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Connections Between Integral Quadratic Constraints and Dissipativity
Sei Zhen Khong and Alexander Lanzon , Senior Member, IEEE

Abstract—We show that a recent dissipativity approach to feed-
back stability analysis of potentially open-loop unstable systems,
which encompasses the classical soft integral quadratic constraint
(IQC) theorem, may be recovered by hard IQC theory. The latter
is known to be subsumable by the more general soft IQC theory
endowed with homotopies that are continuous in the gap topology.
In addition, we demonstrate how the aforementioned classical soft
IQC theorem, initially introduced for the analysis of a feedback
interconnection of a nonlinear component and a linear system, may
be recast to analyze the stability of a feedback interconnection
of two nonlinear systems. This generates a frequency-dependent
(Q(ω), S(ω), R(ω))-dissipativity result.

Index Terms—Dissipativity, feedback stability, integral quadratic
constraints (IQC), uncertainty.

I. INTRODUCTION

The seminal paper by Megretski and Rantzer [1] introduced a pow-
erful and flexible framework within which robust stability of feedback
interconnections of open-loop stable systems can be analyzed via the
use of soft (a.k.a. conditional) integral quadratic constraints (IQCs).
A soft IQC differs from a hard (a.k.a. unconditional) IQC in that the
corresponding time-domain integral is taken from 0 to ∞ with respect
to signals lying in the L2-graph of the system under consideration,
whereas a hard IQC involves integrating extended L2 signals in the
graph of the system overall finite intervals starting from 0 [2]. Hard
IQC theory for robust stability analysis of feedback interconnections
of possibly open-loop unstable systems is discussed in depth in [3],
where it is shown it can be established by more general soft IQC theory
equipped with homotopies that are continuous in the gap topology
from [4]. The latter was first developed in the technical report [5] and
later modified in [3] to tailor to the purpose of establishing the link
between hard and soft IQC results. Related results in the linear setting
may be found in [6], [7], [8], [9], [10], and [11].

In recent years, numerous efforts have been invested into proving
the soft IQC theorem via dissipativity theory [12], [13], [14], [15],
[16]. They rely on the existence of certain canonical factorizations,
which may be traced back to the classical multiplier approach [17],
[18]. In particular, the authors in [15] and [16] proposed a dissipativity
framework from which it is possible to establish the classical soft
(frequency-domain) IQC result in [1] where boundedness of both
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open-loop components, one of which linear time-invariant (LTI), is re-
quired and the components are subject to real-rational multipliers. This
provides a beautiful link between classical soft IQCs and dissipativity.

In this article, we show that the hard IQC result in [3] can be used
to establish the dissipativity result in [15] and [16]. In doing so, we tie
up loose ends with regard to the connections between dissipativity and
hard/soft IQC approaches. In particular, through the results in [15] and
[16], and this article, the standard soft IQC theorem in [1] may now be
seen to be derivable from the hard IQC theorem described in [3].

In addition, the soft IQC theorem in [1] was developed for a feedback
interconnection of a nonlinear component and an LTI system. We
demonstrate in this article that it can be recast to analyze the stability
of a feedback interconnection of two nonlinear systems. In doing
so, it explicitly leads to a frequency-dependent (Q(ω), S(ω), R(ω))-
dissipativity result that can be used to recover several known results
in the literature, including small-gain, passivity, and static (Q,S,R)-
dissipativity [19].

The rest of this article is organized as follows. Section II defines the
notation and provides the preliminaries for the article. Section III reca-
pitulates three known results on feedback stability from the literature—
soft IQC, dissipativity, and hard IQC. Section IV is devoted to es-
tablishing the dissipativity-based feedback stability result using hard
IQC theory. The feedback interconnection of two nonlinear systems is
studied using soft IQC theory in [1] in Section V. Numerical experiment
is given in Section VI. Finally, Section VII concludes this article.

