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1. You have been given the following constitutive law for the Helmholtz free energy, Φ, of an unknown
continuum material:

Φ = Θ +
D

Dt
(F : F) ,

where F = ∇rR is the deformation gradient tensor.

(i) Is this law more suitable for a solid-like material, a fluid-like material or a material with aspects
of fluid and solid behaviour? Explain your reasons.

(ii) Thermal effects are included by adding the term ∇
R
Θ to the free energy, where Θ is the tem-

perature. Explain whether this would lead to a valid constitutive law, giving reasons for your
answer.

[4 marks]

2. A chemical transported within a continuum has concentration (masses per unit deformed volume)
given by C(R, t) and a net production rate of S(C,R, t)

(i) Explain why the equation for conservation of mass can be written in the form

D

Dt

∫

Ωt

C dVt =

∫

Ωt

S dVt,

and hence define the units of S.

(ii) If there is an additional flux of mass across the boundaries of the domain show that the conser-
vation of mass can be written in the form

∂C

∂t
+∇

R
· (CV + J) = S,

where V is the velocity of the continuum and J is the mass flux vector, which should be defined
precisely.

[10 marks]
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3. In Cartesian coordinates, XI , the force per unit deformed area on a surface with outer unit normal
N is given by a stress vector with components TI = TJINJ , where TJI are the Cartesian components
of the Cauchy stress tensor.

(i) By considering a transformation to a new set of Cartesian coordinate, or otherwise, show that
the Cauchy stress tensor does satisfy tensor transformation properties.

(ii) Is the Cauchy stress tensor objective?

(iii) Explain why the material derivative of the Cauchy stress tensor is not objective.

(iv) Show that the Truesdell stress rate

DT

Dt
+ trace(D)T− LT− TLT ,

is objective. Here, L = ∇RV is the velocity gradient tensor and D is the symmetric part of L.

You may use the fact that L = ḞF−1, where F is the deformation gradient tensor.

[12 marks]
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4. An incompressible, hyperelastic solid cylinder has undeformed radius 1 and undeformed length 12.
The cylinder undergoes a deformation such that it remains cylindrical with no twist and its radius
is doubled uniformly. The strain energy function of the solid material is given by

W = (I1 − 3) + (I2 − 3).

(i) Write down the deformed position in components in a global Cartesian coordinate system as
a function of the cylindrical polar coordinates (r, θ, z), aligned with the undeformed cylinder.
State any additional assumptions that you have made.

(ii) Write down the deformed position in components in a global Cartesian coordinate system as a
function of the undeformed Cartesian coordinates (x, y, z).

(iii) Hence, compute the three strain invariants corresponding to this deformation using both polar
and Cartesian undeformed coordinates and confirm that they are indeed invariant.

(iv) Compute the stress tensor T ij in the deformed solid in either polar or Cartesian coordinates
and find the conditions on the solid pressure, P , such that Cauchy’s equations are satisfied in
the absence of body forces and accelerations.

Hint: In cylindrical polar coordinates (ξ1, ξ2, ξ3) = (r, θ, z), where the Cartesian coordinates are given
by x = r cos θ, y = r sin θ, and the only non-zero Christoffel symbols are given by

Γ2
12 = Γ2

21 =
1

r
and Γ1

22 = −r.

[18 marks]
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5. Damage to the internal structure of rubber-like materials can be modelled using a Helmholtz free
energy function, Ψ, of the form

Ψ(γij, ζ) = (1− ζ)Ψ0(γij),

where Ψ0 is the strain energy function of an undamaged material, γij is the Green–Lagrange strain
tensor, and ζ ∈ [0, 1] is a scalar known as the damage variable.

(i) Interpret the above equation in the limits ζ = 0 and ζ = 1?

(ii) By using the Clausius–Duhem inequality and assuming isothermal conditions show that

sij = (1− ζ)ρ0
∂Ψ0

∂γij

and that
Dint ≡ f ζ̇ ≥ 0,

where f is to be found.

(iii) Show that ḟ represents an effective stress power per unit mass.

(iv) Hence, show the evolution equation for the stress tensor is

ṡij = (1− ζ)ṡij0 − ζ̇sij0 ,

where sij0 is to be defined.

(v) If Ψ0 = I1 − 3 and ζ = 1 − e−t for t ≥ 0, find an explicit expression for sij as a function of t,
assuming that sij = 0 at t = 0.

[18 marks]
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6. An incompressible, generalised Oldroyd B fluid has the constitutive relationship

T = −P I+ T̃,

where P is the fluid pressure and the extra-stress, T̃, satisfies the relationship

T̃+ λ1T̃
∇ = η0 D+ λ2 D

∇,

where η0, λ1 and λ2 are constants. The upper-convected derivative is defined by

A∇ =
DA

Dt
− LA− ALT ,

where L = ∇
R
⊗ V is the Eulerian velocity gradient tensor and D is the symmetric part of L.

The fluid is driven within a cone-and-plate device in which the cone rotates at a constant angular
velocity Ω and the plate is fixed. The fluid occupies the region π/2 − α ≤ θ ≤ π/2, in a spherical
polar coordinate system (ξ1, ξ2, ξ3) = (r, θ, φ), with origin at the point where the cone meets the
plate.

