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Negative Imaginariness Indices in Feedback Stability Analysis

Sei Zhen Khong
and Alexander Lanzon

Abstract—We introduce the notions of negative imaginariness
input and output indices for describing systems that do not man-
ifest the negative imaginary (NI) property on certain frequency
bands, thereby characterizing classes of linear time-invariant sys-
tems that are larger than those of negative imaginary systems
without poles at the origin. We show that if the total frequency-
dependent negative imaginariness in a feedback interconnection
is positive as measured by the NI indices, whereby any deficiency
in negative imaginariness in one open-loop component can be
compensated for by a surplus of negative imaginariness in an-
other, then the feedback interconnection is stable if and only if
the static (a.k.a. dc) loop gain is less than unity. The result covers
the feedback interconnection of a negative imaginary system and
a strictly negative imaginary system, which naturally gives rise to
positive total negative imaginariness. Importantly, we derive the
NI indices-based condition from a more general robust stability
result established herein involving quadratic frequency dependent
inequalities that may be used to characterize system properties be-
yond negative imaginariness. The proof relies on the multivariable
Nyquist stability criterion and does not make use of state-space
realizations of the underlying systems.

Index Terms—Feedback stability, multipliers, negative imaginar-
iness indices, negative imaginary systems, Nyquist criterion.

|. INTRODUCTION

The negative imaginary system property is known to arise in various
practical applications [1], [2], and is particularly relevant in the dynam-
ics of a lightly damped structure with colocated force actuators and
position sensors [3], [4]. The notion of negative imaginary systems was
introduced in [5] and then extended to include poles on the imaginary
axis in [6], [7], and [8]. Various investigations of negative imaginary
systems have been conducted in the literature. A severely nonexhaustive
listincludes studies of irrational transfer functions [9], [10], output con-
sensus [11], output strict negative imaginariness [12], and connections
to integral-quadratic constraints [13] and dissipativity [14], [15], [16].
In [17], state-feedback equivalence of linear time-invariant systems to
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negative imaginary systems is examined in detail. It is also notewor-
thy that negative imaginariness is closely related to counterclockwise
dynamics in the nonlinear setting [18].

Mechanical systems with colocated force actuators and position
sensors typically exhibit the negative imaginary property, i.e., their cor-
responding transfer functions are negative imaginary over all nonzero
positive frequencies. Nevertheless, in applications where the force
actuator and position sensor are not colocated, such as the control of
swing-arm positioning in hard-disk drives [19], [20], the corresponding
transfer functions may not be negative imaginary at all nonzero positive
frequencies, but only on certain frequency bands. This renders the
aforementioned standard negative imaginary theory inapplicable to
feedback stability analysis of such systems.

In this article, we introduce the notions of negative imaginariness in-
put and output indices (NI I/O-indices) for the purpose of characterizing
negative imaginariness surplus and deficit, in a similar spirit to the role
of passivity indices [21], [22]; see also applications of passivity index
theory to the stability of grid-converter interactions in [23] and [24]. We
note, however, that NI I/O indices serve different purposes to passivity
indices, which are used to quantify the level of passivity in a system,
much akin to the intrinsic difference between negative imaginary sys-
tems and passive systems. We show that the feedback interconnection
of an open-loop system with negative imaginariness deficit on certain
frequency bands and another open-loop system with excess negative
imaginariness on the same frequency bands can be guaranteed to be
stable provided that the sum of the negative imaginariness is positive on
these bands. In other words, a surplus of negative imaginariness in one
open-loop system can be used to offset a lack of negative imaginariness
in another from the perspective of ensuring feedback stability. The main
result is a necessary and sufficient condition for closed-loop stability in
terms of the static loop gain, which reminisces and recovers that for the
stability of a feedback interconnection of standard negative imaginary
systems. In particular, under the assumptions that the eigenvalues
of the instantaneous loop gain are real and less than unity (which
incorporates the case of strictly proper loop transfer function) and the
total frequency-varying negative imaginariness in the loop is positive,
we show that the feedback system is stable if and only if the largest
real eigenvalue of the static loop gain is less than unity, should it exist?
We illustrate the utility of this result with an example on the control of
flexible structure with noncolocated force actuator and position sensor.

In order to derive the aforementioned NI I/O indices-based robust
stability result, we establish a generalization of the main result in [25]
by incorporating a more general form of characterization of system
property via quadratic frequency-dependent inequalities and allowing
for imaginary-axis poles in both the open-loop systems in a feedback
interconnection. Such inequalities may be used to capture a broad
range of system properties, including passivity, small-gain, and negative
imaginariness as well as their weighted versions and combinations.
The proof for this main result makes use of the multivariable Nyquist
stability criterion [26], [27], [28], as well as quadratic graph separation
ideas from the integral-quadratic constraint (IQC) literature [29], [30].
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B. Transfer Functions and Feedback Systems
C
Y2 U2 f Let R™™ denote the set of real-rational proper n x m transfer
function matrices and RH’.*™ be its stable subset containing elements
Fig. 1. Standard feedback configuration [P, C]. with no poles in C .

