is
ov
Po It
where f(r,t) = F(R,t) is the body force represented in Lagrangian coordinates and p is the
first Piola—Kirchhoff stress tensor. This view is somewhat simplistic however and only applies in
Cartesian formulations. Moreover, the expression does not indicate how to take the divergence of a
tensor.

=V.p+pof,

4.3 Balance of angular momentum

In chapter 3, we showed that if there is no net torque acting on a body then the Cauchy stress
tensor is symmetric. In fact, the Cauchy stress tensor is symmetric even if the the body is subject
to a net angular acceleration. Once again, we return to the integral form of the balance law (3.7)

DH, D
Dt Dt

(R Z) x pV dV, = [,Z:/ (R—Z)deSH—/ p(R—Z) x FdV,.
0 Q
The vector Z is a constant so it can be taken outside all integrals to yield

RXdeVt RXTdSt—/,ORXFth:
Dt Ion Qt

D
Dt Q4 o Q4
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The term in square brackets is zero from the linear momentum balance in integral form (4.5) and
therefore

RXdeVt RXTdSt—/pRXFthIO
Dt o0, o

Introducing the stress vector and using the divergence theorem as in chapter 3, see equation (3.18),
we have

D 19
T Flav,. 41
Dt/ pR X VAV, = /Q {@ax (Rx )+pR>< }dvt (4.10)

We now use the Reynolds transport theorem to write

D D
Dt/ pRx VAV, = / {Dt<pRXV)+pRXVVR.V1 dV,.

:/Qt [pDEt(RxV)+(RxV) (%f+p%-v)] av,.

The second term in the integrand vanishes through conservation of mass (4.4), so that

D D DR DV

but, by definition, DR/Dt =V and V x V = 0 from the definition of the cross product, so

D DV
Dt/ pRXVth /QtpRXD_tht

Thus, equation (4.10) becomes

DV 1 8 |
/Qt {prﬁ_ﬁaxl (RXT) —pRXF:| th—O,

and using the product rule to expand the derivative of the cross product yields
DV 1 oT'
R X |p ———— —pF
/Qt [ Dt /G ox o VG

The left-hand side vanishes by the linear momentum balance in its local (differential equation) form,
equation (4.7), so

th = G X Tl th

/ —G XTlth:O
Qt

which is the same as the condition (3.19) obtalned from the equilibrium equations in chapter 3.
Hence the conclusion is the same, namely that the Cauchy stress tensor is symmetric.
For the Lagrangian viewpoint, we can transform the equation into the reference configuration

1 -
G- xT' JdVy =0
|7 0

and since the equation must be true for any volume we have that

1 ~ =
—_GZTXTZJ:GZXT”JG*-:O.
‘/G J



Transforming to the Lagrangian coordinates gives

k 7‘7' !
& kXT”Ja—éGl:GkXGZ
X’ ox?

ko !
ag ija_é :Gk X GISMIO,

oyt ox?

kl

where s* are the components of the second Piola—Kirchhoff stress tensor. It follows that

1
5 [Gk x Gis™ + G x Gkslk} =0,

and by the antisymmetry of the cross product (or Levi-Civita symbol if we write the cross products
in index notation)

%Gk X Gl [Skl — Slk] = 0,

from which we deduce that the second Piola-Kirchhoff stress tensor is symmetric s* = s'*.

4.4 Conservation of energy

Developing a theory for the conservation of energy in continua is more complicated than for con-
servation of mass and momenta. The problem is that molecular fluctuations are not present in
continuum theory, but these fluctuations may involve a significant amount energy. In order to in-
clude such effects we require a continuum theory of thermodynamics, which introduces the concepts
of temperature and heat and their relation to the energy. The temperature can be thought of as a
measure of the fluctuations of molecules within the body and heat is an energy associated with the
temperature.

We also need to introduce the concepts of mechanical work done by external forces. The work
done by a force in displacing a single particle is the total force exerted on the particle in moving it
along a particular path, L, i.e. the line integral of the force acting tangentially to the path

W:/F-dR:/F-Rdt.
L L

The rate of work, or power, is the time (material) derivative of the work, so

From Newton’s second law applied to a particle
W=F-V=ma-V=mV.V,

and integrating in time, we find that the work done is equal to the kinetic energy of the particle

o~

1 1

Thus, the classical Newtonian mechanics approach to obtain an energy equation is to take the dot
product of Newton’s second law with V' and integrate.

