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Eigenvalue-Based Algorithms for Testing
Negative Imaginariness of Scalar
Transfer Functions

Mei Liu“, Kai Feng

Abstraci—This article proposes several algorithms
based on eigenvalue computations for testing negative
imaginariness of scalar transfer functions of single-input
single-output time-invariant linear systems. The input of the
proposed eigenvalue-based algorithms can be any state-
space realization, not necessarily minimal. The algorithms
can test negative imaginariness of descriptor systems
whose transfer functions may be nonproper, and only in-
volve eigenvalues computation of matrices or matrix pen-
cils with fewer restrictions. Finally, illustrative examples
are provided to show how the proposed eigenvalue-based
algorithms are applied for negative imaginariness test.

Index Terms—Eigenvalue computations, negative imagi-
nariness, nonproper transfer functions, state-space realiza-
tion.

[. INTRODUCTION

OSITIVE realness, as a fundamental concept in system
Pand control theory [1], [2], has been widely applied in
the study of circuit analysis [1], robust control [3], adaptive
control [4], and absolute stability [5], [6]. An important research
topic of the study of positive real systems theory is how to test
positive real properties of a given transfer function in terms of
the state-space representation. Methods for checking positive
real properties of a given transfer function based on the fre-
quency conditions, positive real lemma, Riccati equation, and
Hamiltonian matrix have been developed in [1], [5], [7], [8],
and [9]. However, for large-dimensional systems or high-order
systems, the computational cost of these methods may be ex-
pensive. Several eigenvalue-based algorithms in [10] and [11],
which have less computational cost, provide an efficient method
to test positive realness of transfer functions of single-input
single-output (SISO) systems.
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Although the research on positive real systems theory has
achieved fruitful results, one limitation of positive real systems
theory is that the relative degree of positive real transfer func-
tions must be unity or zero [2]. Such restriction has inspired
researchers to study negative imaginary (NI) systems whose
relative degree is between zero and two [12], [13], [14], [15],
[16], [17], [18], [19]. The concept of NI systems was first
established in [12], where NI systems were required to be stable.
Furthermore, the definition of NI systems has been extended
to allow poles on the imaginary axis [13], [14], [15], [16],
[17]. Particularly, the authors in [16] and [17], respectively,
studied the nonproper irrational symmetric NI systems and the
nonproper rational NI systems by allowing poles at infinity.
In addition, the study of NI systems theory was extended to
descriptor systems [18], networked NI systems [20], [21], [22],
[23], fractional-order systems [24], and nonlinear systems [25],
[26].

A key result of NI theory is the stability result developed
in [12], [13], [27], [28], [29], and [30]. Lanzon and Petersen
[12] first presented the internal stability result, by characterizing
the gain condition at zero and infinite frequencies of positive
feedback interconnections, between an NI system and a strictly
negative imaginary (SNI) system. Then, the internal stability
result was extended in [13] and [27] when NI systems have poles
on the imaginary axis. The internal stability results of NI systems
have important application in the study of robust control. The
authors in [28] and [29] derived converse NI theorems and es-
tablished necessary and sufficient conditions for robust feedback
stability against diverse NI uncertainties. Moreover, the robust
stability of feedback interconnections via frequency-dependent
constraints has been studied in [30], which can also be applicable
to NI systems. Several application examples of the NI stability
results could be found in the control of trajectory tracking of a
quadcopter uncrewed aerial vehicle [31], the robust cooperative
control of multiagent systems [20], and the positioning problem
of atomic force microscopes [15], [32]. Moreover, the research
on designing feedback controllers for non-NI systems such that
the resulting closed-loop systems are NI, referred to as NI
synthesis problem, has been addressed in [15], [33], [34], and
[35].

Along this line of research, another main issue on NI systems
theory is how to test NI properties of a given transfer func-
tion. The definition of NI systems was first characterized by
frequency response conditions [12], [13]. Under the assumption
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of minimal state-space realizations, the authors in [12], [13],
and [15] established NI lemmas based on the linear matrix
inequalities (LMIs) to test negative imaginariness. By removing
the assumption of minimal realizations, NI lemmas in [12] and
[13] were proved to be a sufficient condition for NI systems [36].
A method based on spectral conditions was studied in [32]
to test NI or SNI properties of a given transfer function, by
computing the spectrum of Hamiltonian matrices. The authors
in [15] and [37] developed NI or SNI test conditions in terms
of Riccati equations, and Salcan-Reyes and Lanzon [35] further
established several necessary and sufficient conditions to test
SNI or strongly SNI properties based on Riccati equations.
A time-domain characterization of NI systems was proposed
in [38].

The objective of this article is to provide a novel method
based on eigenvalue computations of matrix or matrix pencil
to determine negative imaginariness of SISO scalar transfer
functions. The results of this article are also applicable to de-
scriptor systems whose transfer functions may be nonproper.
Motivations for studying the NI test method based on eigenvalue
computations are threefold.

1) Many practical systems with large dimension or high
order can be modeled as NI systems, such as RLC net-
works [39] and lightly damped flexible structures with a
collocated force actuator and position sensor [13]. When
determining NI properties of large-scale systems, the
checking of frequency conditions and solving the LMIs
are computationally expensive. Moreover, if solutions of
the LMIs exist at the boundary of the convex sets, it is hard
to compute the values of these solutions [32]. Motivated
by the method of eigenvalue-based algorithms in [10] and
[11], this article proposes several eigenvalue-based algo-
rithms to test NI properties of a given transfer function.

2) The existing methods of judging negative imaginariness
need to satisfy technical assumptions. For example, a min-
imal state-space realization is needed in [12], [13], [15],
and [32] and the product of input matrix and output matrix
is required to be positive in [15] and [32]. Removing those
assumptions, the eigenvalue-based methods provided in
this article are more extensive than the existing methods
for testing NI properties of a given transfer function.

3) Descriptor systems have been applied in many engi-
neering fields, such as electric power engineering [40]
and integrated circuit design [41]. Recently, the study of
NI properties of descriptor systems has been addressed
in [18]. However, the results based on LMIs in [18] were
only applicable to proper descriptor systems, while some
engineering systems in practice may be modeled as de-
scriptor systems with nonproper transfer functions [42].
Inspired by this, the eigenvalue-based algorithms pro-
posed in this article provide a new negative imaginari-
ness test approach, which is also applicable to descriptor
systems with nonproper transfer functions.

The rest of this article is organized as follows. In Section II,
the definitions of NI transfer functions of SISO systems are pre-
sented. In Section III, the eigenvalue-based characterization of
negative imaginariness is provided. In Section IV, an algorithm

based on eigenvalue computations is proposed for testing the NI
properties of scalar transfer functions. In Section V, the NI test
algorithm is extended to be applicable to descriptor systems. In
Section VI, three examples are provided to verify the proposed
eigenvalue-based algorithms. Finally, Section VII concludes this
article.