As a consequence, the proof conveniently circumvents cumbersome
algebraic manipulations of state-space matrices derived from the nega-
tive imaginary lemma [6] that are commonly practiced in the negative
imaginary literature [5], [8], [15].

The contributions of the theoretical results in this article include
a novel NI I/O-indices-based approach to handling flexible systems
equipped with noncolocated force actuators and position sensors.
Furthermore, by accommodating imaginary-axis poles in both the
open-loop systems in a feedback interconnection, one may synthesize
controllers for servo systems so that they track (respectively, reject)
sinusoidal references (respectively, disturbances) via the internal model
principle.

The rest of the article is organized as follows. Notations and math-
ematical preliminaries are provided in Section II. In Section III, a
general feedback stability result, involving frequency-varying quadratic
inequalities, is established. The notions of NI I/O-indices are defined in
Section IV, where a main result on robust closed-loop stability, involv-
ing trading of negative imaginariness between open-loop systems, is
provided. Specializations of the NI I/O-indices-based result to negative
imaginary systems are supplied in Section V. Section VI contains an
example on the control of a flexible structure that demonstrates the
usefulness of NI I/O-indices and their corresponding robust stability
result. Finally, Section VII concludes this article.

II. NOTATIONS AND PRELIMINARIES

Denote by R, C, C, and C the reals, the complex plane, the
open right-half complex plane, and the closed right-half complex plane,
respectively. The Euclidean norm in C™ is denoted by | - |.

A. Matrices

For M € C™*™, denote by M* the complex conjugate transpose of
M. An M € C™*"™ is said to be Hermitian, if M = M*. A Hermitian
M is said to be positive semidefinite (respectively, definite), denoted
M > 0 (respectively, M > 0), if v* Mwv > 0 (respectively, > 0) for all
nonzero v € C™. Denote by A (M) the spectrum of M, i.e., the set of its
eigenvalues, and A(M) (respectively, A(M)) the largest (respectively,
smallest) real eigenvalue of M, if it exists. The m x m identity matrix
is denoted as /,,,, whose subscript is often omitted when the dimension
is clear from the context.

Next, we state an important result on graph separation of two matrices
that will be used repeatedly throughout the article.

Lemmall.1 (See [30, Corollary 1]): Let M € CP*%2and N € C?*P,
Then

det(I —7MN) #0 forall T € [0, 1]

if there exists [T = IT* such that

[[] H[I}EO forall 7 € [0,1] (1)
™M ™M

The positive feedback interconnection of two transfer functions P €
R™™ and C € R™"", denoted by [P, C|, is described by

el Uy
f U2
see Fig. 1.

Definition I1.2: A feedback interconnection of P and C'is said to be
(internally) stable, if the transfer function mapping from [;] to [ul]

I -C
-P 1

u
is stable, i.e.,

I -C

PO=1p

I+C(I—PC)'P C(I— PC)™*
(I - PC)'P (I - PC)™

is an element in RH .
Denote by M"™ ™ C R™ ™ the set of transfer functions such that
G € M™*™ if and only if
(i) G has no polesin C; U {0} and
(ii) for any wo > 0, if jwy is a pole of G, then it is a simple pole.
Let C be the class of functions I7 : (0,00) — C™*™ that are
piecewise continuous and I7(w) = II(w)* for all w > 0.

Ill. FREQUENCY-DEPENDENT QUADRATIC CONSTRAINTS-BASED
ROBUST STABILITY

In this section, we derive a generalization of [25, Thm. III.1], which
will be utilized in Section IV to establish an NI I/O-indices-based result.
The main result here provides a necessary and sufficient condition for
the stability of a feedback interconnection of two open-loop systems
with possible poles on the imaginary axis manifesting complementary
properties characterized by frequency-dependent quadratic constraints
over nonzero finite frequencies. It generalizes [25, Thm. III.1], which
considers only weighted positive realness, imposes equal dimensions
on the input and output of the open-loop systems, and allows for only
one of the open-loop systems to have imaginary-axis poles. The proof
of the result below makes use of a quadratic graph separation result
from [30], a homotopy argument in the frequency domain, together
with the multivariable Nyquist stability criterion [28].