If you take a piece of rubber and stretch and compress it repeatedly it will get hot. It’s more
fun to do this experiment by smashing a squash ball against the wall several times. Alternatively,
if you heat the rubber it will deform mechanically (the lazy squash player puts the ball on the
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radiator before playing). The fact the mechanical work can be converted into heat and vice versa
is the essence of classical thermodynamics. Before we get into the thermodynamics, however, we
must consider the mechanical work done by external forces on a continuum, rather than a single
particle. An important point is that unlike a particle, a continuum can store energy internally by
reconfiguration of the internal structure, which typically induces internal stresses. Internal energy
may be also stored via chemical and electromagnetic effects.

4.4.1 The rate of work and work conjugacy

In a continuum body, the net rate of work, or net power, is the total power exerted by external
forces that is not used to produce motion. If the body cannot store energy internally and none
of the work is converted into heat, then the net rate of work must be zero because all the work
is converted into motion. The net rate of work is therefore the sum of rate of work of the surface
forces and the rate of work of the net body forces (the actual body forces minus the force required
to produce the acceleration):

W . .
— W=/ T.-VdS + / (pF - pv) Vv, (4.11)
Dt o0 o

Using the decomposition of the traction vector T' = N;T' Z/ VG then the surface integral in
equation (4.11) becomes

- N-
T' VdSt - TZ'V Z_dSt
o9, oo VG

and using the divergence theorem in general coordinates gives

W= i \/l_ai (TZ V) + (pF —pV) Vay,
| i ov [ 1 o1

Qt\/_ VG OY

The term in square brackets is zero because it is the simply governing differential equation for the
linear momentum balance (4.7), so

_ 4+ pF — pV] Vay,

~ 1 -0V == ov
W = Tz 7dV TG —— dV,.
Q \/_ t / ! aX’ '

Expressing the derivative of the velocity in terms of the contravariant base vectors associated with
the Eulerian coordinates gives

= [ el v - [ 1an,
Q4

Q¢

Hence, by symmetry of the stress tensor,

W = Qj[T”vjui+Tﬂvl.||j} th:/QtT” [Vill5 + V5[] dvs

:/ T”Dijth:/ T:DaVv.
Qt Qt



The net rate of work on the entire continuum is given by the integral of the contraction over both
indices of the Cauchy stress and Eulerian rate of deformation tensor. Hence, the quantities T
and D are said to be a work conjugate pair: the Cauchy stress is work conjugate to the Eulerian
deformation rate. The quantity T : D is called the stress power and represents the rate of work
done by internal stresses per unit deformed volume of the body.

If we had worked in the Lagrangian coordinates, but in the deformed configuration, then we
would have that .

W= | 195 [uill; +vlli] dVe = / T AV,
of o8

by using equation (2.47). Transforming to the reference configuration gives

W = T”’}/UJdVO = / Sij")/ij dVg, (412)
Qo Qo

which shows that the second Piola—Kirchhoff stress tensor and the material derivative of the Green—

Lagrange strain tensor (the Green—Lagrange rate of strain tensor) are a work conjugate pair. In

this case s : € is the work per unit undeformed volume of the body.

4.4.2 Temperature and heat

We assume that the temperature ©(R,t) > 0 is a field defined throughout a continuum body. The
heat, or thermal energy, is the energy associated specifically with the temperature. A simple, but
helpful, viewpoint is that increasing the thermal energy, increases molecular fluctuations, which
increases temperature.

The thermal energy of a continuum can be increased or decreased by sources or sinks of heat
within the body?. In addition, heat can be transferred into or out of a body through conduction,
convection or radiation at the surface of the body.

We define a heat supply per unit mass B(R,t) which is the rate per unit time per unit mass at
which heat energy is supplied to the body. In addition, we assume that on the surface of the body,
the heat transfer per unit deformed area is given by H(R,t) so that the total rate of heating of the
body is

Q= Hd5t+/ pBdV,.
8(2,5 Qt

Assuming that the heat transfer depends only on the normal to the surface, a similar argument to
the one used to derive the stress tensor can be used to show that

H(R,t) = -Q(R,t)- N(R,1),

where IV is the outer unit normal to the surface and Q is the (Fourier-Stokes) heat flux vector.
The negative sign is chosen so that heat flows into the body, H > 0, when the flux vector @ is also
directed into the body. Hence the total rate of heating is

Q=- Q-Nd8t+/deVt.
o Q4

2For example, these could be wires embedded within the continuum that are heated externally or heated via the
passage of an electric current. Another possibility would be to embed chemical heat sources, a localised controlled
exothermic reaction.



