Chapter 2

Kinematics: Deformation and Flow

2.1 Introduction

We need a suitable mathematical framework in order to describe the behaviour of continua. Our
everyday experience tells us that lumps of matter can both move (change in position) and deform
(change in shape), so we need to be able to quantify both these effects. Hopefully, you are already
be familiar with the kinematics of individual particles from basic mechanics. In classical particle
mechanics, the position of the particle is described by a position vector 7(¢) measured from a chosen
origin in three-dimensional Euclidean space, [E®. The position is a function of one-dimensional
continuous time, ¢ € [0,00), and contains all the information that we need to describe the motion
of the particle.
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Figure 2.1: A region )y is mapped to the region {2; by the mapping x, which carries the material
point r € )y to the point R € €);.

In continuum mechanics, we need to account for the motion of all the “particles” within the
material. Consider a continuous body that initially occupies a region' g of three-dimensional
Euclidean space E?, with volume V, and surface 9V, = S;. The body can be regarded as a

f you want to get fancy you can call this an open subset.
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collection of particles, called material points, each of which? is described by a position vector
r = xex from our fixed origin in a Cartesian coordinate system?®. We shall term the configuration
Qo the undeformed configuration. At a later time ¢, the same body occupies a different region
of space, €;, with volume V; and surface §;. The material points within the region {2, are now
described by a position vector R = Xgex from the same origin in the same Cartesian coordinate
system?. We shall term the configuration €2, the deformed configuration, see Figure 2.1.

The change in configuration from €y to €2, can be described by a function x, : Q — €,
sometimes called a deformation map. The position at time ¢ is given by R = x,(r) = x(r,t),
where x : €y x [0,00) — ; is a continuous map. In other words, each material point® in the
undeformed configuration € is carried to a (material) point in the deformed configuration €2;.

On physical grounds, we expect that (a) matter cannot be destroyed and (b) matter does not
interpenetrate. A deformation map will be consistent with these conditions if it is one-to-one and
the Jacobian of the mapping remains non zero. The Jacobian of the mapping is the determinant of
the matrix, F = V. x;, (note that the gradient is taken with respect to the undeformed coordinates
r) whose components in the Cartesian basis are given by

0X;
Frj=— 2.1
and so our physical constraints demand that
det F # 0. (2.2)

In fact, we impose the stronger condition that the Jacobian of the mapping remains positive, which
ensures that material lines preserve their relative orientations: a body cannot be deformed onto its
mirror image. If condition (2.2) is satisfied then a (local) inverse mapping can be constructed that
gives the initial position as a function of the current position, r = x; '(R) = x (R, 1).

Example 2.1. An example deformation

Is the mapping given by
X1 = 2x1 + 329,
x(x) :
X2 = lry + 2.

physically admissible? If so, sketch the deformed unit square z; € [0, 1] that follows after application
of the mapping.

Solution 2.1. The deformed position is given by

(2)-(2) ()

and det ' =2x2—-3x1=1> 0, so the mapping is physically admissible. The deformed unit
square can be obtained by thinking about the deformation of the corners and the knowledge that

2We could label the position vector r by another index to distinguish different material points, but the notation
is less cumbersome if we treat each specific value of r as the definition of the different material points.

3Even when we consider non-Cartesian coordinates later, it’s easiest to define those coordinates relative to the
fixed Cartesian system. Note that because this is a Cartesian coordinate system we have not bothered to indicate
the contravariant nature of the components.

4For further generality, we should assume a different orthonormal coordinate system for the deformed configuration
R = X4 ey, but the notation becomes even more cluttered without really aiding understanding.

°From the classical particle mechanics viewpoint, there is a single material point (the particle) with position
vector z(t) = R = xu(r) = x¢(x(0)).



the deformation is homogeneous (the matrix entries are not themselves functions of ). The corners
map as follows

(0,0) = (0,0); (1,0) = (2,1); (0,1) — (3,2); (1,1) — (5,3),

and the undeformed and deformed regions are shown in Figure 2.2.

€
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Figure 2.2: A unit square (solid boundary) is deformed into a quadrilateral region (dashed boundary)
by the mapping x.

2.2 Lagrangian (Material) and Eulerian (Spatial) Descrip-
tions

Given the existence of the continuous mapping x, we can write (each Cartesian coordinate of) a
material point in the deformed position as a function of (the Cartesian coordinates of) the same
material point in the undeformed position and the time t,

Xk(t) =x(z;,t)-ex, which we can write in vector form as R(r,t). (2.3)

In equation (2.3) the current position is treated as a function of the original position, which is the
independent variable. This is called a Lagrangian or material description. Any other fields are also
treated as functions of the original position. In the Lagrangian description, we follow the evolution
of particular material particles with time®. It is more common to use a Lagrangian description
in solid mechanics where the initial undeformed geometry is often simple, but the deformations
become complex.

Alternatively, we could use the inverse mapping to write (each Cartesian coordinates of) the
undeformed position of a material point as a function of (the Cartesian coordinates of) its current
position

r(t) =x X, t)ex, or r(R,t). (2.4)

Here, the current position is the independent variable and this is called an Fulerian or spatial
description. Any other fields are treated as functions of the fixed position R. In the Eulerian

6The Lagrangian description is the viewpoint used in classical particle mechanics because we are only interested
in the behaviour of each individual particle.



description, we observe the changes over time at a fixed point in space’. It is more common to use
an Eulerian description in fluid mechanics, if the original location of particular fluid particles is not
of interest.

The transformation of an object from an Eulerian (current) description to the Lagrangian (ref-
erence) description is sometimes called a pullback (terminology taken from differential geometry).
The converse operation of transforming from the Lagrangian to the Fulerian description is called a
pushforward.

For simplicity, we have defined the deformed and undeformed positions in the same global
Cartesian coordinate system, but this is not necessary. It is perfectly possible to use different
coordinate systems to represent the deformed and undeformed positions, which may be useful
in certain special problems: e.g. a cube being deformed into a cylinder. However, the use of
general coordinates would bring in the complication of covariant and contravariant transformations.
We shall consider general curvilinear coordinates in what follows after the initial development in
Cartesians. The curvilinear coordinates associated with the Lagrangian viewpoint will be denoted
by &% and those in the Eulerian *.

2.3 Displacement, Velocity and Acceleration

Newton’s laws of mechanics were originally formulated for individual particles and the displacement,
velocity and acceleration of each particle are derived from its position as a function of time. In
continuum mechanics we must also define these quantities based on the position of each material
point as a function of time (the Lagrangian viewpoint), but we can then reinterpret them as functions
of the absolute spatial position (the Eulerian viewpoint) if more convenient.

2.3.1 Displacement

The change in position of a material point within the body between configurations €2y and €2, is
given by the displacement vector field
u=R-r, (2.5)

which can be treated as a function of either R or r; i.e. from the Eulerian or Lagrangian viewpoints,
respectively. For consistency of notation we shall write U(R,t) = R —r(R,t) for the displacement
in the Eulerian representation and u(r,t) = R(r,t) — r in the Lagrangian.