Theorem II1.1: Given that Gy € MP*? and Gy € M?*?, suppose
that there existe > Oand 17 = [11_7[11 g”’} € C such that the following

21 22
holds:
(1) AM(G1(0)G2(0)) C R, A(G1(0)G2(x0)) < 1;
(ii) IT11(w) > 0and ITxs(w) < O forallw > 0;
(iii) For all w > 0 such that jw is not a pole of Gy or G, either

I I
[Glum] e [Gmw) @
ngjw)] 1w | €209 g )
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1| I
Gdjw)} “66w)| 7° @
Ga(jw)| Ga(jw)] _
[ ; }H(w) ; }go, )

(iv) If jwo is a pole of either G; or Go, then I7 is continuous at wg
and

II11(w) = 0and sz (w) =0 forall jw — wy| < ¢ (6)

(v) If jwq is a pole of GG1, then jwy is not a pole of G'o, (2) holds for
all |w — wo| < €,w # wo, (3) holds for all |w — wp| < ¢, and

II19(wo) Ky + K{II12(wo)" >0 @)
where
K; = lim (s — jwo)G1(s); (8)
s—jwg

(vi) If jwy is a pole of G, then jwy is not a pole of GG1, (5) holds for
all |w — wo| < €, w # wo, (4) holds for all |w — wy| < €, and

ng(wO)*Kz + K;le(wo) S 0 (9)
where

Ky = lim (s — jwo)Ga(s).
s—jwo
Then, [G1, G| is stable if and only if either A(G1(0)G2(0)) NR =
Proof: The proof is provided in the appendix. |
A few remarks are in order. Theorem III.1 generalizes [25, Thm.
II1.1] by allowing for more a general form of quadratic characterizations
of system properties beyond weighted passivity, different input—output
dimensions of the open-loop systems, and possible imaginary-axis
poles in both open-loop systems. The reader is referred to [25] for
various significant specializations of [25, Thm. III.1] as well as illus-
trative examples. In particular, the multipliers used in [25, Thm. III.1]
exploit only phase-type information [31], [32] in the open-loop systems,
whereas now with Theorem I11.1, it is possible to make use of additional
gain-type information [31] to reduce conservatism in feedback stability
analysis. Connections to segmental phase [33] are also worth exploring.
Since Theorem III.1 allows for open-loop systems that may admit
imaginary-axis poles, it may not be established using the classical IQC
theorem [29], which handles only open-loop stable systems. IQCs may
be used to analyze the stability of feedback interconnections of open-
loop unstable systems via homotopies that are continuous in the gap
from nominal feedback systems that are stable [34], [35], [36], [37].
Theorem III.1 circumvents the assumption of the existence of the latter.
Alternatively, parts of the proof of Theorem III.1 may be established
using the results in [38] and [39], in which modified Hilbert signal
spaces on indented imaginary axis are used. Importantly, the more direct
proof provided above is purely in the frequency domain and involves
no operator-theoretic apparatus.

(10)

IV. ROBUST STABILITY ANALYSIS VIA NEGATIVE IMAGINARINESS
INDICES

A. Negative Imaginariness Indices

In this section, we define NI I/O-indices and show how they can be
utilized in guaranteeing robust stability of a feedback interconnection
of open-loop systems in which excess negative imaginariness in one is
used to offset deficit in another.

Intuitively, a negative imaginary single-input-single-output system
G(s) is one whose transfer function G(jw) has negative imaginary
part for all positive frequencies w, i.e., the Nyquist plot for w > 0 lies
in the lower half complex plane. We define below the notions of NI
I/0-indices and relate them to existing notions of negative imaginary
systems.

Definition IV.1: A G € M™"™ is said to have negative imaginari-
ness input index (NI I-index) v(w), if the following holds:

(i) for all w > 0 such that jw is not a pole of G,

7 (G(jw) = G(jw)") = v(w);
(ii) for any wg > 0, if jwy is a pole of G, then its residual

lim (s — jwo)jG(s) > 0.
s—jwo
Definition IV.2: A G € M™"™ is said to have negative imaginari-
ness output index (NI O-index) p(w), if the following holds:
(i) for all w > 0 such that jw is not a pole of G,