II. NOTATION AND PRELIMINARIES

Let R, Rn, Rp×m, and Cp×m denote the sets of real numbers, n-
dimensional real column vectors, p×m real matrices, and p×m com-
plex matrices, respectively. Given a matrix M ∈ Cp×m, its complex
conjugate transpose is denoted by M ∗. The transpose of M ∈ Rp×m is
denoted by M�. Let |x|=(x�x)

1
2 for x ∈ Rn. A matrix M ∈Cn×n is

said to be positive (semi) definite, denoted by M(≥) > 0, if v∗Mv
(≥) > 0 for all v �= 0. M(≤) < 0 is used to denote −M(≥) > 0. An
M ∈ Rn×n is said to be Hurwitz if the real parts of all its eigenvalues
are negative. Denote by In the n-dimensional identity matrix. In the
sequel, the subscript n is omitted when the dimension is clear from the
context.

Denote by Ln
2 the set of Rn-valued Lebesgue square-integrable

functions, given as follows:

Ln
2 =

{
v : [0,∞) → Rn

∣∣∣∣
∫ ∞

0

|v(t)|2 dt < ∞
}
.

For v,w ∈ Ln
2 , let

〈v,w〉 =
∫ ∞

0

v(t)�w(t) dt and ‖v‖2 = 〈v, v〉.

Define the truncation operator (PT v)(t) = v(t) for t ≤ T and
(PT v)(t) = 0 for t > T , and the extended space

Ln
2e = {v : [0,∞) → Rn | PT v ∈ L2 ∀T ∈ [0,∞)}.
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Fig. 1. Standard feedback configuration.

Subsequently, the superscript n is often suppressed for notational
convenience. Given v,w ∈ L2e, let

〈v,w〉T =

∫ T

0

v(t)�w(t) dt and ‖v‖2T = 〈v, v〉T .

A system in this article is taken to be an operator Δ : L2e → L2e.
Δ is said to be causal if PTΔPT = PTΔ for all T ≥ 0. A causal Δ
is called bounded if its bound [20, Sec. 2.4] is finite, i.e.,

‖Δ‖ = sup
u∈L2e,T>0:‖u‖T �=0

‖Δu‖T
‖u‖T = sup

0 �=u∈L2

‖Δu‖
‖u‖ < ∞.

The identity operator I : Lm
2e → Lm

2e satisfies I(f) = f for any f ∈
Lm

2e. The zero operator 0 : Lm
2e → Lp

2e satisfies 0(f) = 0 for any f ∈
Lm

2e. Given two nonlinear operators Δ1,Δ2 : Lm
2e → Lp

2e, the non-
linear operator (Δ1 +Δ2) : L

m
2e → Lp

2e satisfies (Δ1 +Δ2)(f) =
Δ1(f) +Δ2(f) for any f ∈ Lm

2e. Given four nonlinear operators
Δij : L

mj

2e → Lpi
2e with i, j ∈ {1, 2}, the packed nonlinear operator[
Δ11 Δ12

Δ21 Δ22

]
: Lm1+m2

2e → Lp1+p2
2e

satisfies [
Δ11 Δ12

Δ21 Δ22

]([
f1

f2

])
=

[
Δ11(f1) +Δ12(f2)

Δ21(f1) +Δ22(f2)

]

for any fi ∈ Lmi
2e with i ∈ {1, 2}. Given two nonlinear operators

Δ1 : Lm
2e → Lp

2e and Δ2 : Lp
2e → Lq

2e, the composition of these two
nonlinear operators Δ2 ◦Δ1 : Lm

2e → Lq
2e satisfies Δ2 ◦Δ1(f) =

Δ2(Δ1(f)) for any f ∈ Lm
2e. Given a nonlinear operator Δ :

Lm
2e → Lm

2e, the inverse nonlinear operator Δ−1 : Lm
2e → Lm

2e satisfies
Δ−1(Δ(f)) = f for any f ∈ Lm

2e. The inverse of a composition of
two nonlinear operators satisfies [Δ2 ◦Δ1]

−1 = Δ−1
1 ◦Δ−1

2 .
The main object of study in this article is the feedback interconnec-

tion of causal systems Δ : Lm
2e → Lp

2e and G : Lp
2e → Lm

2e described
by

−e = yΔ − uG; d = uΔ − yG; yΔ = ΔuΔ; yG = GuG. (1)

This is denoted by [Δ,G] and illustrated in Fig. 1. The notions
of feedback well-posedness and stability defined below are well stud-
ied [18], [20].