4.4.3 The first law of thermodynamics

The first law of thermodynamics expresses the notion of conservation of energy and states that
doing work or heating increases the internal energy, U. The rate of change of internal energy, U, is
then equal to the sum of the rate of heating, @, and the net rate of work?

DU -
r Q+W. (4.13)
Thus, the effects of heat are entirely separated from mechanical work, but the two effects combine
through a simple sum to cause a change in internal energy. It is also possible to add additional
types of energy input (e.g. chemical, electrical) to the balance.
We can make a connection to the more familiar form conservation of energy in classical mechanics
by introducing the kinetic energy for a continuum

K = gV-Vth; (4.14)

Q

K=— -V .-Vdy,.
- Dt/Qt2 Vi

By applying the Reynolds transport theorem and using conservation of mass, as we have done
several times already,

. p D .
K=[ 22 w.vyav,= [ pv.vav.
/QtzDg ) v, /Qf v,

Hence, from equation (4.11) and equation (4.13) the statement of conservation of energy becomes

U=0Q+ T-VdStJr/ pF-Vay, - K. (4.15)
3Qt Qt

If the power of the external forces can be written as the derivative of a potential energy?* then

T-VdSt+/ pF .-V aV, = -G,

BQz Qt

which means that

D
5 U+E+G)=0Q.

3In much of the literature the equation is not explicitly written as a rate equation so you will often see expressions
of the form DU

EZQ+W,

where Q is called the net heating and W is the net working, which slightly obfuscates the fact that all terms are
actually rates.

4For example, a gravitational body force corresponds to F' = g, where g is a constant vector, and so the external
power is

. D
/ pF-Vth:/ pg-Rth:—/ pg - RAV,
o o Dt Jgq,

by using the Reynolds transport theorem and conservation of mass (in the reverse of our usual argument). Thus the
potential energy in this case is

G= pg + RdAV;.
Q



Note that the potential energy related to the external forces is not the same as the internal energy.
In the absence of any heating then the total energy, the sum of the internal, kinetic and potential
energies, is conserved.

In order to derive a partial differential equation that expresses conservation of energy we define
an internal energy density per unit mass, ®(R,t), so that

Q

The integral form of conservation of energy (4.13) is thus

D

[ ppav = /T;det+/ devt—/ Q- NdS. (4.16)
Dt o o o

Using the Reynolds transport theorem combined with conservation of mass and the divergence
theorem, we obtain

DO
/[th T:D—pB+V, Q] dv, =0,

and because the integral must be zero for every volume, we obtain the required differential equation

Do

In component form in the Eulerian coordinates the equation (4.17) becomes

Do

P Dt TEDE; + pB — Q{| 5 (4.18)

The equation (4.17) is a scalar equation that expresses the rate of change of internal energy in
Eulerian coordinates. For the Lagrangian viewpoint, we transform the integrals in equation (4.16)
from the deformed to the undeformed domain, so that

D
—/ pCI)JdVOZ/ T:DJdV0+/ deVD—/ JQ-FTndS,, (4.19)
Dt Jq, Q0 Q0 89

where we have used Nanson’s relation (2.42) to transform the surface integral. From conservation
of mass py = pJ and because the undeformed domain is fixed the material derivative passes under
the integral sign. We also use equation (4.12) to express the net rate of work in terms of the second
Piola—Kirchhoff stress tensor so that equation (4.19) becomes

0
/ Poa—f — 8795 — pobdVy = —/ q-ndS,
Qo 0Qo

where ¢(r,t) = (R, 1) is the internal energy in the Lagrangian representation; b(r,t) = B(R,1) is
the Lagranglan heat supply and q is the heat flux per unit area of undeformed surface q=JQF T
or ¢ = J o¢ Q’ Using the divergence theorem and making our usual argument about the integral

being zero for every volume gives the required equation in the Lagrangian representation