J(G(jw) = G(jw)") 2 p(w)G(jw) G(jw) and
(ii) for any wg > 0, if jwy is a pole of G, then its residual

lim (s — jwo)jG(s) > 0.
s%]wo

Note that since G € M"™*™ is real-rational, its NI I/O-indices can
always be chosen to be piecewise continuous without loss of generality
and verified by checking equivalent linear matrix inequalities (LMIs)
obtained from applying the generalized Kalman—Yakubovich—Popov
(KYP) lemma [40] as in [41]. Moreover, v(w) and p(w) are always
well-defined for every jw that is not a pole of the system under study,
since they can be taken to be a negative number with a large magnitude.
When v(w) > 0 (respectively, p(w) > 0), it quantifies the level of
excess negative imaginariness in the input (respectively, output) sense
at frequency w. On the other hand, when v(w) < 0 or p(w) < 0, it
quantifies the level of deficiency in negative imaginariness. A few notes
on connections with existing notions of negative imaginary systems
follow. In particular, if G € M™*™ has an NI I-index of v(w) = 0 or
NI O-index of p(w) = 0 forallw > 0, then G is known to be a negative
imaginary system [6], [8]. Moreover, if G has no poles on the imaginary
axis and an NI I-index v(w) > 0 for all w > 0, then G is known to
be a strictly negative imaginary system (SNI) [5], [6], which has been
shown to be equivalent to being input strictly negative imaginary (ISNI)
in [15]. Strict negative imaginariness has been shown to be necessary
and sufficient from the perspective of stabilizing all negative imaginary
systems with possible poles on the imaginary axis [42]. On the contrary,
if G has no poles on the imaginary axis and an NI O-index p(w) > 0
for all w > 0, then G belongs to a class of systems that has not been
studied in detail in the literature and is distinct from the class of output
strictly passive systems defined in [15].

B. Main Result

The main result on robust stability of feedback interconnections of
systems having NI I/O-indices is stated below.
Theorem IV.3: For i € {1,2}, let G; € M™*™ have NI I-index
v;(w) and NI O-index p; (w). Suppose that the following hold:
(a) forall w > 0, if jw is a pole of GG;, then it is not a pole of G; and
v;(w) > 0, where i # j;
(b) for every w > 0, if jw is neither a pole of GGy nor GG, then either

pa(w) >0 and vy(w)+ p2(w) >0
or

p1(w) >0 and va(w) + p1(w) > 0;
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Then, [G1, G>] is stable if and only if either A(G1(0)G2(0)) NR =
0 or X(Gl (O)GQ (O)) < 1.

Proof: Let IT15(w) = j (hence, I3 (w) = II15(w)* = —j) for all
w > 0.Lete > 0 be such that whenever jwy is a pole of G, vj(w) > 0
forall |w — wp| < €, where i # j. Such an € exists by (a) and continuity
of G; at jwy. Let IT11(w) = 0 and II52(w) = 0 for all w in

Q={w>0:|w—wy| <eand jwy is a pole of G; or G2}

from which it follows that Theorem III.1(iv) holds. Furthermore, in
view of the residual properties in Definitions IV.1 and IV.2 as well as
(a), Theorem III.1(v) and (vi) hold.

Next, using (b), for all w > 0 such that w ¢ 2, let

Hll(W) = pg((.«.}) and HQQ((/J) =0

whenever ps(w) > 0 and vy (w) + pa(w) > 0, whereby (4) and (5)
hold. For the remaining w > 0, let

IT11(w) =0 and Iy (w) = —p1(w)

whereby (2) and (3) hold, since p;(w) > 0 and vo(w) + p1(w) > 0.
Putting the above together yields Theorem III.1(ii) and (iii). The proof
is thus completed by applying Theorem III.1. |

Theorem V.3 allows for imaginary-axis poles in both the open-loop
systems. This is useful even in the setting where G is taken to be
a plant and GG a controller to be designed by a user. Specifically, in
the event where sinusoidal output disturbances are to be rejected or
reference signals tracked using the internal model principle [43], the
controller G5 needs to be designed to have purely imaginary poles, and
Theorem IV.3 provides conditions under which closed-loop stability
may be concluded.

Theorem IV.3 demonstrates that even in the event where the NI
I-index v;(w) is negative at a certain frequency w, which corresponds
to the case of G;(jw) being not negative imaginary but whose lack
of negative imaginariness is lower bounded, feedback stability of
[G1, G2] may still be guaranteed provided that G;(jw) has excess NI
O-index p;(w) so that the total negative imaginariness v; (w) + p; (w)
is positive. In other words, a surplus of negative imaginariness in
one system may be used to offset a deficiency in another system at
the same frequency from the perspective of establishing closed-loop
stability. In the event where the trading of negative imaginariness is
not feasible for showing closed-loop stability, Theorem III.1 may still
be employed using other types of multipliers than those used in the
proof of Theorem IV.3. In the next section, it will be demonstrated that
Theorem IV.3 is a generalization of important negative imaginary type
results in the literature.

V. SPECIALIZATIONS OF THEOREM IV.3 TO NEGATIVE IMAGINARY
REsSuLTS

The following two corollaries are important specializations of
Theorem IV.3 to negative imaginary systems.