Definition 2.1: [Δ,G] is said to be well-posed if the map
(uΔ, uG) �→ (d, e) defined by (1) has a causal inverse HΔ,G on L2e.
[Δ,G] is said to be (finite-gain) stable if it is well-posed and

HΔ,G =

[
d

e

]
∈ L2e �→

[
uΔ

uG

]
∈ L2e

is bounded, i.e., there exists C > 0 such that∫ T

0

|uΔ(t)|2 + |uG(t)|2 dt ≤ C

∫ T

0

|d(t)|2 + |e(t)|2 dt

for all d, e ∈ L2e and T > 0.
Define the graph and extended graph of Δ as, respectively, G (Δ) ={[
u
y

]
∈ L2 : y = Δu

}
and Ge(Δ) =

{[
u
y

]
∈ L2e : y = Δu

}
.

Likewise, define the inverse graph and extended inverse graph of

G as, respectively, G ′(G) =

{[
y
u

]
∈ L2 : y = Gu

}
and G ′

e(G) ={[
y
u

]
∈ L2e : y = Gu

}
.

Let

B =
{
φ : R → Cn×n

∣∣∣ φ is piecewise continuous,

φ(ω) = φ(ω)∗ ∀ω ∈ R, and sup
ω∈R

σ̄(φ(ω)) < ∞
}

where σ̄(·) denotes the largest singular value. GivenΠ ∈ B and v ∈ L2,
define the quadratic form

σ(Π, v) =

∫ ∞

−∞
v̂(jω)∗Π(ω)v̂(jω) dω

where v̂ denotes the Fourier transform of v, i.e., v̂(jω) =
1√
2π

∫ ∞
0

v(t)e−jωt dt.
Given a bounded causal system Δ and static matrices Q ≥ 0, R ≤

0, and S, Δ is said to be ultimately dissipative [19] with respect to
(Q,S,R) if σ(Π, v) ≥ 0 for all v ∈ G (Δ), where

Π =

[
Q S

S� R

]
.

In particular, if S = 0, Q = γ2I , and R = −I , then Δ is said to
have bound γ. On the other hand, if S = I , Q = −δI , and R = −εI ,
then Δ is said to have an input-feedforward passivity index δ and
output-feedback passivity index ε.

Given an LTI G = u �→ y described by

ẋ = Ax+Bu, x(0) = 0

y = Cx+Du

denote by G its transfer function representation, i.e.,

G(s) = C(sI −A)−1B +D

and define G∗(s) = G(−s)�.

III. FEEDBACK STABILITY

This section summarizes three feedback stability results adopted
from the literature. It sets up the preliminaries for the succeeding
section, where the relationship between the results is manifested and
discussed.

A. Soft IQCs

Consider the feedback interconnection [Δ,G], where G is LTI with
a state–space realization

ẋ = Ax+BuG, x(0) = x0 ∈ Rn

yG = Cx+DuG. (2)

The following feedback stability result based on soft IQCs is a
restatement of [1, Th. 1]. Note that only rational multipliers were

Authorized licensed use limited to: University of Manchester. Downloaded on December 04,2024 at 18:06:04 UTC from IEEE Xplore.  Restrictions apply. 



5674 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 8, AUGUST 2024

considered in [1, Th. 1], but this restriction may be removed without
affecting the result, as is done below.