Example 2.2. Displacement of a moving block
A block of material that initially occupies the region r € [0, 1] x [0,1] x [0, 1] moves in such a way
that its position is given by

R(r,t) =r(1+1), (2.6)

at time ¢t > 0. Find the displacement of the block in both the Eulerian and Lagrangian representa-
tions.

"The Eulerian description makes little sense in classical particle mechanics because in general motion the particle
is unlikely to be located at our chosen fixed position for very long. Imagine trying to throw a ball in front of a
fixed (Eulerian) video camera: the ball will only appear on a short section of the video, or not at all if we do not
throw accurately. The reason why an Eulerian view makes more sense in continuum mechanics is that some part of
the continuum will generally be located at our chosen fixed point, but exactly which part (which material points)
changes with time.



Solution 2.2. We are given the relationship R(r,t), so the displacement in the Lagrangian view-
point is straightforward to determine

u(r,t) = R(r,t) —r =tr.

For the Eulerian viewpoint, we need to invert the relationship (2.6) which gives r = R/(1 4 t) and

therefore the displacement is
t
U(R,t) = —R.
1+t
A potential problem with the Eulerian viewpoint is that it does not actually make sense unless

the point R is within the body at time ¢.

2.3.2 Velocity

The velocity of a material point is the rate of change of its displacement with time. The Lagrangian
(material) coordinate of each material point remains fixed, so the velocity, v, in the Lagrangian
representation is simply

_ Ou(r,t) _ O(R(r,t) —T)

OR(r,t)
olr.f) = ot r fixed a ot

. ot

, (2.7)

because 7 is held fixed during the differentiation®. Note that the velocity moves with the material
points, which is exactly the same as in classical particle mechanics.

In the Eulerian framework, the velocity must be defined as a function of a specific fixed point in
space. The problem is that different material points will pass through the chosen spatial point at
different times. Thus, the Eulerian velocity must be calculated by finding the material coordinate
that corresponds to the fixed spatial location at chosen instant in time, (R, t), so that

dU(R,t)|  OR

VIRD = =5 = o

=v(r(R,t),t). (2.8)

r

Example 2.3. Calculation of the velocity for a rotating block
A cube of material that initially occupies the region r € [—1,1] x [—1, 1] x [—1, 1] rotates about the
x3-axis with constant angular velocity so that its position at time ¢ is given by

X4 cost sint 0 T
Xy | = —sint cost 0 o | . (2.9)
X3 0 01 T3

Calculate both the Lagrangian and Eulerian velocities of the block.

Solution 2.3. The Lagrangian velocity is simple to calculate

OR v —sint cost 0 T
v(r,t) = —, vy | = —cost —sint 0 xy |, (2.10)
ot
V3 0 0 0 I3

which is, as expected, the same as the velocity of a particle initially at (x7,z2) rotating about the
origin in the z; — x5 plane.

8This is indicated by the vertical bar next to the partial derivative, which should not be confused with the
covariant derivative.



In order to convert to the Eulerian viewpoint we need to find r(R), which follows after inversion
of the relationship (2.9):

Ty cost —sint 0 X3
T | = sint cost O Xs |. (2.11)

Thus the Eulerian velocity V(R,t) = v(r(R,t),t) is obtained by substituting the relationship
(2.11) into the expression for the Lagrangian velocity (2.10)

i —sint  cost O cost —sint 0 X3
Vs = —cost —sint 0 sint cost O X5
Vs 0 0 0 0 0 1 X3
010 X3 X5
= -1 0 0 X = -X7 ],
0 00 X3 0

which remains constant. In other words the velocity of the rotating block at a fixed point in space is
constant. Different material points pass through our chosen point but the velocity of each is always
the same when it does so.

2.3.3 Acceleration

The acceleration of a material point is the rate of change of its velocity with time. Once again,
computing the acceleration in the Lagrangian representation is very simple

_Ov(r,t)| _ Pu(r,t)|  O*R(r,t)

t) = =
art)= =51 = "o |, RE

In the Eulerian framework, the velocity at a fixed point in space can change through two different
mechanisms: (i) the material velocity changes with time; or (ii) the material point (with a specific
velocity) is carried past the fixed point in space. The second mechanism is a consequence of the
motion of the continuum and is known convection or advection. The two terms arise quite naturally
in the computation of the material acceleration at a fixed spatial location because for a fixed material
coordinate, the position R is also a function of time

(2.12)

T

V(R,t V(R(r,t),t
ot r ot r
After application of the chain rule, equation (2.13) becomes
ov ovV| OR oV ov ov
AR t) = — — =] = — Vi—| =—+4+V .V, V 2.14
RO =g T ar|, o), orlg Vor| "o TV = (2.14)
or in component form
oVr oVr
A t) = — . 2.1

(R1) = — Vg%, (2.15)

Note that the gradient is taken with respect to the Eulerian (deformed) coordinates R. The first
term 0V /0t corresponds to the mechanism (i) above, whereas the second term V' - V, V' corresponds
to the mechanism (ii) and is the advective term. The advective term is nonlinear in V', which leads

to many of the complex phenomena observed in continua’.

9Note that this nonlinearity only arises when observations are made in the Eulerian viewpoint, so it is definitely
observer dependent.



2.3.4 Material Derivative

The argument used to determine the acceleration is rather general and can be used to define the rates
of change of any property that is carried with the continuum. For a scalar field ¢(r,t) = ®(R(r,t),t)
the material derivative is the rate of change of the quantity keeping the Lagrangian coordinate
fixed. The usual notation for the material derivative is D¢/Dt and in the Lagrangian framework,
the material derivative and the partial derivative coincide

Do _ 0¢

= 2.1
Dt ot ( 6)
In the Eulerian framework, however,
D 09 00 0Xig 09 0P 0P
-y - mr L e = 1L V.V.P. 2.17
Di ot oxk ot ot Koxe or UVE (2:17)

Curvilinear coordinates

If we use general (time-independent) curvilinear coordinates X’ as as Bulerian coordinates, then
R(x") and equation (2.17) becomes

Do _ 09, 06 Ox' 90Xk 06 Ox' | 06 0% ;00
Dt — Ot ' 9y 0Xx Ot Ot Xk "oy ot R

where we have use equation (1.16b) to determine the components V% in the covariant basis corre-
sponding to the coordinates x*. The velocity vector is V' = V'G;, where G; = OR/dx" are the
covariant base vectors in the deformed position with respect to Eulerian curvilinear coordinates y*.
It follows that the acceleration in the Eulerian framework in general coordinates is given by
D(VIG5) _ I(V’'G5) Ly (‘3(VJ§T‘3-)'
Dt ot oY’

Assuming that the base vectors are fixed in time, which is to be expected for a (sensible) Eulerian
coordinate system, we obtain

ov _ (o
Dt \ ot

+VIV u) G

where here ||z indicates covariant differentiation in the Eulerian viewpoint with respect to the

Eulerian coordinates Y/, i.e. using the the metric tensor G;7 = G7+G5. As you would expect, this
is simply the tensor component representation of the expression

DV 0V
oo TV %Y

a coordinate-system-independent vector expression.