The first specialization of Theorem IV.3 considers a positive feed-
back interconnection of an NI system and an SNI system. Recall that
an SNI system is equivalent to an ISNI system [15, Lemma 8]. This
result is not previously known. It imposes very mild assumptions on the
instantaneous gains of the two systems different from those assumed
in the literature.

Corollary V.I: Let Gy € M™ ™ be an NI system and Gy €
RH”™ be an SNI system. Suppose that A(G(c0)G2(00)) C R and
*(G1(00)G2(00)) < 1. Then, [G1, Gs] is stable if and only if either
L(G1(0)G2(0)) NR = 0 or A(G1(0)G2(0)) < 1.

Proof: Apply Theorem IV.3 with v5(w) > 0 and p; (w) = 0 for all
w > 0. |

Since G; isNIfori € {1,2},itsatisfies G;(0) = G;(0)T, G;(c0) =
Gi(00)T, and G;(0) > G;(c0) [8, Lemma 8]. Without additional as-
sumptions, we cannot conclude that the eigenvalues of G (00)G2(00)
and G'1(0)G2(0) are real.

The next result contains two cases. In the first case, we special-
ize Corollary V.1 by imposing an additional assumption on either
G1(00) or G3(00) to ensure that the eigenvalues of G (00)G2(0)
and G1(0)G2(0) are real, thus providing a result that is not previously
known as the mild assumptions on the instantaneous gains of the two
systems are different from the literature. In the second case, we directly
specialize Theorem IV.3 to a positive feedback interconnection of an NI
system and a strictly proper output strictly negative imaginary (OSNI)
system to give another result that is not previously known. The reader
is referred to [15, Def. 7] for a formal definition of an OSNI system and
its associated characterizations in [15, Lemmas 6 and 7].

Corollary V.2: Let G; € M™ ™ be an NI system and Gg €
RH ™. Let either Supposition I or Supposition II holds as follows:

I. Let G2 be an SNI system, either G (c0) > 0 or Go(c0) > 0, and
A(G1(0)Ga(0)) < 1.

II. Let G be a strictly proper OSNI system and det(G2(jwg)) # 0
for all wy > 0 such that jwy is a pole of G .

Then, [G1, G| is stable if and only if 2(G1(0)G2(0)) < 1.

Proof: (Supposition I)—Since both G; and G5 are NI, it follows
from [8, Lemma 8] that G;(0) = G;(0)T > G;(00) = G;(c0)T for
i € {1,2}. Now, since either G (c0) > 0 or G(oc0) > 0, it follows
that A(G1 (00)G2(c0)) C Rand A(G1(0)G2(0)) C R. The result then
follows via direct application of Corollary V.1.

(Supposition II): Since G5 is strictly proper, condition (c) in Theo-
rem IV.3 is trivially fulfilled. Furthermore, A(G1(0)G2(0)) C R since
G2(0) > Ga(c0) = 0 and G1(0) = G1(0)T from [8, Lemma 8]. In
addition, since G5 is strictly proper OSNI, j[G2(jwo) — G2 (jwo)*] >
0 if and only if det(G3(jwo)) # 0. Let v1(w) =0 and ps(w) =
dw with § >0 for all w > 0. The result follows by applying
Theorem IV.3. |

Corollary V.2 (Supposition I) captures several known results in
the literature on closed-loop stability of NI systems. In particular, [5,
Thm. 5] and [6, Thm. 1], wherein G (c0)G2(00) = 0and G2 (o) > 0,
can be obtained from Corollary V.2 (Supposition I). Likewise, [8,
Corollary 13], wherein G1(o0) = 0, can also be obtained from Corol-
lary V.2 (Supposition I). Corollary V.2 (Supposition II) captures [15,
Corollary 9] when the OSNI system is strictly proper as the re-
sult does not prohibit common zeros between [G1(jw) — G1(jw)*]
and [G2(jw) — G2(jw)*] for w € (0,00). However, Corollary V.2
(Supposition II) is silent in the case of biproper OSNI systems un-
like [15, Corollary 9]. Nonetheless, the more general NI stability results,
namely, [8, Thms. 9 and 14], cannot be derived from either Corollary V.1
or Corollary V.2.

VI. NONCOLOCATED SENSOR/ACTUATOR FLEXIBLE STRUCTURE
EXAMPLE

This section provides an example on a flexible structure with non-
colocated force actuator and position sensor to illustrate the usefulness
of the negative imaginariness indices-based robust closed-loop stability
result derived in Section IV.

Consider a single-input-single-output flexible structure with force
actuator and position sensor [19] described by

m

ki
Ps)=S" M
() Z 82 + 2¢w;s + w?