Theorem 3.1: Let Δ be a bounded causal (nonlinear) system and G
be of the form (2) with A being Hurwitz and x(0) = 0. Suppose there
exists Π ∈ B such that

(i) [τΔ,G] is well-posed for all τ ∈ [0, 1],
(ii) σ(Π, v) ≥ 0 for all v ∈ G (τΔ), τ ∈ [0, 1], and

(iii) σ(Π, w) ≤ −ε‖w‖2 for all w ∈ G ′(G) and some ε > 0.
Then, [Δ,G] is stable.
Remark 3.2: It may be shown that condition (iii) in Theorem 3.1 is

equivalent to[
G(jω)

I

]∗
Π(ω)

[
G(jω)

I

]
< 0 ∀ω ∈ [0,∞].

See, for example, [21, Proposition 4].

B. Dissipativity

Consider the feedback interconnection [Δ,G] where G is given by
(2), and an LTI operator Ψ with a state-space realization

ξ̇ = AΨξ +BΨv, ξ(0) = 0

z = CΨξ +DΨv. (3)

The following result is taken from [16, Th. 13, and Lemma 17]. In the
statement of the result, we have imposed an additional well-posedness
assumption on the feedback interconnection and causality requirements
on the open-loop systems so that they are in line with the definition of
feedback stability in Definition 2.1.

Theorem 3.3: Given a causal (nonlinear) system Δ and an LTI
system G of the form (2), suppose there exist Z = Z�, X = X� =[
X1 X12

X�
12 X2

]
,P = P�, andΨ of the form (3) with a HurwitzAΨ such

that
(i) [Δ,G] is well-posed when x(0) = 0,

(ii) 〈Ψv, PΨv〉T − ξ(T )�Zξ(T ) ≥ 0 for all v ∈ Ge(Δ), T > 0,
(iii) [

ξ(T )

x(T )

]�
X

[
ξ(T )

x(T )

]
+

〈
Ψ

[
y
u

]
, PΨ

[
y
u

]〉
T

+ ε
(‖ξ‖2T + ‖x‖2T + ‖u‖2T

) ≤ x(0)�X2x(0)

for all

[
y
u

]
∈ G ′

e(G), x(0) ∈ Rn, T > 0, and some ε > 0, and

(iv)

M =

[
X1 + Z X12

X�
12 X2

]
> 0.

If x(0) = 0, then [Δ,G] is stable.
Although AΨ is not assumed to be Hurwitz in [16, Th. 13], one can

observe from the proof of the theorem that ξ ∈ L2 for any x(0) ∈ Rn.
This means that even if AΨ is not Hurwitz, to begin with, the unstable
modes in ξ are never excited as far as establishing feedback stability is
concerned. Thus, one can assume without loss of generality that AΨ is
Hurwitz, as is done in Theorem 3.3.

Note that the open-loop boundedness of G and Δ is not assumed
in Theorem 3.3. Moreover, it has been shown in [15] that Theorem 3.3
encompasses Theorem 3.1 when the multiplier Π therein is restricted
to be real-rational proper, and see also [16, Th. 30]. This means The-
orem 3.3 is more general than Theorem 3.1 under the aforementioned
real-rational restriction on Π and provides a tight relationship between
dissipativity and soft IQC theory of the type described in Theorem 3.1.

C. Hard IQCs

The following feedback stability result based on hard IQCs may be
specialized from [3, Th. III.1].

Theorem 3.4: Given causal (nonlinear) systems Δ : Lm
2e → Lp

2e

and G : Lp
2e → Lm

2e, suppose [Δ,G] is well-posed and there exist
linear bounded causal multipliersΘ : Lm+p

2e → Lq
2e andΠ : Lm+p

2e →
Lq

2e such that

〈Θv,Πv〉T ≥ 0 ∀v ∈ Ge (Δ) , T > 0

and 〈Θw,Πw〉T ≤ −ε‖w‖2T ∀w ∈ G ′
e (G) , T > 0.