Notations: R™*™ denotes the set of m x n real matrices. R
and C denote the sets of real and complex numbers, respectively.
Re[-] and Im[-] are the real and imaginary part of complex
numbers, respectively. A7 presents the transpose of a matrix
A. A > 0or A > 0denotes areal symmetric positive definite or
real symmetric positive semidefinite matrix. 0 denotes the zero
vector with appropriate dimensions.

[I. PRELIMINARIES

Considering the following class of SISO linear time-invariant
system:

{Ef’n(t) = Az (t) + bu(t) 0

y(t) = cTa(t) + du(t)

where z(t) € R™ is the state vector, u(t) € R is the control
input, y(t) € R is the system output, £, A € R™"*" b, ¢ € R",
d e R. If E is singular, the system (1) is called a singular
system or a descriptor system [43]. The matrix pencil sE — A is
called regular if det(sE — A) # 0 for some s € C. The transfer
function of system (1) is given by

h(s) =T (sE — A)~'b+d. (2)

To make the results meaningful, assume that h(s) # 0 and the
matrix pencil sE — A is regular throughout of rest of this article.
One important case of system (1) is that £/ = I. In this case, the
form in (1) is a normal SISO system with the transfer function

h(s) = cT'(sI — A)~tb+d.

The definition of NI transfer functions is introduced in the
following to determine whether a SISO real-rational transfer
function is NI.

Definition 1 (See [17]): A real-rational transfer function i(s)
is NI if the following conditions hold.

1) h(s) has no poles in Re[s] > 0.

2) For all w >0 such that jw is not a pole of h(s),
Im[A(jw)] < 0.

3) If s = jwo, wo > 0 is a pole of h(s), then it is a simple
pole, and the residue K¢ = lim,_, o, (s — jwo)jh(s) >
0.

4) If s = 0 is a pole of h(s), then lim,_,o s*h(s) = 0 for all
k > 3 and lim,_ .o s2h(s) > 0.

5) If s = joo is a pole of h(s), then lim,,
all k> 3 and limg, . {25} < 0.

Remark 1: Liu and Xiong [17] extended the definition of
NI systems to the case where transfer functions may be non-
proper and have poles at joo. The nonproper transfer function
in this article means that the order of numerator polynomial
is higher than the order of denominator polynomial. If only
one proper transfer function h(s) is considered, conditions 1-4
of Definition 1 are used to determine negative imaginariness

h(w) _
Gt =

0 for
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of h(s) [15]. The condition Im[h(jw)] <0 is equivalent to as

T h(iw) — Bl—i)] > 0.

][hUW) h( ]W)] = 0 SoE —A=LU (5)

The definitions of the lossless NI transfer function and SNI
transfer function are introduced in the following. To avoid the
ambiguity in determining SNI properties of nonproper transfer
functions in the case of poles at infinity, we only consider proper
SNI transfer function in this article.

Definition 2 (See [17] and [44]): A real-rational transfer
function A (s) is lossless NI if the following conditions hold.

1) h(s)is NI
2) Im[h(jw)] = Oforallw > 0 except values of w where jw
is a pole of h(s).

Definition 3 (See [13]): A real-rational proper transfer func-

tion A(s) is SNI if the following conditions hold.
1) h(s) has no poles in Re[s] > 0.
2) Im[h(jw)] < 0 for all w > 0.

[ll. EIGENVALUE-BASED CHARACTERIZATION

In this section, characterizations of negative imaginari-
ness based on eigenvalue computations are developed. In
Section III-A, the transfer function h(s) is firstly transformed
into a new form of (3). In Section III-B, the transfer function
h(s) is further transformed into the form of Lemma 1, which
is characterized in terms of determinants. The poles of h(s) are
transformed into eigenvalue computations of matrix pencils in
Lemma 2. Moreover, Lemma 3 is established to test the con-
dition Im[h(jw)] < 0 in NI definitions. Combining the results
of Lemmas 1-3, eigenvalue-based characterizations of negative
imaginariness are developed in Theorems 1 and 2.

A. Transformation of Transfer Functions

In this section, a transformation is introduced such that the
transfer function A (s) in (2) can be transformed into a simplified
form (3) with the unit vector.

Ifh(s) = cT'(sE — A)~'b + d = d, then it follows that either
b=0 or ¢=0. Then, h(s) =d is lossless NI according to
Definition 2.

For h(s) # d, which implies that b # 0 and ¢ # 0, two cases
of E = I and F # I are studied to transform the transfer func-
tion h(s) = cT'(sE — A)~'b + d into the form

h(s) = ~vel (sT — S) ‘b, +d (3)

where TS = ST, T,S e R**", by e R",v> 0,7y € R,and e

is the first unit vector of length n (i.e.,e = [10--- 0], ).
First, consider the case £ = I. In view of the Householder

transformation [45], since ¢ # 0, there exists an orthogonal

matrix Q € R™" satisfying Q = Q7 = Q! such that
Qc = |[|c[l2e “

where ||c||2 stands for 2-norm of the vector c. In view of (4),
h(s) = cT'(sI — A)~'b+d is rewritten as the form h(s) =
vel' (sT — S)~1by + d in (3), where

v=|cll2,T=1,8=Q TAQ"and by = Q"b.

Second, consider the case £ # I. Select any so € R such that
det(soE — A) # 0. Then, a factorization of sy — A is given

where L, U € R™*", The factorization in (5) can be any formal
factorization, such as, a LU factorization with a lower triangular
matrix L and a upper triangular matrix U, or a commonly
used factorization with L = sgF¥ — A and U = I. Obviously,
matrices L and U are nonsingular and L~ !(soE — A)U 1 =1
holds. In view of (5) and L~ !(soFE — A)U~! = I, the transfer
function h(s) = ¢I(sE — A)~1b + d can be rewritten as

h(s)=c"U N sL'EU '~ L' AU ) 'L +d
=c"U N sG —s0G+ 1) "L 'b+d (6)
where
G=L"'EU "

Moreover, it follows from ¢ # 0 that U ~T¢ 0. Thus, there
exists a Householder transformation ( € R™*" such that

QU Te= U "¢|ze. ™

According to (6) and (7), the transfer function h(s) = ¢ (sI —
A)~1b + d has the form h(s) = yel (sT — S)"1by + d in (3),
where

v=U"Tel2, T =QTGQT
S=s0T —I,by =Q TL .

B. Characterization of Negative Imaginariness

In this section, the eigenvalue-based characterization is intro-
duced for testing NI properties of scalar transfer functions.

According to Section III-A, the transfer function h(s) of sys-
tem (1) can be written as the form h(s) = vel (sT — S) "1y +
d in (3). Then, h(s) is further transformed into a form with
determinant in the following lemma.

Lemma 1: The transfer function h(s)= el (sT —
S)~1by + d in (3) can be transformed into the form

B det(sT — S)
Ms) = ,ydet(sT - 9) d ®

where
T=T(I—ee"), S=S(I —ee’) — e’ )

Proof: Let adj(,r_g) be the adjoint matrix of s7"— S. In
terms of the algebraic cofactor in linear algebra, the following
condition holds:

eTadj(sT,S)ln N det(sT - S)

T T — 71b _ _
e (s S) b det(sT — S) det(sT — 5)

(10)

where sT' — S is the matrix pencil that replaces the first column
of matrix pencil s7" — S by the vector b;. Furthermore, 7" and
S can be given by

T=T(I—-eel), S=5(—eel)—bel.

