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FORMULA SHEET

• For a general (Lagrangian) coordinate system ξi:

gi =
∂r

∂ξi
, gi·gj = δji , gij = gi·gj, g = det(gij).

Gi =
∂R

∂ξi
, Gi·Gj = δji , Gij = Gi·Gj, G = det(Gij).

• For a scalar field f(x) and vector field u(x)

∇f = gi ∂f

∂ξi
, divu =

1√
g

∂
�
ui√g

�

∂ξi
, curlu = �ijkuj|igk.

• The material derivative in general coordinates is

DU i

Dt
=

∂U i

∂t
+ V jU i||j,

where V is the velocity of the continuum and

U i||j = U i,j + Γi
jkU

k,

where Γi
jk are the Christoffel symbols for the chosen coordinate system in the deformed config-

uration.

• The deformation gradient tensor F = ∇rR has components Cartesian coordinates given by

FIJ =
∂XI

∂xj

.

The determinant of F is denoted by J .

• The Eulerian velocity gradient tensor, L, has components in Cartesian coordinates given by

LIJ =
∂VI

∂XJ

.

• The deformation rate tensor, D and spin tensor, W are defined by

D =
1

2

�
L+ LT

�
, W =

1

2

�
L− LT

�
.

• Cauchy’s equation in the usual notation in components in general coordinates ξi is

T ji||j + ρF i = ρÜ i = ρ
DV i

Dt
, where T ji||j = T ji

,j + Γj
jrT

ri + Γi
jrT

jr.

• The material derivative of the determinant of the deformation gradient tensor is

DJ

Dt
= J∇

R
·V .
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• The Reynolds Transport theorem states that

d

dt

�

Ωt

φ dVt =

�

Ωt

�
Dφ

Dt
+ φ∇

R
·V

�
dVt,

where Ωt is a material volume, φ is a scalar field and V is the velocity of the continuum.

• For a Cartesian line element dXI in the deformed configuration

DdXI

Dt
= VI,KdXK ,

where VI is the I-th Cartesian component of the velocity.

• Nanson’s relation states that

dAi = J
∂ξj

∂χi
daj,

where ξj are the Lagrangian coordinates, χi are the Eulerian coordinates, J is the determinant
of the deformation gradient tensor, dA is an area element in the deformed configuration and
da is an area element in the undeformed configuration.

• The Green–Lagrange strain tensor is defined by

γij =
1

2
(Gij − gij) .

• The strain invariants are defined by

I1 = gijGji, I2 =
1

2

�
I21 − girgjsGijGrs

�
, I3 = G/g,

where g = det(gij) and G = det(Gij)

• A hyperelastic material is described by a strain energy function W(I1, I2, I3) such that

T ij = PGij + Agij + BBij,

where

A =
2√
I3

∂W
∂I1

, B =
2√
I3

∂W
∂I2

, P = 2
�
I3
∂W
∂I3

,

and Bij =
�
I1g

ij − girgjsGrs

�
.

• The physical components of the stress tensor are given by σ(ij) = T ij
�
Gjj/Gii (no summation).

• The body stress tensor T ij and second Piola–Kirchhoff stress tensor sij are related by the
expression JT ij = sij.

• The first law of thermodynamics can be written as

ρ
DΦ

Dt
= T : D+ ρB −∇

R
·Q+We,

where We is any additional non-thermomechanical rates of work.
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• The second law of thermodynamics for continuum mechanics can be written as

ρη̇ ≥ −∇
R
·
�
Q

Θ

�
+ ρ

B

Θ
.

• The Clausius–Duhem inequality is

−ρΨ̇− ρηΘ̇− 1

Θ
Q·∇

R
Θ+ T : D ≥ 0,

where Ψ = Φ− ηΘ; or (in the Lagrangian viewpoint)

−ρ0ψ̇ − ρ0η0θ̇ −
1

θ
q·∇rθ + sij : γ̇ij ≥ 0,

where ψ = Ψ.

• The most general transformation of position and time between observers in Euclidean space is

R∗(t∗) = Q(t)R(t) +C(t), t∗ = t− a,

where Q is an orthogonal matrix, C is a translation vector and a is a constant time shift.

END OF EXAMINATION PAPER
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