Then, [Δ,G] is stable.
An instance of the hard IQC theorem above may be found in [22],

where the multipliers Θ and Π take specific forms corresponding to
“mixed” small-gain and passivity properties. Notice that similar to the
dissipativity-based feedback stability result in Theorem 3.3, the open-
loop systems in the hard IQC-based Theorem 3.4 are not required to
be bounded. Importantly, the next section shows that Theorem 3.3 may
be recovered from Theorem 3.4, and hence the latter also subsumes the
soft IQC-based Theorem 3.1. It is worth noting that the hard IQC-based
Theorem 3.4 can be recovered by a more general soft IQC-based result
equipped with a homotopy that is continuous in the directed gap, as
detailed in [3].

IV. DISSIPATIVITY AND HARD IQCS

The purpose of this section is to demonstrate that whenever the con-
ditions in the dissipativity-based Theorem 3.3 hold, the complementary
hard IQC conditions in Theorem 3.4 also hold, so that feedback stability
may be concluded using the latter. In other words, the latter theorem is
more general. First, a couple of lemmas are established.

Lemma 4.1: Let Ψ = v �→ z be given in (3) and the LTI system
Φ = v �→ [z�1 , z

�
2 , z

�
3 ]

� = [z�, ξ�, ξ̇�]� be given by

ξ̇ = AΨξ +BΨv, ξ(0) = 0

z1 = CΨξ +DΨv

z2 = ξ

z3 = AΨξ +BΨv. (4)

Also, let P = P�, Z = Z�, and

Q =

⎡
⎢⎣
P 0 0

0 0 −Z

0 −Z 0

⎤
⎥⎦ .

Then

〈Ψv, PΨv〉T − ξ(T )�Zξ(T ) = 〈Φv,QΦv〉T
for all v ∈ L2e, T > 0.

Proof: Note that

〈Ψv, PΨv〉T − ξ(T )�Zξ(T )

= 〈Ψv, PΨv〉T −
∫ T

0

d

dt
(ξ(t)�Zξ(t)) dt

= 〈Ψv, PΨv〉T − 2〈ξ, Zξ̇〉T
= 〈Φv,QΦv〉T .

The claim thus follows. �
Lemma 4.2: Let the suppositions of Lemma 4.1 hold, X = X� =[
X1 X12

X�
12 X2

]
, and G have the form (2) with x(0) = 0. Then,
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Conditions (iii) and (iv) in Theorem 3.3 imply that〈
Φ

[
y
u

]
, QΦ

[
y
u

]〉
T

≤ −ε̄‖
[
y
u

]
‖2T

for all

[
y
u

]
∈ G ′

e(G) and some ε̄ > 0.

Proof: First note that condition (iii) with x(0) = 0 implies that

[
ξ(T )

x(T )

]�
X

[
ξ(T )

x(T )

]
+

〈
Ψ

[
y
u

]
, PΨ

[
y
u

]〉
T

+ ε(‖x‖2T + ‖u‖2T ) ≤ 0

for all

[
y
u

]
∈ G ′

e(G) and T > 0. Using condition (iv), this then implies

that

−ξ(T )�Zξ(T ) +

〈
Ψ

[
y
u

]
, PΨ

[
y
u

]〉
T

≤ −ε(‖x‖2T + ‖u‖2T ).

By Lemma 4.1, this is simply〈
Φ

[
y
u

]
, QΦ

[
y
u

]〉
T

≤ −ε(‖x‖2T + ‖u‖2T ).

Since y = Cx+Du, it follows that there exists ε̄ > 0 such that〈
Φ

[
y
u

]
, QΦ

[
y
u

]〉
T

≤ −ε̄‖
[
y
u

]
‖2T

as required. �
The main result of this section is now in order.
Theorem 4.3: If the suppositions and conditions in Theorem 3.3

hold, then the suppositions and conditions in Theorem 3.4 hold.
Proof: This follows by combining Lemmas 4.1 and 4.2, and taking

Θ = Φ, Π = QΦ in Theorem 3.4. �
Theorem 4.3 shows that the dissipativity-based Theorem 3.3 can be

established via the hard IQC-based Theorem 3.4. In other words, the
latter is more general than the former. It is noteworthy that an asymptotic
stability version of Theorem 3.3 may also be recovered from a more
general result on dynamic dissipativity [23].