Thus, the transfer function h(s) in (3) is rewritten as the form
in (8). O
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In view of (8), the poles of transfer function (s) are charac-
terized in Lemma 2, which indicates that the poles of h(s) can
be obtained by computing eigenvalues of matrix pencils s7' — .S
and sT — S.

Lemma 2: Considering h(s) = vel(sT —S)"'by +d in
(3). The poles of h(s) are the finite eigenvalues of the matrix
pencil sT" — S, which are not the finite eigenvalues of the matrix
pencil sT — S, where T and S are given by (9).

Proof: According to the form (8) in Lemma 1, the proof is
trivial. U

To test negative imaginariness of the transfer function
h(s), we also need to check the condition Im[h(jw)] <0 in
Definition 1. The following lemma shows that the checking
condition Im[h(jw)] < 0 can be transformed into a problem of
eigenvalue computations.

Lemma 3: Considering h(s) = veT (sT — S)~'by +d in
(3), Im[h(jw)] < 0 holds for all w > 0 except values of wy,
where jwy is a pole of h(s), if and only if

det(AM +N) >0 (11)
for all L > 0, where
M =T*I —ee”), N=5*(I —ee”) +Thie”. (12

Proof: According to h(s) =veT (sT — S)~'by +d with

TS = ST, it follows that:
tm{n(ji)] = —5ilh(j) ~ h(~j)

= LT — §) — (gl — 5) by,

2
(13)
Due to T'S = ST, it follows that:
WAT? + 5% = —(jwT — 9)(jwT + S)
= —(jwT + S)(jwT — S). (14)

It follows from (14) that
(jwT — S) ™' — (—jwT — 8) ' = —2jw[w?T? + S?]'T.
as)
Thus
Im[h(jw)] = —wyel (W*T? + $?)71Tb,. (16)

Similar to Lemma 1, let adjj,,2 724 g2y be the adjoint matrix of

w?T? + S2. In terms of the algebraic cofactor in linear algebra,

it follows that:

€Tadj(w2T2+Sz)Tb1
det(w?T? + 5?)

_ det(w?’M + N)

 det(w2T? + S2)

el (WT? + S*)"'Th, =

a7

where w?M + N is the matrix pencil that replaces the first
column of matrix pencil w?T? + S? by the vector Th;. Thus,
M and N are given by

M =T*(I —ee”), N = S*(I — ee”) 4+ Thie”.

Then, Im[A(jw)] is written as

det(w?M + N)

Imla(jw)} =~y g oo 1 57y

(18)

In view of [10], since T" and S are real matrices and (14) holds,
one has that

det(w?T? + S%) = | det(S + jwT)|>. (19)
Then, (18) is rewritten as
2
Im{h(jw)] = —wry e M+ V) (20)

U det(S + jwT) 2

Since v > 0 and | det(S + jwT)|? is nonnegative for all w > 0,
then Im[h(jw)] < 0 holds for all w > 0 except values of wy,
where jwy is a pole of h(s), if and only if

det(AM + N) >0

for all A =w? > 0 except values of A = w3, where wy > 0
and jwy is a pole of h(s). Obviously, det(AM + N) is a real
polynomial with degree at most n — 1. By the continuity of
det(AM + N) withrespect to A, the condition det(AM + N) >
0 also holds for A = wZ. Thus, the condition of Im[h(jw)] < 0
in Definition 1 for judging negative imaginariness of h(s) is
equivalent to judging det(AM + N) > 0 forall A > 0. O

Remark2: Ifareal Aisarootof det(AM + N) = 0 with odd
algebraic multiplicity, the polynomial det(AM + N) changes
its sign at the real A. Thus, to ensure det(AM + N) > 0 for all
A > 0, any possible real positive root A of det(AM + N) =0
has even algebraic multiplicity and there exists at least one point
*o > 0 such that det(AgM + N) > 0.

According to the transformations in Sections III-A and III-B,
an eigenvalue-based characterization of negative imaginariness
is introduced in the following Theorem 1. The idea of Theorem 1
is motivated by the eigenvalue-based characterization of positive
realness in [10]. To simplify Theorem 1, let €2 denote the set of
the finite eigenvalues of the matrix pencil sT — .S, which are not
the finite eigenvalues of the matrix pencil sT — S. In view of
Lemma 2, () is the set of poles of h(s) after possible zero-pole
cancellation.

Theorem 1: Consider the transfer function h(s) in (3), the
matrices 7 and S in (9), M and N in (12). Then, h(s) is NI if
and only if the following holds.

1) All values in €2 have no positive real part.
2) For any purely imaginary values in €2, conditions 3-5 of
Definition 1 must hold.
3) The matrix pencil AM + N is either singular, or the
following two conditions hold.
i) Any real positive eigenvalue, A > 0, of the matrix
pencil AM + N has even algebraic multiplicity.
ii) There exists at least one point Ay > 0 such that
det(AoM + N) > 0.

Furthermore, if AM + N is singular, then Im[h(jw)] =0
holds, and hence, the transfer function h(s) is lossless NI.

Proof: In view of Lemma 2, conditions 1) and 2) are equiv-
alent to conditions 1, 3, 4, and 5 of Definition 1. According
to Lemma 3, condition 2 of Definition 1 holds if and only if
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det(AM + N) > 0 for all » > 0, which is equivalent to condi-
tion 3).

Furthermore, according to Definition 2, h(s) is lossless NI if
AM + N is singular. ]

Remark 3: Theorem 1 is applicable to a nonproper transfer
function h(s). If h(s) is proper, then condition 5 of Definition 1
is not considered.

In view of (20), Im[h(jw)] < O for all w > 0 if and only
if det(AM + N) > 0 for all A > 0. Thus, the next theorem
provides an eigenvalue-based criterion to check whether h(s)
is SNI.

Theorem 2: Consider the proper transfer function A (s) in (3),
the matrices 7" and S in (9), and M and N in (12). Then, the
proper transfer function h(s) is SNI if and only if the following
conditions hold.

1) All values in €2 have negative real part.

2) All the finite eigenvalues of the matrix pencil AM + N
are not real positive eigenvalues.

3) There exists at least one point Ay > 0 such that
det(rAoM + N) > 0.

Proof: 1In view of Lemma 2, condition 1) in this theorem
is equivalent to condition 1 of Definition 3. In view of (20),
condition 2 of Definition 3 holds if and only if det(AM + N) >
0 for all A > 0, which is equivalent to the conditions 2) and 3).
(]

[V. EIGENVALUE-BASED ALGORITHMS FOR FE = |

In this section, an algorithm based on eigenvalue computa-
tions is developed for testing negative imaginariness of normal
SISO systems with £ = I.