=1

Authorized licensed use limited to: University of Manchester. Downloaded on March 21,2026 at 12:40:58 UTC from IEEE Xplore. Restrictions apply.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 70, NO. 12, DECEMBER 2025

8325

where 0 < (; < 1,and 0 < w; < w;yq foralli e {1,...,m—1}. P
is said to be in-phase, if the coefficients of the flexible modes k; are
all positive, i.e., k; > 0 for all ¢ € {1,...,m}. This happens when
the force actuator is colocated with the position sensor, and in this
case, P is a negative imaginary system that is amenable to the negative
imaginary theory [8]. However, in situations where the control authority
is limited, especially when the force actuator is not colocated with
the position sensor, then finite-frequency positive realness or negative
imaginariness turns out to be a crucial property for good control
performance; see [44, Sect. II] for a myriad of justifications for this
property from practical perspectives. Noncolocated force actuator and
position sensor typically render some of the k;s to be negative, for
which the corresponding mode at w; is said to be reversed-phase. Under
this circumstance, P may not manifest negative imaginariness on the
entire frequency band, which causes the negative imaginary theory [8]
to be inapplicable. Nevertheless, feedback control design for such a P
may still be performed using the main NI I/O-indices-based result in
this article, which we demonstrate with a simple example below. It is
noteworthy that useful H., loop-shaping-based design procedures for
tackling similar issues may be found in [20], [45], and [46].

Consider a simple but illustrative model for a flexible structure with
noncolocated force actuator and position sensor

1 0.8
s2+1  s24+0.2s4+22

—0.25

Gr(s) = 2 +0.1s + 42

where there are imaginary-axis poles at 51, and the numerator of
third term is negative, meaning that the second flexible mode wo = 4
is reversed-phase. Observe that

J(G1(jw) = G1(jw))
_ 0.32w
T wt —7.96w2 + 16

0.05w
w? — 31.99w2 + 256

from which it may be calculated that
J(G1(jw) — G1(jw)*) >0 Yw € (0,1) U (1,3.55) U (4.89, c0)
and
J(G1(jw) — G1(jw)*) > —1.25 Vw € [3.55,4.89).

The inequalities above may also be verified via LMIs obtained from
the generalized KYP lemma in [40].
By appealing to Theorem IV.3, it holds that [G1, G5] is stable for
any G2 € M such that the following holds:
1) Gl(O)GQ(O) <1
(ii) G4 has no poles at +£15 and

J(Ga(j1) — Go(j1)7) > 0;

(iil) j(G2(jw) — G2(jw)*) >0 for all w e (0,1)U(1,3.55)U
(4.89, 00) such that jw is not a pole of G;
(iv) j(Ga(jw) — Ga(jw)*) >1.25Gs (jw)* Ga(jw) for all
[3.55,
4.89] such that jw is not a pole of Ga.
Consider a controller G5 of the form

w e

Gy =Co+C,

which is a parallel connection of two controllers, Cy and C,,. Cy is
a basic stabilizing controller for the term in G; corresponding to the
lowest resonance frequency, i.e.,

1

GO(S): s2 1

Nyquist Diagram
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Fig. 2. Nyquist plot of H(jw) = 1/G2(jw) for w > 0, where the part
for w € [3.55,4.89] is marked with crosses.

to be designed to achieve low-frequency sensitivity reduction for G .
Here, we have a simple first-order stable controller expressed as

_bstec

CO(S)— S—i—a’ a> 0.

C) is a plug-in controller intended for rejecting a sinusoidal output
disturbance at a certain prescribed frequency, say 2 rad/s for this
example, and the simplest one is represented by

k

Cp(s) = ma

k> 0.
We are interested in the low-frequency sensitivity property of the
feedback loop system governed by the sensitivity function

1

“”:17@@mﬂ@

where one of the fundamental necessary requirements is |S(0)| < 1
or |1 — G1(0)G2(0)] > 1. Note condition (i) above, which states that
G1(0)G2(0) < 1. This then requires G1(0)G2(0) < 0, and in turn
implies that Go(0) < 0, whereby k < —4c/a. Since k and a are
both positive, we have ¢ < 0. As a guideline for determining the
sign of b, we apply the Routh—Hurwitz criterion to a reduced-order
feedback system [Gg, Cp]. The resulting stability criterionis b < 1 and
a—c < a(l —b) <= c > ab, from which it follows that b < 0. We
can find an example of a GG, that satisfies all of the requirements (i)—(iv)
above as