V. FEEDBACK INTERCONNECTION OF TWO NONLINEAR SYSTEMS

This section examines the feedback interconnection of two bounded
nonlinear systems each satisfying a soft IQC that can be selected
independently of the other and provides an approach to robust stability
analysis using the standard soft IQC Theorem 3.1 developed in [1].
The latter was originally established for a feedback interconnection of
a nonlinear component and an LTI system, and hence is not directly
applicable to the study of a feedback interconnection of two nonlinear
systems.

Theorem 5.1: Let Δ1 and Δ2 be bounded causal (nonlinear)
systems. Suppose there exist Π1,Π2 ∈ B such that

(i) [τΔ1, τΔ2] is well-posed for all τ ∈ [0, 1];
(ii) σ(Πi, v) ≥ 0 for all v ∈ G (τΔi), τ ∈ [0, 1], i ∈ {1, 2};

(iii) for some α > 0,

H�Π1(ω)H + αΠ2(ω) < 0 ∀ω ∈ [0,∞]

where

H =

[
0 I

I 0

]
.

Then, [Δ1,Δ2] is stable.
Proof: Let

Δ =

[
Δ1 0

0 Δ2

]
.

The equivalence between well-posedness (respectively, stability) of
[τΔ,H] and well-posedness (respectively, stability) of [τΔ1, τΔ2] is
established via the following chain of equivalent reformulations.1

[τΔ,H] is well-posed (respectively, stable).
⇔ [H ◦ τΔ, I] is well-posed (respectively, stable) {since H is linear

and unimodular inRH∞; in fact,H is static and invertible; see [24,
Lemma 3.1]}.

⇔ The nonlinear operator

[
I −I

−H ◦ τΔ I

]
has a casual inverse

(respectively, casual bounded inverse) on L2e {via Def. 2.1 and
feedback equations (1)}.

⇔ The nonlinear operator[
0 I

I −I

]
◦
[
(I −H ◦ τΔ) 0

0 I

]
◦
[
I 0

I −I

]

has a casual inverse (respectively, casual bounded inverse) on L2e

{since[
0 I

I −I

]
◦
[
(I −H ◦ τΔ) 0

0 I

]
◦
[
I 0

I −I

]([
f1

f2

])

=

[
0 I

I −I

]
◦
[
(I −H ◦ τΔ) 0

0 I

]([
f1

f1 − f2

])

=

[
0 I

I −I

]([
(I −H ◦ τΔ)(f1)

f1 − f2

])

=

[
0 I

I −I

]([
f1 −H ◦ τΔ(f1)

f1 − f2

])

=

[
f1 − f2

f2 −H ◦ τΔ(f1)

]

=

[
I −I

−H ◦ τΔ I

]([
f1

f2

])

for any f1, f2 ∈ L2e}.
⇔ The nonlinear operator (I −H ◦ τΔ) has a casual inverse (re-

spectively, casual bounded inverse) on L2e {by inspection}.

⇔ The nonlinear operator

[
I −τΔ2

−τΔ1 I

]
has a casual inverse

(respectively, casual bounded inverse) on L2e {simple rewriting}.
⇔ [τΔ1, τΔ2] is well-posed (respectively, stable) {via Def. 2.1 and

feedback equations (1)}.
Therefore, it suffices to establish that [Δ,H] is stable. Let Πi be

partitioned conformably as

Πi =

[
Πi(11) Πi(12)

Πi(21) Πi(22)

]
.

By hypothesis (ii), it holds that

σ(Πα, v) ≥ 0 ∀v ∈ G (τΔ), τ ∈ [0, 1], α > 0

1We do not distinguish between an operator H and a matrix H as the relevant
object is clear from the context.
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where

Πα =

⎡
⎢⎢⎣

Π1(11) 0
0 αΠ2(11)

Π1(12) 0
0 αΠ2(12)

Π1(21) 0
0 αΠ2(21)

Π1(22) 0
0 αΠ2(22)

⎤
⎥⎥⎦ .