According to Theorems 1 and 2, the eigenvalue-based test of
negative imaginariness involves computations of eigenvalues of
matrix pencils sT" — S, sT — S’, and AM + N. In view of [10],
[11], and [45], the eigenvalue computations of matrix pencils
cost less than the eigenvalue computations of matrices. Thus,
in this section, the eigenvalue-based algorithm only involving
eigenvalue computations of matrices is proposed to check NI
properties of system (1) with £ = [.

In the case of £ = I, due to

T=1 and S=Q TAQ"T
it can be verified that
= det(Q 1) det(sI — A) det(QT)
= det(s] — A)

det(sT — S)

holds. Thus, the eigenvalues of the matrix A and the matrix
pencil sT'— S are equivalent. Then, the following Lemma 4,
which only involves the eigenvalue computations of matrices,
provides a method to address the eigenvalues of the matrix pencil
sT — 8.

Lemma 4: Let T =T(I —eeT) and S = S(I —ee”) —

. .. ~ =~ T
biel as in (9). Partition S as S = [ 742 e R™", where

s11 € R, Sp € RODx(m=1) and s15, 591 € R™ L. Then, the
following three cases are considered to compute the eigenvalues
of the matrix pencil sT" — S.

1) If s11 # 0, then the eigenvalues of the matrix pencil
sT — S are the eigenvalues of the matrix S=5—
(1/811)8218{2. 5 5

2) If s11 = 0 and s9; = 0, then det(sT — S) = 0 holds for
all values of s € C.

3) If s13 =0 and so; # 0, then compute a Householder
transformation matrix ) such that Q1s21 = ||s21]|2€.

Let S = (I —eeT)Q151Q7" + esT,Q7 " and repartition
S as [*1 51T2} Then, Cases 1-3 are considered again to

S21
compute the eigenvalues of the matrix pencil sT — S.
Moreover, a special case is that S € R2*2 and s11 = 0.Inthis
case, the above Cases 2 and 3 are not applicable, and det(sT —
S*) is a constant for all values of s € C.
Proof: 1In view of T,Sin(9),and T = I, let

T
_ —S511 —S12
= det <|:—821 sl — 51:|>
where s11 € R, s19, 501 € R !, and §; € R~ Dx(n=1),

If 511 # 0, it follows that:
det(sT — 5) = —sy1det(s] — 51 + (1/811)8215{2).

det(sT — S) 2D

Thus, the eigenvalues of the matrix pencil sT — S are the
eigenvalues of the matrix Sy — (1/s11)s215%5.

Then, consider the case of s1; = 0. If so; = 0, then one has
that det(sT — S) = 0 and h(s) is lossless NI If so; # 0, then
there exists a Householder transformation Q; € R(?»~1)x(n=1)
such that

Q1521 = ||S21||26 (22)
where e is the first unit vector of length n — 1. Let
A 1 0
o=|s o
Then, it follows that:
det(sT — S)
= det(Q) det(sT — ) det(Q )
(NP %)
*||821H2€ sl — Q151Q1
—522 —5{3
= det —||521||2 5— 81 —59
0 —S831 sl — SQ
T
_ —S22 —S13
= ||821||2 det (l:—Sgl SI - 52:|> s (23)
where
$1Q1" = [s22 s3],

-1 _ | S1 S2
Q15:Q1 = LSI SJ

and sq, S99 € R, Sg, S13,9831 € RniQ, and S, € R(n72)><(n72).
It follows that:

522 31T3
{ } = (I —eeh)Q15:Q7" + esTQ7 .

s31 S
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Thus, in the Case 3 of Lemma 4, we set
S = (I —ee )QlSlQl + 6812Q1

and repartition S as

T
S = [511 312] c R(-Dx(n-1)
s21  S1

where s11 = s22 €R, s13 = 813,801 = 831 € R"72, G =
Sy € R(n=2)x(n-2)
Now, according to (23), to compute the eigenvalues of the

matrix pencil sT' — S, the roots of

det(sT — S) = ||s01 |2 det —su —si =0
o 2112 —S8921 sl — Sl o

need to be computed. ||s21]|2 is a nonzero constant, which does
not change the eigenvalues of the matrix pencil s7° — S. Thus,
we only compute the roots of

T
—S11 —312 _
det <|:—821 sl — S1i|) =0

which has the same block structure as (21). Thus, by repeating
the above analysis process, the eigenvalues of the matrix pencil
sT — S or det(sT — S) = 0 are obtained. In addition, consid-
ering a special case that S € R?*? and s1; = 0, it follows from
(21) that

det(sT — §) = det (| ° ~sip
cus —ae —S8921 SI—Sl

= — 89150, (24)
which is a constant for all values of s € C. O

Example 1: A transfer function is provided in this example to
show how Lemma 4 is applied. Consider the following transfer
function:

45+ 3
hs)=c"(sI —A) b+d=———— 25
() =cI-A)b+d=mringgy @)
where
[0 1 0 0
A=10 0 1 1|,b=10
0 -3 —4 1
E
c= |4],d=0. (26)
10
Thus, h(s) is transformed into the form h(s) = vel (sT —

S)~tby + d, where y = 5, T = I, and

048 —0.36 0.8 ]

S=Q TAQT =064 —048 —0.6
-24 18  —4 |

06 0.8 0 0]
Q=108 —06 0|,=Q b= 10
0o 0 1 1]

It follows from Lemma 4 that:

[0 -036 08
S=]0 -048 —0.6
-1 18 4

with s11 =0and so; # 0. Thus, according to Case 3 of Lemma4,
a new matrix
3_ {—0.8

0.36
-0.6

—0.48

is established with s;; = —0.8 # 0. Then, Case 1 of Lemma 4
is applied and the eigenvalue of sT — S is —0.75.

The eigenvalues of the matrix pencil AM + N can be com-
puted by using the similar method in Lemma 4. The specific
analysis is as follows.

Partition [V as

T
ni1 Nip
N = 27
{7121 N1:| @7)
where n11 € R, nia,nor € R, and N; € R(v-Dx(n-1)
Then, in view of the matrix M = T?(I — ee™) in (12), T = I,
and the matrix N in (27), let

det(AM + N) = det | ni (28)
na1 )»I+ N1 ’
If n1; < 0, it follows that:
det(AM + N) =nN11 det()J + N1 — (1/7111)712171{2).

Obviously, there exists A > 0 such that det(AM + N) < 0.
Thus, h(s) is not NL
Ifny; >0
det(AM + N) =n11 det(k[ + Ny — (1/n11)n21n,{2)

holds. Hence, the eigenvalues of the matrix pencil AM + N are
the eigenvalues of the matrix (1/n11)n21n7y — Ny.