Pogy =5 "Yij + pob — q'|;- (4.20)



4.4.4 The second law of thermodynamics

The essence of the second law of thermodynamics is that there is a physical limit to the rate at
which heat can be absorbed by a body, but no limit to the rate at which it can be released. In its
simplest form, the law states that

Q < B, (4.21)

where B is the least upper bound for the net heating. From the first law (4.13) in the absence of
any net working,

DU
= —0<B
Dt @=b

which gives another interpretation of the second law as stating that there is an upper bound to the
rate at which a body can store internal energy without doing mechanical work.
For a body at uniform temperature, ©, we define a quantity called the entropy®, #, such that

DH B

—_— = —. 4.22

Dt © (4.22)
The rate of change of entropy represents the ability of a particular material to absorb heat. Com-
bining the second law (4.21) with the definition of entropy (4.22) gives the classic Clausius-Planck
inequality

OH > Q. (4.23)
Thus, if there is no heat input, then the total entropy of the body cannot decrease

H >0 when Q=0,

which leads to the common statement of the second law that “entropy increases”.
More generally, we assume that there exists a specific entropy n such that for a continuum

H = pndVy.
Q¢

In addition, we assume that the rate of change in total entropy is greater than or equal to the net
heating per unit temperature
Q-N pB

1> = v _Pe
Hz= ) ey ot / o1

which is known as the Clausius-Duhem inequality. Note that this does not follow directly from
equation (4.23) unless the temperature is uniform.
Using the Reynolds transport theorem, conservation of mass and the divergence theorem, we

obtain Q .
) (KLY b >0,
[, e = (8) -rg| 2o

®The introduction of the entropy was originally motivated in equilibrium thermodynamics by the desire to write
the change in heat energy in the first law as an exact differential Qd¢t = © dH, so that dH = Qdt/©. The problem
is that this concept does not easily extend to nonequilibrium thermodynamics, because the value of a function at
a single point (the limit of an equilibrium) does not determine the function. The approach taken here (which is
standard) avoids this issue by treating the entropy as a fundamental property of matter.
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If the integral must be non-negative for any volume, no matter how small, then the integrand must
be non-negative, so

: Q B
>-V.-|= —.
P11 = — Vg (@ + e
Expanding the divergence term and multiplying through by ©, we obtain the equation
1
PO+ VrQ = pB — 5 QY0 2 0, (4.24)
or )
D — 6Q°VR@ > 0, (4.25)
where
D = pOn+V,-Q — pB. (4.26)

is called the internal dissipation per unit deformed volume. The internal dissipation is the increase

in specific entropy that is not due to net heating. It represents the losses in other parts of the

system. From the local form of the conservation of energy (4.17), we can write the dissipation as
D = pOn—pd+T:D, (4.27)

which indicates that the dissipation is the difference between the rate of change of specific entropy
and the change in internal energy that is not due to mechanical work. In the absence of temperature
gradients, the dissipation must be non-negative

D >0,

which is sometimes called Planck’s inequality. Alternatively, if D = 0, then
1
_6Q'VR@ > 07

which is the statement that heat flows from regions of high temperature to low temperature in the
absence of an internal energy supply®. We will find it convenient to introduce the Helmholtz free
energy per unit mass

U(R,t)=D(R,t) —n(R,t)O(R, 1), (4.28)
which from equation (4.27) is the energy available to do mechanical work in a non-dissipative
(reversible) system at constant temperature. Using the definition of the free energy (4.28) in
equations (4.25) and (4.26), we obtain another form of the entropy inequality

—p¥ — pnO — @QVR@ +T:D>0. (4.29)

In Lagrangian form, by the usual methods, we obtain the inequality

potio > — V.- (%) +pog,

where in Lagrangian coordinates no(r,t) = n(R,t) is the specific entropy and 8(r,t) = O(R,1).
Introducing the free energy field

?/1(7"7@ = (b(’l“,t) - Uo(rat)e(rat);

we obtain the equivalent form of the inequality

—p(ﬂp — p(]?]()@ — éq-V,ﬂ +s:e>0.

5Truesdell notes that the form of equation (4.26) allows heat to flow from regions of low temperature to high
temperature if a sufficiently large internal energy is supplied near a cold spot, or if sinks of energy are present at hot
spots.