2.4 Deformation

Thus far, we have considered the extension of concepts in particle mechanics, displacement, velocity
and acceleration, to the continuum setting, but the motion of isolated individual points does not tell
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us whether the continuum has changed its shape, or deformed. The shape will change if material
points move relative to one another, which means that we need to be able to measure distances.
In the body moves rigidly then the distance between every pair of material points will remain the
same. A body undergoes a deformation if the distance between any pair of material points changes.
Hence, quantification of deformation requires the study of the evolution of material line elements,
see Figure 2.3.

€3
Figure 2.3: A region )y is mapped to the region {2; by the mapping x, which carries the material
point r € € to the point R(r) € €, and the material point r 4+ dr to R(r +dr). The undeformed
line element dr is carried to the deformed line element dR.

Consider a line element dr that connects two material points in the undeformed domain. If the
position vector to one end of the line is r, then the position vector to the other end is r» + dr. If
we take the Lagrangian (material) viewpoint, the corresponding endpoints in the deformed domain
are given by R(r) and R(r + dr), respectively'?. Thus, the line element in the deformed domain
is given by

dR = R(r +dr) — R(r).

If we now assume that |dr| < 1, then we can use Taylor’s theorem to write

OR _OR

dR ~ R(r) + W(T) -dr — R(r) = E(T) ~dr = F(r) - dr, (2.18)

or in component form in the global Cartesian coordinates

0X
dR[:—IdTJEF[JdTJ. (219)
8$J

The matrix F of components F7; is a representation of a quantity called the (material) deformation
gradient tensor. It describes the mapping from undeformed line elements to deformed line elements.
In fact in this representation F7; is something called a two-point tensor because the I-th index refers

10The dependence on time t will be suppressed in this section because it does not affect instantaneous measures
of deformation.



to the deformed coordinate system, whereas the J-th index refers to the undeformed. We have
chosen the same global coordinate system, so the distinction may seem irrelevant!!, but we must
remember that transformation of the undeformed and deformed coordinates will affect different
components of the tensor.

The length of the undeformed line element is given by ds where ds? = dr - dr = drgdryg and
the length of the deformed line element is d.S where dS? = dR - dR = dRxdRy. Thus, a measure
of whether the line element has changed in length is given by

dSQ — d82 == FK[dT[FKJdTJ - dT’Kd’f‘K = (FK[FKJ — 5K[5KJ) d?”[dT’J = (C[J — 6[J) dT’]dT‘J; (220)

and the matrix ¢ = FTF is (a representation of) the right'? Cauchy—Green deformation tensor. Its
components represent the square of the lengths of the deformed material line elements relative to
the undeformed lengths, i.e. from the Lagrangian viewpoint. Note that c is symmetric and positive
definite because dr;cyydr; = dS? > 0, for all non-zero dr.

From equation (2.20) if the line element does not change in length then ¢;; — d;; = 0 for all
I, J, which motivates the definition of the Green—Lagrange strain tensor

1 1 (0XKk 00X
erg = 5 (cry—0ry) = B ( &Uf 8xf - 51J> .

; (2.21)

The components of e;; represent the changes in lengths of material line elements from the La-
grangian perspective.
An alternative approach is to start from the Eulerian viewpoint, in which case

dr =r(R+dR) —r(R),

and using Taylor’s theorem as above we obtain

dr~ 2" (R).dR = H(R) - dR, (2.22)
oR
or in component form
ox
dry = a—Xf]dRJ = H;,dR,. (2.23)

The matrix H with components Hy; is (a representation of) the (spatial) deformation gradient
tensor. Comparing equations (2.19) and (2.23) shows that H = F~'. Thus, the equivalent to
equation (2.20) that quantifies the change in length is

dS? — ds* = dRgdRy — HirdRiHyjdRy = (6x16k; — HgrHyy) dRjdRy = (615 — Cry) dRidR;.

(2.24)
The matrix C=HTH = F~TF~! = (FFT)~! = B~! is known as (a representation of) the Cauchy
deformation tensor and is the inverse of the Finger deformation tensor!®. The components of

C represent the square of lengths of the undeformed material elements relative to the deformed
lengths, i.e. from the Eulerian viewpoint. We can define the corresponding Eulerian (Almansi)

strain tensor . | Sz 8
T Ox
Epy =5 (01~ Cr) = 5 (6U - a—Xfa—ij) , (2.25)

whose components represent the change in lengths of material line elements from the Eulerian
perspective.

"The distinction is clear if we write R = X7 ez, in which case F;; = 9% but there are already too many

ox
overbars in this section! !
12The left Cauchy-Green deformation tensor is given by B = FFT and is also called the Finger tensor.
3The final possible deformation tensor is b = ¢=' = HH” and was introduced by Piola.



Curvilinear Coordinates

If the undeformed position is parametrised by a set of general Lagrangian coordinates r(£*), the
undeformed length of a material line will depend on the metric tensor. In general, lengths relative
to general coordinates vary with position, whereas in Cartesian coordinates relative lengths are
independent of absolute position.

The undeformed material line vector is given by

dr = r(€ + de¥) — r(€) ~ a—;déz = g,d¢’,

where g, is the covariant base vector in the undeformed configuration with respect to the Lagrangian
coordinates. Similarly, the deformed material line vector is given by

_OR
~ 56

where G; is the covariant base vector with respect to the Lagrangian coordinates in the deformed
configuration!4. Hence,

dR = R(¢' +d¢) — R(€Y) dg' = Gide’,

dS? — ds? = dR - AR — dr - dr = G;-G,d€'de’ — g;-g,de'de? = (Gy; — g) dEide?,

where g;; = g;+g; is the (undeformed) Lagrangian metric tensor and Gy; = G;-G; is the (de-
formed) Lagrangian metric tensor. The Green—Lagrange strain tensor relative to these curvilinear
coordinates is therefore

Vij = % (Gij — 9i3) ; (2.26)
and
1 (0XK O0Xx Oxgx Ork 1 (0Xk 0X§ Oxr0xy Oxr Oxy
Yij = B ( ot 0g - o€ O ) =5 ((9—3816—@] — IJ) (9_5‘8_@ = 6”8_8'8_51’ (2.27)

which demonstrates that 7;; are indeed the components of the Green-Lagrange tensor, after the ap-
propriate (covariant) tensor transformation of the undeformed coordinates; and that the deformed
metric tensor is obtained from the right Cauchy—Green deformation tensor under (covariant) trans-
formation of the undeformed coordinates. Alternatively,

1 (5 GxKaxK> 8X1(9XJ 8X18XJ
I1J —

Ty 0X,0X,) o¢ o " og g

(2.28)

and the (curvilinear) Green-Lagrange strain tensor can be obtained from the Almansi strain tensor
after a covariant transformation of the deformed coordinates. Of course this means that the Carte-
sian Green—Lagrange strain tensor is the Almansi strain tensor after a change in coordinates from
those in the deformed body to the undeformed, i. e. the Almansi tensor is the pushforward of the
Green—Lagrange tensor:

ox K ox L

Ery= BKL8787,
1 J

or E=FTeF . (2.29)

4Note that the components of the covariant base vector in the global Cartesian basis

I_aXI_BXIBxJ_ 8;10‘]_
Gl =3 = oo e ~ Frogg = 1o

and are therefore equivalent to the deformation gradient tensor after covariant transformation of the undeformed
coordinate (the second index).