If ny; = 0, then we assume that no; # 0; otherwise, h(s)
is lossless NI. Due to mo; # 0, there exists a Householder
transformation Qo € R("~D*("=1) guch that

Q2n21 = —Hn21|\26 (29)

where e is the first unit vector of length n — 1. Let

A 1 0
=5 o)
Then, it follows that:

det(AM + N) = det(Q) det(AM + N) det(Q™1)

— ({ nleE })
—|[natllze AL+ Q2N1Q5*

0 29 n%},
= det 7“7121”2 )\.4’7711 N9
0 n3i i -+ NQ
T
_ 122 nis
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where
T A1 _ T
n12Qy " = [n22 ny3)
-1 ny N2
Q2N1Q2 =
nzy N
and nq,n09 € R, n2T7n13,n31 ceR™2, and N,e€

R(=2)x(n=2) " The last line of (30) has the same block
structure as (28). Thus, by repeating the above analysis, the
computation of the eigenvalues of the matrix pencil AM + N is
transformed into a eigenvalue computation problem of a matrix
(1/n11)n21nty — Ny. Similar to Lemma 4, the special case of
N € R?>*? and ny; = 0 also needs to be considered, which is
noted in Remark 4.

In view of Theorem 1, Theorem 2, and the above analysis
for eigenvalue computations of matrix pencils s7" — .5, sT — S,
and AM + N, the method only involving eigenvalue computa-
tions of matrices is summarized in Algorithm 1 for testing NI
properties of scalar transfer functions with £ = 1.

Remark 4: 'When the matrix N € R?*2 and n;; = 0 hold in
Algorithm 1, det(AM + N) = —nont, is a constant in view
of (28). In this case, Steps 7-9 in Algorithm 1 can be omitted.
Furthermore, if det(AM + N) = —ng1nf, = 0, h(s)islossless
NL If ngynt, > 0, then h(s) is not NI If ng;n’, < 0, whether
h(s) is NI or SNI depends on the judgment of the pole condition
of h(s) in Step 4.

Remark 5: In Algorithm 1, Steps 1-3 transform h(s) into
the form (3). Step 4 is used to test conditions 1 and 2 in
Theorem 1. Condition 3 in Theorem 1 is tested in Steps 5-8.
Step 9 identified SNI properties according to Theorem 2. The
frameworks of Algorithms 2 and 3 in the next section are similar
to Algorithm 1. The Householder transformation matrix () is an
orthogonal matrix satisfying Q@ = Q7 = !, which canreduce
some unnecessary calculations in Algorithm 1. Moreover, [45,
Ch. 5] provides a method to compute the matrix . In addition to
obtaining the eigenvalues of the matrix pencil sT — S, Lemma 4
may also output that det(s7 — S) = 0 or det(sT — S) is equal
to anonzero constant for all values of s € C. Ifdet(sT — S) = 0
holds for all values of s € C, then it follows that h(s) = d is
lossless NI. If det(sT — 5’) is a nonzero constant, then the poles
of h(s) are equivalent to the eigenvalues of the matrix A and the
discussion of zero-pole cancellation in Step 4 of Algorithm 1 is
not required, in view of Lemma 2 and Theorem 1.

V. EIGENVALUE-BASED ALGORITHMS FOR E # I

In this section, two eigenvalue-based algorithms are devel-
oped for testing negative imaginariness of scalar transfer func-
tions with ' # I.

A. Algorithms Based on Eigenvalue Computations of
Matrix Pencils

According to Theorems 1 and 2, a method based on eigenvalue
computations of matrix pencils sT" — S, sT — S,and AM + N
is summarized in Algorithm 2 to test the NI properties of scalar
transfer functions with E/ # I, which may be nonproper transfer

Algorithm 1: Test of Negative Imaginariness for £ = I.

INPUT: The matrices A € R™*", b,c € R" andd € R
of a transfer function h(s) = ¢I'(sI — A)~1b +d.
OUTPUT: not NI, lossless NI, NI or SNI.

I: Ifb=0orc=0,then h(s) is lossless NI.

: Compute v = ||¢||2, and construct a Householder
transformation matrix () such that Qc = ~e.

Set S =Q TAQT and by = Q@ Tb.

4:  Compute the eigenvalues of A. If all the eigenvalues of
A have negative real part, go to Step 5. Otherwise, use
Lemma 4 to compute the eigenvalues of the matrix
pencil sT — S, which is the matrix pencil obtained by
(9). If A has eigenvalues with positive real part, check
if they are also the eigenvalues of the matrix pencil
sT — S.If no, stop: h(s) is not NI If A has purely
imaginary eigenvalues which are not the eigenvalues
of the matrix pencil sT — S, check if they satisfy
conditions 3 and 4 of Definition 1. If no, stop: h(s) is
not NI

5: Set N = S?(I — eel’) + bye®. Partition N as

T
[nll n12].
nor Vi

6: Ifny; <0, stop: h(s) is not NL If ny; = 0, go to
Step 7. If n11 > 0, set N = (1/n11)n21n12 Ny and
go to Step 8.

7: If nop = 0, stop: h(s) is lossless NI. Otherwise,
compute a Householder transformation matrix (o
such that angl = —||n21 ||26. Set
N = (I - ee")Q2N1Q5" + enT,Q5*

(O8]

. Repartition N

as [n11 anz].Then go to Step 6.
no1 N |

8: Compute the eigenvalues of N. If there has any real
positive eigenvalue with odd multiplicity, stop: h(s) is
not NIL.

9: Select any Ao > 0 that is not an eigenvalue of N.If
f(ro) = det(AogM + N) < 0, then h(s) is not NI.
Otherwise, if all the eigenvalues of A which are not
the eigenvalues of the matrix pencil sT — S have
negative real part, and if all the eigenvalues of N are
not real positive eigenvalues, /(s) is SNI. Otherwise,
h(s) is NI

functions of descriptor systems. Moreover, since this article only
studies proper SNI transfer functions, the SNI properties test is
limited to proper case in Step 9 of Algorithm 2.

Remark 6: If det(E) # 0, then h(s) can be transformed
into the form h(s) = ¢ (sl — E~'A)"'E~1b + d. Therefore,
Algorithm 1 is also applicable to the case of det(E) # 0. Com-
pared with Algorithm 2, the method in Algorithm 1 only involves
the eigenvalue computations of matrices, and hence, Algorithm
1 is preferred to test negative imaginariness of transfer functions
when det(E) # 0. Compared with Algorithm 1, an advantage of
Algorithm 2 is that it is applicable to descriptor systems, which
may be nonproper.
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Algorithm 2: Test of Negative Imaginariness for F 2 [.

INPUT: The matrices £, A € R™*™, b,c € R™ and
d € R of a transfer function
h(s) =ct(sE—A)~1b+d.

OUTPUT: not NI, lossless NI, NI or SNI.

I: Ifb=0orc=0,then h(s) is lossless NI.

2:  Choose a scalar sg € R such that det(soE — A) # 0.
Compute a formal factorization s — A = LU.
Compute G = L~ EU!. Then, compute
v = |[[U~T¢||2, and construct a Householder
transformation matrix Q € R™*™ such that
QU Te = ~e.