_s—|—1 0.1
s+5 82422

GQ(S) =

This G5 is an NI system with imaginary-axis poles at +3j2 that
satisfies (i)—(iv) and gives rise to S(0) = 0.8283, thereby desen-
sitizing the closed-loop system to low-frequency modeling un-
certainty. See the inverse Nyquist plot of Gy(jw)=1/H(jw)
in Fig. 2, which illustrates that all the sufficient requirements
to guarantee the closed-loop stability are satisfied. Indeed, we
can observe that H(0) < G1(0) ~ 1.184, j(H(51) — H(j1)*) <0,
J(H(jw) — H(jw)*) <0 for all w € (0,1) U (1,3.55) U (4.89, c0),
and j(H (jw) — H(jw)*) < —1.25 (or, equivalently, Im(H (jw)) >
0.625) forallw € [3.55,4.89], i.e., conditions (i)—(iv) are satisfied. The
impulse response of the closed-loop system is illustrated in Fig. 3, which
clearly shows that the system is stable. Fig. 4 shows the closed-loop
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Feedback system response to sin(2t)
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Fig. 4. Sinusoidal response of =1

system’s response to the disturbance signal sin(2t), which is evidently
rejected as desired.
More generally, one may consider

Pis"t 4 Bas" P4+ Buas+ B
st apst fagst it an s+ g

GQ(S) =

with a; > 0 chosen so that G5 € M and has no poles at +351. The
set of 3;’s for which G» satisfies all of frequency-dependent quadratic
conditions (ii)—(iv) above may then be equivalently stated in terms of
LMIs via the generalized KYP lemma in [40]. In particular, since G2
depends on ;s affinely, conditions (iii) and (iv) may be transformed
into equivalent LMIs as per [47, Prop. 1].

The example above demonstrates that even though the absence of
colocated force actuator and position sensor causes a flexible structure
to lose negative imaginariness in a certain frequency band, the lack
of negative imaginariness in that band may be compensated for by
excess negative imaginariness in the other system in the feedback
loop, while still resulting in a stable closed-loop system overall. The
NI I/O-indices defined in Definitions IV.1 and IV.2 are particularly
suited for capturing deficiency and surplus in negative imaginariness,
and their utility in robust feedback stability analysis or design is well

demonstrated by Theorem IV.3, in a similar spirit to the well-studied
passivity indices [21], [22], [48].

VIl. CONCLUSION

We introduced the notions of NI I/O-indices and derived necessary
and sufficient conditions for robust stability of a feedback interconnec-
tion of two open-loop systems in which the lack of negative imaginari-
ness on certain frequency bands in one system may be compensated for
by excess negative imaginariness in another. In particular, we showed
that provided that the fofal negative imaginariness in the closed-loop
system, as measured by the NI 1/O-indices, is positive across all nonzero
frequencies, then feedback stability is equivalent to a static loop gain
condition, under an assumption on the instantaneous loop gain. This
generalizes well-known results on negative imaginary systems that
manifest negative imaginariness at all frequencies. We demonstrated
the utility of the robust stability result with an example on the control
of a flexible structure whose force actuator and position sensor are not
colocated and hence does not exhibit negative imaginariness on the
entire frequency axis. We established the NI I/O-indices-based robust
stability result via a more general and powerful result in which the
open-loop systems are characterized by frequency-dependent quadratic
constraints.

Interesting future research directions include characterizing NI I/O-
indices in a computationally tractable form via LMIs by making use of
the generalized KYP lemma [40] and stabilizing feedback control syn-
thesis along the lines of [49]. Generalizing the notions of NI I/O-indices
to the nonlinear setting in a similar spirit to [50] is also a direction worth
pursuing.

APPENDIX
PROOF OF THEOREM Il1.1

For i = 1,2, denote by j{2; the set of imaginary-axis poles of G;
and define jQ = jQ; U jQ,. Consider a Nyquist contour A/ on the
imaginary axis indented into C around every object of j{2 in the form
of sufficiently small semicircles.

Step 1: We proceed to establish that the eigenloci of G3 G along the
Nyquist contour excluding the origin does not intersect with the real
interval [1, c0) on the complex plane, i.e., A(G1(s)G2(s)) U[1,00) =
() as s traverses along N\ {0}.

First note that since I7;; (w) > 0 and IT53(w) < 0 for all w > 0 by

1.1
] [
| |0
Gi(jw) |G1(jw)
is equivalent to
1] [T
) II(w) . >0
TG1(jw) | TG4 (jw)
forall 7 € [0, 1], and
G2 (jw) 11(w) G2 (jw) <0
1 1
is equivalent to
TGQI(]UJ) 11(w) TGQ](]LU):| <0

for all 7 € [0, 1]. Consequently, by Lemma IL.1, (iii) implies that
det(I — 7G4 (jw)G2(jw)) # 0
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forall 7 € [0, 1] and w > 0 such that jw is not a pole of G or G'2. This
in turn implies that

MG (jw) G2 (jw)) N1, 00) =0

for all jw that is not a pole of G or Gs.