α

θ

Ω

Plate

Cone

(i) Write down no-slip boundary conditions on the cone and the plate. Why is V = r sin θF (θ)eφ a
plausible form for the velocity field? Here eφ is a unit vector in the direction of rotation and
F (θ) is an arbitrary function of θ.

(ii) Let the velocity V = V igi, where gi are the covariant base vectors of the spherical polar
coordinate system. Assuming that V has the form given in (i) find V i in terms of F (θ).

(iii) In the case when λ1 = 0 find expressions for the non-zero components of stress tensor T ij in
terms of F and its derivatives, as well as θ, r, P and the constants arising in the constitutive
law.

(iv) Find the stress in the case when F is a constant and explain the physical circumstances under
which this can occur.

You may use the fact that in spherical polar coordinates the position is given by

r = r sin θ cosφex + r sin θ sinφey + r cos θez,

and the only non-zero Christoffel symbols are

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 =
1

r
, Γ3

23 = Γ3
32 =

cos θ

sin θ
,

Γ1
22 = −r, Γ1

33 = −r sin2 θ, Γ2
33 = − cos θ sin θ.

[18 marks]
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FORMULA SHEET

• For a general (Lagrangian) coordinate system ξi:

gi =
∂r

∂ξi
, gi·g

j = δji , gij = gi·gj, g = det(gij).

Gi =
∂R

∂ξi
, Gi·G

j = δji , Gij = Gi·Gj, G = det(Gij).

• For a scalar field f(x) and vector field u(x)

∇f = gi ∂f

∂ξi
, divu =

1√
g

∂
(
ui
√
g
)

∂ξi
, curlu = ǫijkuj|igk.

• The material derivative in general coordinates is

DU i

Dt
=
∂U i

∂t
+ V jU i||j,

where V is the velocity of the continuum and

U i||j = U i,j + Γi
jkU

k,

where Γi
jk are the Christoffel symbols for the chosen coordinate system in the deformed config-

uration.

• Cauchy’s equation in the usual notation in components in general coordinates ξi is

T ji||j + ρF i = ρÜ i = ρ
DV i

Dt
, where T ji||j = T ji

,j + Γj
jrT

ri + Γi
jrT

jr.

• The material derivative of the determinant of the deformation gradient tensor is

DJ

Dt
= J∇

R
·V .

• The Reynolds Transport theorem states that

d

dt

∫

Ωt

φ dVt =

∫

Ωt

(
Dφ

Dt
+ φ∇

R
·V

)
dVt,

where Ωt is a material volume, φ is a scalar field and V is the velocity of the continuum.

• For a Cartesian line element dXI in the deformed configuration

DdXI

Dt
= VI,KdXK ,

where VI is the I-th Cartesian component of the velocity.
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• Nanson’s relation states that

dAi = J
∂ξj

∂χi
daj,

where ξj are the Lagrangian coordinates, χi are the Eulerian coordinates, J is the determinant
of the deformation gradient tensor, dA is an area element in the deformed configuration and
da is an area element in the undeformed configuration.

• The Green–Lagrange strain tensor is defined by

γij =
1

2
(Gij − gij) .

• The strain invariants are defined by

I1 = gijGji, I2 =
1

2

(
I21 − girgjsGijGrs

)
, I3 = G/g,

where g = det(gij) and G = det(Gij)

• A hyperelastic material is described by a strain energy function W(I1, I2, I3) such that

T ij = PGij + Agij + BBij,

where

A =
2√
I3

∂W
∂I1

, B =
2√
I3

∂W
∂I2

, P = 2
√
I3
∂W
∂I3

,

and Bij =
[
I1g

ij − girgjsGrs

]
.

• The physical components of the stress tensor are given by σ(ij) = T ij
√
Gjj/Gii (no summation).

• The body stress tensor T ij and second Piola–Kirchhoff stress tensor sij are related by the
expression JT ij = sij.

• The first law of thermodynamics can be written as

ρ
DΦ

Dt
= T : D+ ρB −∇

R
·Q+We,

where We is any additional non-thermomechanical rates of work.

• The second law of thermodynamics for continuum mechanics can be written as

ρη̇ ≥ −∇
R
·

(
Q

Θ

)
+ ρ

B

Θ
.

• The Clausius–Duhem inequality is

−ρΨ̇− ρηΘ̇− 1

Θ
Q·∇

R
Θ+ T : D ≥ 0,

where Ψ = Φ− ηΘ; or (in the Lagrangian viewpoint)

−ρ0ψ̇ − ρ0η0θ̇ −
1

θ
q·∇

r
θ + sij : γ̇ij ≥ 0,

where ψ = Ψ.
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• The most general transformation of position and time between observers in Euclidean space is

R∗(t∗) = Q(t)R(t) +C(t), t∗ = t− a,

where Q is an orthogonal matrix, C is a translation vector and a is a constant time shift.

END OF EXAMINATION PAPER
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