3 SetT=QTGQT, S
by =Q TL .

4:  Compute the finite eigenvalues of the matrix pencil
sT — S. If all the finite eigenvalues of sT" — S have
negative real part, go to Step 5. Otherwise, compute
the finite eigenvalues of the matrix pencil sT — S,
which is the matrix pencil obtained by (9). If sT" — S
has eigenvalues with positive real part, check if they
are also the eigenvalues of the matrix pencil sT" — S.
If no, stop: h(s) is not NL. If sT" — S has purely
imaginary eigenvalues which are not the eigenvalues
of the matrix pencil sT" — S, check if they satisfy the
conditions 3-5 of Definition 1. If no, stop: h(s) is not

= 59T — I and

NI
5: Set M = T?(I — eel’) and
N = S2(I — ec™) + Thye”.

6: If the matrix pencil AM + N is singular, then stop:
h(s) is lossless NI.

7: Compute the finite eigenvalues of the matrix pencil
AM + N. If there has any real positive eigenvalue
with odd multiplicity, stop: h(s) is not NI.

8:  Select any 1y > 0 that is not an eigenvalue of
AM + N.If f(ho) = det(AgM + N) < 0, then h(s)
is not NI. Otherwise, if the order of the numerator
polynomial of & (s) is higher than the order of the
denominator polynomial of h(s), h(s) is NI
Otherwise, go to Step 9.

9: If all the eigenvalues of the matrix pencil s7' — S
which are not the eigenvalues of the matrix pencil
sT — S have negative real part, and if all the finite
eigenvalues of the matrix pencil AM + N are not real
positive eigenvalues, h(s) is SNI. Otherwise, h(s) is
NI

B. Algorithms Based on Eigenvalue Computations of
Matrices

Algorithm 2 in Section V-A calculates the eigenvalues of ma-
trix pencils, which is more expensive than calculating the eigen-
values of matrices. Thus, under the assumption of det(A) # 0,
an algorithm based on eigenvalue computations of matrices is
provided in this section to check the NI properties of scalar
transfer functions with £ = .

Since det(A) # 0, the transfer function h(s) = ¢ (sE —
A)~1b + d is rewritten as
h(s)=c'(sA'E—I)"tA b4 d. (31)

Similar to Section III, h(s) in (31) can also be transformed into
the form h(s) = ye? (sT — S)~'by + d in (3) and further into
the form

det(sT — S)

7det(sT -9) d

h(s) =

in Lemma 1, where
v=llelle, T=Q TAT EQT

S=Lb=Q T A

T=T-ee"),S =51 —eel) —be?.

Using the same analysis in Lemmas 1-3, Theorems 1 and 2
also hold. Since det(A) # 0, h(s) has no poles at the origin, and
hence condition 4 of Definition 1 is not considered in Theorem 1.
Then, the eigenvalue computations of matrix pencils s7" — .S and
sT — S can be transformed into the eigenvalue computations of
matrices, respectively. Since

det(sT — S) = det(sT — I)

holds, it is verified that sT"— S has no eigenvalues at zero.
Furthermore, for s # 0

det(sT — S) = det(sT — I) = (—s)" det(s T = T). (32)

It is obvious that the eigenvalues of the matrix pencil s7" — S
are the inverse of the nonzero eigenvalues of 7.

Since sT" — S has no eigenvalues at zero, only the nonzero
eigenvalues of the matrix pencil sT" — S need to be computed.
For s # 0

det(sT — 5') = (—s)" tdet(s T - 5) (33)

where

T=1-ce”, S=T(I—eel) —bre?. (34)

Thus, the nonzero eigenvalues of the matrix pencil sT — S are
the inverse of the nonzero eigenvalues of the matrix pencil s7 —
S.

Since T in (34) is equivalent to T in Lemma 4, the similar
method of computing the eigenvalues of the matrix pencil sT —
S in Lemma 4 can be used to compute the nonzero eigenvalues
of the matrix pencil sT' — S by partitioning S as

g _ |51 8{2

S = {321 51] . (35)
Thus, the following Lemma 5 is applied to compute the nonzero
eigenvalues of the matrix pencil sT — S, in view of the method
in Lemma 4.

Lemma 5: Considering the matrices T = I — ee” and S =
T(I — eeT) — breT in (34). Partitioning S as the form in (35),
then the three cases and the special case in Lemma 4 are also
applicable to address the nonzero eigenvalues of the matrix
pencil sT — S, by replacing matrices T and S into matrices
T and S.
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Proof: The proof is the same with that proof in Lemma 4.0J

Next, we analyze how the eigenvalue computation of AM +
N is replaced by the eigenvalue computation of a matrix. For
A>0

det(AM + N) = A" tdet(A 1M + N) (36)

where

M=1—e", N=T*I—-ee")+Tthe". (37)

Thus, the real positive eigenvalues of the matrix pencil ALM + N
are the inverse of the real positive eigenvalues of the matrix
pencil AM + N. M in (37) is equivalent to M in Section IV.
Then, by partitioning N as
V-
na1 N

the same method of computing AM + N in Section IV can be
applied to compute the eigenvalues of the matrix pencil AM +
N. Therefore, in Algorithm 3, the similar steps in Algorithm 1
can be used to test the NI properties of scalar transfer functions
of descriptor systems, which avoid the eigenvalue computations
of matrix pencils.

Remark 7: Similar to Remark 4, if the matrix N € R2*2 and
n11 = 0 in Algorithm 3, then det(A "M + N) = —ngynl,isa
constant. In this case, Steps 7-9 in Algorithm 3 can be omitted.
If det(A 1M + N) = —ngn?, = 0, then h(s) is lossless NI
If no1nd, > 0, then h(s) is not NL If noyn?, < 0, whether h(s)
is NI or SNI depends on the judgment of the pole condition of
h(s) in Step 4 of Algorithm 3 and the properness determination
of h(s).

Remark 8: If det(E) # 0, both Algorithms 1 and 3 are appli-
cable to test NI properties of /(s). Compared with Algorithm 1,
an advantage of Algorithm 3 is the availability for nonproper
descriptor systems. Compared with Algorithm 2, the method in
Algorithm 3 only involves the eigenvalue computations of ma-
trices that cost less. Obviously, Algorithm 3 also has a limitation
on det(A) # 0.

Remark 9: 1If the given transfer function h(s) is stable,
all the poles of h(s) lie in Re[s] < 0, and hence, Step 4 of
Algorithms 1-3 can be omitted. If the realization (E, A, b, ¢)
is minimal, then the discussion of zero-pole cancellation is not
required, and hence, Step 4 of Algorithms 1-3 can be simplified.

Remark 10: The eigenvalues of matrices in Algorithms 1
and 3 can be computed by the QR algorithm, and the eigen-
values of matrix pencils in Algorithm 2 can be computed by
the QZ algorithm. The costs of the QZ and QR algorithms are
30n3 + O(n?)and 10n3 4+ O(n?) operations, respectively [45].
Similar to the computational complexity analysis of the positive
real test algorithms in [10] and [11], the overall operation count
involving eigenvalue computations of matrices in Algorithm 1
or 3 is approximately 30n3 + O(n?), while the overall operation
count involving eigenvalue computations of matrix pencils in
Algorithm 2 is approximately 90n® + O(n?). Moreover, the
eigenvalue computations in Algorithms 1-3 based on the QR
or QZ algorithm, can be implemented in MATLAB or by using
off-the-shelf linear algebra libraries, such as LAPACK [45].