The definition of F means that equation (1.30) defines the pushforward for covariant and contravari-
ant tensors. Comparison with that equation reveals that E should be denoted E’ to avoid mistakes
when working in general coordinates.

The fact that all these tensors are equivalent should be no surprise — they all represent the
same physical measure: half the difference between the change in square lengths of material line
elements.

Relationship between Cartesian and curvilinear formulations

It seems to be most common in the literature to work in terms of the tensors F, c and C (or b and
B) because it is more compact; but the meaning can be obscured. For example, consider a vector
field that is convected with the motion of the continuum so that it obeys the same transformation
rules as line elements, see also §5.2.4. If the vector field in the undeformed configuration is given
by a then by analogy with equation 2.19, the vector field in the deformed configuration, A, is given
by

A; = Frjay, (in global Cartesian components) or A = Fa.

A natural question is how to represent this in general curvilinear coordinates using the established
metric tensors. If we are completely explicit about the bases in our tensor formulation then it
follows that

0X 0X; O¢*k 0X ok
F:F[J6[®€J:—I€]®€ ! 5 ®€J:( ! )@(5 )

O 7T ok o, gk ! 0x,

= F=G,®g" andhence F'=g, ®GF,

which reveals the desired connection between the two formulations.
Returning to the transformation of our vector field we can write

A'G;=F(d'g;) = AG-G=G(Gy®g")-ga’ = A =05d = A=d,

and we might have expected. The result indicates that a vector field convected with continuum line
elements keeps identical values of its components, provided that covariant base vectors deform with
the motion of the continuum, i. e. if @ = a'g,, then A = a'G;.

If we have a vector field m, in the undeformed configuration, with different transformation
properties, e. g. the deformed configuration is given by M = F~Tm, then

M'G; = F7T<mi gi) = MGG =G (Gk ®gk) gtm; = M =G%*my,

a different type of transformation.

2.4.1 The connection between deformation and displacement

From equation (2.5), the deformed position can be written as the vector sum of the undeformed
position and the displacement
R=17r+u,

which means that

O(r + u)

dR ~ A
&

déi =(r;+u,) dfi =9g; déi +u; déi =dr +u, dgi- (2.30)
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The first term in equation (2.30) is the undeformed line element and so represents a rigid-body
translation; the second term contains all the information about the strain and rotation.
The covariant base vectors in the deformed configuration are

G,=R,=g,+u,,

so the Green-Lagrange strain tensor becomes

1 1 1
Yij = 5 (Gi’Gj - gz"gj) =5 [(92 +u,)- (gj =+ u,j) - gij] =5 [gz"u,j +u;g;+ u,i'u,j} :

In order to simplify the scalar products, we write the displacement using the undeformed base
vectors
u=ujg’, = u;=uwulg",

where | represents the covariant derivative in the Lagrangian viewpoint with respect to Lagrangian
coordinates, i.e. using the metric tensor g;;. Then the strain tensor becomes

1 1
Yij = B [gi'gkuk’j + uk|igk'gj =+ Ukligk'glul‘j] =5 [(5fuk‘j + Uk\zéf + Uk\iulbgkl]

and so

1
Vi T 5 (il =+ wyli + u®fyurls]

The quantity with components wu;|; is known as the displacement gradient tensor and can also be
written V. ® w. In our global Cartesian coordinate system, the Green-Lagrange strain tensor has
the form

€ =5 [urg +uyr + ukuk.gl, (2.31)

which is often seen in textbooks.

2.4.2 Interpretation of the deformed metric (right Cauchy—Green de-
formation) tensor Gj;

We can scale the infinitesimal increments in the general coordinates so that d¢* = n'de, where n'
represents the direction of the increment and is chosen so that the vector m = n’ g, has unit length,

n-n=n' gi-njgj = nigijnj = 1.
The undeformed and deformed line elements are then functions of the direction n
dr(n) = g;n'de and dR(n) = Gn'de.

We define the stretch in the direction n to be the ratio of the length of the deformed line element
to the undeformed line element:

|dR(n)| \/ nisznjdE - -
An) = = = \/n'Gyn = /nicrny, 2.32
= el = aggae VO = 2

where the last equality is obtained on transformation from the general coordinates to the global
Cartesian coordinates. Note that the stretch is invariant and is well-defined because we have already
established that n;c;yny; > 0 for all non-zero n.




If we define n to be a unit vector in the & direction, then nz(»i) = 1/,/g: (not summed) ng-i) =0,

J 71,80 ,
AnD) = /Gii/gi (not summed),

which means that the diagonal entries of the deformed metric tensor are proportional to the squares
of the stretch in the coordinate directions. If the undeformed coordinates are Cartesian coordinates,
for which g; = 1 (not summed), then the diagonal entries of the deformed metric tensor are exactly
the squares of the stretches in coordinate directions.

We now consider two distinct line elements in the undeformed configuration

dr =n'g;de and dq = m'g,de,

where n'g, and m'g, are both unit vectors. The corresponding line elements in the deformed
configuration are

dR =n'G;de and dQ = m'G,;de.

The dot product of the two deformed line elements is

n'Giym? (de)? = |dR||dQ| cos © = \/niGyni de /miG;mi decos O,
where O is the angle between the two deformed line elements. Thus,

ni Gij mj

: 2.33
\/niGijnj \/miGijmj ( )

cos© =

and if € is the angle between the two undeformed line elements
cos ) = n'gy;m’.

Thus, the information about change in length and relative rotation of two line elements is entirely
contained within the deformed metric tensor.

Example 2.4. Rigid body motion
If the body undergoes a rigid-body motion show that every component of the Green-Lagrange
strain tensor is zero.

Solution 2.4. In a rigid-body motion the line elements do not change lengths and the angles
between any two line elements remain the same. Hence, for any unit vectors n and m in the
undeformed configuration

An) =n'Gyn’ =1, Am) =m'Gym! =1, (2.34a)

and cos © = cos 6, which means that

niGijmj = nigl-jmj \/niGijnj \/mZGUmJ (234b)
Using equation (2.34a) in equation (2.34b), we obtain the condition
niGijmj = nigijmj = ni (G” — gw) mj = 0,

which must be true for all possible unit vectors m and m and so by picking the nine different
combinations on non-zero components, it follows that G,;; — ¢g;; = 0 for all ¢, 5. Hence, every
component of the Green—Lagrange strain tensor is zero.



2.4.3 Strain Invariants and Principal Stretches

At any point, the direction of maximum stretch is given by

max A(n) subject to the constraint |n| =1,

which can be solved by the method of Lagrange multipliers. We seek the stationary points of the
function

L(n, p) = N(n) — p{giyn'n’ — 1} =n'n/Gyj — p{gyn'n’ — 1},
where g is an unknown Lagrange multiplier and n’ are the components of the unit vector in the

basis g;. The condition 0L/0u = 0 recovers the constraint and the three other partial derivative
conditions give

oL . . A

oni =0 = G,-jnj — ugijnj = (GU — ,ugij)nj =0. (235)
Thus, the maximum (or minimum) stretch is given by non-trivial solutions of the equation (2.35),
which is an equation that defines the eigenvalues and eigenvectors of the deformed metric tensor.