Therefore, by Hypothesis (i), Theorem 3.1, and Remark 3.2, [Δ,H] is
stable if there exists α > 0 such that[

H

I

]∗
Πα(ω)

[
H

I

]
< 0 ∀ω ∈ [0,∞].

This is simply hypothesis (iii). �
Remark 5.2: Note that in Theorem 5.1, if Πi(11)(ω) ≥ 0 and

Πi(22)(ω) ≤ 0 for all ω ≥ 0, then σ(Πi, v) ≥ 0 for all v ∈ G (Δi)
if and only if σ(Πi, v) ≥ 0 for all v ∈ G (τΔi), τ ∈ [0, 1].

It can be seen that while Condition (ii) in Theorem 5.1 allows for
the IQCs for the open-loop systems to be selected independently, the
frequency-dependent multipliers that define the IQCs are coupled in a
specific fashion in Condition (iii). In the case where Πi(ω) is expressed
as

Πi(ω) =

[
Qi(ω) Si(ω)

Si(ω)
∗ Ri(ω)

]
,

Theorem 5.1 can be seen as a frequency-dependent (Q(ω),
S(ω), R(ω))-dissipativity result because conditions (ii) and (iii) in
Theorem 5.1 are similar (though not identical) to the corresponding
conditions in the classical (Q,S,R)-dissipativity result with static
Q, S, and R matrices (cf. Corollary 5.5). Theorem 5.1 may be used
to characterize a myriad of interesting open-loop properties, such as
“mixed” small-gain and passivity in similar spirits to [25].

In what follows, we specialize Theorem 5.1 to three classical results.

A. Small Gain

Lastly, we show how Theorem 5.1 specializes to the classical small-
gain theorem [26] for the feedback interconnection of two nonlinear
systems.

Corollary 5.3: Let Δ1 and Δ2 be bounded causal (nonlinear)
systems. Suppose [τΔ1, τΔ2] is well-posed for all τ ∈ [0, 1]. For
i ∈ {1, 2}, let Δi have bound γi, i.e., σ(Πi, v) ≥ 0 for all v ∈ G (Δi),
where

Πi =

[
γ2
i I 0

0 −I

]
.

Then, [Δ1,Δ2] is stable if γ1γ2 < 1.
Proof: Apply Theorem 5.1 and Remark 5.2 with α = γ2

1 + ε and
ε > 0 being sufficiently small. �

B. Passivity Indices

Next, we show how Theorem 5.1 specializes to the classical passivity
theorem [18] for the negative feedback interconnection of two nonlinear
systems.

Corollary 5.4: Let Δ1 and Δ2 be bounded causal (nonlinear)
systems. Suppose [τΔ1,−τΔ2] is well-posed for all τ ∈ [0, 1]. For
i ∈ {1, 2}, let Δi have input-feedforward passivity index δi ≤ 0 and
output-feedback passivity index εi ≥ 0, i.e., σ(Πi, v) ≥ 0 for all v ∈
G (Δi), where

Πi =

[
−δiI I

I −εiI

]
.

Then, [Δ1,−Δ2] is stable if δ1 + ε2 > 0 and δ2 + ε1 > 0.
Proof: Define Δ̃2 = −Δ2 and apply Theorem 5.1 and Remark 5.2

with α = 1 to [Δ1, Δ̃2]. �

C. (Q,S,R)-Dissipativity

Finally, we show how Theorem 5.1 specializes to the classical
(Q,S,R)-dissipativity theorem with static Q, S, and R matrices [19]
for the positive feedback interconnection of two nonlinear systems.

Corollary 5.5: Let Δ1 and Δ2 be bounded causal (nonlinear)
systems. Suppose [τΔ1, τΔ2] is well-posed for all τ ∈ [0, 1]. For
i ∈ {1, 2}, let Qi ≥ 0, Ri ≤ 0 and Δi be ultimately dissipative with
respect to (Qi, Si, Ri), i.e., σ(Πi, v) ≥ 0 for all v ∈ G (Δi), where

Πi =

[
Qi Si

S�
i Ri

]
.