Remark 11: A key feature of this article is the trans-
formation of the NI transfer function definitions conditions

Algorithm 3: Test of Negative Imaginariness for £ 2 [.

INPUT: The matrices £/, A € R™"*"™, b,c € R™ and
d € R of a transfer function
h(s) = cT'(sE — A)~1b + d with det(A) # 0.
OUTPUT: not NI, lossless NI, NI or SNI.

I: Ifb=0orc=0,then h(s) is lossless NI.

: Compute v = ||¢||2, and construct a Householder
transformation matrix () such that Qc = ~e.

SetT =Q TA'EQT and by = QT A 'b.

4: Compute the non-zero eigenvalues of 7'. If all the
non-zero eigenvalues of 7" have negative real part, go
to Step 5. Otherwise, use Lemma 5 to compute the
non-zero eigenvalues of the matrix pencil sT' — S,
which is the matrix pencil obtained by (34). If T" has
the eigenvalues with positive real part, check if they
are also the non-zero eigenvalues of the matrix pencil
sT — S.1f no, stop: h(s) is not NI If 7" has purely
imaginary eigenvalues which are not the non-zero
eigenvalues of the matrix pencil sT — S, check if the
inverse of these purely imaginary eigenvalues satisfies
the conditions 3 and 5 of Definition 1. If no, stop: h(s)
is not NL.

5: Set N = T?(I — ee”) + Thiel. Partition N as
[nll n{z]

ng21 Np¥

6: Ifnyy <0, stop: h(s) is not NL If ny; = 0, go to Step
7.1fnyy > 0, set N = (1/n11)n21nl, — Ny and go to
Step 8.

7: Ifnop = 0, stop: h(s) is lossless NI. Otherwise,
compute a Householder transformation matrix (2
such that Qongy = —||n21 ||2€. Set
N = (I —ee")QaN1Q5" + enl, Q5. Repartition N

[O8]

as [ anz].Then go to Step 6.
no1 N ’

8: Compute the eigenvalues of N If there has any real
positive eigenvalue with odd multiplicity, stop: h(s) is
not NI

9: Select any Ag > 0 that is not an eigenvalue of N.If
f(ro) = det(rg' M + N) < 0, then h(s) is not NL.
Otherwise, if the order of the numerator polynomial of
h(s), is higher than the order of the denominator
polynomial of h(s), h(s) is NI. Otherwise, go to
Step 10.

10:  If all the non-zero eigenvalues of 7" which are not the
non-zero eigenvalues of the matrix pencil sT' — S
have negative real part, and if all the eigenvalues of
N are not real positive eigenvalues, h(s) is SNIL
Otherwise, h(s) is NI

into eigenvalue computations, leading to the development of
Algorithms 1-3. However, for very large systems, particularly
those with high-dimensional or poorly conditioned matrices,
eigenvalue computations can be impractical. This impracticality
arises from several factors. For instance, the availability of
computational resources, such as memory and processing power,
can limit eigenvalue computations. In addition, for extremely
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Fig. 1. Plot of the imaginary part of the transfer function h(jw).

high-dimensional or poorly conditioned matrices, QR and QZ
algorithms may become infeasible and numerically unstable,
resulting in failures in MATLAB and LAPACK computations.

VI. ILLUSTRATIVE EXAMPLES

In this section, three examples are presented to determine neg-
ative imaginariness of transfer functions by using eigenvalue-
based algorithms. Example 2 is provided to show how the
eigenvalue computation is applied for testing negative imaginar-
iness. Example 3 is a n-stage RLC circuit network, which shows
that the eigenvalue computation is useful to determine negative
imaginariness of large-dimensional systems. The last example
is used to test negative imaginariness of nonproper descriptor
systems.

Example 2: Consider the transfer function (25) and the
minimal realization (26) in Example 1. Algorithm 1 is applied
to test NI properties of (25), where v, @, S, and by are given
by Example 1. Then, according to Step 4 of Algorithm 1, the
eigenvalues of matrix A are 0, —1, and —3. Obviously, system
(25) has a pole at the origin and condition 4 of Definition 1 holds.
Then, Step 5 of Algorithm 1 establishes the following matrix N
with n;; = 0 and ngy = [0 1]T 75 0:

0 144 —-26
N= |0 —-1.08 3.2
1 =72 13

Thus, Step 7 establishes a new matrix N withni;; = 2.6 > 0

2.6 —1.44
N= {3.2 ~1.08 } ‘

Then, N = —0.6923 is obtained with multiplicity 1. In view of
Step 9 of Algorithm 1, the transfer function (25) is NI, but not
SNI. To illustrate this, the imaginary part of the transfer function
(25) is plotted in Fig. 1, where

tmfh(jo)] = — 53 [h(je) — (—ji)]

1302+ 9
S ol B
w? + 10w3 + 9w

A AA— Y
Ry R L R, L, Rn Ln
A 1 1 :|: 1
"0/ T o aT o CZT 0:(0) CT (1)
Fig. 2. n-stage RLC circuit network.

for all w > 0.

Moreover, since det(A) = 0 and ¢’'b = 0 hold in this ex-
ample, the existing methods of judging negative imaginariness,
such as LMIs [12], [13], spectral conditions [32], and Riccati
equations [15], [35], [37], are not applicable to the test of system
(25). Compared with the existing methods in [12], [13], [15],
[32], [35], and [37], Example 2 shows that Algorithm 1 has
less restrictions in determining NI properties of SISO system.
In addition, if the state-space realization in (26) is changed
to an arbitrary nonminimal realization, Algorithm 1 is also
applicable while the LMI condition in [15, Lemma 2] requires a
minimal realization. In addition, the NI properties of (25) can be
tested directly by using Definition 1 with plotting the imaginary
part in Fig. 1. However, for a given state-space realization
of high-dimensional systems, the test using NI definitions be-
comes complex. For example, the transfer function in following
Example 3 is difficult to be obtained for a 2001-dimensional
system, and the determination of the imaginary part is very
complex.

Example 3: Consider an n-stage RLC circuit network, as
shown in Fig. 2, which is taken from [39]. Such ladder RLC
networks are practically relevant, as they arise in real-world
engineering modeling tasks, such as long transmission lines.
The input is the voltage V' (¢). The output is the total charge
Q(t) in the capacitances, where

Qt) = Z Qi(t).