The deformed metric tensor has real components and is symmetric which means that it has real

eigenvalues and mutually orthogonal eigenvectors'®. The eigenvectors v are non-trivial solutions of
the equation

Gv) =pv or Gyv’ = pgv’ = p;, et (2.36)

where G represents the deformed metric tensor as a linear map and the scalars p are the associated
eigenvalues. Note that because the eigenvalues are scalars they do not depend on the coordinate
system, but, of course, the components of the eigenvectors are coordinate-system dependent. The
eigenvalues (or in fact any functions of the eigenvalues) are, therefore, scalar invariants of the
deformed metric tensor.

Equation (2.36) only has non-trivial solutions if

det(Gij — pgij) = 0.

and expansion of the determinant gives a cubic equation for u, so there are three real eigenvalues
and, hence, three distinct invariants. The invariants are not unique, but those most commonly used
in the literature follow from the expansion of the determinant of the mixed deformed metric tensor
in which the index is raised by multiplication with undeformed covariant metric tensor!® which
means that the undeformed metric tensor becomes the Kronecker delta:

9" Gy — pdj| = —p® + Ly = Iop + Is. (2.37)
Expanding the determinant using the alternating symbol gives
(G — 1 6})(GF — o) (GE — o)

— I [GIGEGE — p (01GEGE + B2GIGE + GRGAGE) + i (5102GE + G167GE + 0253GY) — o124

15This is a fundamental result in linear algebra is easily proved for distinct eigenvalues by considering the appro-
priate dot products between different eigenvectors and also between an eigenvector and its complex conjugate. For
repeated eigenvalues the proof proceeds by induction on subspaces of successively smaller dimension.

16In other words we are defining G; = gikaj, which is a slight abuse of notation: if we worked solely in the
deformed metric then we would define G; = G”’“ij = 6; The fact that our definition of G; #+ 6;» is why we can
reuse the notation without ambiguity, but it has the potential to be confusing.



and on comparison with equation (2.37) we obtain

I = G} + G5 + G5 = G! = trace(G), (2.38a)

I = G2GE — G234+ GAGE — GAGP + GI G2 — GAGE.
= % [G,ng — GgG‘Z] = % [(trace(G))* — trace(G?)] . (2.38b)
I = ' Gi GGy = |G| = 19" Gyl = |9 |Gyl = G g, (2.38¢)

where G = |G| is the determinant of the deformed covariant metric tensor and g = |g;;| is the
determinant of the undeformed covariant metric tensor.

The use of invariants will be an essential part of constitutive modelling, because the behaviour
of a material should not depend on the coordinate system.

The mutual orthogonality of the eigenvectors means that they form a basis of the Euclidean space
and if we choose the eigenvectors to have unit length we can write the eigenbasis as v = v!. The
circumflexes on the indices are used to indicate the eigenbasis rather than the standard Cartesian
basis. The components of the deformed metric tensor in the eigenbasis are given by

Gy =vpG(vy) = VppGvs = KHVFVS (j not summed),

where 1) 18 the eigenvalue associated with the eigenvector v Thus the components of the
deformed metric tensor in the eigenbasis form a diagonal matrix with the eigenvalues as diagonal
entries

0 T#J,

or writing the components in the eigenbasis in matrix form

- I=1,
Gr7= {”(1) ~ , =~ =70y (not summed).

w0 0
g= 0 pay O ) (2.39)
0 0 us

or ,
G =D mpvr@ oy,
=1
These eigenvalues are related to the stretch because if we decompose a unit vector into the
eigenbasis, n = n;vs, then from equation (2.32)

An) = nGygn; =

and so the stretches in the direction of the eigenvectors are the square-roots'” of the associated
eigenvalues

)\(’Uf) = )\(f) = u(f). (2.40)

The three quantities )\(f) are called the principal stretches and the associated eigenvectors are the
principal axes of stretch.

1"We could have anticipated this result because the metric tensor was formed by taking the square of the lengths
of line elements.



These results motivate the definition of another symmetric tensor in which the eigenvectors
remain the same, but the eigenvalues coincide exactly with the stretches

The deformed metric tensor can be written as the product of the deformation gradient tensor and
its transpose, so in matrix form in Cartesian coordinates (although the coordinates don’t matter
because the quantities are all tensors)

c=F'F=U~

Recall that the matrix ¢ is the Cauchy-Green deformation tensor, which is the deformed metric
tensor when the Lagrangian and Eulerian coordinates are both Cartesian. We define

R=FU'! = F=RU,
and note that because U is symmetric U=' = U~ and so
RTR= (FUT)T(FU™) = U"F'FU™' = U~ 'U°U ! =1,

so R is orthogonal. Hence, F can be written as the product of an orthogonal transformation (rota-
tion) and U which is known as the (right) stretch tensor'®. The interpretation is that, in addition
to rigid-body translation, any deformation consists (locally) of a rotation and three mutually or-
thogonal stretches — the principal stretches, which are the square-roots of the eigenvalues of the
deformed metric tensor.

2.4.4 Alternative measures of strain

The strain is zero whenever the principal stretches are all of unit length, so in the eigenbasis
representation the matrix of components of the right stretch tensor is U = |. However, the eigenbasis
is orthonormal and therefore any other Cartesian basis is obtained via orthogonal transformation
so that the matrix representation of the stretch tensor becomes,

U=QUQ"=QIQ" =QQ" = 1.

Hence, if the strain is zero then U = | when the stretch tensor is represented in any orthonormal
coordinate system. Transforming to a general coordinate system would give U;; = g;; in the zero
strain case, where g;; is the undeformed metric tensor.

We can define general strain measures using tensor functions of the right stretch tensor F(U).
In the eigenbasis U is diagonal and we define F(U) by

FU) =

M«

(A vy,

~)
Il

1

where f(r) is any monotonically increasing function such that f(1) = 0 and f (1) = 1. The
monotonicity ensures that an increase in stretch leads to an increase in strain; the condition f(1) =0

18This result is often called the polar decomposition. It is unique and the orthogonal transformation does not
involve any reflection because det R > 0, which follows from det U > 0 and det F > 0.



means that when there is no stretch there is no strain; and the condition f (1) = 1 is a normalisation
to ensure that all strain measures are the same when linearised and consistent with the theory of
small deformations. Admissible functions include

f(:p):E(xm—l) (m#0) and Inz (m =0).

In orthonormal coordinate systems, we can then write the corresponding strain measures as

1
— U™ —=1) (m#0) and InU (m=0).
m
The case m = 2 corresponds to the Green—Lagrange strain tensor; the case m = —2 is the

Almansi strain tensor; the case m = 1 is called the Biot strain tensor and the case m = 0 is called
the Hencky or incremental strain tensor.

Note that it is only the Green—Lagrange and Almansi strain tensors that can be formed without
prior knowledge of the eigenvectors, so these are most commonly used in practice.

2.4.5 Deformation of surface and volume elements

Lecture 8
Having characterised the deformation of material line elements, we will also find it useful to con- e

sider the deformation of material surfaces and volumes. This will be particularly important when
developing continuum conservation, or balance, laws.