Then, [Δ1,Δ2] is stable if there exists α > 0 such that[
R1 + αQ2 S�

1 + αS2

S1 + αS�
2 Q1 + αR2

]
< 0.

Proof: Straightforward application of Theorem 5.1 and Re-
mark 5.2. �

VI. NUMERICAL EXAMPLE

In this section, we provide a numerical example of two uncertain
nonlinear systems in a positive feedback interconnection to illustrate
Theorem 5.1.

Let Δ1 operate on a scalar input signal u to produce a scalar
output signal y, i.e., y = Δ1u, according to the nonlinear state–space
representation

Δ1 =

⎧⎨
⎩
ẋ1 = u− ax1 −

∑M
i=−N bix

2i+1
1

ẋ2 = u− x2

y = x1 − x2

where x1 and x2 are states, x1(0) = x2(0) = 0, a ≥ 1, bi ≥ 0 ∀i ∈
{−N, . . .,M}, and N,M ∈ Z≥0 (i.e., nonnegative integers). It is
easy to see that Δ1 is causal, bounded, and satisfies condition (ii) of
Theorem 5.1 with

Π1(ω) =

[
1

1+ω2
−jω
1−jω

jω
1+jω

−1

]

by invoking Remark 5.2. It is also clear thatΔ1 is an uncertain nonlinear
system since its parametersa and bi are allowed to take a range of values.

Now, let Δ2 operate on scalar signals according to the nonlinear
map (Δ2v)(t) = δ(v(t)), where δ is an odd function on R such that
dδ
dx

(x) lies in the sector [0, k] for some constant k > 0. It is clear that
Δ2 is a static, monotonic, and odd nonlinearity (hence also causal and
bounded). Therefore, by [1, Sec. VI.K], Δ2 satisfies condition (ii) of
Theorem 5.1 with

Π2(ω) =

[
0 1 + Z(jω)

1 + Z(−jω) −[2 + Z(jω) + Z(−jω)]/k

]

where Z ∈ B is arbitrary except that
∫∞
−∞ |z(t)|dt ≤ 1 with z(t) being

the impulse response of Z. This is known as a Zames–Falb multiplier
Z [17].

The well-posedness condition (i) of Theorem 5.1 is trivially fulfilled
since Δ1 does not have a direct feedthrough term. What remains to
be verified is whether we can find a Z that satisfies condition (iii) of
Theorem 5.1 for some k > 0.
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Choosing Z(s) =
( 1
α )

(s+1)
with α ≥ 1 gives

H�Π1(ω)H + αΠ2(ω) =

[
−1 1 + α

1 + α (1− 2
k
) 1
1+ω2 − 2α

k

]
.

By selecting α = 1 and any k < 1
2

, condition (iii) of Theo-
rem 5.1 is satisfied and hence the positive feedback interconnection
of the two uncertain nonlinear systems Δ1 and Δ2 is stable via
Theorem 5.1.

VII. CONCLUSION

Within the context of input–output feedback stability analysis, we
completed the picture involving IQC and dissipativity with respect to
quadratic supply rate approaches by showing that hard IQC theory
generalizes the dissipativity-with-terminal-cost approach, which in turn
encompasses the classical soft IQC theorem from [1] as shown in [15]
and [16]. Hard IQC theory is itself subsumed by a more general soft
IQC theory equipped with gap-continuous homotopies, as established
in [3].

We also demonstrated how the classical soft IQC theorem from [1],
originally developed for a feedback interconnection of a nonlinear
component and an LTI system, can be recast to investigate the ro-
bust stability of a feedback interconnection of two nonlinear sys-
tems. This directly yields a frequency-dependent (Q(ω), S(ω), R(ω))-
dissipativity analysis result, which was then shown to re-
duce to small-gain, passivity, and static (Q,S,R)-dissipativity
results.

Interesting future research directions include studying connections
between dissipativity, IQC, and Lyapunov theories for input-state-
output systems and incremental-type stability results.
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