Let the state variable be
w(t) = [uo(t) ir, (1) wi(t) i () ()]

where u;(t) is the voltage of the capacitance C;, and ir, (1) is
the current through the inductor L;. Thus, the following system
(38) with u(t) = V(¢) and y(t) = Q(t) is obtained:

() = Ax(t) + bu(t)
{yu) = Ta(1) o9
where
- -
“om g o1 0 0 0
o, 1 "y 00 0
0 = 0 —& 0 0
1 R 1
: 1 R 1
0 00 e “Ir T Ir
|0 0 0 0 & |
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T

b=lgm 0000 - 0

c=1[Co 0 Ci 0 Cy - .
Consider a 2001-dimensional system (38) with k& = 103. Let
L; =1H, R; = 0.5, and C; = 1F'. By running Algorithm 1,
it can be found that all the eigenvalues of A have negative real
part and n1; > 0. Then, compute the eigenvalues of N. It turns
out that the eigenvalues of N are 2 x 10% different complex
numbers. Thus, Step 9 of Algorithm 1 is used to found that the
system (38) with & = 10% is SNL

We also further test SNI properties by solving the LMIs
conditions in [13]. In view of [13, Lemma 8], we need to find a
matrix Y > 0 such that

AY +YAT <0,andb+ AYc =0 (39)

and check whether rank(M (jw)) = m for any w € (0, 00),
where M (s) = LY P A1 (sI — A)~'b, m = rank(b) = 1, and
LTL = —AY — Y AT . However, the solutions of the LMIs (39)
are not found by using the solver SDPT3 or MOSEK, and
the MATLAB toolbox YALMIP [46], which is designed for
modeling and solving optimization problems. Moreover, the
information “Maximum iterations or time limit exceeded” is
returned. Obviously, the number of iterations and the solution
time will increase with the expansion of the matrix dimension,
which may lead to no solution or difficulty in solving. In contrast,
Algorithm 1 in this article only involves the computation of
matrix eigenvalues that can be applied to determine negative
imaginariness of large dimensional systems.

Moreover, when the SNI lemma based on Riccati equations
in [35] and [37], which can be converted to an eigenvalue
problem for a Hamiltonian matrix, is taken, there exist 4002
eigenvalues of the Hamiltonian matrix and the system (38) is
verified to be SNI. However, testing of SNI properties via Riccati
equations or the eigenvalue computations for the Hamiltonian
matrix in [35] and [37] is more expensive than Algorithm 1,
which only involves the calculation of 2 x 10? eigenvalues.

In Example 3 with k& = 103, the runtime of Algorithm 1 is
5.0477 s. In addition, for system (38), we further increased the
value of k, resulting in system dimensions of 6001 and 10 001,
with corresponding runtime of 174.6259 and 738.8268 s, respec-
tively. As the dimension of system (38) increases, the runtime
and computational costs increase rapidly. With further increases
in the value of k, eigenvalue calculations will become difficult
and infeasible. In fact, when we increased & to 2.5 x 10%, result-
ing in a system dimension of 50 001, our hardware’s memory
was insufficient to support the creation of such a large matrix.
This also aligns with the limitations of eigenvalue computations
analyzed in Remark 11.

Example 4: Consider the following quarter-car model, which
is taken from [42] and [47]:

mi+tlg—i—w)+k(g—u—w)=0 (40)

where u is the active displacement of the suspension system, q is
the vertical displacement of the vehicle chassis, w is the vertical
wheel displacement, m represents one quarter of the vehicle
mass, t and k, respectively, represent the damping and stiffness

related to the suspension and tires. Considering the case that the

input is (u + w) and the output is (—¢), let the state variable be
z(t)=[¢ ¢ utw u+w]T.

Thus, the car dynamics system (40) has the following nonproper

transfer function:

—s%(ts + k)

h(s) =cT(sE—A)"'b = Tt 1 h)

(41)

where

1 0 0 O 0 1 0 0
0100 —k _t &k

b= 00 10 A= 0 0 0 1
00 00 0 0 1 0
" o &
0 A

b= 0 ,C = _m&
o _E

Let t = k = m = 1. Then, in view of Algorithm 2, let sg = 0,
L =syF—A=—A,andU = I hold, where det(so ' — A) #
0. Furthermore, according to Steps 2 and 3 of Algorithm 2, v =
|[U=T¢||2 = 2, and the following matrices are computed:

1 1 -1 0
-1 0 0 0
G= 0 0 0 0
0 0 -1 0
(05 05 —05 —05
0= 05 05 05 05
~1-05 05 05 —05
|-05 0.5 —05 05
(025 025 025 0.25
T 0.75 —0.25 —0.25 0.75
—-1.25 —0.25 0.75 —0.25
|—0.75 —0.75 0.25  0.25
[0
1
by = 0 ,S=-1I
-1

According to Step 4 of Algorithm 2, the eigenvalues of s7" — .S
are —(0.5 4= 0.86607 with negative real part. Then, Step 5 implies
that the matrix pencil AM + N is

0 —0.25 0.25 0.25 0 00O
2 0 —-0.25 025 0.25 " -11 00
0 —-0.25 025 -0.75 0 010
0 —-0.25 0.25 -0.75 -1 0 0 1

The eigenvalue of the matrix pencil AM + N is 0 with multi-
plicity 2. Thus, the transfer function (41) is NI according to Step
8 of Algorithm 2.

On the other hand, since det(A) # 0, Algorithm 3 in
Section V-B is also applicable to test negative imaginariness
of system (41). First, according to Steps 2 and 3 of Algorithm 3,
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we have v = [|¢/|2 = 2, and the following matrices:

05 05 —05 —0.5
g— |05 05 05 05
~[-05 05 05 —05
05 05 —0.5 0.5
—0.25 —0.25 —0.25 —0.25
T gigaT _ |-075 025 025 —0.75
T=Q@ A EQ =115 02 —075 02
0.75 075 —0.25 —0.25
0
b=QTA ="
! 0
1

Then, it can be found that the nonzero eigenvalues of 7" are
—0.5 £ 0.8660; with negative real part, and hence, the matrix
N in Step 5 is constructed as follows:

0 =025 025 0.25
N— -1 -0.25 0.25 0.25
0 -025 025 —-0.75
-1 -0.25 0.25 -0.75

where n1; =0 and ngy =[-1 0 —1]7 # 0. By running
Steps 6 and 7 of Algorithm 3 twice, a new matrix N is computed

—0.1444
—0.0833

< 0.4083
N= 0.2357

where n1; > 0. It follows from Steps 8 and 9 that N = 0 with-
out any real positive eigenvalue and det(A,' M + N) > 0 for
Ao > 0. Obviously, the order of the numerator polynomial of the
transfer function (41) is higher than the order of the denominator
polynomial. Thus, (41) is a nonproper transfer function and (41)
is NI according to Step 9 of Algorithm 3.

VIl. CONCLUSION

The eigenvalue-based characterization of negative imaginar-
iness of scalar transfer functions has been developed in this
article. Based on the characterization, several algorithms, which
involve eigenvalue computations of matrices or matrix pencils,
were proposed for testing NI properties of scalar transfer func-
tions. For a nonproper transfer function of descriptor systems,
eigenvalue-based algorithms are also useful to test negative
imaginariness. Finally, two numerical examples, an RLC circuit
network as well as a car dynamics example were provided to
illustrate the effectiveness of the proposed algorithms.
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