Volume elements

We already know from equation (1.46) that a volume element in the undeformed configuration is
given by dVy = /g d¢ 1d€2dg3. The corresponding volume element in the deformed configuration is

given by dV, = /G d¢'de2de®. Hence, the relationship between the two volume elements is

dV, = /G /g V. (2.41a)
From equation (2.19) '
0X; 0X;o¢
ox J N 88 ox J7
which means that J = det F = v/G/,/g from equation (1.44). Thus we can also write the change in
volume using the determinant of the deformation gradient tensor

Fry=

AV, = det FdV, = J AV (2.41D)

Surface elements

If we now consider a vector surface element given by da = nda in the undeformed configuration,
where da is the area and m is a unit normal to the surface. We can form a volume element by
taking the dot product of the vector surface element and a line element dr, so

dVy, = dv =dr-da = nydryda.
From equation (2.41b) the corresponding deformed volume element is

th =dV = J’fl] d?"[ da = N[ dR[ dA = dR'dA,



where dA = N dA is the deformed vector surface element. From equation (2.19) dR; = Fy;dry,
SO
Jn]dT[da:N]F[JdTJdA, = JTLJdCL:N[F]JdA

= dA;=N;dA=Jn;F;}/da=JF;}/da; = NdA=JF "ndq, (2.42)
a result known as Nanson’s relation.
Converting to general tensor notation, we decompose the deformed area vector dA = N dA
into the deformed contravariant basis in the Eulerian coordinates x?, to obtain

X! J X! J J J J
7B WC\ S A I\ SO LS M L M L (2.43)

o' OXT T oxt o O’ 08 o'
where the undeformed area vector has been decomposed into the undeformed contravariant basis
in Lagrangian coordinates, da = da;g*. Thus, the transformation is similar to the usual covariant
transformation between Eulerian and Lagrangian coordinate systems, but with an additional scaling
by J to compensate for the change in area.

2.4.6 Special classes of deformation

If the deformation gradient tensor, Fj;, is a function only of time (does not vary with position)
then the deformation is said to be homogeneous. In this case, the equation (2.19)

dR[(t) = F[J(t) dTJ,

and integrating between two material points, at positions @ and b in the undeformed configuration,
gives

A[(t) —B](t) = F[J(t) (a[—b]), (244)
where A and B are the corresponding positions of the material points in the deformed configuration.

Equation (2.44) demonstrates that straight lines are carried to straight lines in a homogeneous
deformation. Furthermore, any homogeneous deformation can be written in the form

X[ = A[(t) +F1J(t)$J.

e Pure strain is such that the principal axes of strain are unchanged, which means that the
rotation tensor in the polar decomposition is the identity R = I.

¢ Rigid-body deformations are such that the distance between every pair of points remains
unchanged and we saw in Example 2.4 that the strain is zero in such cases. We can also show
that in this case the invariants are Iy = I, = 3 and I3 = 1.

e Isochoric deformation is such that the volume does not change, which means that J =

VI =1.

e Uniform dilation is a homogeneous deformation in which F;; = Ad;;, which means that all
the principal stretches are X. In other words, the material is stretched equally in all directions.

e Uniaxial strain is a homogeneous deformation in which one of the principal stretches is A
and the other two are 1, i.e. the material is stretched (and therefore strained) in only one
direction.

e Simple shear is a homogeneous deformation in which all diagonal elements of F are 1 and
one off-diagonal element is nonzero.
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2.4.7 Strain compatibility conditions

The strain tensors are symmetric tensors which means that they have six independent components,
but they are determined from the displacement vector which has only three independent compo-
nents. If we interpret the six equations (2.31) as a set of differential equations for the displacement,
assuming that we are given the strain components, then we have an overdetermined system. It
follows that there must be additional constraints satisfied by the components of a strain tensor to
ensure that a meaningful displacement field can be recovered.

One approach to determine these conditions is to eliminate the displacement components from
the equations (2.31) by partial differentiation and elimination, which is tedious particularly in
curvilinear coordinates. A more sophisticated approach is to invoke a theorem due to Riemann that
the Riemann-Christoffel tensor formed from a symmetric tensor g;; should be zero if the tensor is
a metric tensor of Euclidean space. The Riemann-Christoffel tensor is motivated by considering
second covariant derivatives of vectors

viljr = (vil )l = (vilj) . — Tho(vil;) = T (vile),
see Example Sheet 1, q. 10. Writing out the covariant derivatives gives

l ! k kol k ki
Viljr = vigr — Uiy ,00 — Dyjoe — Doy + T3 Dy — T vi g + 15,101 (2.45a)

ij,r Jr—i
Interchanging r and j gives

! ! k k 1l k k
Vilrj = vipj — Ty o0 — Dy — ok, + U0 — Tlvg e + T T 0 (2.45Db)

ir,J
and subtracting equation (2.45b) from equation (2.45a) gives

[l ! k k _ pl
Vil jr — Vilrj = [F - Fij,r + Firrkj - Pijl_‘kr} v = R.ijr v,

g
after using the symmetry properties of the Christoffel symbol and the partial derivative. The
quantities on the left are the components of the type (0,3) tensors and v; are the components of
a type (0,1) tensor, which means that R';;. is a type (1,3) tensor called the Riemann-Christoffel
tensor. Thus if R’ = 0, then covariant derivatives commute. The tensor is a measure of the
curvature of space and in Cartesians coordinate in an Eulerian space the Christoffel symbols are all
zero, which means that R?ijT = 0 in any coordinate system in our Eulerian space.

A physical interpretation for compatibility conditions is that a deformed body must “fit together”
so that a continuous region of space is filled. Thus, the tensor G;; associated with the deformed
material points must be a metric tensor of our Euclidean space and the required conditions are that

the Riemann-Christoffel symbol associated with G;; must be zero. We can use the relationship

(G —9i5) = Gij =2y + gy,

DN | —

Yi; =

to determine explicit equations for the conditions on the components of the Green—Lagrange strain
tensor 1,5, but these are somewhat cumbersome.

2.5 Deformation Rates

In many materials, particularly fluids, it is the rate of deformation, rather than the deformation
itself that is of most importance. For example if we take a glass of water at rest and shake it
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(gently) then wait, the water will come to rest and look as it did before we shook it. However,
the configuration of the material points will almost certainly have changed. Thus, the fluid will
have deformed significantly, but this does not affect its behaviour. The obvious “rates” are material
time derivatives of objects that quantify the deformation. The general approach when computing
material derivatives of complicated objects is to work in the undeformed configuration, by using (or
transforming to) Lagrangian coordinates, in which case the time-derivative is equal to the partial
derivative and the coordinates are fixed in time. We shall use such an approach throughout the
remainder of this chapter.
A measure of the rate of deformation of material lines is given by

= (4R?) = g?;

ot

d o G, G, S
(IdRJ*) = g' (Giydgtag’) = (W -G+ Gy ) dglae,
13 3

3

because the Lagrangian coordinates ' are fixed on material line and are independent of time. The
fact that time and the Lagrangian coordinates are independent means that
DG; B R 0 DR
Dt Ot |, otoe  0& Dt

v; = (ViG") , = Vill.G", (2.46)

3

where || indicates covariant differentiation in the Lagrangian deformed basis with covariant base
vectors G; and contravariant base vectors G'. Thus,

D o o
Dy ([dRJ?) = (Vil:G*-G; + Vi||;Gs-G") d€'de’ = (Vi||; + V;l|;) d&'de’.