Next, for every jwy that is a pole of G; and the corresponding K
defined in (8), note that G (s) ~ %K 1 when s is sufficiently close
to jwo. Using (iv) and the fact that (2) holds for all |w — wy| < €,w #
wy in (v), it follows that:

jﬂm(wo)Kl —jKIHm(

wo)" >
— jIT o (wo) Ky + jKIT15(wo)" >
> 0.

0
and > 0.
Together with (7), they imply that 1715 (wo) K1 Thus

1115 (wo)TG1(8) + TG (8) 12 (wo)”

T T *
~ Il12(wo) — Ky + ( — K1) II15(wo)" >0
§ — jwo § — jwo

for all 7 € [0,1], s = jwo + pe??, and 0 € [, L] when p > 0 is
sufficiently small. On the other hand, since (3) holds forall jw — wp| < €
as in (v), it follows by continuity that

ng(wo)*GQ(S) + GQ(S)*ng(UJO) <0

forall s = jwo + pe??, 6 € [, L] when p > 0is sufficiently small.

Application of Lemma II.1 then yields that
det(I — 7G1(s)G2(s)) # 0
and hence

A(G1(5)Ga(s)) N[, 00) = 0

for all 7 € [0,1] and s = jwy + pe??, 6 € [, L] when p > 0 is
sufficiently small. For every jwy that is a pole of G5, the arguments
above may be repeated by using (vi) in lieu of (v) to reach the same
conclusion. We have thus shown that the eigenloci of G; G along the
Nyquist contour excluding the origin does not intersect with the real
interval [1, co) on the complex plane, i.e., A(G1(s)G2(s)) U[1,00) =
() as s traverses along N\ {0}.

Step 2: Here, it is shown that (I — PC)~! has no poles in C \ jQ
if and only if either A(G1(0)G2(0)) NR = 0 or (G (0)G=2(0)) < 1.
Given that G;G> has no poles in C,, by the multivariable Nyquist
stability criterion [28], (I — G'1G'2)* has no poles in C, \ 5 if and
only if the circuits constructed from juxtaposing the continuous oriented
eigenloci of G (s)G2(s) along N do not pass through or encircle the
+1 point. Since A(G(00)Ga(00)) C R, A(G1(00)G2(0)) < 1 by
(i) (i.e., all the eigenvalues of G (00)G2(c0) are real and less than
unity), and A(G1(s)G2(s)) N [1,00) = Das s traverses along N\ {0},
as established in Step 1, there exists at least one circuit that passes
through or encircles the 41 point if and only if A(G1(0)G2(0)) NR #
) and A(G1(0)G2(0)) > 1. That is, (I — PC)~! has no poles in
C,\jQ if and only if either A(G1(0)G2(0))NR =0 or X
(G1(0)G2(0)) < 1.

Step 3: We show next that (I — G1G5)~! has no poles in 52 using
(iv) and either (v) or (vi). Suppose jwy is a pole of GG;. From (iv) and
(v), we have that

112 (w)G1(jw) + G1(jw) h2(w)" >0 (11)
forall |w — wo| < €, w # wp and
Gg(jw)*ng(w) -+ H12(w)*G2(jW) <0 (12)

for all |w — wo| < e. Suppose to the contrapositive that (I — G1G2) !
has a pole at jwy, which means that there exists continuous u(w) € C?
such that u(wp) # 0 and

lim (I — G1(jw)G2(jw))u(w) = 0.

w—wo

Premultiply and postmultiply (11) by u(w)*G2 (jw)* and G (jw)u(w),
respectively, yield

u(w) Ga(jw) 12 (w) G (jw) G2 (jw)u(w)
+ u(w) G2 (jw) Gr(jw) Tz (w) Ga (jw)u(w) = 0.
Taking w — wy then results in

u(wo)*Ga(jwo) " I12(wo)u(wo)
+ U(WO)*ng(WO)*GQ(].WO)U(WO) 2 0

which violates (12). Hence, (I — G1G5) ™! does not have a pole at jwy.

On the contrary, if jwy is a pole of (G2, then the arguments above
may be repeated using (vi) in place of (v) to reach the same conclusion
that (I — G1G5)~! does not have a pole at jwy.

Step 4: We establish here that [G,G2] is stable if and only if
either A(G1(0)G=2(0)) NR =0 or A(G1(0)G2(0)) < 1. Since there
are no pole-zero cancellations in C,. between G; and G, it holds that
[G1, Ga] is stable if and only if (I — G1G5) ! is stable. The claim then
follows from Steps 2 and 3 above.
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