Now because the undeformed line element dr has constant length, we can write

D D D o o
— ([dR)?) = = (|dRJ? — |dr|?) = = (2v;; d€'dE?) = 2%, dglded
where D .
. Yij
Yij = Dtj = 5 illy + Vjlla) (2.47)

is the (Lagrangian) rate of deformation tensor and is the material derivative of the Green-Lagrange
strain tensor.
_ Alternatively, we could have decomposed the velocity into the (curvilinear) Eulerian coordinates
X7, in which case i
v ox' ov ax

ov _ k
oc ~ 9g o o IS
and then
D x ot D
o7 (dRP) = (af VilllG"G; + 55 Vil GHG ) dg'ag’,
aX ax m. 0)( 8X o
ax* 0! -
= (Viells+ Vill)) 57 822 d'de’ = 2D dyFa, (2.48)
where .
Diz = 5 (Vill; + Vill?)



is the Eulerian rate of deformation tensor in components in the Eulerian curvilinear basis.

At a given time, we can recover the Lagrangian rate of deformation tensor from the Eulerian by
simply applying the appropriate covariant transformation; ;; is the pullback of D’ and is therefore
equal to D;; componentwise.

However, an important point is that although the Lagrangian rate of deformation tensor is the
material time-derivative of the (Green-Lagrange) strain tensor. The Eulerian rate of deformation
tensor, in general, does not coincide with the spatial or material time-derivative of an Eulerian
strain tensor because the Eulerian coordinates themselves vary with time.

In the Eulerian representation (in Cartesian coordinates for convenience)

D (21, axiax,) = 2251 ax, ax, + 212, 2D ZoL)
and the material time derivative of the Eulerian line element is not zero in general. In fact, making
use of Lagrangian coordinates,

DXy) _ D (0X;, \_ 0 (DXr\ .
Dt Dt \ox, 7)) ox, \ Dt 7

D
_t (|dR|2) = dX;+ 2F,;dX;

because the material derivative and the Lagrangian coordinates are independent. By definition, the
material derivative of the Eulerian position is the Eulerian velocity, which in Cartesian coordinates
is given by V' = V;ey, so

D(dX;) 0V oVr 0Xk oVr

= d -
Dt 8:&; = 8XK aLEJ T 8XK

dXk.

Thus,

D
5 (2B1, dX1dX)) =2

1

XrdX

Dt AXrds
—2D**dX dX _2D1JdX[dXJ,

after transformation to Cartesian coordinates. The equation is valid for arbitrary dX; and d X, so
Ery =Dy — EixVis — ExiVir. (2.49)

Hence, if the Eulerian rate of deformation Dy is zero, but the material is strained Ej; # 0, an
Eulerian observer will perceive a rate of strain of

Er; = —EixVik — ExsVir,

which is a consequence of the movement of the material lines in the fixed Eulerian coordinate
system.

2.5.1 Rates of stretch, spin & vorticity

The Eulerian velocity gradient tensor is given by

oV

Liz=Vil;, or Li;= X,

which means that the (Eulerian) deformation rate tensor is the symmetric part of the (Eulerian)

velocity gradient tensor,

1
D5 =

i=5 (Li5 + Ls3) - (2.50)
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The antisymmetric part of the (Eulerian) velocity gradient tensor is called the spin tensor

Wﬁ:

L

(Lig = Lyi)

N =

and so by construction

The vorticity vector is a vector associated with the spin tensor and is defined by

F_ Rij L %355 %ij
wh = WG = St (Vi = Villp) = Vil

where €7F is the Levi-Civita symbol in the Eulerian curvilinear coordinates x*, which means that
w = curl,V,

in the Eulerian framework.

We can now use the same arguments as in §2.4.2 to demonstrate that the the diagonal entries
Dy (not summed) are the instantaneous rates of stretch along Cartesian coordinate axes and that
the off-diagonal entries represent the instantaneous rate of change in angle between two coordinate
lines, or one-half the rate of shearing.

In addition, equation (2.46) expresses the material derivative of our Lagrangian base vectors,
i.e. how lines tangent to the Lagrangian coordinates evolve with the deformation. Expressing the
equation (2.46) in Cartesian coordinates gives

pr — G D ¢ = Wligxren
DFy,; ock OX DFy,
Di UkH X, IH I.K 852 ILKI'K Dt IKIKJ ( )

which demonstrates that the material derivative of the deformation gradient tensor is simply the
velocity gradient tensor composed with the deformation gradient. A physical interpretation is that
it is gradients (differences) in velocity that lead to changes in material deformation, which explains
the above identification of the rate of deformation with the velocity gradient.

We next introduce the relative deformation gradient tensor, in which we measure the deformation
from the initial state to a time 7 and then the deformation from time 7 to a subsequent time t.

Then
. 8X1(t) . aX[(t) aXK(T)

- 83}J N aXK(T) 8117

FIJ(t) :F]K(t,T)FKJ(T),
where Fyp(t, ) is called the relative deformation gradient tensor. The deformation gradient at the
fixed time 7 is independent of ¢ so that

DFIJ DF[K(t,T)
= F 2.52
Dt Dt KJ(T)7 ( i) )

and taking the limit 7 — ¢ of equation (2.52) and comparing to equation (2.51) we see that

DF(t, T)

DF t, T ) .
L = Vi k, or written as matrices —Dr =1L,

Dt

T=t T=1



and the instantaneous relative deformation tensor is given by the Eulerian velocity gradient tensor.
We can now use the polar decomposition to write

DF  D(RU)
— = —L=D+W
Dt Dt | _ +
- DU DR -
= - ~—| U =D+W.
T=t Dt _ + Dt _ T=t _I—

Now the relative rotation R and stretch U tensors both tend to the identity as 7 — ¢ and there is
difference between the state at 7 and t. Thus,

DR
Dt

DU

2= D+ W
Dt *

T=t

T=t
The (right) stretch tensor U is symmetric which means that
DR

an Di

DU

i —W
Dt ’

T=t

T=t

with the interpretation that the instantaneous material rate of change of the stretch tensor, i.e. the
rate of stretch is given by the Eulerian deformation rate tensor; and the instantaneous material rate
of rotation is given by the spin tensor.

2.5.2 Material derivative of volume and area elements

Lectur 8
A volume element in the current (deformed) position is given by (cetii)u ’

AV, = VG detdg?de’,
so the material derivative of the volume gives the dilation rate

DAV, DVG . .5 .
D =y dgdgide’.

We use a similar approach to that in the proof of the divergence theorem to determine

DVG 1 DG 1 0G DGy
Dt 2/G Dt 2\/GJG; Dt

From comparison with equation (1.56) we have

oG y
=GGY 2.53
and using equation (2.46)
DG;; DG, DG;
7 = Git =G = Vil + Vil

Dt Dt Dt



Hence,

DVG 1
Dt 2\G

after change of coordinates from Lagrangian to FEulerian. In other words, the rate of change of a
volume element is given by

. 1 . . ) -
GG (Vill; +Vills) = 5VG (VI + VL) = VGV =VEVIE, (259)

D dy,

b = VIVGAgdgag = Vilizav,

and the relative volume change, or dilation, is

1 DdV,
dv, Dt

=V||; = div,V, (2.55)

the divergence of the Eulerian velocity field.
The material derivative of an area element can be obtained by using the equation (2.43) to map
the area element back into the Lagrangian coordinates

DdA; o _ [DJog D [0¢
Dt Dt <J8x daﬂ) B [Dt o MY (axiﬂ da;

_ 7
TS —vmj%
ox’ ox!

a; = V¥lzdA; — V[:dAr. (2:56)

The first term is obtained on using the result (2.54) divided by /g because J = /G/g and /g is
constant under material differentiation. The second term uses the result that

5 (5) = VIS (257

which has a non-trivial derivation in curvilinear coordinates!® because we need to be careful about
what is being held fixed when computing all the derivatives. Firstly, we note that

D aXf D /- 8)(3
D) D 5y 0%
Dt \ 0¢ Dt ot -

19The derivation in Cartesians is even simpler because the complexity of covariant differentiation is finessed,

i
ox!

+ VT YT, (2.58)

t

0X,\ _ 9 DXy Vs _ OVy OXk _,, 0Xk _ DF_
81‘] 8.%‘] Dt 833[ o EJXK 8.%‘[ UK 81}1 ’ Dt - ’
and then
2 6XJ 6x1 _2 8XJ 8331 +8XJ 356‘[ D(5 ) O
Dt \ dx; 0X,) Dt \ dx; ) X, ' dz; Dt \ox,) Dt "
8X] (%1 _ Y BXJ al'] o 8XK 8$[ -V s -V
833[ Dt 00Xy, o 81‘[ 0Xp, B J K ox; 0Xp, JEOKL = L

D [Oxg dr g DF—! 1
= =V = —FIL.
t (8XL> Mox, U Dt



because although the quantity X?j is a two-point tensor, the Lagrangian component is unaffected

by material differentiation. Thus, the material derivative of X?j is the same as for a contravariant

vector component. The velocity is given by

_ OR(X'(r.1))
ot

_OR 0X*

o
, 3)(@ ot

v ot

Gi’)

7

r

T

which means that the components of the Eulerian velocity vector in the basis G; are given by

Vi= 88—{|T. Thus, equation (2.58) can be rewritten as
D (o) _oxy| . o| O, I
Dt (88) o | T or| g | T TN T g Y ey (2.59)
r r ¢

where d/dt is the total derivative with respect to time and, in the Eulerian framework, X?j is a
function of x*(¢) and ¢. Now,

Ay d (o @.)\ o (o' o [ax\ oV

dt  dt &I Cot\ogi ] ogi \ ot ] ogi’

because the Lagrangian coordinates are not functions of time and so the partial time derivative is
equal to the material derivative. Equation (2.59) can therefore be written as

D aX; i I —m 7 I | —m i i
Dt (8@) = V,j +V FZmX,j = [Vﬁ—l—V Fim] X, = 4 ||mX,j7

after using the chain rule. The right-hand side has the appropriate two-point tensor transformation
properties.
In order to derive equation (2.57), we use the fact that

k i
2 a{ﬁﬁxl :2(51?) _0,
Dt axlaéj Dt VM
D (o axlagkg X" 0
Dt \oyi) 9¢ ~ axiDt \ o7 |

L Dogyox  od D foxt)y | ogt s oxT
Dt \oyi) 0¢ — oyiDt\ogi | oy oL

to write

and multiplying both sides by 97 /0x! gives

D (9" o+
a7 ) =35V
Dt \ ox Ox

as required.
We can interpret the result for the transformation of the area element as follows

DdA; % 7
B = Vg dA; - V4,
Material Derivative = Volume Expansion — Expansion normal

of Area to Area Element.



2.6 The Reynolds Transport Theorem

The Reynolds transport theorem concerns the time derivative of integrals over material volumes
(although it can be generalised to arbitrary moving volumes by considering a new set of coordinates
that move with the volume in question rather than with the fluid)

OI(t) dI(t) d
ot At dt

¢ dV.

Integrating ¢(R,t) over space means that Z is a function only of ¢ so the total derivative is equal
to the partial derivative. Firstly we transform the material volume to the equivalent undeformed
volume

dz

W= | ovalvaacagas = § [ ovaran,

and because the undeformed volume is fixed, we can take the time derivative under the integral so

that
g%gg(asm)dvo:/%( JETa+ 0 F)

In the undeformed configuration we take the partial time derivative with r held constant, i.e. the
material derivative D/Dt = 0/0t, and

az D¢ ¢ DVG B D¢ : G B D¢ -
L (BT 52 [ (B v fSan [ (B eovn) v

after using equation (2.54) and transforming back to the material volume. Thus, we can write

d Do
T ¢th / <E+¢V V) av,,

or expanding the material derivative

d Do B dp _
" ¢>th /ﬂ (a_“/ V.0 + 0V, V) th—/Qt (8—+v (qu)) dV,;

and using the divergence theorem

d 99

o ¢ av, = v, + | ¢V-NdS,

Q at o

which means that the time rate of change of a quantity within a material volume is the sum of
its rate of change obtained by treating the volume as fixed and the flux of the quantity across the
boundaries (due to the movement of the boundaries).
In fact, the result is the multi-dimensional generalisation of the Leibnitz rule for differentiating
under the integral sign when the limits are functions of the integration variable. Consider
ar dr o [0 Jutiise) Fla b+ 6t) do — fcf((tt)) fa,t)dx

ez _ < — lim
ot~ dt Ot Ju flw,t)de = lim, 5t ’




from the fundamental definition of the partial derivative. Splitting up the domain of integration for
the first integral gives

oI Sttt sy Pl t+ 6ty do + [10) fla,t+ 6t da+ [y flat+6t) de — [1) f(2,t) do

or . (t-+6t) alt)
50 am ot

Now, assuming that all the limits exist we can write

() _
%:/b lin @00 = fl@ )]

a(t) t—0 5t

X

a(t+6t) b(t)

The first integral is simply the integral of 0 f /0t and the others can be written using the mean value
theorem as the product of the length of the integration interval and the function evaluated at some
point within the interval, so

1 a(t) b(t+5t)
+lim — / f(m,t—l—&)dx—i—/ flz,t+0t)dx| .

%: /a(t) g{ dr + 61%51 (a(t) = alt + 60| f (z,72) + [b(t + 6t) — b(t)] f(z, )},

where a(t) < 7, < a(t+ dt) and b(t) < 7, < b(t + dt). Using Taylor’s theorem to expand the terms
a(t 4 6t) and b(t + dt) we obtain

6t—0

oI of , /
E:/a(t) atdx—i—hm{ at)f(z,7a) + 0 () f(z,7)} = /(t dz —a'(t) f(z,a) + () f(z,0),

because 7, — a and 7, — b as 0t — 0, where the last two terms can be identified as the flux of f
out of the moving domain.



